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For example: compute the on-shell action for Euclidean sugra 
solutions on     .  In a holographic context, for SCFT on

Equivariant Localization in Supergravity
[Benetti Genolini,JPG,Sparks 23] 

Compute BPS observables for susy solutions without solving the 
supergravity equations of motion.  Instead use:
1. Susy Killing vector and equivariantly closed forms
2. Input global data
3. Assume solution exists

Until recently: computed for two derivative gravity and also 
with some higher derivative corrections

Programme:

<latexit sha1_base64="H73ocRfj9NLhhazFO/Ww2eQj8k0=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclUwptd0V3bgRKtgHtkPJpJk2NJMZkoxQhv6FGxeKuPVv3Pk3ZtoKKnogcDjn3pt7jx8Lrg3GH87K6tr6xmZuK7+9s7u3Xzg4bOsoUZS1aCQi1fWJZoJL1jLcCNaNFSOhL1jHn1xmfueeKc0jeWumMfNCMpI84JQYK931Y6IMJwJdDwpFXMIW1SrKiFvDriX1eq1criN3bmFchCWag8J7fxjRJGTSUEG07rk4Nl6azaOCzfL9RLOY0AkZsZ6lkoRMe+l84xk6tcoQBZGyTxo0V793pCTUehr6tjIkZqx/e5n4l9dLTFDzUi7jxDBJFx8FiUAmQtn5aMgVo0ZMLSFUcbsromOiCDU2pLwN4etS9D9pl0tutVS5qRQbF8s4cnAMJ3AGLpxDA66gCS2gIOEBnuDZ0c6j8+K8LkpXnGXPEfyA8/YJiSuQ2g==</latexit>

@M
<latexit sha1_base64="RyhPydEf/638CGIPKmO6J4x8iu4=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevEitGA/oF1KNk3b2Gx2SbJCWfoLvHhQxKs/yZv/xmxbQUUfDDzem2FmXhALrg3GH87K6tr6xmZuK7+9s7u3Xzg4bOkoUZQ1aSQi1QmIZoJL1jTcCNaJFSNhIFg7mFxlfvueKc0jeWumMfNDMpJ8yCkxVmrc9AtFXMIWnocy4lawa0m1WimXq8idWxgXYYl6v/DeG0Q0CZk0VBCtuy6OjZ8SZTgVbJbvJZrFhE7IiHUtlSRk2k/nh87QqVUGaBgpW9Kgufp9IiWh1tMwsJ0hMWP928vEv7xuYoYVP+UyTgyTdLFomAhkIpR9jQZcMWrE1BJCFbe3IjomilBjs8nbEL4+Rf+TVrnkeiWvcV6sXS7jyMExnMAZuHABNbiGOjSBAoMHeIJn5855dF6c10XrirOcOYIfcN4+Af/kjRk=</latexit>

M
<latexit sha1_base64="dDSYntZ59je6PqbRimMdWkYacFw="></latexit>

exp [→ISUSY] ↑ ZSCFT



• Specifically for a broad class of M2-brane SCFTs holographically 
dual to                     where       is Sasaki-Einstein

Can we do more and localize the M-theory path integral?

• Provide a precise proposal for particular classes of M-theory 
backgrounds. Captures the full perturbative expansion in

• Main example:                      dual to ABJM

<latexit sha1_base64="9Qf0vdTeajZ/sZnZF9DJ+KK4ETU=">AAAB+HicdVBNS8NAEN3Ur1o/GvXoZbEInkpSStreql48VrS20oaw2WzapZtN2N0INfSXePGgiFd/ijf/jZu2goo+GHi8N8PMPD9hVCrL+jAKK6tr6xvFzdLW9s5u2dzbv5FxKjDp4pjFou8jSRjlpKuoYqSfCIIin5GePznP/d4dEZLG/FpNE+JGaMRpSDFSWvLM8mlw5dWHikZEwluv4ZkVq2ppOA7Mid20bE1arWat1oL23LKsClii45nvwyDGaUS4wgxJObCtRLkZEopiRmalYSpJgvAEjchAU470IjebHz6Dx1oJYBgLXVzBufp9IkORlNPI150RUmP528vFv7xBqsKmm1GepIpwvFgUpgyqGOYpwIAKghWbaoKwoPpWiMdIIKx0ViUdwten8H9yU6vaTtW5rFfaZ8s4iuAQHIETYIMGaIML0AFdgEEKHsATeDbujUfjxXhdtBaM5cwB+AHj7RPlK5Kh</latexit>

AdS4 → Y7
<latexit sha1_base64="lmR5qWYQw23IWIunSITBnMvGSZA=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8kW2ba3ohePFeyHtEvJpmkbms0uSVYoS/+CFw+KePUPefPfmG0rqOiDgcd7M8zMC2LBtcH4w8mtrW9sbuW3Czu7e/sHxcOjto4SRVmLRiJS3YBoJrhkLcONYN1YMRIGgnWC6VXmd+6Z0jySt2YWMz8kY8lHnBKTSehuUB0US7iMLTwPZcStYdeSer1WqdSRu7AwLsEKzUHxvT+MaBIyaaggWvdcHBs/JcpwKti80E80iwmdkjHrWSpJyLSfLm6dozOrDNEoUrakQQv1+0RKQq1nYWA7Q2Im+reXiX95vcSMan7KZZwYJuly0SgRyEQoexwNuWLUiJklhCpub0V0QhShxsZTsCF8fYr+J+1K2fXK3s1FqXG5iiMPJ3AK5+BCFRpwDU1oAYUJPMATPDuh8+i8OK/L1pyzmjmGH3DePgGWLY35</latexit>

Y7
<latexit sha1_base64="/bJmpumHS5C4d8JUQZ35OSdyK6E=">AAAB/nicdVDNSsNAGNzUv1r/ouLJy2IRPNWkSNoehKIXjxVtq7YxbLabdulmE3Y3QgkFX8WLB0W8+hzefBs3bQUVHVgYZr6Pb3b8mFGpLOvDyM3NLywu5ZcLK6tr6xvm5lZLRonApIkjFokrH0nCKCdNRRUjV7EgKPQZafvD08xv3xEhacQv1Sgmboj6nAYUI6Ulz9yB117l+OK2ctgNkRr4fnoz9oaeWbRKlobjwIzYVcvWpFarlss1aE8syyqCGRqe+d7tRTgJCVeYISk7thUrN0VCUczIuNBNJIkRHqI+6WjKUUikm07ij+G+VnowiIR+XMGJ+n0jRaGUo9DXk1lG+dvLxL+8TqKCqptSHieKcDw9FCQMqghmXcAeFQQrNtIEYUF1VogHSCCsdGMFXcLXT+H/pFUu2U7JOT8q1k9mdeTBLtgDB8AGFVAHZ6ABmgCDFDyAJ/Bs3BuPxovxOh3NGbOdbfADxtsnM1CVDg==</latexit>

Y7 = S7/Zk

<latexit sha1_base64="Vyqu0HIRf1vKAZ2I/WFsFMpPk8k=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUBeWpEhsd0U3rqSCaQttCJPptB0yeTAzEUrIxl9x40IRt36GO//GSVpBRQ8MnHvOvdy5x4sZFdIwPrTS0vLK6lp5vbKxubW9o+/udUWUcExsHLGI9z0kCKMhsSWVjPRjTlDgMdLz/Mvc790RLmgU3spZTJwATUI6phhJJbn6gV27PnF9OJQ0IAIWVXrqZ65eNeqGgmXBnJhNw1Sk1Wo2Gi1oFpZhVMECHVd/H44inAQklJghIQamEUsnRVxSzEhWGSaCxAj7aEIGioZIrXPS4oAMHitlBMcRVy+UsFC/T6QoEGIWeKozQHIqfnu5+Jc3SOS46aQ0jBNJQjxfNE4YlBHM04AjygmWbKYIwpyqv0I8RRxhqTKrqBC+LoX/k26jblp16+as2r5YxFEGh+AI1IAJzkEbXIEOsAEGGXgAT+BZu9cetRftdd5a0hYz++AHtLdPq9eVOA==</latexit>

