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Introduction

S = logZE
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ZE =

Z
[Dgµ⌫ ][D�]e�IE [gµ⌫ ,�]
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One-loop physics is a testing ground for any toy model of quantum 
gravity. 
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+ corrections

<latexit sha1_base64="k7n8VIGSO/USlSpb8t/uva8dndU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URhJJIRTdC1YWupIJ9QBPKZDpph04yYWYilpA/cOOvuHGhiFu37vwbJ20W2npg4HDOudy5x4sYlcqyvo3C3PzC4lJxubSyura+YW5uNSWPBSYNzBkXbQ9JwmhIGooqRtqRICjwGGl5w8vMb90TISkP79QoIm6A+iH1KUZKS11z/ww6vkA4OU+TKrzq3qTwEDqBxx8SzIUgOIvJtGuWrYo1Bpwldk7KIEe9a345PY7jgIQKMyRlx7Yi5SZIKIoZSUtOLEmE8BD1SUfTEAVEusn4nhTuaaUHfS70CxUcq78nEhRIOQo8nQyQGshpLxP/8zqx8k/dhIZRrEiIJ4v8mEHFYVYO7NHsYjbSBGFB9V8hHiBdj9IVlnQJ9vTJs6R5VLGrlePbarl2kddRBDtgFxwAG5yAGrgGddAAGDyCZ/AK3own48V4Nz4m0YKRz2yDPzA+fwAVeJwd</latexit>

Fixed by one-loop physics 
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1 Introduction

In the path integral formulation of quantum gravity, the fundamental object of interest is the
gravitational partition function [1]

Z =

Z
DgD�e�IE [g,�] . (1.1)

The integration measure indicates a sum over all dynamical (Euclidean) metrics and matter
field configurations � in a theory characterized by its Euclidean action, IE [g,�]. In nearly
all scenarios, the partition function (1.1) is impossible to compute exactly. In practice, Z is
evaluated perturbatively by expanding IE about solutions {gc,�c} to the classical equations
of motion. Let {h, } denote small fluctuations about these saddles. For each saddle-point,
the action expands as IE [g,�] = Ion-shell

E
[gc,�c] + I(2)

E
[h, ] + ..., where I(2)

E
[h, ] is quadratic

– 1 –

| {z }
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quadratic in fields 

Anninos, Denef, Law, Sun (2020)



Introduction

Goal 1: Gather data about one-loop physics in 3d de Sitter, including 
for metric fluctuations. 

We have more control over calculations, and a mechanism for 
quantization, using the relationship between gravity and Chern-Simons 
theory specific to 3d. 

Goal 2: Move beyond 3d pure de Sitter. 



The Chern-Simons formulation of 3d gravity

Gravity in 3d  !
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Chern-Simons theory 

gauge algebra isometry algebra 

metric connections A, Ā
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SCS[A] =
k

4⇡

Z

M

✓
A ^ dA+

2

3
A3

◆
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Witten (1988)



The Chern-Simons formulation for de Sitter

Gravity in  !
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Figure 1: The Penrose diagram of dS3. The blue region is the static patch
covered by the coordinates (2.3). The observer defining the patch lies at ⇢ = 0.
Their causal horizon lies at ⇢ = ⇡

2 . Also depicted are the flow lines of D which
are time-like in this patch.

Euclidean de Sitter can be defined through the Wick rotation X0 = �iX0

E
, which at

the level of the static patch coordinates can be achieved through t = �i`⌧ . The defining
equation (2.1) then defines a three-sphere and indeed the Lorentzian static patch metric
rotates to

ds2

`2
= cos2 ⇢ d⌧ 2 + d⇢2 + sin2 ⇢ d'2 , (2.5)

which is the metric for S3 in torus coordinates. Regularity at the horizon, ⇢ = ⇡/2,
requires the identification ⌧ ⇠ ⌧ + 2⇡, consistent with it being a coordinate for S3. The
isometry group of Euclidean de Sitter is easily seen to be SO(4) ' SU(2) ⇥ SU(2)/Z2.
The SU(2)’s are the left and right group actions acting on S3 which itself is di↵eomorphic
to SU(2) (the explicit form of this left and right action is given in App.D). As such we
will label these two groups by subscripts L and R. The Wick rotation of so(1, 3) to so(4)
and the subsequent splitting into su(2)L � su(2)R is given explicitly in App.A.

2.2 Chern-Simons theory and dS3 gravity: tree-level

Now let us briefly review the Chern-Simons formulation of three-dimensional gravity [6];
see [7,12] for more details and complementary aspects. Much like the previous subsection,
this portion is intended to lay out the necessary ingredients and to establish our notation.

As we noted in Sec. 2.1, the splitting so(4) ' su(2)L � su(2)R of the isometry algebra
of Euclidean dS3 indicates that we will be interested in quantizing a pair of SU(2) Chern-
Simons theories

S = kLSCS[AL] + kRSCS[AR] , (2.6)

where

SCS[A] =
1

4⇡
Tr

Z

M

✓
A ^ dA+

2

3
A3

◆
, (2.7)

7
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Gravitational Path Integral Coupled to 
Matter

Gravitational path integral: 

Castro, Coman, Fliss, CZ (2023a)
Castro, Coman, Fliss, CZ (2023b)

At a schematic level, let us first consider writing the gravitational partition function as
a sum of metric path-integrals weighted by the Einstein-Hilbert action, IEH, and performed
about saddle-point geometries M :

Zgrav =
X

M

Zgrav[M ] =
X

M

Z
[Dgµ⌫ ]M e�IEH[gµ⌫ ] , (1.1)

where to leading order in a GN expansion, the saddle-point is given by a metric, g(M)

µ⌫ ,
that satisfies the Einstein equations. We can then consider coupling matter to this gravity
path-integral about each saddle2 via

Zgrav+matter =
X

M

Zgrav+matter[M ] =
X

M

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] , (1.2)

where

Zmatter[gµ⌫ ] =

Z
[D�]eiSmatter[�,gµ⌫ ] (1.3)

is the path-integral of a quantum field � minimally coupled to a background geometry,
gµ⌫ . Whether or not a sum over geometries converges, or what it converges to, depends
sensitively on the UV completion of the theory of matter and quantum gravity. However,
on a more pragmatic level, we will restrict (1.2) to a given saddle M , and focus on the

quantum gravity corrections to fields quantized on the background, g(M)

µ⌫ . That is, we will
focus on ⌦

Zmatter[M ]
↵
grav

:=

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] . (1.4)

In this regard, let us define an object, W, such that

Zmatter[gµ⌫ ] = exp

✓
1

4
W[gµ⌫ ]

◆
. (1.5)

Formally expanding this out in the gravity path-integral gives

⌦
Zmatter[M ]

↵
grav

=

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]

✓
1 +

1

4
W[gµ⌫ ] + . . .

◆

= Zgrav +
1

4

⌦
W
↵
grav

+ . . . .

(1.6)

W is what we coin the Wilson spool.What we will show is that
⌦
W
↵
grav

has a very precise
definition in Chern-Simons theory, and it can be evaluated to any order in GN . From

2We are being a little bit misleading here: Zmatter cannot be strictly decoupled from the sum as
including matter will shift the saddle, M . However this shift is at order GN . We will make more sense
of this shortly in the Chern-Simons context where the O(G0

N ) background fields will be connected to the
topology upon which we quantize the Chern-Simons theory. All “back-reactive” e↵ects however will be
handled in localization.
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How to couple to matter? 

At a schematic level, let us first consider writing the gravitational partition function as
a sum of metric path-integrals weighted by the Einstein-Hilbert action, IEH, and performed
about saddle-point geometries M :

Zgrav =
X

M

Zgrav[M ] =
X

M

Z
[Dgµ⌫ ]M e�IEH[gµ⌫ ] , (1.1)

where to leading order in a GN expansion, the saddle-point is given by a metric, g(M)

µ⌫ ,
that satisfies the Einstein equations. We can then consider coupling matter to this gravity
path-integral about each saddle2 via

Zgrav+matter =
X

M

Zgrav+matter[M ] =
X

M

Z
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where

Zmatter[gµ⌫ ] =

Z
[D�]eiSmatter[�,gµ⌫ ] (1.3)

is the path-integral of a quantum field � minimally coupled to a background geometry,
gµ⌫ . Whether or not a sum over geometries converges, or what it converges to, depends
sensitively on the UV completion of the theory of matter and quantum gravity. However,
on a more pragmatic level, we will restrict (1.2) to a given saddle M , and focus on the

quantum gravity corrections to fields quantized on the background, g(M)

µ⌫ . That is, we will
focus on ⌦

Zmatter[M ]
↵
grav

:=

Z
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In this regard, let us define an object, W, such that

Zmatter[gµ⌫ ] = exp

✓
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4
W[gµ⌫ ]

◆
. (1.5)

Formally expanding this out in the gravity path-integral gives
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W is what we coin the Wilson spool.What we will show is that
⌦
W
↵
grav

has a very precise
definition in Chern-Simons theory, and it can be evaluated to any order in GN . From

2We are being a little bit misleading here: Zmatter cannot be strictly decoupled from the sum as
including matter will shift the saddle, M . However this shift is at order GN . We will make more sense
of this shortly in the Chern-Simons context where the O(G0

N ) background fields will be connected to the
topology upon which we quantize the Chern-Simons theory. All “back-reactive” e↵ects however will be
handled in localization.
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The Wilson Spool
Proposal: 

about saddle-point geometries M :

Zgrav =
X

M

Zgrav[M ] =
X

M

Z
[Dgµ⌫ ]M e�IEH[gµ⌫ ] , (1.1)

where to leading order in a GN expansion, the saddle-point is given by a metric, g(M)

µ⌫ ,
that satisfies the Einstein equations. We can then consider coupling matter to this gravity
path-integral about each saddle1 via

Zgrav+matter =
X

M

Zgrav+matter[M ] =
X

M

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] , (1.2)

where

Zmatter[gµ⌫ ] =

Z
[D�]eiSmatter[�,gµ⌫ ] (1.3)

is the path-integral of a quantum field � minimally coupled to a background geometry,
gµ⌫ . Whether or not a sum over geometries converges, or what it converges to, depends
sensitively on the UV completion of the theory of matter and quantum gravity. However,
on a more pragmatic level, we will restrict (1.2) to a given saddle M , and focus on the

quantum gravity corrections to fields quantized on the background, g(M)

µ⌫ . That is, we will
focus on ⌦

Zmatter[M ]
↵
grav

:=

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] . (1.4)

In this regard, let us define an object, W, such that

Zmatter[gµ⌫ ] = exp

✓
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4
W[gµ⌫ ]

◆
. (1.5)

Formally expanding this out in the gravity path-integral gives

⌦
Zmatter[M ]

↵
grav

=

Z
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4
W[gµ⌫ ] + . . .
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= Zgrav +
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4

⌦
W
↵
grav

+ . . . .

(1.6)

W is what we coin the Wilson spool. What we will show is that
⌦
W
↵
grav

has a very precise
definition in Chern-Simons theory, and it can be evaluated to any order in GN . From
this point, we take on the task of evaluating the gravity path-integral with W inserted to
calculate ⌦

logZscalar[M ]
↵
grav

=
1

4

⌦
W
↵
grav

. (1.7)

1We are being a little bit misleading here: Zmatter cannot be strictly decoupled from the sum as
including matter will shift the saddle, M . However this shift is at order GN . We will make more sense
of this shortly in the Chern-Simons context where the O(G0

N ) background fields will be connected to the
topology upon which we quantize the Chern-Simons theory. All “back-reactive” e↵ects however will be
handled in localization.
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“Wilson spool” in CS theory 

Castro, Coman, Fliss, CZ (2023a)
Castro, Coman, Fliss, CZ (2023b)

Integral implements “winding” 
sum over a Wilson loop that 
wraps n times 
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It is simple to extract the holonomies of aL and aR, which are important to record for
later use. For any cycle � wrapping the singular points of the connections, the connections
possess holonomies

P exp

I

�

aL = g�1

⇢
ei2⇡L3hLg⇢ , P exp

I

�

aR = g⇢e
i2⇡L3hRg�1

⇢
. (2.23)

Requiring that the above group elements’ action on S3
' SU(2) itself is single-valued

implies that hL, hR 2 Z with either both even or both odd.4 In particular, for cycles
wrapping the causal horizon at ⇢ = ⇡

2
, we have

hL = 1 , hR = �1 . (2.24)

Finally, we report on the value of the on-shell action for this background. A short
calculation, which uses (2.22), shows that they have non-trivial action

rLSCS[aL] = �⇡rL = �⇡�̂ � i⇡s , rRSCS[aR] = ⇡rR = ⇡�̂ � i⇡s , (2.25)

and thus
iS|

tree�level
= irLSCS[aL] + irRSCS[aR]

=
⇡`

2GN

,
(2.26)

where we used (2.14). This is the correct on-shell action for dS3 [7, 12]. Note that the
gravitational Chern-Simons term of S3 vanishes identically.

2.3 SU(2) Chern-Simons theory: the partition function

We now turn to quantum aspects of dS3 gravity. Our aim is to perform the gravitational
path-integral about a fixed background S3 saddle.5 This will be done in the Chern-Simons
formulation of the theory which we introduced in Sec. 2.2.

