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Einstein action of dS3 OTOC evaluates to a tetrahedral volume
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Are the SYK OTOC and the de Sitter OTOC related?

SYK OTOC = twisted two-point function =

z1

z2

z3

z4

dS3 OTOC =

I`

I´

2πα
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worldline

AdS
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ˆ 8

0

dp`dp´
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piQ{2
` p´iQ{2
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ˆ 2πα
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dϕ e ip`p´hpϕq



q “ e´ℏ “ e´8πGN “ e´p2{N

candidate
quantum amplitude

Aqpsi q
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Aprobepsi q

semiclassical amplitude
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i
ℏW pℏsi q

ℏ Ñ 0
si fixed

ℏ Ñ 0
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semi-classical analysis



Diagrammatic rules for dS3 TOCs and OTOCs

t1 t2

a

“ e´iEpaqpt2´t1q,

a

b

c
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a
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Γ
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1
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i
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Euclidean 3D de Sitter Green functions satisfy a fusion algebra!

GapX ,Y qGbpX ,Y q “

ˆ 8

0

dρpcqNabc GcpX ,Y q,

Nabc “ Γ8pa, b, cq.

X Y

The fusion coefficients Nabc can be written as a Verlinde formula

Nabc “

ˆ 8

0

dτ
SapτqSbpτqScpτq

S1pτq
, Gspτq “

Sspτq

S1pτq

Sspτq “
sin 2sτ

sinh 2πs
, S1pτq “ sinh τ
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The q-deformation makes time discrete!

Nabc “
ÿ

τn“ ℏ
2
n

SapτnqSbpτnqScpτnq

S1pτnq
.

ô Mass becomes an angle! ô

ô Matches CLS and doubled DSSYK! ô
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Semi-classical saddle point

S “ Li2
`

e2iθ1
˘

` Li2
`

e2iθ2
˘

` Li2
`

e2iθ3
˘

´ Li2
`

eipπ`θ3˘θ1˘θ2q
˘

.

S3

2θ1

2θ3

2θ2

dS32θ1 2θ3 2θ2

I `

I ´

dS3

B3
B3

I +

dS3

B3

I +

B3
B3

ωε ωε1 ωε2

ω
2 (1 → ε+ ε1 → ε2)

ω
2 (1 → ε→ ε1 + ε2)

ω
2 (1 + ε→ ε1 → ε2)

ϑ(→2,1) =

(
1 0
→2 1

)

ϑ(2,1) =

(
1 0
2 1

)

ϖ(E, J) =
∑

ω

ϖω(E, J)

ϖω(c,d)(E, J)

ϖω(ε+)

ϖω(ε→)

ϑ =

(
a b
c d

)

ϖSYKω (ε+)

ϖSYKω (ε→)

ϖCLS
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖCLS
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖVTFT
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖVTFT
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖωCLS(ε+) =
↑∑

n=→↑
ϖω(ε+ + 4ωn)

1

ωε ωε1 ωε2

ω
2 (1 → ε+ ε1 → ε2)

ω
2 (1 → ε→ ε1 + ε2)

ω
2 (1 + ε→ ε1 → ε2)

ϑ(→2,1) =

(
1 0
→2 1

)

ϑ(2,1) =

(
1 0
2 1

)

ϖ(E, J) =
∑

ω

ϖω(E, J)

ϖω(c,d)(E, J)

ϖω(ε+)

ϖω(ε→)

ϑ =

(
a b
c d

)

ϖSYKω (ε+)

ϖSYKω (ε→)

ϖCLS
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖCLS
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖVTFT
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖVTFT
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖωCLS(ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

1

ωε ωε1 ωε2

ω
2 (1 → ε+ ε1 → ε2)

ω
2 (1 → ε→ ε1 + ε2)

ω
2 (1 + ε→ ε1 → ε2)

ϑ(→2,1) =

(
1 0
→2 1

)

ϑ(2,1) =

(
1 0
2 1

)

ϖ(E, J) =
∑

ω

ϖω(E, J)

ϖω(c,d)(E, J)

ϖω(ε+)

ϖω(ε→)

ϑ =

(
a b
c d

)

ϖSYKω (ε+)

ϖSYKω (ε→)

ϖCLS
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖCLS
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖVTFT
ω (ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖVTFT
ω (ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖωCLS(ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

1

ωε

ωε
1

ωε
2

ω
2
(1
→ ε

+
ε 1
→ ε

2
)

ω
2
(1
→ ε

→ ε
1
+
ε 2

)

ω
2
(1

+
ε
→ ε

1
→ ε

2
)

ϑ (→2,
1)
=

( 1
0

→2
1

)

ϑ (2
,1
)
=

( 1
0

2
1

)

ϖ(
E, J

) =

∑
ω

ϖ ω
(E

, J
)

ϖ ω(
c,d

)(
E, J

)

ϖ ω
(ε

+
)

ϖ ω
(ε

→)

ϑ
=

( a
b

c
d

)

ϖ SY
Kω

(ε
+
)

ϖ SY
Kω

(ε
→)

ϖ
CLS

ω

(ε
+
) =

↑∑
n=

→↑

ϖ ω
(ε

+
+

4ω
n)

ϖ
CLS

ω

(ε
→)

=

↑∑
n=

→↑

ϖ ω
(ε

→
+

4ω
n)

ϖ
VTFT

ω

(ε
+
) =

↑∑
n=

→↑

ϖ ω
(ε

+
+

4ω
n)

ϖ
VTFT

ω

(ε
→)