U(N)k → U(N)→k

<latexit sha1_base64="gvyiHOh4RVRCCFpcXCKepbbLwbg=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevFYwX5Au5Rsmm1js9klyQpl6X/w4kERr/4fb/4bs20FFX0w8Hhvhpl5QSK4Nhh/OCura+sbm4Wt4vbO7t5+6eCwreNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lrZkmzI/ISPKQU2Ks1O4zIQbJoFTGFWzheSgnbg27ltTrtWq1jty5hXEZlmgOSu/9YUzTiElDBdG65+LE+BlRhlPBZsV+qllC6ISMWM9SSSKm/Wx+7QydWmWIwljZkgbN1e8TGYm0nkaB7YyIGevfXi7+5fVSE9b8jMskNUzSxaIwFcjEKH8dDbli1IipJYQqbm9FdEwUocYGVLQhfH2K/iftasX1Kt7NeblxuYyjAMdwAmfgwgU04Bqa0AIKd/AAT/DsxM6j8+K8LlpXnOXMEfyA8/YJ72+PZg==</latexit>

ωp

Two applications

ABJM theory on                             

ABJM on squashed                             compute TTI:                           
Entropy for rotating, magnetically charged black holes                         

<latexit sha1_base64="Xb1hX99L+2kMSjuckMDTcMdfjCA=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqmRqqe1CKLpxI1S0D2inJZOmbWjmQZJRytD/cONCEbf+izv/xkxbQUUPXDicc29y73FDwZXG+MNKLS2vrK6l1zMbm1vbO9ndvYYKIklZnQYikC2XKCa4z+qaa8FaoWTEcwVruuOLxG/eMal44N/qScgcjwx9PuCUaCN1OyGRmhOBrs5uuie9bA7nsUGphBJil7FtSKVSLhQqyJ5ZGOdggVov+97pBzTymK+pIEq1bRxqJ07epIJNM51IsZDQMRmytqE+8Zhy4tnWU3RklD4aBNKUr9FM/T4RE0+pieeaTo/okfrtJeJfXjvSg7ITcz+MNPPp/KNBJJAOUBIB6nPJqBYTQwiV3OyK6IhIQrUJKmNC+LoU/U8ahbxdyhevi7nq+SKONBzAIRyDDadQhUuoQR0oSHiAJ3i27q1H68V6nbemrMXMPvyA9fYJ48SSIw==</latexit>

@M = S3

<latexit sha1_base64="xYt+ZJWn0JjsTjAxy4sWfi9MIkI=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARXJWZUmq7EIpu3AiV2gd0piWTZtrQTGZIMkIZ6sZfceNCEbf+hTv/xkxbQUUPBA7n3Efu8SJGpbKsDyOztLyyupZdz21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl744vUb98SIWnIb9QkIm6Ahpz6FCOlpb554ERIKIoYvDpr9GxH0YBI2OgV+2beKlga5TJMiV2xbE2q1UqxWIX2zLKsPFig3jffnUGI44BwhRmSsmtbkXKTdDpmZJpzYkkihMdoSLqacqQXucnsgik81soA+qHQjys4U793JCiQchJ4ujJAaiR/e6n4l9eNlV9xE8qjWBGO54v8mEEVwjQOOKCCYMUmmiAsqP4rxCMkEFY6tJwO4etS+D9pFQt2uVC6LuVr54s4suAQHIETYINTUAOXoA6aAIM78ACewLNxbzwaL8brvDRjLHr2wQ8Yb59djpY3</latexit>

@M = S1 ⇥ S2

x                            

<latexit sha1_base64="XRYXx1PBAgcTbsMC5GZIt3afclA="></latexit>

Zpert
M-theory =

∫
[dω] exp [→ISUSY]Z1-loop

<latexit sha1_base64="KdnOUcIeHDJ/SWW4LiIPNTgojDc="></latexit>

= Zpert
SCFT



Results from localization in susy field theory

where      is conjugate to 

<latexit sha1_base64="ig8oKHz68AXg07m8mu+6O8rQaeE="></latexit>

Zpert(N) = C→1/3eA Ai
[
C→1/3(N → B)

]
,

<latexit sha1_base64="iEEyr8LFU9HIssAvxgeNcZdRFDQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU8kWWdtb0YvHitYW2qVk02wbms0uSVYoS3+CFw+KePUXefPfmG0rqOiDgcd7M8zMCxLBtcH4wymsrK6tbxQ3S1vbO7t75f2DOx2nirI2jUWsugHRTHDJ2oYbwbqJYiQKBOsEk8vc79wzpXksb800YX5ERpKHnBJjpZt+lA7KFVzFFp6HcuLWsWtJo1Gv1RrInVsYV2CJ1qD83h/GNI2YNFQQrXsuToyfEWU4FWxW6qeaJYROyIj1LJUkYtrP5qfO0IlVhiiMlS1p0Fz9PpGRSOtpFNjOiJix/u3l4l9eLzVh3c+4TFLDJF0sClOBTIzyv9GQK0aNmFpCqOL2VkTHRBFqbDolG8LXp+h/clerul7Vuz6rNC+WcRThCI7hFFw4hyZcQQvaQGEED/AEz45wHp0X53XRWnCWM4fwA87bJ7g1jh4=</latexit>µ
<latexit sha1_base64="1V3oGbp5KWUUfWKVL106MDUVIk8=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevEkLdgPaJeSTdM2NptdkqxQlv4CLx4U8epP8ua/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJleZ375nSvNI3pppzPyQjCQfckqMlRo3/UIRl7CF56GMuBXsWlKtVsrlKnLnFsZFWKLeL7z3BhFNQiYNFUTrrotj46dEGU4Fm+V7iWYxoRMyYl1LJQmZ9tP5oTN0apUBGkbKljRorn6fSEmo9TQMbGdIzFj/9jLxL6+bmGHFT7mME8MkXSwaJgKZCGVfowFXjBoxtYRQxe2tiI6JItTYbPI2hK9P0f+kVS65XslrnBdrl8s4cnAMJ3AGLlxADa6hDk2gwOABnuDZuXMenRfnddG64ixnjuAHnLdPAXeNGg==</latexit>

N

After an inverse Laplace transform

Place ABJM on a three sphere
<latexit sha1_base64="YNzDMgQnhIua2KPivI9IQPU4U68="></latexit>

Jpert(µ) =
C
3
µ3 + Bµ+A

[Marino,Putrov 11; Fuji,Hirano,Moriyama 11] 

Large N: infinite number of perturbative corrections
<latexit sha1_base64="m6bxOuDtwipH7S/J6Sf7HBN9ats="></latexit>(
L

ωp

)6

→ kN

Can place ABJM on squashed three sphere and also consider 
deforming SCFT by mass deformations captured by flavour 
chemical potentials 