It is well-known that many observables in Chern-Simons theory can be evaluated
exactly, i.e., to all orders in perturbation theory and also including non-perturbative
e↵ects. However, for our gravitational purpose, some caution is needed since these results
are not always applicable due to the subtle relation between Chern-Simons and gravity.
Here we will address these subtleties at the level of evaluating the path integral on S3.
In a nutshell, we will re-derive Zk[S3] for SU(2) Chern-Simons theory with level k, while
allowing the level to be complex and also allowing non-trivial background connections.
These are two key features that are persistent in the relation among the two theories, as
we reviewed in the previous subsection.

4Namely, this geometric action, detailed in App.D, is in the fundamental representation. In that case
ei2⇡L3hL/R is obviously the identity if hL/R is even. If hL and hR are both odd this yields the group
element (�1,�1) 2 SU(2)L ⇥ SU(2)R which is also the identity inside the Z2 quotient.

5We will briefly discuss about other topologies in Sec. 4.
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gravitational Chern-Simons term of S3 vanishes identically.
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path-integral about a fixed background S3 saddle.5 This will be done in the Chern-Simons
formulation of the theory which we introduced in Sec. 2.2.

It is well-known that many observables in Chern-Simons theory can be evaluated
exactly, i.e., to all orders in perturbation theory and also including non-perturbative
e↵ects. However, for our gravitational purpose, some caution is needed since these results
are not always applicable due to the subtle relation between Chern-Simons and gravity.
Here we will address these subtleties at the level of evaluating the path integral on S3.
In a nutshell, we will re-derive Zk[S3] for SU(2) Chern-Simons theory with level k, while
allowing the level to be complex and also allowing non-trivial background connections.
These are two key features that are persistent in the relation among the two theories, as
we reviewed in the previous subsection.

4Namely, this geometric action, detailed in App.D, is in the fundamental representation. In that case
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For cycles wrapping the causal horizon: 
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where we used (2.23) and the explicit expression of the character in (3.33) or (3.49). We
can now pull C± towards the real line—depicted as the middle cartoon of Fig. 2—to pick
up the third-order poles at ↵ = ±2⇡n, respectively. Keeping track of orientations, we find
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In the second line we used the information for the principal-type representations, where
j = �

1

2
(1 � iµ) and µ2 = m2`2 � 1; a similar result holds for the complentary-type

representation, where j = �
1
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(1 + ⌫). We also used the definition of the polylogarithm

functions,
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We have written (3.71) in an inherently symmetric form, however one can also choose
to wrap C� to the right, as in the rightmost cartoon of Fig. 2, doubling the contribution
of poles on the positive real line, as well as picking up the quadrupole pole at ↵ = 0, or
alternatively using a conspiracy of polylog identities.23 This gives
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This makes the comparison to the the three-sphere one-loop determinant (C.22), evaluated
independently via heat kernel, very clear. In this regard, a few comments are in order:

1. Because the above polylogarithms involve sums over e�n2⇡µ, their appearance is the
first sign that (3.63) packages contributions of Wilson loops wound many times around
the S3. We will comment further on this interpretation below.

22As reflected by the first equality of (3.69), we can also start from (3.65) and take the limit rL !

is ! i1 and rR ! �is ! �i1. In this limit, the Gaussian integrals localize to �L/R ⇠ 0, and the result
is again (3.70).
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One-Loop Determinants Summary

Ultimately our ability to define and evaluate (1.7) relies on celebrated exact meth-
ods for the SU(2) Chern-Simons path-integral on a topologically S3 manifold. However,
in order to follow through with this task, we need to address several aspects about the
relationship between gravity and Chern-Simons that make these methods somewhat un-
natural. In particular, there are three aspects we will incorporate:

Non-trivial background connections. One key aspect of the gravitational interpreta-
tion of Chern-Simons theory is that the connections are non-trivial: this is the minimal
requirement to have a locally invertible metric. We take this into account.

Complex Chern-Simons levels. GN controls the imaginary part of the Chern-Simons
level k. Following the arguments in [16], we incorporate complex couplings together
with non-trivial background connections.

Non-standard su(2) representations. As illustrated in [17], fields in dS3 do not fall
into the traditional unitary representations of su(2). We will extend the representations
constructed in [17] to cover heavy and light scalar fields in dS3.

With these facts in mind, we then alter two well-known exact methods—Abelianisation
and supersymmetric localization—to accommodate these three aspects. We provide de-
tailed derivations that show how to evaluate the path integral, and Wilson loops, on S3

of SU(2)k Chern-Simons theory. There are several moving parts to this story and much
of the volume of this paper is devoted to giving these elements solid foundation.

Having assembled all of these pieces, we are then able to utilize the above ingredients to
define W in terms of Wilson loops living in non-standard representations and to evaluate
it in the gravitational path-integral. This evaluation is more than schematic: we will show
that

⌦
W

↵
grav

reduces to a simple integral and has a well-defined GN expansion about the

S3 saddle. The tree-level, i.e. O(G0

N
), contribution is precisely the one-loop determinant

of a scalar field with mass m minimally-coupled to a background S3, i.e.,

lim
GN!0

⌦
W
↵
grav

Zgrav[S3]
= 4 logZscalar[S

3] = 4 log det
�
�r

2

S3 +m2`2
��1/2

. (1.8)

We also show that at any order of GN perturbation theory, the integral defining
⌦
W
↵
grav

is finite and can be practically evaluated. This provides a useful framework for calculating
quantum-gravitational corrections to logZscalar[S3].

1.1 Overview

In a nutshell, this work is divided into two parts. The first part, described in Sec. 2, is
devoted to the gravitational path integral on dS3 in the absence of matter fields. The
second part tackles our central question, how to quantify the coupling of matter to quan-
tum gravity, which we present in Sec. 3. In the following we describe in more detail the
contents of each section.

We will begin with a review of some basic features of three-dimensional Euclidean de
Sitter space in Sec. 2.1, and then review the classical relation between three-dimensional

4

Thus, in the             limit, the spool reproduces: GN ! 0
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Perturbative Corrections/Quantum 
Gravity Predictions

The spool can be inserted into the path integral, evaluated using 
localization/Abelianization, and expanded to any order in      to 
incorporate quantum corrections.  

GN
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At a schematic level, let us first consider writing the gravitational partition function as
a sum of metric path-integrals weighted by the Einstein-Hilbert action, IEH, and performed
about saddle-point geometries M :

Zgrav =
X

M

Zgrav[M ] =
X

M

Z
[Dgµ⌫ ]M e�IEH[gµ⌫ ] , (1.1)

where to leading order in a GN expansion, the saddle-point is given by a metric, g(M)

µ⌫ ,
that satisfies the Einstein equations. We can then consider coupling matter to this gravity
path-integral about each saddle2 via

Zgrav+matter =
X

M

Zgrav+matter[M ] =
X

M

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] , (1.2)

where

Zmatter[gµ⌫ ] =

Z
[D�]eiSmatter[�,gµ⌫ ] (1.3)

is the path-integral of a quantum field � minimally coupled to a background geometry,
gµ⌫ . Whether or not a sum over geometries converges, or what it converges to, depends
sensitively on the UV completion of the theory of matter and quantum gravity. However,
on a more pragmatic level, we will restrict (1.2) to a given saddle M , and focus on the

quantum gravity corrections to fields quantized on the background, g(M)

µ⌫ . That is, we will
focus on ⌦

Zmatter[M ]
↵
grav

:=

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]Zmatter[gµ⌫ ] . (1.4)

In this regard, let us define an object, W, such that

Zmatter[gµ⌫ ] = exp

✓
1

4
W[gµ⌫ ]

◆
. (1.5)

Formally expanding this out in the gravity path-integral gives

⌦
Zmatter[M ]

↵
grav

=

Z
[Dgµ⌫ ]Me�IEH[gµ⌫ ]

✓
1 +

1

4
W[gµ⌫ ] + . . .

◆

= Zgrav +
1

4

⌦
W
↵
grav

+ . . . .

(1.6)

W is what we coin the Wilson spool.What we will show is that
⌦
W
↵
grav

has a very precise
definition in Chern-Simons theory, and it can be evaluated to any order in GN . From

2We are being a little bit misleading here: Zmatter cannot be strictly decoupled from the sum as
including matter will shift the saddle, M . However this shift is at order GN . We will make more sense
of this shortly in the Chern-Simons context where the O(G0

N ) background fields will be connected to the
topology upon which we quantize the Chern-Simons theory. All “back-reactive” e↵ects however will be
handled in localization.
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We find quantum corrections can be naturally identified with a 
renormalization of mass: 

is no reason to expect that we can extend to a Laplacian on generic curved background
(which might have no isometries) as presented in (3.90). There is no sleight of hand here,
however. In App.D we show that by modelling a three-manifold with “locally tangent
three-spheres” we can express its Laplacian as the curved Casimir of local su(2)L�su(2)R
action on its tangent spaces.

3.3.3 Quantum gravity corrections to hWji

In this last portion we will focus on the quantum version of the Wilson spool, given by
(3.65), and report on the quantum e↵ects of our proposal. In particular, we will report
on the predictions we can make regarding mass renormalization.

We have

⌦
logZscalar[S

3]
↵
grav

=
i

4
eirLSCS[aL]+irRSCS[aR]

Z
d�Ld�R ei

⇡

2
rL�

2

L
+i

⇡

2
rR�

2

R sin2(⇡�L) sin
2(⇡�R)

⇥

Z

C

d↵

↵

cos↵/2

sin↵/2
�j

⇣ ↵

2⇡
(�L + hL)

⌘
�j

⇣
�

↵

2⇡
(�R + hR)

⌘
.

(3.91)
Recall that the gravitational couplings are related to rL/R via

rL = �̂ + is , rR = �̂ � is , s =
`

4GN

. (3.92)

Evaluating (3.91) exactly as a function of rL/R is cumbersome, hence we will proceed

perturbatively in GN , with �̂ fixed. This expansion is systematic and the procedure will
include the following steps:

1. Beginning with the integral form of (3.91), we normalize the Gaussian integrals by

�L/R ! r�1/2

L/R
�L/R such that the integrand now admits a perturbative expansion in 1/s

which is ultimately a Taylor expansion in �L/R.

2. At any order in 1/s perturbation theory, the Gaussian �L/R integrals can be performed.

3. Afterwards the ↵ contour, C, can be pulled towards the real line to pick up the poles
at 2⇡Z 6=0.

4. The sum over the poles can then be performed to yield potential polylogarithms.

To implement these steps, we will organize corrections to the scalar one-loop determinant
on S3 as a GN`�1 expansion:

⌦
logZscalar[S3]

↵
grav

Zgrav[S3]
= logZscalar[S

3] +
1X

m=1

✓
GN

`

◆2m

(logZ)(2m) . (3.93)

The term (logZ)(2m) encodes the contributions from expanding the numerator and de-
nominator of (3.93) separately. Note that only even powers of GN`�1 enter here; this will
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Trace formulae
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A “trace formula” relates spectral information about an operator to 
geometric data. 



Selberg zeta function
Perry, Williams (2003)

Selberg (1956)

Riemann zeta: ⇣(s) =
Y

p prime

1

1� p�s
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Length of a “primitive” geodesic  

Selberg zeta: ⇣�(s) =
Y

p

1Y

k=0

�
1� `(p)�s�k

�
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Consider e.g.         : H
2/�
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Poisson resummation formula

4.3 Trace formula for S3

First we will construct a trace formula for S3. Broadly speaking, a trace formula is a between
spectral data of particular operators and geometric data, i.e., integrals along orbits on a
particular space. A simple example of a trace formula is the Poisson resummation formula

X

m2Z

h(m) =
X

n2Z

Z

R

h(z)e2⇡inzdz , (4.19)

for a sufficiently smooth test function h 2 L1(R). A relevant application of the Poisson
resummation formula (4.19) is that it can be used to re-express the spectral data of a Laplacian
of a massive particle confined to a circle S1

' R/Z.
To see this, note the energy eigenvalue problem r

2 n = En n for a particle of unit
mass on S1 of length 2⇡ has the kinetic operator (�r

2) = @2x/2 with eigenfunctions  n =
1

p
2⇡
e�inx and energies En = n2/2. The associated heat kernel has the spectral decomposition,

KS
1
(x, y; 2⇡) =

P
n
 n(x) ⇤

n(y)e
�2⇡En , such that

tr(e�2⇡r2
) =

Z

S1
KS

1
(x, x; 2⇡)dx =

X

n2Z

e�2⇡En , (4.20)

which we can interpret as the canonical partition function for the system with (inverse) temper-
ature 2⇡. Applying the Poisson resummation formula (4.19) with test function h(z) = e�2⇡Ez ,
one may write

tr(e�2⇡r2
) =

X

n2Z

Z

R

e�2⇡Eze2⇡inzdz . (4.21)

Thus, the Poisson resummation formula relates the trace of a kinetic operator to the sum
over the periodic orbits of length 2⇡|n| on S1. The above is easily generalizable for a circle
of length � (merely replace all factors of 2⇡ for �), and the functional determinant for the
kinetic operator is cast in terms of the trace formula,

log det(�r
2) = �

Z
1

0

d�

�
tr(e��r

2
) , (4.22)

where to obtain this expression we have evaluated the one-loop determinant using the heat
kernel trace and again applied the Poisson resummation formula.19 In general, for a free
particle on a symmetric space, Poisson resummation relates the spectral sum of Laplacians
to a sum over geodesics on a maximal torus, which has proven useful to show equivalence for
various representations of the heat kernel (cf. Chapter 6 of [52]). Analogously, the Selberg
trace formula is viewed as a generalization of the Poisson resummation formula for discrete
quotients of hyperbolic space (see, e.g., [51, 53–55] for pedagogical treatments).