=

↑∑
n=

→↑

ϖ ω
(ε

→
+

4ω
n)

ϖ
ω

CLS
(ε

+
) =

↑∑
n=

→↑

ϖ ω
(ε

+
+

4ω
n)

1

ωε ωε1
ωε2

ω
2
(1 → ε+ ε1 → ε2)

ω
2
(1 → ε→ ε1 + ε2)

ω
2
(1 + ε→ ε1 → ε2)

ϑ(→2,1) =

(
1 0

→2 1

)

ϑ(2,1) =

(
1 0

2 1

)

ϖ(E, J) =
∑

ω

ϖω(E, J)

ϖω(c,d)(E, J)

ϖω(ε+)

ϖω(ε→)

ϑ =

(
a b

c d

)

ϖSYKω
(ε+)

ϖSYKω
(ε→)

ϖCLS
ω

(ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖCLS
ω

(ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖVTFT
ω

(ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

ϖVTFT
ω

(ε→) =

↑∑

n=→↑
ϖω(ε→ + 4ωn)

ϖ
ω
CLS(ε+) =

↑∑

n=→↑
ϖω(ε+ + 4ωn)

1

ωε
ωε1 ωε2

ω
2 (1 → ε+ ε1 → ε2)
ω
2 (1 → ε→ ε1 + ε2)
ω
2 (1 + ε→ ε1 → ε2)

ϑ(→2,1) =
(

1 0→2 1

)

ϑ(2,1) =
(
1 0

2 1

)

ϖ(E, J) =
∑

ω
ϖω (E, J)

ϖω(c,d) (E, J)

ϖω (ε+)

ϖω (ε→)

ϑ =
(
a b

c d

)

ϖSYKω (ε+)

ϖSYKω (ε→)
ϖCLS
ω (ε+) =

↑∑
n=→↑

ϖω (ε+ + 4ωn)ϖCLS
ω (ε→) =

↑∑
n=→↑

ϖω (ε→ + 4ωn)ϖVTFTω (ε+) =
↑∑

n=→↑
ϖω (ε+ + 4ωn)ϖVTFTω (ε→) =

↑∑
n=→↑

ϖω (ε→ + 4ωn)ϖ ω
CLS (ε+) =

↑∑
n=→↑

ϖω (ε+ + 4ωn)

1

|Ψpθ1, θ2, θ3q|2 Ψpθ1, θ2, θ3q



Semi-classical saddle point
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Spθ1, θ2, θ3q “ VolpT q
‰

CLS and SYK2 match with semi-classical dS3 gravity!
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Murakami-Yano formula for tetrahedral volume

Vol T “ ImWMYpz˚q `
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Tetrahedral volumes are semi-classical limit of q-6j-symbol
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Relation between SL(2,C) and SYK OTOC

ASLp2,Cq

OTOC “

´

ź

v
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¯
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t6ju
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ℏ
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¯

Geometry q-parameter Pairing Exponent

Euclidean AdS3 qb “ e iℏ 6jb 6jb 4ImW{ℏ

Lorentzian AdS3 qb “ e iℏ 6jb,L 6jb,R 2ipWL ` WRq{ℏ

Euclidean dS3 q “ e´ℏ x6jq, 6jqy 4ReW{ℏ

Lorentzian dS3 q “ e´ℏ x6jq, 6jqV y 4i ImW{ℏ



Physical operators in SYK2

Optq “

ˆ
ds OLpsqORpt´sq ñ xOptqOp0qy “ GdSpt`iπq

t1

t2

t1

t2

z
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ASYK2ptq “ xV ptqW p0qV ptqW p0qy



de Sitter3 OTOC in recoil limit

AdSpQq “
ΓpiQq

Γp1 ´ iQq
“ sinh

`
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Γ
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˘2
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Q = energy dual to OTOC time variable t



Deconstructing the de Sitter TOC and OTOC
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Concluding remarks

Study of TOCs and OTOCs in dS3 using ”q-Virasoro TQFT”.

Proposed explicit expressions via q-deformation of SL(2,Cq.

Reproduces the correct probe and semi-classical amplitudes.

Quantitative matches with CLS and SYK2 model.

Open problems: shockwave with defect angle and GN corrections.
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OTOC = twisted 2-point function
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Thermal SYK 2-point function
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Figure 2. Two-dimensional global de Sitter space (left) and the fake thermal circle (right). The green

region on the left indicates the static patch covered by the (⇢, t) coordinates. The green segment on

the right indicates the segment spanned by real thermal circle.

!

1.3 Coordinates

Global 3D de Sitter spacetime dS3 is a maximally symmetric hyperboloid in R3,1

�X2
0 + X2

1 + X2
2 + X2

3 = 1. (1.16)

It will be convenient to assemble the embedding coordinates into a 2 ⇥ 2 matrix

X =

 
X0 + X3 X1 + iX2

X1 � iX2 X0 �X3

!
, detX = �1. (1.17)

The 3D de Sitter spacetime isometry group is isomorphic to SL(2, C) and acts on the coor-

dinate matrix X via conjugation

X ! gX g† g 2 SL(2, C). (1.18)

These transformations preserve the embedding equation and reality condition on X. In ad-

dition, the 3D de Sitter spacetime has a special antipodal Z2 symmetry X ! �X that flips

– 6 –

· æ · + —fake, —fake = —

v
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τ Ñ τ ` βfake, βfake “
β

v



KMS property implies that the fake
thermal cylinder splits into a two disjoint cylinders
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q-AdS2 SdS3