<latexit sha1_base64="Tmfs0T38IsEnYVQpCeRY22dwYC0=">AAAB73icdVBNSwMxEM36WetX1aOXYBE8lWyRtb0V9aC3CvYD2qVk09k2NJtdk6xQSv+EFw+KePXvePPfmG0rqOiDgcd7M8zMCxLBtSHkw1laXlldW89t5De3tnd2C3v7TR2nikGDxSJW7YBqEFxCw3AjoJ0ooFEgoBWMLjK/dQ9K81jemnECfkQHkoecUWOldvcShKG9616hSErEwvNwRtwKcS2pVivlchW7M4uQIlqg3iu8d/sxSyOQhgmqdcclifEnVBnOBEzz3VRDQtmIDqBjqaQRaH8yu3eKj63Sx2GsbEmDZ+r3iQmNtB5Hge2MqBnq314m/uV1UhNW/AmXSWpAsvmiMBXYxDh7Hve5AmbE2BLKFLe3YjakijJjI8rbEL4+xf+TZrnkeiXv5rRYO1/EkUOH6AidIBedoRq6QnXUQAwJ9ICe0LNz5zw6L87rvHXJWcwcoB9w3j4BCOqQAA==</latexit>

!I
<latexit sha1_base64="5zn8C1+bdrR9pqlHZxAAjUXvus8=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4kDJTytguhKIb3VWwD5gOJZNm2tBMZkjuCKX0M9y4UMStX+POvzHTVlDRA4HDOfeQe0+QCK7Btj+s3Mrq2vpGfrOwtb2zu1fcP2jrOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcZXmd+5Z0rzWN7BJGF+RIaSh5wSMJJ3c+Gc9QYxaFztF0t22TZwXZwRp2Y7htTrtUqljp25ZdsltESzX3w3SZpGTAIVRGvPsRPwp0QBp4LNCr1Us4TQMRkyz1BJIqb96XzlGT4xygCHsTJPAp6r3xNTEmk9iQIzGREY6d9eJv7leSmENX/KZZICk3TxUZgKDDHO7scDrhgFMTGEUMXNrpiOiCIUTEsFU8LXpfh/0q6UHbfs3lZLjctlHXl0hI7RKXLQOWqga9RELURRjB7QE3q2wHq0XqzXxWjOWmYO0Q9Yb58NhJB9</latexit>

I = 1, . . . 4

Goal: compute               from M-theory as a function of 
<latexit sha1_base64="LHQicBgC4EZoZDBuqzGOJlO2+qg=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBg5SkSGxvRT3orYL9wDaUzXbTLt1swu5EKKH/wosHRbz6b7z5b9y0FVT0wcDjvRlm5vmx4Bps+8PKLS2vrK7l1wsbm1vbO8XdvZaOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf3yR+e17pjSP5C1MYuaFZCh5wCkBI935J71LJoD0r/vFkl22DVwXZ8Sp2o4htVq1UqlhZ2bZdgkt0OgX33uDiCYhk0AF0brr2DF4KVHAqWDTQi/RLCZ0TIasa6gkIdNeOrt4io+MMsBBpExJwDP1+0RKQq0noW86QwIj/dvLxL+8bgJB1Uu5jBNgks4XBYnAEOHsfTzgilEQE0MIVdzciumIKELBhFQwIXx9iv8nrUrZccvuzWmpfr6II48O0CE6Rg46Q3V0hRqoiSiS6AE9oWdLW4/Wi/U6b81Zi5l99APW2ycu6ZCi</latexit>

b,!I
<latexit sha1_base64="zrDb/zo/U8lpJl/Ig/gBYnIWW7k=">AAACC3icdVDLSgMxFM3UV62vUZduQovgopSZImO7q+3GZQX7gHYomTTThmYyQ5IRytC9G3/FjQtF3PoD7vwbM32Iih4InJxzL/fe40WMSmVZH0ZmbX1jcyu7ndvZ3ds/MA+P2jKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxJo3U79wSIWnIb9Q0Im6ARpz6FCOlpYGZ7wdIjTFiSWNWhKsPrBe/6OXALFglS8NxYErsimVrUq1WyuUqtOeWZRXAEs2B+d4fhjgOCFeYISl7thUpN0FCUczILNePJYkQnqAR6WnKUUCkm8xvmcFTrQyhHwr9uIJz9XtHggIpp4GnK9MN5W8vFf/yerHyK25CeRQrwvFikB8zqEKYBgOHVBCs2FQThAXVu0I8RgJhpePL6RBWl8L/Sbtcsp2Sc31eqNWXcWTBCciDM2CDC1ADV6AJWgCDO/AAnsCzcW88Gi/G66I0Yyx7jsEPGG+f77KaXw==</latexit>

C,B,A

Field theory results also exist for TTI. Goal: match with M-theory



Susy Solutions of Supergravity and Equivariant Localization

• Supersymmetry          Killing spinors
Killing vector

<latexit sha1_base64="+wVUwh3kC+7RQASNpGkYPVFrlmM="></latexit>, <latexit sha1_base64="6bRIZ0z72OrYZSL/h3zNr2RHf6Q="></latexit>

K = ω̄!µωεµ

• Construct polyforms from spinor bilinears and sugra fields:    

<latexit sha1_base64="Lys2bogxvzKrJRVyalF2Z1ooSXU=">AAACD3icdZDNSgMxFIUz9a/Wv1GXboJFEcSSGaS2C6HoxmUFWwvtUDJp2oZmMkOSEcrQN3Djq7hxoYhbt+58GzPTFlT0QsLHOfeS3ONHnCmN0KeVW1hcWl7JrxbW1jc2t+ztnaYKY0log4Q8lC0fK8qZoA3NNKetSFIc+Jze+qPL1L+9o1KxUNzocUS9AA8E6zOCtZG69mGnPmTn6dVNXDE5ntOJa7gXapUJqGsXUQmZKpdhCk4FOQaq1YrrVqGTWQgVwazqXfvDTJM4oEITjpVqOyjSXoKlZoTTSaETKxphMsID2jYocECVl2T7TOCBUXqwH0pzhIaZ+n0iwYFS48A3nQHWQ/XbS8W/vHas+xUvYSKKNRVk+lA/5lCHMA0H9pikRPOxAUwkM3+FZIglJtpEWDAhzDeF/0PTLTnlknN9WqxdzOLIgz2wD46AA85ADVyBOmgAAu7BI3gGL9aD9WS9Wm/T1pw1m9kFP8p6/wLFO5vj</latexit>

� = �2n + �2n�2 + . . .�0

<latexit sha1_base64="8D8bonxe6NdaWPiuI7iHHqeqqZE="></latexit>

dK! = 0

<latexit sha1_base64="D7OzYXUvt4REeKe/RgFUmKo80qU=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgqsyUUttd0Y3LCvYhnaFk0kwbmmSGJCOUoV/hxoUibv0cd/6N6UNQ0QOBwzn3knNPmHCmjet+OLm19Y3Nrfx2YWd3b/+geHjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTecXM397j1VmsXy1kwTGgg8kixiBBsr3flMGuS3xmxQLLll16JWQ3Pi1V3PkkajXqk0kLewXLcEK7QGxXd/GJNUUGkIx1r3PTcxQYaVYYTTWcFPNU0wmeAR7VsqsaA6yBaBZ+jMKkMUxco+G2Chft/IsNB6KkI7KbAZ69/eXPzL66cmqgcZk0lqqCTLj6KUIxOj+fVoyBQlhk8twUQxmxWRMVaYGNtRwZbwdSn6n3QqZa9Wrt5US83LVR15OIFTOAcPLqAJ19CCNhAQ8ABP8Owo59F5cV6XozlntXMMP+C8fQKygZBe</latexit>Z
�• BPS observables given by         .  Determined by fixed point data:          

No need to solve SUGRA PDEs!