19As an alternate derivation that sheds light on the connection to the Wilson spool, make use of the identity
log det = tr log combined with the Schwinger trick, (2.33), which was used to construct the Wilson spool.
Deriving (4.22) this way requires interchanging a trace with the integral over the Schwinger parameter, which we
may be invalid for certain cases of interest. One can view our technical formalism using Fredholm determinants
as a precise way of dealing with such subtleties. We thank the anonymous referee for this observation.
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Fredholm determinant

Spectral trace formulae of the type (4.20) are well known for higher-dimensional spheres
and their lens space quotients; indeed they have been used to evaluate 1-loop partition func-
tions (see, e.g., [10]). Here, following the spirit of Voros’ work on zeta function factorization
[51], we construct a different trace formula for a scalar field on the 3-sphere based on the
Fredholm determinant.20 More specifically, our focus will be to find an appropriate test func-
tion, different than that used for generalizations of (4.20), which gives rise to a Hadamard
factorization of the Fredholm determinant for a massive scalar on the 3-sphere. From this test
function we will be able to directly construct the Wilson spool from a trace formula.

The Fredholm determinant and its trace formula

Consider a sequence {�`} of non-zero complex numbers (note that zero modes have to be dealt
with separately). For our purposes, we consider the eigen-spectrum of a kinetic differential
operator Ô defined on a compact manifold by

Ô = �r
2
� � , (4.23)

where {�`} denotes the eigenvalues of the Laplacian, and � is a real spectral parameter. A
particular spectral function of interest is the Fredholm determinant associated to the Laplacian
on the 3-sphere or lens space, cast here as a canonically regularized infinite product21

�(�) ⌘ det( + �
�
r

2
��1

) =
1Y

`=0

✓
1�

�

�`

◆
d`

e
�
�`

d` , (4.24)

where d` are degeneracies of eigenvalues �`. The Fredholm determinant thus generalizes the
determinant of a finite linear operator, and has featured in various contexts ranging from
nuclear physics, random matrices, to 2D quantum gravity, cf. [57–59]. Pertinently, �(�) is
related to the functional determinant D(�) ⌘ det(Ô) =

Q
`
(�` � �)d` via22

D(�) = �(�)e�⇣
0

Ô
(0)e��⇣

Ô
(1) , (4.25)

where ⇣
Ô
(s) =

P
1

`=0 d`�
�s

`
denotes the spectral zeta function, with ⇣ 0

Ô
(s) ⌘ @s⇣Ô(s). Since

we are focusing on scalar fields, the functional determinant is related to the 1-loop partition
function via D(�)�1/2 = Z�. Further, taking the logarithm and differentiating twice with
respect to � gives @2

�
log(D(�)) = @2

�
log(�(�)). Since the Fredholm determinant is canoni-

cally regularized, we are guaranteed to be able to pass derivatives through the infinite sums
20Voros’ work on zeta function factorizations was extended to n-dimensional spheres by Choi and Quine [56],

and used to compute spherical functional determinants. As far as we can tell, the trace formula we construct
is new to the literature.

21For �` being eigenvalues of an elliptic (pseudo-) differential operator of order m on a d-dimensional (com-
pact) manifold, the sequence {�`} has order µ ⌘ d/m, and the infinite product without the exponential factor
only converges for sequences with µ < 1. Presently, µ > 1 and thus we use the Weierstrass canonical product,
which introduces the exponential factor in (4.24) [51].

22Indeed, �(�) =
�Q

`(�` � �)d`
� ⇣Q

` �
d`
`

⌘⇣Q
` e

�
�`

�
⌘
= D(�)e⇣

0

Ô
(0)

e
�⇣

Ô
(1). For a more complete deriva-

tion taking into account an appropriate regularization, see Appendix A.
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Fredholm determinant: 

Spectral trace formulae of the type (4.20) are well known for higher-dimensional spheres
and their lens space quotients; indeed they have been used to evaluate 1-loop partition func-
tions (see, e.g., [10]). Here, following the spirit of Voros’ work on zeta function factorization
[51], we construct a different trace formula for a scalar field on the 3-sphere based on the
Fredholm determinant.20 More specifically, our focus will be to find an appropriate test func-
tion, different than that used for generalizations of (4.20), which gives rise to a Hadamard
factorization of the Fredholm determinant for a massive scalar on the 3-sphere. From this test
function we will be able to directly construct the Wilson spool from a trace formula.
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Consider a sequence {�`} of non-zero complex numbers (note that zero modes have to be dealt
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Ô = �r
2
� � , (4.23)

where {�`} denotes the eigenvalues of the Laplacian, and � is a real spectral parameter. A
particular spectral function of interest is the Fredholm determinant associated to the Laplacian
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where d` are degeneracies of eigenvalues �`. The Fredholm determinant thus generalizes the
determinant of a finite linear operator, and has featured in various contexts ranging from
nuclear physics, random matrices, to 2D quantum gravity, cf. [57–59]. Pertinently, �(�) is
related to the functional determinant D(�) ⌘ det(Ô) =
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we are focusing on scalar fields, the functional determinant is related to the 1-loop partition
function via D(�)�1/2 = Z�. Further, taking the logarithm and differentiating twice with
respect to � gives @2

�
log(D(�)) = @2

�
log(�(�)). Since the Fredholm determinant is canoni-

cally regularized, we are guaranteed to be able to pass derivatives through the infinite sums
20Voros’ work on zeta function factorizations was extended to n-dimensional spheres by Choi and Quine [56],

and used to compute spherical functional determinants. As far as we can tell, the trace formula we construct
is new to the literature.

21For �` being eigenvalues of an elliptic (pseudo-) differential operator of order m on a d-dimensional (com-
pact) manifold, the sequence {�`} has order µ ⌘ d/m, and the infinite product without the exponential factor
only converges for sequences with µ < 1. Presently, µ > 1 and thus we use the Weierstrass canonical product,
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Relation to one-loop determinant: 

Canonically regularized! 

CZ: Physical application 2: [5] have pioneered the study of one-loop determinants for de Sit-

ter, organized in terms of Harish-Chandra characters and edge mode corrections; we would

like to understand how one-loop data is corrected in the case of small extra dimensions that

we imagine arise from a higher dimensional theory of quantum gravity such as string theory.

CZ: Does Lars also want to contrast with the structure of the Green’s function on products

spaces as he worked out in [6]?

CZ: Do we want to consider vector and tensor contributions? It looks like this amounts to a

modification of the eigenvalues and degeneracies. See [7] as well as the Nariai papers for a

review.

CZ: Literature search: The general AdS ⇥ S case was considered in [8]. Some special cases,

e.g., AdS5 ⇥ S5 and AdS2 ⇥ S2, were studied in various works by Tseytlin. Check also CFT

partition function literature. Cindy et al. are coming out with a paper on complementary

methods for computing product spaces of spheres (and AdS, I believe). They seem to be

motivated by taking the large mass limit.

CZ: Future work: Generalize to the warped product situation. The generalization of the

Kaluza-Klein calculation in [9] may be relevant.

2 Evaluating one-loop determinants

We’ll introduce three separate techniques to compute the one-loop determinant. Our focus

will be initially on one of the simplest possible examples: a scalar field on an S1. The

techniques we introduce, however, will have a natural generalization to more complicated

product spaces.

First, we set up the general problem. For an operator O(�) the one-loop determinant is

LA: True for non-scalars as well?

Z(�) =
1p

det(O(�))
. (2.1)

In most of this paper, we are interested in one-loop determinants on (direct products) of

spheres, for which the eigenvalues are the eigenvalues of the squared angular momentum

operator. Explicitly, we write the eigenvalues of O(�) as �l. We are then interested in the

determinant

D(�) = det(O(�)) =
Y

l

(�l � �)dl , (2.2)

where dl denotes the degeneracy of the eigenvalues. This product generically diverges and

needs to be regulated.
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Functional determinant: 

Consider the operator: 
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Generally divergent! 



Fredholm determinant test function

appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),

R(�) ⌘ �
d

d�
log�(�) =

1X

`=0

d`�

�`(�` � �)
. (4.26)

In particular, we are interested in the derivative of the resolvent,

R0(�) =
1X

`=0

d`
(�� �`)2

. (4.27)

Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:

R0(�) =
1

2

X

n2Z

d(n)h(n) =
1

2

X

n2Z

Z
1

�1

d(z)h(z)e2⇡inzdz , (4.28)

where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives

R0(�) =
1

2

X

n2Z

Z
1

0
d(z)h(z)e2⇡i|n|zdz +

1

2

X

n2Z

Z
1

0
d(z)h(z)e�2⇡i|n|zdz . (4.29)

We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,

R0(�) =
i

2
lim
✏!0

✓Z
1+i✏

0+i✏

+

Z 0�i✏

1�i✏

◆
d(z)h(z) cot (⇡z)dz . (4.30)

Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that

R0(�) =
1

2

X

n2Z

d(n)h(n) =
i

2

Z

�
d(z)h(z) cot (⇡z)dz , (4.31)
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Test function determined from Fredholm/resolvent 

Haupfear, Martin, Svesko, CZ (2025)

Samuel Haupfear 
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New method to compute one-loop determinants

Haupfear, Martin, Svesko, CZ (2025)

The contour integral over � can be evaluated by summing the residues, where the poles occur
at z = n for n 2 N. This gives

logD(�) =
i

8

Z

C

dt

t

cos (t/2)

sin3 (t/2)
e�it

p
1+� . (4.48)

Using D(�)�1/2 = Z�, we recognize the above is precisely the Wilson spool (4.14) for the
scalar field on S3, where recall from (4.34) that the highest weight j is related to � via
1 +

p
1 + � = �+ = �2j:

logZ� =
i

4

Z

C

dt

t

cos (t/2)

sin (t/2)
TrRj

⇣
Pe

z
2⇡

H
aL

⌘
TrRj

⇣
Pe�

z
2⇡

H
aR

⌘
. (4.49)

While this is a familiar result from the Wilson spool literature [17, 18], we emphasize that it
has been derived here purely from a Fredholm determinant-based trace formula for the three-
sphere. Our derivation makes no use of Chern-Simons theory, up to the last step of identifying
the exponential in (4.48) as a trace over path ordered exponentials of the appropriate gauge
connections.

It is interesting to note that our trace formula (equation (4.31) with (4.39)) furnishes two
different (but related) sets of geometric data. First, as in standard in trace formulae, the
Poisson summation formula (4.19) for the three-sphere equates a sum over the eigenvalues
�` associated to the spectral operator (4.23) to an integral over geodesic lengths 2⇡|n| with
n 2 Z along the sphere. Further, equation (4.31) shows that this geometric interpretation
holds for any test function h(z). Second, we have shown that when one specifies h(z) as
determined by the Fredholm determinant through (4.26), the test function can be absorbed
on the right hand (geometric) side of the trace formula to construct the holonomies in (4.49).
This converts the geometric data from particular geodesics along the sphere (with dependence
on an unspecified test function) to an integral over topological invariants. We argue that the
Fredholm determinant-based trace formula is of particular relevance, given that it precisely
singles out this natural geometric data.

5 Discussion

In this article, we revisited two particular methods for evaluating 1-loop determinants relevant
for (A)dS3 perturbative quantum gravity: the Selberg zeta function and the Wilson spool.
The former relies on the group theoretic structure of the underlying spacetime, e.g., that the
Euclidean BTZ black hole geometry is the quotient H

3/Z, while the latter relies heavily on
the Chern-Simons formulation of 3D general relativity.

We uncovered two new insights. Firstly, for 1-loop determinants of arbitrary spin bosons
on the Euclidean BTZ background, we showed that the (logarithm of) the Selberg zeta function
is directly obtained through the Wilson spool. In so doing, we found that the Selberg zeta
function, historically framed as an Euler-product of primitive geodesics, can be recast as a
product over descendants of highest or lowest weight states belonging to the representation
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�

Figure 2: The contour � wrapping around the real axis enclosing poles at z = n for n 2 N.

where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration

logD(�) = �

Z
�

�1

Z
�
0

�1

d�0d�00R0(�00) . (4.32)

We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification

� = �m2 , j = �
1

2

⇣
1±

p
1 + �

⌘
⌘ �

1

2
�± . (4.34)

The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.
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appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),
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In particular, we are interested in the derivative of the resolvent,
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Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:
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where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives

R0(�) =
1

2

X

n2Z

Z
1

0
d(z)h(z)e2⇡i|n|zdz +

1

2

X

n2Z

Z
1

0
d(z)h(z)e�2⇡i|n|zdz . (4.29)

We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,
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Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that
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n2Z
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d(z)h(z) cot (⇡z)dz , (4.31)
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Selberg zeta function for de Sitter?
• The spool itself can be taken as an extended representation theoretic 

definition for a Selberg-like function:

Primitive geodesic                 Holonomy  

Length                                Wilson loop  

Haupfear, Martin, Svesko, CZ (2025)



Higher-dimensional spool

Haupfear, Martin, Svesko, CZ (2025)

The trace formula method allows us to generalize the structure of the spool to 
higher dimensions: 

W
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dt

t

cos (t/2)

sin (t/2)

sin2 (t/2) e�it
p
1+�

⇣
cos (2⇡k
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)� cos (t)
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cos (2⇡kq

p
)� cos (t)

⌘ , (5.1)

where 1 +
p
1 + � = �+ = �2j. The integrand can be expressed in terms of non-standard

characters, which can be taken off-shell. Note that this expression is equivalent to a similar
character-based expression for lens space one-loop determinants, obtained by different methods
in [63].

Likewise, our trace formula analysis in Appendix B.2 directly suggests a generalization
for a Wilson spool in higher odd dimensions:

W
higher-d

j
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◆
d Z

C

dt

t

cos (t/2)

sind (t/2)
e
�it

q
1
4 (d�1)2+�

. (5.2)

As for the lens space case, similar expressions for one-loop determinants of higher-dimensional
spheres written in terms of characters were obtained in [8] (see also [64] for higher-dimensional
AdS); our contribution is to note that the correct form falls out naturally from our trace
formula. This “spool” will no longer be topological, as this property is specific to three dimen-
sions. It would be interesting to study in more detail how the structure of holonomies and
non-standard representations lift to the higher dimensional case. In particular, it is crucial
to understand better what Hilbert space is being traced over in the higher-dimensional case.
One could also compare to non-topological definitions of Wilson loops in higher dimensions;
see, for instance, [65, 66].

Descending to lower dimensions. Specific theories of two-dimensional dilaton gravity, e.g.,
Euclidean (A)dS2 Jackiw-Teteilboim (JT) gravity, serve as some of our best studied models
of two-dimensional quantum gravity. A simplifying feature of JT gravity is that it can be cast
as a topological BF theory. A prescription for the analog of the Wilson spool for JT gravity
minimally coupled to massive matter fields was given in [37]. It would be worth uncovering
the connection between this lower-dimensional construction of the Wilson spool to the Selberg
zeta function and trace formulae.

Fermionic Fields. So far the Wilson spool has only been constructed for scalars and higher
spin bosonic fields. However, in the case of the Euclidean BTZ black hole, the Selberg
zeta function formalism that has been related to the spool in this work naturally extends
to fermionic fields as well [27, 30]. Thus, the analysis in Section 3.2 provides a natural avenue
to extend the Wilson spool construction to fermionic fields. We leave this for future work.

Thermodynamics of near-extremal extremal black holes. Methods for evaluating 1-
loop determinants have important implications for the study of quantum corrections to the
low-temperature thermodynamics of black holes [67–70]. 1-loop quantum corrections at low-
temperatures yield log(T ) (for temperature T ) modifications to the entropy, and give a gapless
microscopic density of states for near-extremal non-supersymmetric black holes. For (near-
horizon, near-extemal) Kerr-AdS4 and rotating BTZ black holes, the log(T ) correction comes
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Figure 2: The contour � wrapping around the real axis enclosing poles at z = n for n 2 N.

where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration

logD(�) = �

Z
�

�1

Z
�
0

�1

d�0d�00R0(�00) . (4.32)

We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification

� = �m2 , j = �
1

2

⇣
1±

p
1 + �

⌘
⌘ �

1

2
�± . (4.34)

The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.
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Lens space geometries

Haupfear, Martin, Svesko, CZ (2025)

Lens spaces are quotients of the three-sphere by a discrete subgroup of         , 
which constitute additional saddles of the Euclidean path integral for de Sitter. 

SO(4)
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The trace formula method allows us to derive a candidate spool for lens spaces: 
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where 1 +
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1 + � = �+ = �2j. The integrand can be expressed in terms of non-standard

characters, which can be taken off-shell. Note that this expression is equivalent to a similar
character-based expression for lens space one-loop determinants, obtained by different methods
in [63].

Likewise, our trace formula analysis in Appendix B.2 directly suggests a generalization
for a Wilson spool in higher odd dimensions:
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As for the lens space case, similar expressions for one-loop determinants of higher-dimensional
spheres written in terms of characters were obtained in [8] (see also [64] for higher-dimensional
AdS); our contribution is to note that the correct form falls out naturally from our trace
formula. This “spool” will no longer be topological, as this property is specific to three dimen-
sions. It would be interesting to study in more detail how the structure of holonomies and
non-standard representations lift to the higher dimensional case. In particular, it is crucial
to understand better what Hilbert space is being traced over in the higher-dimensional case.
One could also compare to non-topological definitions of Wilson loops in higher dimensions;
see, for instance, [65, 66].

Descending to lower dimensions. Specific theories of two-dimensional dilaton gravity, e.g.,
Euclidean (A)dS2 Jackiw-Teteilboim (JT) gravity, serve as some of our best studied models
of two-dimensional quantum gravity. A simplifying feature of JT gravity is that it can be cast
as a topological BF theory. A prescription for the analog of the Wilson spool for JT gravity
minimally coupled to massive matter fields was given in [37]. It would be worth uncovering
the connection between this lower-dimensional construction of the Wilson spool to the Selberg
zeta function and trace formulae.

Fermionic Fields. So far the Wilson spool has only been constructed for scalars and higher
spin bosonic fields. However, in the case of the Euclidean BTZ black hole, the Selberg
zeta function formalism that has been related to the spool in this work naturally extends
to fermionic fields as well [27, 30]. Thus, the analysis in Section 3.2 provides a natural avenue
to extend the Wilson spool construction to fermionic fields. We leave this for future work.

Thermodynamics of near-extremal extremal black holes. Methods for evaluating 1-
loop determinants have important implications for the study of quantum corrections to the
low-temperature thermodynamics of black holes [67–70]. 1-loop quantum corrections at low-
temperatures yield log(T ) (for temperature T ) modifications to the entropy, and give a gapless
microscopic density of states for near-extremal non-supersymmetric black holes. For (near-
horizon, near-extemal) Kerr-AdS4 and rotating BTZ black holes, the log(T ) correction comes
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where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration
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We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification
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The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.
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New method to compute one-loop determinants

Haupfear, Martin, Svesko, CZ (2025)

• We found it useful to define a new trace formula for the sphere where the 
test function is obtained from the canonically regularized Fredholm 
determinant. 

• With this choice, and some manipulations, what naturally falls out of the 
trace formula is the de Sitter Wilson spool.

• This approach provides an algorithm that gives a new method for 
computing one loop-determinants, and is generalizable beyond 3d. It gives 
the analogous object to the Wilson spool in different situations where 
Chern-Simons is unavailable.
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Warped AdS
          : AdS3
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Performing a change of basis, the integers k1 and k2 are written in terms of the radial quantum number
j and the thermal integer n in the following way [3]

n ≥ 0 : k1 + k2 = 2j + n k1 − k2 = ∓n,

n < 0 : k1 + k2 = 2j − n k1 − k2 = ∓n.
(2.13)

For n ≥ 0 the zeroes are

s∗ = −(2j + n)−
bn

a
−

iπk

a
s∗ = −(2j + n) +

bn

a
+

iπk

a
(2.14)

and for n < 0

s∗ = −(2j − n)−
bn

a
−

iπk

a
s∗ = −(2j − n) +

bn

a
+

iπk

a
. (2.15)

2.2 Warped AdS3 quotients

In order to describe warped AdS3 black holes as quotients, we begin by reviewing the global spacetime
warped AdS3 itself. Non-warped AdS3 can be expressed as a Hopf fibration of AdS2 like so:

ds2 =
L2

4
(− cosh2 σdτ2 + dσ2 + (du + sinhσdτ)2), (2.16)

where u is the fibered coordinate and we refer to (τ, u,σ) as global fibered coordinates. Spacelike2

warped AdS3 is obtained by warping the fiber length [32]:

ds2 =
L2

ν2 + 3

(

− cosh2 σdτ2 + dσ2 +
4ν2

ν2 + 3
(du+ sinhσdτ)2

)

. (2.17)

When ν2 > 1 the spacetime is called stretched and for ν2 < 1 it is called squashed. The Killing vectors
for spacelike warped AdS3 are

J2 = 2∂u

J̃1 = 2 sin τ tanhσ∂τ − 2 cos τ∂σ + 2 sin τ sechσ∂u

J̃2 = −2 cos τ tanhσ∂τ − 2 sin τ∂σ − 2 cos τ sechσ∂u

J̃0 = 2∂τ .

(2.18)

The tilded vectors form an SL(2,R) algebra, while J2 is a U(1) generator.

2.2.1 Spacelike stretched warped AdS3 black holes

We first consider spacelike stretched warped AdS3 solutions, which are black holes [23]. In direct
analogy to the BTZ black hole, one can take a quotient of warped AdS3 to find such black hole
solutions. The metric for the spacelike warped AdS3 black hole is

ds2

L2
= dt̃2 +

dρ2

(ν2 + 3)(ρ− ρ+)(ρ− ρ−)
+
(

2νρ−
√

ρ+ρ−(ν2 + 3)
)

dt̃dφ̃

+
ρ

4

(

3(ν2 − 1)ρ+ (ν2 + 3)(ρ+ + ρ−)− 4ν
√

ρ+ρ−(ν2 + 3)
)

dφ̃2,

(2.19)

where ρ ∈ [0,∞), t̃ ∈ R, φ̃ ∈ [0, 2π), and φ̃ ∼ φ̃ + 2π. The coordinate transformation from (2.17)
to (2.19) is given in (A.6). For ν2 < 1 this spacetime has closed timelike curves for large r, but not

2For information on timelike and null analogues, see [23].
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J̃2 = −2 cos τ tanhσ∂τ − 2 sin τ∂σ − 2 cos τ sechσ∂u

J̃0 = 2∂τ .

(2.18)

The tilded vectors form an SL(2,R) algebra, while J2 is a U(1) generator.

2.2.1 Spacelike stretched warped AdS3 black holes

We first consider spacelike stretched warped AdS3 solutions, which are black holes [23]. In direct
analogy to the BTZ black hole, one can take a quotient of warped AdS3 to find such black hole
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SL(2,R)⇥ U(1)
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Performing a change of basis, the integers k1 and k2 are written in terms of the radial quantum number
j and the thermal integer n in the following way [3]

n ≥ 0 : k1 + k2 = 2j + n k1 − k2 = ∓n,

n < 0 : k1 + k2 = 2j − n k1 − k2 = ∓n.
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2.2 Warped AdS3 quotients

In order to describe warped AdS3 black holes as quotients, we begin by reviewing the global spacetime
warped AdS3 itself. Non-warped AdS3 can be expressed as a Hopf fibration of AdS2 like so:

ds2 =
L2

4
(− cosh2 σdτ2 + dσ2 + (du + sinhσdτ)2), (2.16)

where u is the fibered coordinate and we refer to (τ, u,σ) as global fibered coordinates. Spacelike2

warped AdS3 is obtained by warping the fiber length [32]:

ds2 =
L2

ν2 + 3

(

− cosh2 σdτ2 + dσ2 +
4ν2

ν2 + 3
(du+ sinhσdτ)2

)

. (2.17)

When ν2 > 1 the spacetime is called stretched and for ν2 < 1 it is called squashed. The Killing vectors
for spacelike warped AdS3 are

J2 = 2∂u

J̃1 = 2 sin τ tanhσ∂τ − 2 cos τ∂σ + 2 sin τ sechσ∂u

J̃2 = −2 cos τ tanhσ∂τ − 2 sin τ∂σ − 2 cos τ sechσ∂u

J̃0 = 2∂τ .

(2.18)

The tilded vectors form an SL(2,R) algebra, while J2 is a U(1) generator.

2.2.1 Spacelike stretched warped AdS3 black holes

We first consider spacelike stretched warped AdS3 solutions, which are black holes [23]. In direct
analogy to the BTZ black hole, one can take a quotient of warped AdS3 to find such black hole
solutions. The metric for the spacelike warped AdS3 black hole is

ds2

L2
= dt̃2 +

dρ2

(ν2 + 3)(ρ− ρ+)(ρ− ρ−)
+
(

2νρ−
√

ρ+ρ−(ν2 + 3)
)

dt̃dφ̃

+
ρ

4

(

3(ν2 − 1)ρ+ (ν2 + 3)(ρ+ + ρ−)− 4ν
√

ρ+ρ−(ν2 + 3)
)

dφ̃2,

(2.19)

where ρ ∈ [0,∞), t̃ ∈ R, φ̃ ∈ [0, 2π), and φ̃ ∼ φ̃ + 2π. The coordinate transformation from (2.17)
to (2.19) is given in (A.6). For ν2 < 1 this spacetime has closed timelike curves for large r, but not

2For information on timelike and null analogues, see [23].
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Recall we found the holonomies to be

hL = 2⇡iTL and hR = 2⇡iTR, (349)

Substituting the definitions of L0 and L̄0 and simplifying, we obtain

e2⇡i(hLL̄0�hRL0) = e2⇡@� , (350)

which corresponds to the generator ⇢ = e2⇡@� of the U(1)L ⇥ SL(2,R)R isometry group. Therefore, the
Selberg zeta function takes this representation theory form
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which matches exactly with the known Warped Ads Selberg function.
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where
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Under the conventions

L0 |qm, j; ki = (j + k) |qm, j; ki and L̄0 |qm, j; ki = �iqm |qm, j; ki , (339)

with L0 = L⇣0 and L̄0 = L
⇣̄0
, and where the state |qm, j; ki 2 Rqm⌦Rj decomposes as |qm, j; ki = |qmi⌦|j; ki,

allowing the sum to be written as
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We will define the Wilson spool by

logZ =
1

4
W�, (342)

and use (590) to rewrite the holonomies as path-ordered exponentials to get
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which alows us to write the Wilson spool in its final form
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8.2 Evaluating the Spool

To begin evaluating the Wilson Spool, we can re-write the path ordered exponentials as
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which we can put into the Wilson spool, interchanging the sum and integral, and evaluating to write the
one-loop determinant as
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Wilson spools for warped AdS

Warped        : AdS3
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Performing a change of basis, the integers k1 and k2 are written in terms of the radial quantum number
j and the thermal integer n in the following way [3]

n ≥ 0 : k1 + k2 = 2j + n k1 − k2 = ∓n,

n < 0 : k1 + k2 = 2j − n k1 − k2 = ∓n.
(2.13)

For n ≥ 0 the zeroes are

s∗ = −(2j + n)−
bn

a
−

iπk

a
s∗ = −(2j + n) +

bn

a
+

iπk

a
(2.14)

and for n < 0

s∗ = −(2j − n)−
bn

a
−

iπk

a
s∗ = −(2j − n) +

bn

a
+

iπk

a
. (2.15)

2.2 Warped AdS3 quotients

In order to describe warped AdS3 black holes as quotients, we begin by reviewing the global spacetime
warped AdS3 itself. Non-warped AdS3 can be expressed as a Hopf fibration of AdS2 like so:

ds2 =
L2

4
(− cosh2 σdτ2 + dσ2 + (du + sinhσdτ)2), (2.16)

where u is the fibered coordinate and we refer to (τ, u,σ) as global fibered coordinates. Spacelike2

warped AdS3 is obtained by warping the fiber length [32]:

ds2 =
L2

ν2 + 3

(

− cosh2 σdτ2 + dσ2 +
4ν2

ν2 + 3
(du+ sinhσdτ)2

)

. (2.17)

When ν2 > 1 the spacetime is called stretched and for ν2 < 1 it is called squashed. The Killing vectors
for spacelike warped AdS3 are

J2 = 2∂u

J̃1 = 2 sin τ tanhσ∂τ − 2 cos τ∂σ + 2 sin τ sechσ∂u

J̃2 = −2 cos τ tanhσ∂τ − 2 sin τ∂σ − 2 cos τ sechσ∂u

J̃0 = 2∂τ .