BVAB theorem [Berline,Vergne 82; Atiyah,Bott 84] 

• Consider closed          ;  fixed point set      is where    
<latexit sha1_base64="dQw+IuDSu6qanwa4iwRfLPEo6Zg=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXJSnSx67oxo1QwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YaSuo6IELh3Pu5d57glhwYxH68FZW19Y3NnNb+e2d3b39wsFh26hEU9aiSijdDYhhgkvWstwK1o01I1EgWCeYXGZ+555pw5W8tdOY+REZSR5ySqyT2teDtCxng0IRlRBCGGOYEVytIEfq9VoZ1yDOLIciWKI5KLz3h4omEZOWCmJMD6PY+inRllPBZvl+YlhM6ISMWM9RSSJm/HR+7QyeOmUIQ6VdSQvn6veJlETGTKPAdUbEjs1vLxP/8nqJDWt+ymWcWCbpYlGYCGgVzF6HQ64ZtWLqCKGau1shHRNNqHUB5V0IX5/C/0m7XMKVUuXmvNi4WMaRA8fgBJwBDKqgAa5AE7QABXfgATyBZ095j96L97poXfGWM0fgB7y3T631jzs=</latexit>

M2n
<latexit sha1_base64="Quyg+Lrt/BOVZsAup0fLW8bVRa0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sQil4ELxXtB7RLyabZNjSbXZKsUEp/ghcPinj1F3nz35htK6jog4HHezPMzAsSwbXB+MNZWl5ZXVvPbeQ3t7Z3dgt7+00dp4qyBo1FrNoB0UxwyRqGG8HaiWIkCgRrBaPLzG/dM6V5LO/MOGF+RAaSh5wSY6Xb63PcKxRxCVt4HsqIW8GuJdVqpVyuIndmYVyEBeq9wnu3H9M0YtJQQbTuuDgx/oQow6lg03w31SwhdEQGrGOpJBHT/mR26hQdW6WPwljZkgbN1O8TExJpPY4C2xkRM9S/vUz8y+ukJqz4Ey6T1DBJ54vCVCATo+xv1OeKUSPGlhCquL0V0SFRhBqbTt6G8PUp+p80yyXXK3k3p8XaxSKOHBzCEZyAC2dQgyuoQwMoDOABnuDZEc6j8+K8zluXnMXMAfyA8/YJ7LyNmA==</latexit>

K = 0
<latexit sha1_base64="cI0MQdUTtoil3Tp96oqK6oU3ER4="></latexit>

=
∑

A

(2ω)n
!0

∣∣
A∏n

ω=1 wA,ω

<latexit sha1_base64="LGB+4ykH4Xw1oGTYAwrpmswKmpA="></latexit>

K|A =
n∑

i=1

wA,ω
ω

ωεω

<latexit sha1_base64="slrfnuJ7zcI7Abn0Rvh3VPS73bs="></latexit>ω <latexit sha1_base64="9kdH+RDAKXZEpa0imhkByGoe29o="></latexit>→

<latexit sha1_base64="Mus9j+NJFUfCNmbuBI5pwu8u3pw="></latexit>

dK = d→ ωK

isolated fixed points

<latexit sha1_base64="QqpFRZO4k0yQLiQdZ/ClWo0NxEo=">AAAB/3icdVDLSgMxFL1TX3V8VV26CRbBVZkpMra7oiAuW7APaIeSSTNtaCYzJBmhlC5cu9VvcCdu/RQ/wb8w01awogcCh3PuKydIOFPacT6s3Nr6xuZWftve2d3bPygcHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyvM799T6VisbjTk4T6ER4KFjKCtZEaN/1C0Sk5Bp6HMuJWHNeQarVSLleRO7ccpwhL1PuFz94gJmlEhSYcK9V1nUT7Uyw1I5zO7F6qaILJGA9p11CBI6r86fzQGTozygCFsTRPaDRXf3ZMcaTUJApMZYT1SP32MvEvr5vqsOJPmUhSTQVZLApTjnSMsl+jAZOUaD4xBBPJzK2IjLDERJtsVrZks6UK1cy2TTbfAaD/Satccr2S17go1q6WKeXhBE7hHFy4hBrcQh2aQIDCIzzBs/VgvViv1tuiNGcte45hBdb7Fx1cloU=</latexit>

F

<latexit sha1_base64="QqpFRZO4k0yQLiQdZ/ClWo0NxEo=">AAAB/3icdVDLSgMxFL1TX3V8VV26CRbBVZkpMra7oiAuW7APaIeSSTNtaCYzJBmhlC5cu9VvcCdu/RQ/wb8w01awogcCh3PuKydIOFPacT6s3Nr6xuZWftve2d3bPygcHrVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyvM799T6VisbjTk4T6ER4KFjKCtZEaN/1C0Sk5Bp6HMuJWHNeQarVSLleRO7ccpwhL1PuFz94gJm lEhSYcK9V1nUT7Uyw1I5zO7F6qaILJGA9p11CBI6r86fzQGTozygCFsTRPaDRXf3ZMcaTUJApMZYT1SP32MvEvr5vqsOJPmUhSTQVZLApTjnSMsl+jAZOUaD4xBBPJzK2IjLDERJtsVrZks6UK1cy2TTbfAaD/Satccr2S17go1q6WKeXhBE7hHFy4hBrcQh2aQIDCIzzBs/VgvViv1tuiNGcte45hBdb7Fx1cloU=</latexit>

F

<latexit sha1_base64="M2MrG2ojNxVfeZRXShrRGuvi61Q="></latexit>∫

M2n

! =

∫

F

!

eK(NF )



Apply to D=11 sugra and perturbative M-theory

D=11 effective perturbative action:
<latexit sha1_base64="oI6YGpyVbAb7dMVQR2hyhAqAVpw="></latexit>

L = LGI + LCS

where 
<latexit sha1_base64="olSTiUm4NOPLaowAl8wQnDbTI9E="></latexit>

LGI = R → 1↑ 1

2
G ↓ →G+ . . .

To define D=11 CS action on      use a D=12 filling 
with                   :      

<latexit sha1_base64="eQK+KYn44xpMxxk3hu1w/nLhr/s="></latexit>

X8 =
1

192
(P 2

1 → 4P2)

<latexit sha1_base64="E3fFzccSgJGZuA/cKMVNzsJ3vDY="></latexit>

M = ωW

<latexit sha1_base64="YqYj8ZuUqHvOyW0s22Hw+cgh5Wo="></latexit>

LCS → 1

6
C ↑G ↑G+ (2ωεp)

6C ↑X8

<latexit sha1_base64="Dh7Dc//kivpC4PGGIfCi3jkLtN0="></latexit>

SCS →
∫

W

1

6
G ↑G ↑G+ (2ωεp)

6G ↑X8

Exponentiated action is independent of choice of W [Witten 96] 

<latexit sha1_base64="RyhPydEf/638CGIPKmO6J4x8iu4=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srevEitGA/oF1KNk3b2Gx2SbJCWfoLvHhQxKs/yZv/xmxbQUUfDDzem2FmXhALrg3GH87K6tr6xmZuK7+9s7u3Xzg4bOkoUZQ1aSQi1QmIZoJL1jTcCNaJFSNhIFg7mFxlfvueKc0jeWumMfNDMpJ8yCkxVmrc9AtFXMIWnocy4lawa0m1WimXq8idWxgXYYl6v/DeG0Q0CZk0VBCtuy6OjZ8SZTgVbJbvJZrFhE7IiHUtlSRk2k/nh87QqVUGaBgpW9Kgufp9IiWh1tMwsJ0hMWP928vEv7xuYoYVP+UyTgyTdLFomAhkIpR9jQZcMWrE1BJCFbe3IjomilBjs8nbEL4+Rf+TVrnkeiWvcV6sXS7jyMExnMAZuHABNbiGOjSBAoMHeIJn5855dF6c10XrirOcOYIfcN4+Af/kjRk=</latexit>