(2.18)

The tilded vectors form an SL(2,R) algebra, while J2 is a U(1) generator.

2.2.1 Spacelike stretched warped AdS3 black holes

We first consider spacelike stretched warped AdS3 solutions, which are black holes [23]. In direct
analogy to the BTZ black hole, one can take a quotient of warped AdS3 to find such black hole
solutions. The metric for the spacelike warped AdS3 black hole is

ds2

L2
= dt̃2 +

dρ2

(ν2 + 3)(ρ− ρ+)(ρ− ρ−)
+
(

2νρ−
√

ρ+ρ−(ν2 + 3)
)

dt̃dφ̃

+
ρ

4

(

3(ν2 − 1)ρ+ (ν2 + 3)(ρ+ + ρ−)− 4ν
√

ρ+ρ−(ν2 + 3)
)

dφ̃2,

(2.19)

where ρ ∈ [0,∞), t̃ ∈ R, φ̃ ∈ [0, 2π), and φ̃ ∼ φ̃ + 2π. The coordinate transformation from (2.17)
to (2.19) is given in (A.6). For ν2 < 1 this spacetime has closed timelike curves for large r, but not

2For information on timelike and null analogues, see [23].
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SL(2,R)⇥ U(1)
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Comparing with (44), we find that

SCS[A]� SCS[Ā] = SEH , ↵ =
p
2`, k =

`
p
2

4G
, ⇤ = �

1

`2
, (50)

showing that the Einstein-Hilbert action in AdS3 is equivalent to two copies of SL2(R) Chern-Simons theories,
with the above identifications for the Chern-Simons level k and Cosmological constant ⇤. Note that the

p
2

factor arises due to
p
⌘ = 1p

2
in our conventions. If we choose a di↵erent basis of generators this factor will

be di↵erent.
If we consider warped AdS as a solution to SL2(R)⇥U(1) Chern-Simons, then we take the barred SL2(R)

and break it so only the L̄0 generator remains as the U(1) generator. Then, all the triple wedge product
terms must vanish, since U(1) is abelian. Perhaps the terms which don’t cancel out can be recovered from
the SL2(R) Chern-Simons action.

3 Massive gravity?

Topological massive gravity (TMG) is a limit of a massive gravity theory, and another limit is called New
massive gravity (NMG) [1]. Warped AdS and it’s black holes are solutions of all of these gravity theories,
so it would be good to understand how LSG can be expressed in terms of global geometric variables rather
than local gauge fields, which may help us calculate the 1-loop graviton partition function for LSG in terms
of the warped spool.

New massive gravity is expressed in terms of the Schouten tensor, which is quadratic in the Ricci tensor,

S =
1

16⇡G

Z
d3x

p
g


R+

1

m2

✓
Rµ⌫R

µ⌫
�

3

8
R

2

◆�
(51)

and m is a mass parameter for the graviton. It turns out that this theory is unitary, and the graviton has
two polarizations, so the theory is no longer topological.

More appropriately, TMG is a “square root” of NMG, and is a limit of a ”General massive gravity”
(GMG) which has two mass parameters. The limit is when both mass parameters are set equal. New
massive gravity is the limit when one of the mass parameters is sent to infinity.

However, I don’t think that we will get LSG as a limit of any massive gravity, since LSG is a topological
theory and massive gravity has propagating bulk gravitons, so all of this may not be relevant!

We found that TMG can be expressed as two copies of SL2(R) Chern-Simons as well, so maybe it is still
useful.

STMG = �
k

2

✓
1�

1

µ

◆
SCS [AL] +

k

2

✓
1 +

1

µ

◆
SCS [AR], (52)

where µ is related to ⌫, the warping parameter via ⌫ = µ`

3 , [2, 3].
The strength F can be expressed in terms of the Riemann curvature as follows,

F
a = dAa +

1

2
f
a

bc
A

b
^A

c

= d(!a +
1

`
p
2
e
a) +

1

2
f
a

bc
(!b +

1

`
p
2
e
b) ^ (!c +

1

`
p
2
e
c)

= Ra +
1

`
p
2
dea +

1

2
p
2`

f
a

bc

✓
!
b
^ e

c + e
b
^ !

c +
1

`
p
2
e
b
^ e

c

◆

= Ra +
1

`
p
2

✓
dea +

1

2
f
a

bc

✓
2!b

^ e
c +

1

`
p
2
e
b
^ e

c

◆◆

= Ra +
1

`
p
2

✓
T

a +
1

2
p
2`

f
a

bc
e
b
^ e

c

◆
,

(53)

where we used T
a = dea + f

a

bc
!
b
^ e

c, which vanishes in our conventions. Similarly F̄ can also be written

8

1) Topologically massive gravity 

⌫ =
µL

3
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Connections are not flat! To get the correct answer for the one-loop 
determinant, we need to average over Wilson loops with a measure 
set by the wordline path integral formalism.

Tentatively, a saddle point calculation singles out a preferred 
geodesic.

as follows,

F̄
a = dĀa +

1

2
f
a

bc
Ā

b
^ Ā

c

= d(!a
�

1

`
p
2
e
a) +

1

2
f
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bc
(!b

�
1

`
p
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e
b) ^ (!c

�
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`
p
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= Ra +
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`
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2
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�T

a +
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2
p
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f
a

bc
e
b
^ e

c

◆
,

(54)

since T has an odd number of e’s, it picks up a minus sign. Since T = 0, we have

F = F̄ = R+
1

2`2
e ^ e. (55)

TMG action,  = 16⇡G:

S =
1



Z
d
3
x
p
�g

✓
R+

2

`2

◆
+

`

6⌫

Z
d
3
x
p
�g"

�µ⌫�⇢

��

✓
@µ�
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⇢⌫
+

2
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µ⌧
�⌧
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◆
(56)

with eoms:

Gµ⌫ �
1

`2
gµ⌫ +

`

3⌫
Cµ⌫ = 0. (57)

where the Cµ⌫ is the Cotton tensor

Cµ⌫ = "
↵�

µ
r↵

✓
R�⌫ �

1

4
Rg�⌫

◆
(58)

and "
⌧�u = 1p

�g
is the Levi-Civita tensor.

To go from Christo↵el symbols to spin connections, we must use vanishing torsion once again, along
with metricity. The Christo↵el symbols of the Levi-Civita are torsionless and also imply metricity, i.e. the
covariant derivative of the metric vanishes. Therefore

r↵gµ⌫ = 0, De
a = 0

=) r↵e
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µ
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(59)

We can define (�)�
µ
= ��

↵µ
dx↵ as a matrix-valued one form, and let ea

µ
= g 2 SL2(R), eµa = g

�1, so we have

� = g
�1

!g + g
�1dg (60)

where we recognize this is a gauge transformation of the connection. We know that for a gauge transformation
A

0 = g
�1(A+ d)g,

SCS[A
0] = SCS[A]�

k

12⇡

Z
tr(g�1dg ^ g

�1dg ^ g
�1dg) (61)

where the integral of the cubic term WZ vanishes for SL2(R). From our dualizing convention, !bc = �fabc!
a,

and !
a = 1

4f
abc

!bc, along with raising and lowering latin indices with ⌘, and using the relationship between
the Levi-Civita tensor and symbol
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as follows,
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(54)

since T has an odd number of e’s, it picks up a minus sign. Since T = 0, we have

F = F̄ = R+
1

2`2
e ^ e. (55)

TMG action,  = 16⇡G:
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with eoms:

Gµ⌫ �
1

`2
gµ⌫ +

`

3⌫
Cµ⌫ = 0. (57)

where the Cµ⌫ is the Cotton tensor
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and "
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is the Levi-Civita tensor.

To go from Christo↵el symbols to spin connections, we must use vanishing torsion once again, along
with metricity. The Christo↵el symbols of the Levi-Civita are torsionless and also imply metricity, i.e. the
covariant derivative of the metric vanishes. Therefore
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One-loop determinants for product spaces

• How 1-loop data is modified by the effect of extra dimensions.         

Two motivations for studying one-loop determinants on product spaces: 

• What are the low-temperature corrections to black hole thermodynamics 
beyond AdS (e.g. Nariai black hole in various limits).      

Law, Lochab (2026)
Mukherjee (2026)



One-loop determinants for product spaces

Fredholm techniques allow one to regularize the one-loop determinant on product 
spaces, e.g.          . Sp ⇥ Sq
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(Unregulated expressions/overall phase can be obtained from Kaluza-Klein 
theory.) 

e.g.  S1 ⇥ S1
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Here

!±
m = ±i

p
�� ⌧2m2 . (2.42)

We then write LA: lower boundary?

logD(�) = �

Z 1

0

dt

t

X

(m,n)2Z2

⇣
e�(|n|+i!+

m)t + e�(|n|+i!�
m)t

⌘
(2.43)

Evaluating the sum over n we obtain

logD(�) = �

Z 1

0

dt

t

1 + e�t

1� e�t

X

m2Z

⇣
e�i!+

mt + e�i!�
mt
⌘

, (2.44)

which matches (2.40). LA: sign?

Lastly, we will adapt techniques from [2] to obtain a form of the one-loop determinant

that we will refer to as ‘direct regularization’, because it gives a form that is manifestly

regularized and can be plotted numerically. The essence of this method is to write the one-

loop determinant in a form that decomposes the eigenvalues associated to a single S1 over

the eigenvalues of the other S1. In practice, this mean writing the one-loop determinant in

a form that resembles the Fredholm determinant of the ratio of eigenvalues. As before, we

need to treat the zero mode separately. Doing so, we can write

D(�) =
Y

(n1,n2)2Z2

�
n2
1 + ⌧2n2

2 � �
�

= (��) eD1(�) eD2(�)e
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n2 6=0
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n2
1

◆
.

(2.45)

Here Z1(s,��) is the spectral zeta function of the S1 with radius R1 (which we’ve set to 1).

Z1(s,��) =
X

n2Z

1

(n2
1 � �)s

. (2.46)

eD1,2(�) are the one-loop determinants associated to the individual circles (excluding the zero

mode) and the spectral zeta function eZ1(s, 0) can be evaluated as

eZ1(s, 0) =
X

n1 6=0

1

(n2
1)

s
= 2⇣(2s) . (2.47)

We note that in the second line of (2.45) the product over n1 is regular, but the product over

n2 diverges and needs to be regularized.

We’ll write the logarithm of the product as

X

n1 6=0
n2 6=0

log

✓
1�

�� ⌧2n2
2

n2
1

◆
=

X

n2 6=0

�(�n2) , (2.48)
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At large �2 this behaves as

�(�n2) ' 2⇡
p
�n2 � log �n2 � 2 log(2⇡) , (2.58)

which fixes C = �2 log(2⇡).

We can now subtract these terms from (2.45) and compensate by recognizing the terms

that we subtract as spectral zeta functions associated to the second circle. Denoting this as

eZ2(s,��) =
X

n2 6=0

1

(⌧2n2
2 � �)s

, (2.59)

we recognize
1X

n2 6=0

2⇡
p
�n2 = 2⇡ eZ2

✓
�
1

2
,��

◆
,

1X

n2 6=0

log �n2 = � ėZ2 (0,��) ,

2 log(2⇡)
1X

n2 6=0

1 = 2 log(2⇡) eZ2(0,��) .

(2.60)

This leads to the following expression for the one-loop determinant

D(�) = D1(�)e
2⇡ eZ2(� 1

2 ,��)
Y

n2 6=0

⇣
1� e�2⇡

p
⌧2n2

2��
⌘2

(2.61)

Here, we absorbed the zero mode in D1(�), the contribution ėZ2 (0,��) canceled against
eD2(�), and we used eZ2(0,��) = �1, and ėZ2(0, 0) = �2 log(2⇡). The remaining product is

completely regular, and in the literature is sometimes referred to as a massive theta function

[14]. The spectral zeta function eZ2
�
�

1
2 ,��

�
has a pole, and the standard way to deal with

that is by interpreting this expression as the finite part [10]. The explicit expression for
eZ2

�
�

1
2 ,��

�
can be found in (A.15).