M
<latexit sha1_base64="MeDriGnXzftXDRZjZRz52691kZY=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwGWZNb0IvHBMwDkiXMTnqTMbOzy8ysEJZ8gRcPinj1k7z5N04egooWNBRV3XR3BYng2hDy4eTW1jc2t/LbhZ3dvf2D4uFRW8epYtBisYhVN6AaBJfQMtwI6CYKaBQI6AST67nfuQeleSxvzTQBP6IjyUPOqLFSszMolkiZWHgenhO3SlxLarVqpVLD7sIipIRWaAyK7/1hzNIIpGGCat1zSWL8jCrDmYBZoZ9qSCib0BH0LJU0Au1ni0Nn+MwqQxzGypY0eKF+n8hopPU0CmxnRM1Y//bm4l9eLzVh1c+4TFIDki0XhanAJsbzr/GQK2BGTC2hTHF7K2ZjqigzNpuCDeHrU/w/aVfKrlf2mhel+tUqjjw6QafoHLnoEtXRDWqgFmII0AN6Qs/OnfPovDivy9acs5o5Rj/gvH0CDxuNIw==</latexit>

W

<latexit sha1_base64="pVyH/KE+RNak1U/EAPIJZXdJ17U=">AAACAnicdVDLSgMxFM34rOOr6tJNsAiuSqbI2C6EYhe6rGAf0A4lk8m0oZnMkGSEMnTn2q1+gztx64/4Cf6FmbaCFT0QOJxzXzl+wpnSCH1YK6tr6xubhS17e2d3b794cNhWcSoJbZGYx7LrY0U5E7Slmea0m0iKI5/Tjj9u5H7nnkrFYnGnJwn1IjwULGQE61y6vgwag2IJlZGB68KcOFXkGFKrVSuVGnRmFkIlsEBzUPzsBzFJIyo04VipnoMS7WVYakY4ndr9VNEEkzEe0p6hAkdUedns1ik8NUoAw1iaJzScqT87MhwpNYl8UxlhPVK/vVz8y+ulOqx6GRNJqqkg80VhyqGOYf5xGDBJieYTQzCRzNwKyQhLTLSJZ2lLPluqUE1t22TzHQD8n7QrZcctu7fnpfrVIqUCOAYn4Aw44ALUwQ1oghYgYAQewRN4th6sF+vVepuXrliLniOwBOv9C/28l4g=</latexit>

G = dC



<latexit sha1_base64="QkInGmz6uvSWUprKrwh3+QmgZkc="></latexit>

!anom =
i

6
(!G)

3 + i(2ωεp)
6!G!X8

assuming all fixed points of K lie in the interior of 

<latexit sha1_base64="GEG18tXFxy/u3cGdmgtdkDPY5TY="></latexit>

dK!G = 0

Construct polyforms on W

Relative equivariant localization of M theory action

with

with
<latexit sha1_base64="35ykEsZAbZPXEdOO1uhEBYPl39s="></latexit>

dK!anom = 0

<latexit sha1_base64="VZzeQg2/BaDytJnxfIRdT3i4OfY="></latexit>

ISUSY →
∫

M
!GI +

∫

W
!anom

<latexit sha1_base64="Kt8OXrU/gkG2w1tAG4/hQ5SJyRw="></latexit>

ISUSY =
1

(2ω)8ε9p

∫

F

!anom

eK(NF )

<latexit sha1_base64="rsLoQBFXlfXJDtXp+4Pm/RAvm0c="></latexit>

W

BVAB for closed M
<latexit sha1_base64="9kdH+RDAKXZEpa0imhkByGoe29o="></latexit>→

<latexit sha1_base64="N1tJbiu1t7BzpPZ/sl7xzGWgetw="></latexit>

!G = G+ ”2 + !G
0

For isolated fixed points:

<latexit sha1_base64="rlVYrNZoexYEMW0m9oaFafcdt5g="></latexit>

ISUSY =
1

(2ω)2ε9p

∑

A

(!anom)0
∣∣
A∏6

ω=1 wA,ω

<latexit sha1_base64="wd9czBirmtIj3YyKCry2f3RcGkE="></latexit>

dK!(GI) = →!(anom)|M



Established:

• Relative equivariant construction and fixed-point formula at 
two-derivative D=11 supergravity level

Conjectural:

• The same fixed-point expression gives the supersymmetric 
action to all orders in

• For holographic backgrounds it gives the fully renormalized 
supersymmetric action, including all boundary counterterms.

<latexit sha1_base64="uaNJTnLECAwhSGq7l2coENNESdM="></latexit>

ωp

Evidence:  agreement with field theory 



dual to Apply to ABJM theory 
<latexit sha1_base64="HYlOtXlA6RYuKd7r/bbHltnvm8s="></latexit>

AdS4 → S7/Zk

Consider ABJM on squashed       

<latexit sha1_base64="+NQ9pyyvVMeNrpzRjONKHyfQcmU="></latexit>

!I

First compute            in M-theory (aiming for Airy       and      )
<latexit sha1_base64="unDkO+M/B6GHTP6lxVUiK/0mHQI="></latexit>

Isusy

Assume the all-orders corrected M-theory background admits 
the D=12 filling

<latexit sha1_base64="ijFVHi83I7cKjaxlIdAPGnKJujs="></latexit>

W = C2 → C4/Zk

With Killing vector         having a single fixed point
<latexit sha1_base64="qqA9bjgnyGXRaR5yMghP9H7F8m4="></latexit>

K

with weights  

<latexit sha1_base64="6Yq6noUkGTDYsB0PW1Kw+FL0xPg="></latexit>

S3
b

Allow mass deformations: packaged into

<latexit sha1_base64="A5LOcq+b2VN/NGJs4n8pvFm1xLw="></latexit>

b = 1 round
<latexit sha1_base64="tlBxx5uCY6geHwXfsR/INhFvza4="></latexit>

Q → b+ b→1

and
<latexit sha1_base64="+3+/4+UXZ2ga641LsYbb3VXmOT4="></latexit>∑

I

!I = 2

<latexit sha1_base64="CouTXIIuqXXsU8COUZSn7i6XagU="></latexit>

B
<latexit sha1_base64="X43Ekwt7Je7ZGFwU260zj9gwy/U="></latexit>

C

UV/IR:  
<latexit sha1_base64="0jNjq6O5Vn74pWRtEjR8eqrUjYc="></latexit>

uI = →Q

2
!I

<latexit sha1_base64="dh0TeHWsUrbUt7yjJcKecxUZBJ4="></latexit>

wω = (b1, b2, u1, u2, u3, u4)
<latexit sha1_base64="nc2Zt2fLOg90Ys0J8Rf1KprATgk="></latexit>

b =

√
b1
b2



Computing              

Flux

For this        background we consider a single flux 

gives

<latexit sha1_base64="ZGzveurgBTtxlPCfUCCfmnncptE="></latexit>

µ → i

(2ω)2ε3p

∫ eq

EAdS4

!G =
i

b1b2ε3p
!G

0

<latexit sha1_base64="3qCuVTDaINEGRkk4PC0AcxEp2Kk="></latexit>µ

Recall:
<latexit sha1_base64="QkInGmz6uvSWUprKrwh3+QmgZkc="></latexit>

!anom =
i

6
(!G)

3 + i(2ωεp)
6!G!X8

<latexit sha1_base64="AJkV01W22DezICpLM61pbi5YACM=">AAACdXicdZDNbhMxFIWdKT9l+EthiZAsAqgIdZhJqpAsKlXtBnZFJW1RZog8zp3Giu0Z2Z7SyPLT8DRsYcWTsMWTBEQRXMny8Tn3yvaXV5xpE8ffW8HGtes3bm7eCm/fuXvvfnvrwYkua0VhREteqrOcaOBMwsgww+GsUkBEzuE0nx82+ekFKM1K+d4sKsgEOZesYJQYb03aeztvJzZVAh+Pjj+47VTUL8K9MC0UoTYVxMwo4f jQ2Z7z0cfey9/egT+Hk3YnjmJf/T5uRDKIEy+Gw0G3O8TJMorjDlrX0WSrhdNpSWsB0lBOtB4ncWUyS5RhlIML01pDReicnMPYS0kE6Mwu/+nwM+9McVEqv6TBS/fPCUuE1guR+87mmfrvrDH/lY1rUwwyy2RVG5B0dVFRc2xK3EDDU6aAGr7wglDF/FsxnRHPyHi0YSrhEy2FIHJq01lZzt0KXc6kR1tzGEdduMxstAvC2Sju+e2Kv3RsNIRL55xn+gsc/r846UZJP+q/2+3sH6zpbqJH6AnaRgl6jfbRG3SERoiiz+gL+oq+tX4Ej4OnwfNVa9BazzxEVyp49RNwwr8H</latexit>

→ISUSY(µ) =
C
3
µ3 + Bµ

<latexit sha1_base64="6Yq6noUkGTDYsB0PW1Kw+FL0xPg="></latexit>

S3
b

<latexit sha1_base64="vKsyK+38q+dOCdaIUAEMJ1S8w1s="></latexit>

C, B

<latexit sha1_base64="iJgAdszGIXvzKDFOLzqieNP0BWw="></latexit>

ISUSY = → i(2ω)6

k
∏6

ω=1 wω

[
(ib1b2µ)3

6(2ω)8
+

ib1b2µ

(2ω)2
(!X8)0

]

<latexit sha1_base64="rlVYrNZoexYEMW0m9oaFafcdt5g="></latexit>

ISUSY =
1

(2ω)2ε9p

∑

A

(!anom)0
∣∣
A∏6

ω=1 wA,ω



<latexit sha1_base64="NU6EbASv9D7RN8CHJn7tmWLN53o="></latexit>

C =
2

ω2kQ4
∏4

I=1 !I

<latexit sha1_base64="cVrZ5y3+TVVF57N4+AhHSofVRoA="></latexit>

B =
1

24k

[
1→ 2

∑

I

1

!I
+

4

Q2

∑

I<J

1

!I!J

]
+

k2 → 1

24k

Note:       comes from        plus orbifold M2 charge

<latexit sha1_base64="VBfEfUhCKCKAN7NGEoXM7sZexHs="></latexit>

Q = b+ b→1

Thus from M-theory we compute
<latexit sha1_base64="YNzDMgQnhIua2KPivI9IQPU4U68="></latexit>

Jpert(µ) =
C
3
µ3 + Bµ+A

and from             we obtain          
<latexit sha1_base64="kfzjLgNNwQB/pWQwvHzX3AS1UHY="></latexit>

C,B
<latexit sha1_base64="h3Ik/43YgGkX+sw8m2sYg7yTm3g="></latexit>

ISUSY

Gravity: direct M-theory derivation         for general
<latexit sha1_base64="os789xhV9VLzz4PhZX7hNVKfP1k="></latexit>

b,!I

Field theory:           known exactly on special loci, conjectured 
for general

<latexit sha1_base64="kfzjLgNNwQB/pWQwvHzX3AS1UHY="></latexit>

C,B
<latexit sha1_base64="os789xhV9VLzz4PhZX7hNVKfP1k="></latexit>

b,!I [Nosaka 15; Bobev,Hong,Reys 23; Kubo,Nosaka,Pang 24] 

<latexit sha1_base64="mC4gYikKTKEYRu3MG1hH/G7dra8="></latexit>

B
<latexit sha1_base64="yye1t3mfY+mDLT6MKaAWtVdJe9o="></latexit>

X8 [Bergman, Hirano 09] 

<latexit sha1_base64="kfzjLgNNwQB/pWQwvHzX3AS1UHY="></latexit>

C,B



Encoded in character of the Q-complex

What is missing at this point is the Airy prefactor 
<latexit sha1_base64="SL7+UNwzyzxwUk4jeq9JHfeLJ5I="></latexit>

A

Comes from                    in
<latexit sha1_base64="/zlqsYy6OXFKHAa6XEtwE4H19k0="></latexit>

Z1-loop

In field theory localization: most bosonic and fermionic fluctuations 
pair up under action of Q:

<latexit sha1_base64="/zlqsYy6OXFKHAa6XEtwE4H19k0="></latexit>

Z1-loop
<latexit sha1_base64="8iWMDMf8qBry0FvDgeNtVC6lNpg="></latexit>

→ det(unpaired modes)

[Nekrasov,Okounkov 14][Costello,Li 16][Costello,Gaiotto 18]
[Raghavendran,Saberi,Williams 21] 

Promote to a relative equivariant character on      : 

<latexit sha1_base64="q8pKjOYkh/YarQdyz9vPvtOBQH4="></latexit>

Zpert
M =

∫
[dω] exp [→ISUSY]Z1-loop

<latexit sha1_base64="RAb7BwT1FHDmtsic0GoBWDH0A5A="></latexit>

TW = T 1,0W, T →W = (T 1,0W )→where

<latexit sha1_base64="uA05BcJ1lE7nO4ffJMeRYeKKvfw="></latexit>

!0,•(W,TW )→ !0,•(W,T →W )

<latexit sha1_base64="rsLoQBFXlfXJDtXp+4Pm/RAvm0c="></latexit>

W

Motivated by

we propose the local complex:

M-theory proposal:
<latexit sha1_base64="M5ZyVBTMf7pk084mtFw6m2jP0nw="></latexit>

KW (t) = IndtK
[
ω̄W → (TW ↑ T →W )

]

<latexit sha1_base64="g3VfxPP523s31cwP3LrxaY+OYbE="></latexit>

KW (t) = StrH e→tLK



Key point:               is computable using BVAB:
<latexit sha1_base64="sn50ZrldZYoRt5XivgSvV1rnk0Q="></latexit>

KW (t)

<latexit sha1_base64="tKGRAGacmosSd0VUyAcm/bzJkqM="></latexit>

qA,ω → e→twA,ω

Once we have the character we can obtain the                
determinant in the usual way via Mellin transform and zeta 
function regularization:

<latexit sha1_base64="i4S4j9cDhLad2J/5FVRijoQkJkQ="></latexit>

ωK(s) =
1

!(s)

∫ →

0
dt ts↑1KW (t)

<latexit sha1_base64="KmgB6UIwj0JJbNc+oOYl6w4FXsM="></latexit>

logZ1-loop = ω →K(0)

For isolated fixed points we have 
<latexit sha1_base64="tPM/P0HD6PzFSaUg06qTxp0WZoA="></latexit>

KW (t) =
∑

A→F

∑6
ω=1(q

↑1
A,ω → qA,ω)

∏6
ω=1(1→ qA,ω)

<latexit sha1_base64="/zlqsYy6OXFKHAa6XEtwE4H19k0="></latexit>

Z1-loop



For ABJM we can carry this out on 
<latexit sha1_base64="ijFVHi83I7cKjaxlIdAPGnKJujs="></latexit>

W = C2 → C4/Zk

(the orbifold requires a Molien average for            )
<latexit sha1_base64="pdCh2zfRI21zy0ab6q7Vfi/XEZU="></latexit>