2.3 Kaluza-Klein Limit

3 S2
⇥ S2 and Nariai black holes

Now that we’ve introduced our techniques for computing one-loop determinants, we consider

the one-loop determinant on S2
⇥ S2, also generalizing to other fields. This geometry is

physically relevant, as it is the Euclidean continuation of the Nariai geometry.

The eigenvalues of the Laplacian on S2
⇥ S2 are given by

�l + �l0 � � =
1

R2
1

�
l(l + 1) + ⌧2l0(l0 + 1)�R2

1�
�
, (3.1)

where the degeneracy is dldl0 = (2l + 1)(2l0 + 1).
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One-loop determinants for product spaces

Our Fredholm trace formula algorithm lands on the Denef-Hartnoll-Sachdev-like 
form of the one-loop determinant:

e.g.  S1 ⇥ S1
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It is related to the Fredholm and one-loop determinant in a similar way by integrating twice

over �

log e�(�) = �

Z �

0

Z �0

0
d�0d�00 eR0(�00) , (2.33)

log eD(�) = �

Z �

�1

Z �0

�1
d�0d�00 eR0(�00) , (2.34)

but now the boundaries of the integrals appearing in the first equation are slightly modified

to take into account the exponential terms that appear in the Fredholm determinant.

We can now apply Poisson summation to both sums that appear in the derivative of the

resolvent. This yields

eR0(�) = �

Z

�
dxdyf(x, y) cot(⇡x) cot(⇡y) . (2.35)

Here, the multi-dimensional contour � excludes the poles at origin x = y = 0 and encloses

the poles at positive real values of x and y (including the poles at x = 0, y 6= 0 and x = 0

and y 6= 0) and

f(x, y) =
1

(x2 + ⌧2y2 � �)2
. (2.36)

Laplace transforming, we obtain

f(x, y) =

Z 1

0

dt

t
e�xt @2

@�2

⇣
et
p

��y2⌧2 + e�t
p

��y2⌧2
⌘

. (2.37)

We plug this into the expression for the one-loop determinant and evaluate the integrals over

x, y by the residue theorem. Then, we again deform the contour for the � integrals to converge

LA: Need to do. Writing

Em(t) = et
p
�2�m2⌧2 + e�t

p
�2�m2⌧2 (2.38)

the one-loop determinant is given by

log eD(�) = 2

Z 1

0

dt

t

"
1 + e�t

1� e�t

1X

m=1

Em(t) +
1

2

✓
1 + e�t

1� e�t
� 1

◆
E0(t)

#
. (2.39)

Again, including the zero mode these contributions can be written compactly as

logD(�) =

Z 1

0

dt

t

1 + e�t

1� e�t

X

m2Z

⇣
et

p
��⌧2m2

+ e�t
p
��⌧2m2

⌘
. (2.40)

LA: Compare to Albert

As before, this form of the one-loop determinant has a direct relation to the DHS formula.

We write the one-loop determinant as

D(�) =
Y

(m,n)2Z2

(|n|+ i!+
m)(|n|+ i!�

m) . (2.41)
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. (2.40)

LA: Compare to Albert
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Here

!±
m = ±i

p
�� ⌧2m2 . (2.42)

We then write LA: lower boundary?

logD(�) = �

Z 1

0

dt

t

X

(m,n)2Z2

⇣
e�(|n|+i!+

m)t + e�(|n|+i!�
m)t

⌘
(2.43)

Evaluating the sum over n we obtain

logD(�) = �

Z 1

0

dt

t

1 + e�t

1� e�t

X

m2Z

⇣
e�i!+

mt + e�i!�
mt
⌘

, (2.44)

which matches (2.40). LA: sign?

Lastly, we will adapt techniques from [2] to obtain a form of the one-loop determinant

that we will refer to as ‘direct regularization’, because it gives a form that is manifestly

regularized and can be plotted numerically. The essence of this method is to write the one-

loop determinant in a form that decomposes the eigenvalues associated to a single S1 over

the eigenvalues of the other S1. In practice, this mean writing the one-loop determinant in

a form that resembles the Fredholm determinant of the ratio of eigenvalues. As before, we

need to treat the zero mode separately. Doing so, we can write

D(�) =
Y

(n1,n2)2Z2

�
n2
1 + ⌧2n2

2 � �
�

= (��) eD1(�) eD2(�)e
ėZ1(0,0)

Y

n1 6=0
n2 6=0

✓
1�

�� ⌧2n2
2

n2
1

◆
.

(2.45)

Here Z1(s,��) is the spectral zeta function of the S1 with radius R1 (which we’ve set to 1).

Z1(s,��) =
X

n2Z

1

(n2
1 � �)s

. (2.46)

eD1,2(�) are the one-loop determinants associated to the individual circles (excluding the zero

mode) and the spectral zeta function eZ1(s, 0) can be evaluated as

eZ1(s, 0) =
X

n1 6=0

1

(n2
1)

s
= 2⇣(2s) . (2.47)

We note that in the second line of (2.45) the product over n1 is regular, but the product over

n2 diverges and needs to be regularized.

We’ll write the logarithm of the product as

X

n1 6=0
n2 6=0

log

✓
1�

�� ⌧2n2
2

n2
1

◆
=

X

n2 6=0

�(�n2) , (2.48)
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Conclusions

• One can obtain the Wilson spool from a trace formula using the Fredholm 
determinant to determine the test function. This generalizes the structure 
of the spool to other situations (lens spaces, higher dimensions).

• They also give new approaches to regularizing one-loop determinants on 
product spaces (for e.g. quantum corrections to BH entropy beyond AdS).

• The methods continue to apply in situations with broken symmetry (e.g. 
warped AdS).

• We defined a “Wilson spool” that, in the              limit, computes one-loop 
determinants for a massive scalar field on a Euclidean de Sitter background. 
The spool can be systematically expanded to any order in     .

GN ! 0
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Fredholm determinant

S3

<latexit sha1_base64="oLVnEMmjx3nehfLa5jIxIrpRqsM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5JHASmaHWZgwO7uZ6TUhhE/w4kFjvPpF3vwbB9iDopV0UqnqTndXkEhh0HW/nNzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGNzO/9ci1EbG6x3HC/YgOlAgFo2ilev3hvFcsuWV3DvKXeBkpQYZar/jZ7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JiVX6JIy1LYVkrv6cmNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZf/kuaZ2WvUr64q5Sq11kceTiCYzgFDy6hCrdQgwYwGMATvMCrI51n5815X7TmnGzmEH7B+fgG116NhA==</latexit>

�` = l(l + 2)

<latexit sha1_base64="X7690yeDa7TZEVGidfBpd8hPKS0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFaEkpaIboejGZQX7gCaEyWTaDp08mJkIJRT8FTcuFHHrd7jzb5y2WWjrgYHDOedy7xw/4Uwqy/o2Ciura+sbxc3S1vbO7p65f9CWcSoIbZGYx6LrY0k5i2hLMcVpNxEUhz6nHX90O/U7j1RIFkcPapxQN8SDiPUZwUpLnnnkcB0OsOdQztE14hV+XjvzzLJVtWZAy8TOSRlyND3zywlikoY0UoRjKXu2lSg3w0Ixwumk5KSSJpiM8ID2NI1wSKWbzc6foFOtBKgfC/0ihWbq74kMh1KOQ18nQ6yGctGbiv95vVT1r9yMRUmqaETmi/opRypG0y5QwAQlio81wUQwfSsiQywwUbqxki7BXvzyMmnXqna9enFfLzdu8jqKcAwnUAEbLqEBd9CEFhDI4Ble4c14Ml6Md+NjHi0Y+cwh/IHx+QMKXJQ9</latexit>

Re(z)

Im(z)

�

Figure 2: The contour � wrapping around the real axis enclosing poles at z = n for n 2 N.

where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration

logD(�) = �

Z
�

�1

Z
�
0

�1

d�0d�00R0(�00) . (4.32)

We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification

� = �m2 , j = �
1

2

⇣
1±

p
1 + �

⌘
⌘ �

1

2
�± . (4.34)

The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.

– 26 –

Spectral trace formulae of the type (4.20) are well known for higher-dimensional spheres
and their lens space quotients; indeed they have been used to evaluate 1-loop partition func-
tions (see, e.g., [10]). Here, following the spirit of Voros’ work on zeta function factorization
[51], we construct a different trace formula for a scalar field on the 3-sphere based on the
Fredholm determinant.20 More specifically, our focus will be to find an appropriate test func-
tion, different than that used for generalizations of (4.20), which gives rise to a Hadamard
factorization of the Fredholm determinant for a massive scalar on the 3-sphere. From this test
function we will be able to directly construct the Wilson spool from a trace formula.

The Fredholm determinant and its trace formula

Consider a sequence {�`} of non-zero complex numbers (note that zero modes have to be dealt
with separately). For our purposes, we consider the eigen-spectrum of a kinetic differential
operator Ô defined on a compact manifold by

Ô = �r
2
� � , (4.23)

where {�`} denotes the eigenvalues of the Laplacian, and � is a real spectral parameter. A
particular spectral function of interest is the Fredholm determinant associated to the Laplacian
on the 3-sphere or lens space, cast here as a canonically regularized infinite product21

�(�) ⌘ det( + �
�
r

2
��1

) =
1Y

`=0

✓
1�

�

�`

◆
d`

e
�
�`

d` , (4.24)

where d` are degeneracies of eigenvalues �`. The Fredholm determinant thus generalizes the
determinant of a finite linear operator, and has featured in various contexts ranging from
nuclear physics, random matrices, to 2D quantum gravity, cf. [57–59]. Pertinently, �(�) is
related to the functional determinant D(�) ⌘ det(Ô) =

Q
`
(�` � �)d` via22

D(�) = �(�)e�⇣
0

Ô
(0)e��⇣

Ô
(1) , (4.25)

where ⇣
Ô
(s) =

P
1

`=0 d`�
�s

`
denotes the spectral zeta function, with ⇣ 0

Ô
(s) ⌘ @s⇣Ô(s). Since

we are focusing on scalar fields, the functional determinant is related to the 1-loop partition
function via D(�)�1/2 = Z�. Further, taking the logarithm and differentiating twice with
respect to � gives @2

�
log(D(�)) = @2

�
log(�(�)). Since the Fredholm determinant is canoni-

cally regularized, we are guaranteed to be able to pass derivatives through the infinite sums
20Voros’ work on zeta function factorizations was extended to n-dimensional spheres by Choi and Quine [56],

and used to compute spherical functional determinants. As far as we can tell, the trace formula we construct
is new to the literature.

21For �` being eigenvalues of an elliptic (pseudo-) differential operator of order m on a d-dimensional (com-
pact) manifold, the sequence {�`} has order µ ⌘ d/m, and the infinite product without the exponential factor
only converges for sequences with µ < 1. Presently, µ > 1 and thus we use the Weierstrass canonical product,
which introduces the exponential factor in (4.24) [51].

22Indeed, �(�) =
�Q

`(�` � �)d`
� ⇣Q

` �
d`
`

⌘⇣Q
` e

�
�`

�
⌘
= D(�)e⇣

0

Ô
(0)

e
�⇣

Ô
(1). For a more complete deriva-

tion taking into account an appropriate regularization, see Appendix A.

– 24 –

Consider a sequence of operators 

Spectral trace formulae of the type (4.20) are well known for higher-dimensional spheres
and their lens space quotients; indeed they have been used to evaluate 1-loop partition func-
tions (see, e.g., [10]). Here, following the spirit of Voros’ work on zeta function factorization
[51], we construct a different trace formula for a scalar field on the 3-sphere based on the
Fredholm determinant.20 More specifically, our focus will be to find an appropriate test func-
tion, different than that used for generalizations of (4.20), which gives rise to a Hadamard
factorization of the Fredholm determinant for a massive scalar on the 3-sphere. From this test
function we will be able to directly construct the Wilson spool from a trace formula.

The Fredholm determinant and its trace formula

Consider a sequence {�`} of non-zero complex numbers (note that zero modes have to be dealt
with separately). For our purposes, we consider the eigen-spectrum of a kinetic differential
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(s) ⌘ @s⇣Ô(s). Since

we are focusing on scalar fields, the functional determinant is related to the 1-loop partition
function via D(�)�1/2 = Z�. Further, taking the logarithm and differentiating twice with
respect to � gives @2

�
log(D(�)) = @2

�
log(�(�)). Since the Fredholm determinant is canoni-

cally regularized, we are guaranteed to be able to pass derivatives through the infinite sums
20Voros’ work on zeta function factorizations was extended to n-dimensional spheres by Choi and Quine [56],

and used to compute spherical functional determinants. As far as we can tell, the trace formula we construct
is new to the literature.

21For �` being eigenvalues of an elliptic (pseudo-) differential operator of order m on a d-dimensional (com-
pact) manifold, the sequence {�`} has order µ ⌘ d/m, and the infinite product without the exponential factor
only converges for sequences with µ < 1. Presently, µ > 1 and thus we use the Weierstrass canonical product,
which introduces the exponential factor in (4.24) [51].