AABJM(k, b,!I)Explicit analytic expressions for                             in terms 
of Barnes functions

e.g.                                   round         SCFT point
<latexit sha1_base64="O+UP9ambx86tQaUw9trUMq2DnWg="></latexit>

b = 1, !I =
1

2

<latexit sha1_base64="T71Yg8WHjGIxsRF+Je8Fbi/6My4="></latexit>

k →= 1

<latexit sha1_base64="M5wrgUBVD8fF/kVbOrh6jBY1C2w="></latexit>

S3

Exactly reproduces the known Airy constant

<latexit sha1_base64="IpnCLDm1sFJ6JhC36gGkEcL6ZIY="></latexit>

AABJM = A(k) =
2ω(3)

ε2k

(
1→ k3

16

)
+

k2

ε2

∫ →

0
dx

x log(1→ e↑2x)

ekx → 1
<latexit sha1_base64="AdpSUeYXjoA0orWHK8F4JnWKX9A="></latexit>

A(k)

<latexit sha1_base64="s1MWq9PVj+Vl4jovxmY0lIciQ3c="></latexit>

ω reg.
=→

<latexit sha1_base64="KfogWhPf4emV4WA+Ga0rJhCQG7w=">AAACY3icdZDfahNBFMYn67+aqk2rdyIMBiFB2O6uIU0uhKI3gjcVTFvIxjA7Odsddv4sM7O1YdiH8Gm81cfwAXwPZ9MIVvTAMB+/7xzOzJdVnBkbRT86wa3bd+7e27nf3X3w8NFeb//g1KhaU5hRxZU+z4gBziTMLLMczisNRGQczrLybeufXYI2TMmPdl3BQpALyXJGifVo2Xv5flkO7BC/xmmuCXUpVbYYlPZwNGxckhomi0 /JwB4mwwYve/0ojHyNx7gV8SSKvZhOJ0kyxfHGiqI+2tbJcr+D05WitQBpKSfGzOOosgtHtGWUQ9NNawMVoSW5gLmXkggwC7f5VYNfeLLCudL+SIs39M8JR4Qxa5H5TkFsYf72Wvgvb17bfLJwTFa1BUmvF+U1x1bhNiK8Yhqo5WsvCNXMvxXTgvh0rA+ym0r4TJUQRK5cWihVNi5td2RMulTXHOZhAlcLF45ANC6MXvnrBt8QF07hqmkan+nv4PD/xWkSxuNw/GHUP36zTXcHPUXP0QDF6Agdo3foBM0QRV/QV/QNfe/8DHaDg+DJdWvQ2c48RjcqePYLzoW3Ww==</latexit>

Kk(t) =
coth(kt/4)

2 sinh2(t/2)

Reproduces all field theory results [Nosaka 15][Kubo,Nosaka,Pang 24]
[Bobev,Smet,Hong,Reys,Zhang 25]



<latexit sha1_base64="q8pKjOYkh/YarQdyz9vPvtOBQH4="></latexit>

Zpert
M =

∫
[dω] exp [→ISUSY]Z1-loop

For sphere partition functions

Apply the formalism to the TTI associated with magnetically 
charged, rotating            black holes:

<latexit sha1_base64="hJ/pHCNI60XOtAsZZnO4+2OGh+w="></latexit>

M4 = C2

<latexit sha1_base64="zIbuvu3r/5n/REcGCL/VMTmz0mI="></latexit>

W = M4 → C4/Zk

<latexit sha1_base64="yDV9073n7Nn8KbR6RMamOFChp6I="></latexit>

ωM4 = S2 → S1

<latexit sha1_base64="Z29e41uYeQWWNBsmuSV1v0COGsQ="></latexit>

ωM4 = S3

Now two fixed points on        ,              ,  at north and south poles
<latexit sha1_base64="8Rav9/lPb4GC1Z8N7uIjeqYfHDY="></latexit>

ω = ±

This gives two flux parameters       ,   one at each pole<latexit sha1_base64="9fg8Ofn27DDb9ix74nGAWWRWUic="></latexit>µ±

<latexit sha1_base64="G0+dnms2ngOyu4MfRMiKPj3rumI="></latexit>

C4/Zk →↑ W →↑ M4

Topologically Twisted Index

There was a single flux parameter        on <latexit sha1_base64="sjsblLVLK4IFvOds8+U7s0KZER8="></latexit>µ
<latexit sha1_base64="owiPOaK+NK4aanyl3XGbR01VzCQ="></latexit>

M4

Magnetic fluxes 
<latexit sha1_base64="pE85DNYRNzIeWTMsNphfshN2iYw="></latexit>nI

<latexit sha1_base64="3KBqS+M84AYCief1aGLIH+qgqKU="></latexit>∑

I

nI = 2

<latexit sha1_base64="+NQ9pyyvVMeNrpzRjONKHyfQcmU="></latexit>

!I
<latexit sha1_base64="+3+/4+UXZ2ga641LsYbb3VXmOT4="></latexit>∑

I

!I = 2

<latexit sha1_base64="aINDm3Gu6mBEyrdjYs8d8Rn7xnM="></latexit>

AdS4

Chemical potentials

<latexit sha1_base64="owiPOaK+NK4aanyl3XGbR01VzCQ="></latexit>

M4

[Benini,Zaffaroni 15] 

x                            

<latexit sha1_base64="XOg3hIKdDwGEvVXaxi7lpnT4MlA="></latexit>

M4 = C→ S2



<latexit sha1_base64="uRhH1npE0S9RB8hN/88MYo2QRZM="></latexit>

µ = µ+ + µ→ Total flux through       
Fixed boundary data conjugate to

not fixed at boundary; integrate over it

Computing as before we get two gravitational blocks:
<latexit sha1_base64="DWRAjEwSHX4SjtiPxKB65J4V5+Y="></latexit>

ISUSY = →
∑

ω

(
Cω
3

µ3
ω + Bωµω

)

<latexit sha1_base64="iOwIZ+CAl5ixreXywQqik/Zx0aI=">AAACpHicdVFbb9MwGHXCbYRbB4+8GCqmIZUoKVNpHyZtgweEQBqCbhN1Fznul9aqL1HsQCsrf5I3/gmPuBckhuCTLB+fcz7583FeCm5skvwIwmvXb9y8tXM7unP33v0Hrd2HZ0bXFYMh00JXFzk1ILiCoeVWwEVZAZW5gPN8/nqln3+FynCtPttlCWNJp4oXnFHrqawliNBT/CUjFhbWpS+E1mUT7R1GxNQyc8TwqaSHpJRNRC S1M0aFO2629uOTdx8a8oQIKOz+vJNnG3uHvAFh6fZEKj6d2eekE0dZq53Eia9eD69A2k9SDwaDfrc7wOlaSpI22tZpthtgMtGslqAsE9SYUZqUduxoZTkT4GeqDZSUzekURh4qKsGM3TqWBj/zzAQXuvJLWbxm/+xwVBqzlLl3rp5m/tZW5L+0UW2L/thxVdYWFNtcVNQCW41XGeMJr4BZsfSAsor7WTGb0Yoy638iIgq+MS0lVRNHZlrPG7eONufKkaoWMIq7sBi7+ABk4+Lkpd+u8GvGxQNYNE3jM/0dHP4/OOvGaS/ufTxoH51s091Bj9FTtI9S9AodobfoFA0RQ9/RzyAIwnAvfB9+Cocbaxhsex6hKxVe/gIPNNAd</latexit>

logZ1-loop =
∑

ω=±
AABJM(k, bω,!ω) .

<latexit sha1_base64="owiPOaK+NK4aanyl3XGbR01VzCQ="></latexit>

M4
<latexit sha1_base64="L8ls9c3bvYETKTMZ2WwQApDYfa0="></latexit>

N

<latexit sha1_base64="AzRE+Z0xQ6VprszxfUJeFib5NVI="></latexit>µ+ = ω, µ→ = µ→ ω <latexit sha1_base64="7Rin/1+pEHHjw/qaF4jDi819njg="></latexit>ω

remnant of M-theory path integral

Two fixed points          two Airy blocks <latexit sha1_base64="9kdH+RDAKXZEpa0imhkByGoe29o="></latexit>→

<latexit sha1_base64="Ndae0D23EMpKp/yoH+5iUq29RbI="></latexit>∫
dω

2εi

<latexit sha1_base64="Nu7JFU6azi7sGVdEx3kBu1EOGT4=">AAACy3icdZFdb9MwFIad8LWVrw4uueCICtRJLErKVNoLpAlu4IJpaHQbi7PKcdzWahxHtgMrwZf8An4dP4U73LQDhuBIkV897zl2/Dotc65NGH73/CtXr12/sbHZunnr9p277a17R1pWirIRlblUJynRLOcFGxlucnZSKkZEmrPjdP5q6R9/ZEpzWbw3i5IlgkwLPuGUGIfG7W+nZzVWAkqmjI33E4DW5pMXcDpuaLSTS1lawK WS2RhrPhUEMC8M4IkitM4Ai+qC27qHSw7cAuCngNl5CTHswJuzlb/a8XB0+MF2f09tu479pv8XSsbtThiErvp9WIpoEEZODIeDXm8IUWOFYQet62C85QHOJK0EKwzNidZxFJYmqYkynObMtnClWUnonExZ7GRBBNNJ3aRn4bEjGUykcp+7WUP/nKiJ0HohUtcpiJnpv70l/JcXV2YySGpelJVhBV0dNKlyMBKWTwEZV4yafOEEoYq7fwU6Iy5X4x6shQv2iUohSJHVeCbl3NZ4eUbKC5dklbM46LHzpA52mbB1ED5zyyXekDoYsnNrrcv0Ijj4vzjqBVE/6L/b7ey9XKe7gR6gR6iLIvQc7aHX6ACNEEU/vIde19v23/ra/+x/WbX63nrmPrpU/tefmoLbhQ==</latexit>

Zpert[N ] = Z1→loop

∏

ω

∫
dµω

2ωi
exp[→IωSUSY(µω)→N µω]



Unrefined  TTI: turn off roation parameter after combining the 
two blocks:

<latexit sha1_base64="GZgOYgoLE3VkF3easdRbCZ3MozU="></latexit>

logZpert
TTI = →

ω
√
2k

∏
I !I

3

∑

I

nI

!I

(
N̂3/2

k,! → cI
k
N̂1/2

k,!

)
→ 1

2
log N̂k,! + f̂0(k,!, n)

<latexit sha1_base64="2AdAYbqo/NaWx57A4fw0hSEyUNw="></latexit>

N̂k,! = N → k

24
+

1

12k

∑

I

!→1
I

<latexit sha1_base64="Wj91zXx3PK8trOoVm8QtH+ZVOvY="></latexit>

!I = nI =
1

2

Agrees with numerical field theory results 

[Hong 26, Hosseini 26] 

<latexit sha1_base64="TlYuDKGTUacqjynXD+YQdvLkY94="></latexit>

cI(!) =

∏

J →=I

(!I +!J)

8!1!2!3!4

∑

J →=I

!J

    -dependent terms reproduce the all-orders field-theory 
conjecture, supported by high-precision numerics. [Bobev,Hong,Reys 22] 

<latexit sha1_base64="L8ls9c3bvYETKTMZ2WwQApDYfa0=">AAACN3icdVDLThsxFPUABRrKe8nGIkLqauQJUUh2iG66QiA1gJQZIY9zQ6z4MbI9LZE1X8C2fAyf0hU7xJY/wBNSqVTtkSwfnXOv7r0nLwS3jpBf0cLi0oflldWPjbVP6xubW9s7F1aXhkGfaaHNVU4tCK6g77gTcFUYoDIXcJlPvtT+5Xcwlmv1zU0LyCS9UXzEGXVBOj+93mqSmAR0OrgmSZckgfR63Varh5OZRUgTzXF2vR 3hdKhZKUE5Jqi1g4QULvPUOM4EVI20tFBQNqE3MAhUUQk287NNK3wQlCEeaROecnim/tnhqbR2KvNQKakb27+9WvyXNyjdqJt5rorSgWJvg0alwE7j+mw85AaYE9NAKDM87IrZmBrKXAinkSr4wbSUVA19OtZ6Uvm0npFz5VNTChjELbjNfNwGWfmYHIbvnT5TfNyD26qqQqa/g8P/JxetOOnEnfN28/hknu4q2kP76DNK0BE6Rl/RGeojhgDdoZ/oPnqIHqOn6PmtdCGa9+yid4heXgGFZKve</latexit>

N

Our             also determines the        constant                      
for generic                      

<latexit sha1_base64="y0nhPRdddbm0VF/nqYDX4JfPSbs="></latexit>

N0
<latexit sha1_base64="XlwLWCZDXiRfQMRZHzEaTyYbOnQ="></latexit>

f̂0(k,!, n)
<latexit sha1_base64="Rnv8o8d0PugxCt6XmcIF5/ubvlY="></latexit>

Z1-loop
<latexit sha1_base64="wiDCb73RMKSX2TwSDxFoEywpO1U="></latexit>

!I , nI

[Bobev,Hong,Reys 23] 

Agrees analytically at



Final Comments

• Localised perturbative M-theory path integral for M2-branes:

• ABJM theory on      : complete Airy data for general

<latexit sha1_base64="q8pKjOYkh/YarQdyz9vPvtOBQH4="></latexit>

Zpert
M =

∫
[dω] exp [→ISUSY]Z1-loop

<latexit sha1_base64="cN4WhQP3WVWlvoO4LNoQqkuQbUQ="></latexit>

S3
b

<latexit sha1_base64="Vd9msuLOjIzeMcVAnkEMr/8oohQ="></latexit>

k, b,!I

•            black holes/TTI: general                with new      one loop 
term

<latexit sha1_base64="ZBzaUE0xza5GLBADdqfJU48tAtQ="></latexit>

k,!I , nI

• More general black holes: eg baryonic fluxes? SCI?

• Beyond M2-backgrounds - needs modification

<latexit sha1_base64="aINDm3Gu6mBEyrdjYs8d8Rn7xnM="></latexit>

AdS4
<latexit sha1_base64="S7i/fx4sGC7Obx+E0cK6DYj2okg=">AAACAXicdVDLSgMxFL3js46vqks3wSK4KpkiY7srunElFe0D2rFk0kwbmnmQZIRSunLtVr/Bnbj1S/wE/8JMW8GKHggczrmvHD8RXGmMP6yl5ZXVtfXchr25tb2zm9/bb6g4lZTVaSxi2fKJYoJHrK65FqyVSEZCX7CmP7zI/OY9k4rH0a0eJcwLST/iAadEG+nm6g538wVcxAauizLilLFjSKVSLpUqyJlaGBdgjlo3/9npxTQNWaSpIEq1HZxob0yk5lSwid1JFUsIHZI+axsakZApbzw9dYKOjdJDQSzNizSaqj87xiRUahT6pjIkeqB+e5n4l9dOdVD2xjxKUs0iOlsUpALpGGX/Rj0uGdViZAihkptbER0QSag26SxsyWZLFaiJbZtsvgNA/5NGqei4Rff6tFA9n6eUg0M4ghNw4AyqcAk1qAOFPjzCEzxbD9aL9Wq9zUqXrHnPASzAev8CWS+XLw==</latexit>

N0

• Extended to toric Sasaki-Einstein spaces with crepant resolution

• Extended to                         : non-toric example
<latexit sha1_base64="v4/trquwPaet/xjUF2MlCxNbbrE="></latexit>

V
5,2 =

SO(5)

SO(3)