22Indeed, �(�) =
�Q

`(�` � �)d`
� ⇣Q

` �
d`
`

⌘⇣Q
` e

�
�`

�
⌘
= D(�)e⇣

0

Ô
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Fredholm determinant: 
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tion, different than that used for generalizations of (4.20), which gives rise to a Hadamard
factorization of the Fredholm determinant for a massive scalar on the 3-sphere. From this test
function we will be able to directly construct the Wilson spool from a trace formula.

The Fredholm determinant and its trace formula

Consider a sequence {�`} of non-zero complex numbers (note that zero modes have to be dealt
with separately). For our purposes, we consider the eigen-spectrum of a kinetic differential
operator Ô defined on a compact manifold by
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where {�`} denotes the eigenvalues of the Laplacian, and � is a real spectral parameter. A
particular spectral function of interest is the Fredholm determinant associated to the Laplacian
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where d` are degeneracies of eigenvalues �`. The Fredholm determinant thus generalizes the
determinant of a finite linear operator, and has featured in various contexts ranging from
nuclear physics, random matrices, to 2D quantum gravity, cf. [57–59]. Pertinently, �(�) is
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Ô
(s) ⌘ @s⇣Ô(s). Since
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Relation to one-loop determinant: 

Canonically regularized! 

n = `+ 1
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Shift ensures an even test function 



appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),
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In particular, we are interested in the derivative of the resolvent,
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Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:
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where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives
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We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,
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Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that
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LHS =
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1) Re-express and deform contour, interchange sum and integral 

New method to compute one-loop determinants
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2) Perform Hadamard factorization of Fredholm determinant/test function 

h(n) = h+(n) + h�(n)
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For the purposes of deriving the Wilson spool, it will be useful to also define a Hadamard
factorization of the Fredholm determinant. Specifically, we define
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which factorizes �(�) up to an entire function Q(`) that vanishes when taking the derivatives
with respect to �:
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Importantly, this is expressed in terms of the squares (`+ 1)2, which can be shifted to create
an even test function, rather than the eigenvalues {�`}.

From (4.27), the derivative of the resolvent for S3 is given by
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. (4.38)

Thus, comparing to (4.28) the appropriate test function is

h(n) =
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, (4.39)

with degeneracy function d(n) = n2. For the derivation of the spool, it will be useful to
decompose this test function into two terms that combine to give the full range of integra-
tion. We can find the canonical separation using the Hadamard factorization of the Fredholm
determinant, (4.37). Taking the logarithmic derivative of �(�) expressed in this factorized
form, we obtain four terms, two from each of �+(±

p
1 + �). The contributions from the

exponential parts cancel out, leaving
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with the factorized test function given by
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This factorization of � corresponds to a factorization of both roots �± of j given in (4.34).24

For de Sitter, unlike for AdS, there are no boundary condition forbidding the �� solution,
and both representations can have important physical applications (see, e.g., [38, 60]).
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formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),

R(�) ⌘ �
d

d�
log�(�) =

1X

`=0

d`�

�`(�` � �)
. (4.26)

In particular, we are interested in the derivative of the resolvent,

R0(�) =
1X

`=0

d`
(�� �`)2

. (4.27)

Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:

R0(�) =
1

2

X

n2Z

d(n)h(n) =
1

2

X

n2Z

Z
1

�1

d(z)h(z)e2⇡inzdz , (4.28)

where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives

R0(�) =
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2

X

n2Z

Z
1

0
d(z)h(z)e2⇡i|n|zdz +

1

2

X

n2Z

Z
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0
d(z)h(z)e�2⇡i|n|zdz . (4.29)

We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,

R0(�) =
i

2
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✓Z
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+

Z 0�i✏
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d(z)h(z) cot (⇡z)dz . (4.30)

Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that

R0(�) =
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2

X

n2Z

d(n)h(n) =
i

2

Z

�
d(z)h(z) cot (⇡z)dz , (4.31)
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3) Re-express test function in terms of a Laplace transform 

Inserting the factorized test function into the trace formula (4.31) and integrating twice
using (4.32) gives
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We would like to interchange the � integrals with the contour integral over �. Because the
pole structure of the integrand depends on �, however, such an interchange is not allowed. To
circumvent this, we re-express the function h(z) using the following Laplace transform,

L
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t
p
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o
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2
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p
1 + �)2

.

(4.43)
Since the bounds of integration for � extends from �1 to �, the presence of

p
1 + � introduces

a branch point at � = �1. To handle this singularity, we employ a shift t ! t ± i✏ such
that (4.43) converges for t > 0. We can insert the Laplace transformation (4.43) with the
appropriate contour shift into (4.42), then interchange and evaluate the � integrals to obtain:25
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After the � integrals are performed, we can take the limit ✏ ! 0. Now we must regulate the
t = 0 divergence. This can be done by expanding (4.44), flipping the bounds of integration
and taking both t ! �t and z ! �z for one of the terms to obtain
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The i✏ prescription used above is to ensure convergence in the � integrals. A separate i✏

prescription is used to regulated the t = 0 divergence. This is done by inserting a hard cutoff
at t = ⇥, and defining C by the following i✏ prescription,
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We note that this is the same i✏ prescription used to regulate the de Sitter Wilson spool. The
contour, C, runs upward along the imaginary axis, as shown in the left panel of Figure 3. With
this regularization prescription, (4.45) becomes

logD(�) = �
i

4

Z

C

dt

t

Z

�
z2 cot (⇡z)eit(z�

p
1+�)dz . (4.47)

25In the limit � ! �1, convergence is determined by the exponential term. Taking the limit � ! �1 is
equivalent to taking

p
1 + � ! i1. For the ‘+’ term, we shift the contour to t ! t� i✏ to ensure the integrand

converges in the limit � ! �1 for t > 0. For the ‘�’ term, we shift the contour by t ! t+ i✏. A hard cutoff
at t = 0 regulates the t = 0 divergence that appears after integrating with respect to �.
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appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),

R(�) ⌘ �
d

d�
log�(�) =

1X

`=0

d`�

�`(�` � �)
. (4.26)

In particular, we are interested in the derivative of the resolvent,

R0(�) =
1X

`=0

d`
(�� �`)2

. (4.27)

Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:

R0(�) =
1

2

X

n2Z

d(n)h(n) =
1

2

X

n2Z

Z
1

�1

d(z)h(z)e2⇡inzdz , (4.28)

where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives
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We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,
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Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that
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4) Integrate        from trace formula twice, interchanging to evaluate    
integrals: 

�
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Figure 2: The contour � wrapping around the real axis enclosing poles at z = n for n 2 N.

where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration

logD(�) = �

Z
�

�1

Z
�
0

�1

d�0d�00R0(�00) . (4.32)

We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification

� = �m2 , j = �
1

2

⇣
1±

p
1 + �

⌘
⌘ �

1

2
�± . (4.34)

The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.
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appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),

R(�) ⌘ �
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In particular, we are interested in the derivative of the resolvent,
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. (4.27)

Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:
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where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives
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We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,
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Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that
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5) Use Cauchy’s theorem to evaluate the    integral z
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The contour integral over � can be evaluated by summing the residues, where the poles occur
at z = n for n 2 N. This gives
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i

8
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e�it

p
1+� . (4.48)

Using D(�)�1/2 = Z�, we recognize the above is precisely the Wilson spool (4.14) for the
scalar field on S3, where recall from (4.34) that the highest weight j is related to � via
1 +

p
1 + � = �+ = �2j:
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⌘
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While this is a familiar result from the Wilson spool literature [17, 18], we emphasize that it
has been derived here purely from a Fredholm determinant-based trace formula for the three-
sphere. Our derivation makes no use of Chern-Simons theory, up to the last step of identifying
the exponential in (4.48) as a trace over path ordered exponentials of the appropriate gauge
connections.

It is interesting to note that our trace formula (equation (4.31) with (4.39)) furnishes two
different (but related) sets of geometric data. First, as in standard in trace formulae, the
Poisson summation formula (4.19) for the three-sphere equates a sum over the eigenvalues
�` associated to the spectral operator (4.23) to an integral over geodesic lengths 2⇡|n| with
n 2 Z along the sphere. Further, equation (4.31) shows that this geometric interpretation
holds for any test function h(z). Second, we have shown that when one specifies h(z) as
determined by the Fredholm determinant through (4.26), the test function can be absorbed
on the right hand (geometric) side of the trace formula to construct the holonomies in (4.49).
This converts the geometric data from particular geodesics along the sphere (with dependence
on an unspecified test function) to an integral over topological invariants. We argue that the
Fredholm determinant-based trace formula is of particular relevance, given that it precisely
singles out this natural geometric data.

5 Discussion

In this article, we revisited two particular methods for evaluating 1-loop determinants relevant
for (A)dS3 perturbative quantum gravity: the Selberg zeta function and the Wilson spool.
The former relies on the group theoretic structure of the underlying spacetime, e.g., that the
Euclidean BTZ black hole geometry is the quotient H

3/Z, while the latter relies heavily on
the Chern-Simons formulation of 3D general relativity.

We uncovered two new insights. Firstly, for 1-loop determinants of arbitrary spin bosons
on the Euclidean BTZ background, we showed that the (logarithm of) the Selberg zeta function
is directly obtained through the Wilson spool. In so doing, we found that the Selberg zeta
function, historically framed as an Euler-product of primitive geodesics, can be recast as a
product over descendants of highest or lowest weight states belonging to the representation
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Figure 2: The contour � wrapping around the real axis enclosing poles at z = n for n 2 N.

where � is negatively oriented and wraps around the real axis, enclosing poles at z = n for
n 2 N (see Figure 2). Note that while we uncovered this trace formula with the resolvent
R0(�) in mind, the preceding derivation in fact holds for more general smooth test functions.23

From the relation (4.25), the functional determinant D(�) can be directly obtained from
the resolvent operator R0(�) by an appropriate double integration

logD(�) = �

Z
�

�1

Z
�
0

�1

d�0d�00R0(�00) . (4.32)

We will use this relation below when we construct the spool.

4.4 New derivation of the Wilson spool

The Wilson spool for Euclidean de Sitter can be derived from the resolvent R0(�). Let Ô be
the massive scalar Laplacian on S3,

Ô = �r
2 +m2 . (4.33)

Comparing to (4.23) and (4.12), we make the identification

� = �m2 , j = �
1

2

⇣
1±

p
1 + �

⌘
⌘ �

1

2
�± . (4.34)

The massless scalar Laplacian �r
2 on the three-sphere has eigenvalues and degeneracies

�` = `(`+ 2) , d` = (`+ 1)2 , (4.35)

for positive integer `.
23If the integrand has removable singularities, the Poisson summation formula may be used by introducing

a shift i� in a way that removes the singularities. The trace formula (4.31) can then be evaluated by taking
� ! 0, omitting the removable singularity when summing the residues.
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appearing in log(D(�)). This fact is implicitly used when applying the Poisson resummation
formula below.

From the Fredholm determinant (4.24), one can construct the trace of the resolvent, R(�),
equal to the logarithmic derivative of �(�),

R(�) ⌘ �
d

d�
log�(�) =

1X

`=0

d`�

�`(�` � �)
. (4.26)

In particular, we are interested in the derivative of the resolvent,

R0(�) =
1X

`=0

d`
(�� �`)2

. (4.27)

Let us now apply the Poisson summation formula for the resolvent of the Fredholm determi-
nant. To this end, consider a test function h(z) with an associated degeneracy function d(z),
such that the combination d(z)h(z) 2 L1(R), and is even in z. We pick the test function
and degeneracy function to be one appropriate for expressing the resolvent as a sum over Z,
resulting in:

R0(�) =
1

2

X

n2Z

d(n)h(n) =
1

2

X

n2Z

Z
1

�1

d(z)h(z)e2⇡inzdz , (4.28)

where we used the Poisson resummation formula (4.19) to arrive at the second equality. We
will leave this test function unspecified for now, to account for any Fredholm determinant of
the form (4.24); in the next section, we will give an explicit form of this test function for the
specific case of the three-sphere (see Appendix B for the lens space quotient of the 3-sphere).

We can interchange the infinite sum and integral with an appropriate i✏ prescription to
ensure convergence. More carefully, using the even parity of d(z)h(z) to split the integral over
R into two integrals over R

+, and rewriting the sum over n into a sum over |n| gives

R0(�) =
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2
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n2Z

Z
1

0
d(z)h(z)e2⇡i|n|zdz +

1

2

X

n2Z

Z
1

0
d(z)h(z)e�2⇡i|n|zdz . (4.29)

We can then interchange the sum and integral in the first (second) term by deforming z ! z+i✏

(z ! z � i✏). In so doing,

R0(�) =
i

2
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✏!0

✓Z
1+i✏

0+i✏

+

Z 0�i✏

1�i✏

◆
d(z)h(z) cot (⇡z)dz . (4.30)

Assuming the integrand does not have any poles at z = 0, we may express the two integrals
as a single integral over a contour �, such that

R0(�) =
1

2

X

n2Z

d(n)h(n) =
i

2

Z

�
d(z)h(z) cot (⇡z)dz , (4.31)
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2. In the above computation there is no need to minimally subtract any divergences. As
we will see in Sec. 3.3.2 there is an i✏ prescription in our construction, and it turns out
that it is enough to render the entire computation finite.

3. In comparison to the heat kernel method (C.22), or the methods used in [13, 38], the
finite terms in logZscalar[S3] there agree perfectly with (3.74).

4. It is worth comparing in more detail with [13]. In particular we note that the measure
and characters in the first line of (3.70) agree,24 albeit the contour prescription is
di↵erent. One advantage of the procedure here is that (3.63) allows us to track the
gravitational dependence: we can integrate out the matter field while keeping gravity
o↵-shell.

The analysis done here provides a non-trivial test that our proposal is capturing the desired
observable. However, one might still be skeptical regarding its physical interpretation (and
hence utility in other contexts). We will address this in the next portion by providing a
more rigorous derivation of (3.62)-(3.63).

3.3.2 Construction of Wj

Let us now construct (3.63) under the following guiding principles: we want to find an
operator that (i) utilizes the su(2)L � su(2)R structure naturally, (ii) is gauge-invariant,
(iii) is evaluable inside the gravitational path-integral, and (iv) has a recognizable phys-
ical meaning in the classical, s ! 1, limit. Focusing on this last point, let us take
inspiration25 from a procedure pioneered by Denef, Hartnoll, and Sachdev (DHS) [36] for
constructing one-loop determinants from quasi-normal mode spectra and generalize this
to an expression satisfying the first three points.

The salient point of [36] is to regard

Zscalar = det
�
�r

2 +m2`2
��1/2

(3.75)

as a meromorphic function of � = 1+
p
1�m2`2, where m is the mass of the scalar field

and try to identify its zeroes and poles as m2 is varied: if these can be identified, then up
to an overall analytic function (fixed by asymptotics), Zscalar must be equal to a rational
product with the same zeroes and poles. For a scalar field Zscalar has poles at solutions to
�r

2 + m2`2 = 0. For either a Euclidean black hole or Euclidean de Sitter background,
these poles lie precisely on quasi-normal mode frequencies. An additional constraint
comes from the fact that determinants are defined with respect to boundary conditions
and demanding regularity of field configurations appearing in (3.75) at the horizon; in
Euclidean signature this implies each mode must also be a Matsubara frequency with
appropriate horizon temperature, TH . As a result, Zscalar takes the following form as a

24In App. A we show that certain combinations of our non-standard characters match Harish-Chandra
characters of SO(1, 3).

25We also take notable inspiration this recent application of the DHS formula in [38].
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Can be completely determined (together with a boundary condition at 
infinity) by the poles at  quasinormal modes 

Denef, Hartnoll, Sachdev (2010)
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function of �

Zscalar = eP (z⇤,z̄⇤)
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, (3.76)

where z⇤(�) and z̄⇤(�) are quasi-normal and anti-quasi-normal modes, implicitly depen-
dent on the mass through �. We have allowed for possible degeneracies, dz⇤ and dz̄⇤ , in
the spectrum. Lastly, eP (z⇤,z̄⇤) is an analytic function which can be determined by match-
ing Zscalar to asymptotics in m2 (e.g by taking m2

! 1 and matching to heat kernel
coe�cients).

Let us now extend this logic in a manner that makes the action of su(2)L � su(2)R
manifest. We will do this first for the S3 Laplacian and then generalize to curved back-
grounds from there. Two important data points towards this are, firstly, that for the S3

background the su(2)’s can be represented on scalar functions via left and right acting (or
right- and left-invariant, respectively) vector fields, {⇣a}a=1,2,3 and {⇣̄a}a=1,2,3 such that

r
2

S3 = �2⇣a⇣a � 2⇣̄a⇣̄a = �2cL
2
� 2cR

2
, (3.77)

where cL/R
2

is the quadratic Casimir of su(2)L/R. The explicit forms of these vector fields
can be found in App.D. The second data point is that, as shown in [17], scalar fields
lie in non-standard representations whose weight-spaces line up with the spectrum of
quasi-normal modes on dS3. This suggests the su(2)L � su(2)R manifest object

Zscalar[S
3] = det

�
2cL

2
+ 2cR

2
+m2`2

��1/2

, (3.78)

where we expect the weights of non-standard representations to appear in a similar manner
as the quasi-normal modes in the original DHS construction. We can now ask, à la DHS,
treating Zscalar as a meromorphic function of�, what function matches the poles of (3.78)?
It is clear that Zscalar will have a pole for each state of a su(2)L � su(2)R representation,
Rj ⌦Rj,26 satisfying

j(j + 1) = �
m2

4
. (3.79)

These are precisely the non-standard representations with j = �
1

2
(1 + ⌫) for m2`2 < 1

and j = �
1

2
(1� iµ) for m2`2 > 1. A particular weight, (�L,�R) of Rj ⌦Rj can contribute

to Zscalar if it leads to a field configuration that is regular at the horizon. Consider then
the parallel transport of a field living in Rj ⌦ Rj around a closed curve � enclosing the
horizon, ⇢ = ⇡

2
:

�f = Rj

✓
P exp

✓I

�

aL

◆◆
�i Rj

✓
P exp

✓
�

I

�

aR

◆◆
, (3.80)

where the minus sign in front of aR arises because it is the connection for the right-acting
SU(2) which involves inverse group elements. As mentioned multiple times above, aL and

26As mentioned in Sec. 3.1.2, we must take jL = jR = j for a scalar determinant since jL�jR is related
to the SO(1, 3) spin.

37

Castro, Coman, Fliss, CZ (2023a)
Castro, Coman, Fliss, CZ (2023b)

Bourne, Castro, Fliss (2024)

function of �

Zscalar = eP (z⇤,z̄⇤)
Y

z⇤,z̄⇤

Y

n2Z

✓
|n|+ i

z⇤(�)

2⇡TH

◆�dz⇤/4
✓
|n|� i

z̄⇤(�)

2⇡TH

◆�dz̄⇤/4

, (3.76)

where z⇤(�) and z̄⇤(�) are quasi-normal and anti-quasi-normal modes, implicitly depen-
dent on the mass through �. We have allowed for possible degeneracies, dz⇤ and dz̄⇤ , in
the spectrum. Lastly, eP (z⇤,z̄⇤) is an analytic function which can be determined by match-
ing Zscalar to asymptotics in m2 (e.g by taking m2

! 1 and matching to heat kernel
coe�cients).

Let us now extend this logic in a manner that makes the action of su(2)L � su(2)R
manifest. We will do this first for the S3 Laplacian and then generalize to curved back-
grounds from there. Two important data points towards this are, firstly, that for the S3

background the su(2)’s can be represented on scalar functions via left and right acting (or
right- and left-invariant, respectively) vector fields, {⇣a}a=1,2,3 and {⇣̄a}a=1,2,3 such that

r
2

S3 = �2⇣a⇣a � 2⇣̄a⇣̄a = �2cL
2
� 2cR

2
, (3.77)

where cL/R
2

is the quadratic Casimir of su(2)L/R. The explicit forms of these vector fields
can be found in App.D. The second data point is that, as shown in [17], scalar fields
lie in non-standard representations whose weight-spaces line up with the spectrum of
quasi-normal modes on dS3. This suggests the su(2)L � su(2)R manifest object

Zscalar[S
3] = det

�
2cL

2
+ 2cR

2
+m2`2

��1/2

, (3.78)

where we expect the weights of non-standard representations to appear in a similar manner
as the quasi-normal modes in the original DHS construction. We can now ask, à la DHS,
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(and standard reps, upon analytic 
continuation of mass) 

Some additional technical requirements (see Bourne et al. 2024) force 
the poles to lie at the finite reps 
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which we happily recognize as a Wilson-loop along aL/R. Gathering these facts, the log
of (3.83) becomes
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+ j ! j̄
o
.

(3.87)

Let us now discuss the regulator. Noting that the first two lines of (3.87) can be combined
into a single integral over

R1
⇥ +

R �⇥
�1, our proposal is to displace the ↵ contour away from

the poles at ↵ = 0 symmetrically via an i✏ prescription:
✓Z �⇥

�1
+

Z 1

⇥

◆
d↵

↵
f(↵) :=

1

2
lim
✏!0

X

±

Z 1

�1

d↵

↵± i✏
f(↵± i✏) . (3.88)

If the integrand, f , has no poles at ↵ = 0 then the Sokhotski-Plemelj formula relates this

to the principal part, P
R

d↵

↵
f(↵) := lim✏!0

⇣R �✏

�1 +
R1
✏

⌘
d↵

↵
f(↵), however for integrands

with additional poles, such as in (3.87), these objects di↵er. As we saw in Sec. 3.3.1, our
prescription (3.88) not only gives the correct regulated scalar one-loop determinant in the
GN ! 0 limit, but is entirely finite inside the quantum gravity path-integral. We take
this moment to emphasize that once we make this choice of regulator there are no further
ambiguities in any finite GN calculation.

Lastly as a matter of cosmetic convenience, we redefine28 ↵ ! �i↵ to arrive at our
final result:

logZscalar[S
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Pe�
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H
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⌘
, (3.89)

where again C = C� [ C+ is the union of two contours running up the imaginary axis
just to the left and right of zero. Another cosmetic benefit: the two contours also nicely
package in the contribution of the shadow representations.

Given that our expression for logZscalar on S3 is nicely expressed as gauge-invariant,
Wilson loop observables of the background connections, we naturally extend this definition
to non-trivial connections, AL and AR. Namely, we claim that the one-loop determinant
of a scalar field minimally coupled to a background geometry determined by AL and AR

is given by

logZscalar[AL, AR] =
i

4

Z
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sin↵/2
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⇣
Pe
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H
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⌘
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⇣
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↵

2⇡

H
AR

⌘
, (3.90)

which concludes our construction of the Wilson spool. One might object that since the
construction of (3.89) as Wilson loops relied on the su(2)L � su(2)R isometry of S3, there

28This is an integration variable redefinition, not an integration contour deformation.
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Use various tricks: 

aR will possess holonomies hL and hR, respectively, around �: that is there exists some
single-valued group elements uL/R such that
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◆
= u�1

L/R
ei2⇡hL/RL3uL/R . (3.81)

Single-valued-ness of � restricted to the (�L,�R) weight sector implies that this weight
can contribute a pole to Zscalar if

�LhL � �RhR 2 Z . (3.82)

The logic following DHS leads us the following formula for Z1L

Zscalar[S
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,
(3.83)

where the second line occurs from noting that since Zscalar is a function only of the Casimir
it will receive poles27 from weights appearing in not only in Rj ⌦Rj but also the “shadow
representations,” Rj̄ ⌦ Rj̄ with j̄ = �1 � j. This is all up to a potential holomorphic
function eP which is trivial for S3 [36].

Let us now take the log of (3.83). We will write this log in terms of a Schwinger
parameter, ↵, as

logM = �

Z 1

⇥

d↵

↵
e�↵M , (3.84)

where
R1
⇥ indicates that we are regulating the UV divergence at ↵ ⇠ 0. We will discuss

this regulator very explicitly in a moment. Noting that

X

n2Z

e�|n|↵ =
cosh↵/2

sinh↵/2
, (3.85)

we can perform the integer sum in (3.83); at this step one can infer that Zscalar[S3]
contains winding (looped) contributions. Finally, the sum over weights can be organized
into representation traces, i.e.,

X

(�L,�R)2Rj⌦Rj

e↵�LhL�↵�RhR = TrRj

�
e↵hLL3

�
TrRj

�
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�
, (3.86)

27Crossterms such as Rj ⌦Rj̄ also have the same Casimir however they cannot contribute because the
resulting field will have non-trivial spin.
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where the second line occurs from noting that since Zscalar is a function only of the Casimir
it will receive poles27 from weights appearing in not only in Rj ⌦Rj but also the “shadow
representations,” Rj̄ ⌦ Rj̄ with j̄ = �1 � j. This is all up to a potential holomorphic
function eP which is trivial for S3 [36].

Let us now take the log of (3.83). We will write this log in terms of a Schwinger
parameter, ↵, as
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where
R1
⇥ indicates that we are regulating the UV divergence at ↵ ⇠ 0. We will discuss

this regulator very explicitly in a moment. Noting that
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, (3.85)

we can perform the integer sum in (3.83); at this step one can infer that Zscalar[S3]
contains winding (looped) contributions. Finally, the sum over weights can be organized
into representation traces, i.e.,
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27Crossterms such as Rj ⌦Rj̄ also have the same Casimir however they cannot contribute because the
resulting field will have non-trivial spin.
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single-valued group elements uL/R such that

P exp

✓I

�

aL/R

◆
= u�1

L/R
ei2⇡hL/RL3uL/R . (3.81)

Single-valued-ness of � restricted to the (�L,�R) weight sector implies that this weight
can contribute a pole to Zscalar if
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where the second line occurs from noting that since Zscalar is a function only of the Casimir
it will receive poles27 from weights appearing in not only in Rj ⌦Rj but also the “shadow
representations,” Rj̄ ⌦ Rj̄ with j̄ = �1 � j. This is all up to a potential holomorphic
function eP which is trivial for S3 [36].

Let us now take the log of (3.83). We will write this log in terms of a Schwinger
parameter, ↵, as

logM = �

Z 1

⇥
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e�↵M , (3.84)

where
R1
⇥ indicates that we are regulating the UV divergence at ↵ ⇠ 0. We will discuss

this regulator very explicitly in a moment. Noting that

X

n2Z

e�|n|↵ =
cosh↵/2

sinh↵/2
, (3.85)

we can perform the integer sum in (3.83); at this step one can infer that Zscalar[S3]
contains winding (looped) contributions. Finally, the sum over weights can be organized
into representation traces, i.e.,
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27Crossterms such as Rj ⌦Rj̄ also have the same Casimir however they cannot contribute because the
resulting field will have non-trivial spin.
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Poles set from single-valued condition: 

Denef, Hartnoll, Sachdev (2010)
Castro, Coman, Fliss, CZ (2023a)
Castro, Coman, Fliss, CZ (2023b)

Bourne, Castro, Fliss (2024)


