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@ Loop integration of Feynman diagrams is a challenge! _@_

@ On-shell “cuts” have been very useful. They allow reconstruction from an
ansatz or basis.

@ Three related approaches to cuts, with different pictures and purposes.

» Delta functions — directly “on shell”
» Residues — for more detailed structure

» Feynman parameters — for relations and analysis of singularities

o Differential-equations methods and other parametrizations (e.g. Baikov)
are useful in a complementary way.
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Cuts and discontinuities

A “cut” takes virtual particles to be physical (“on shell”),
giving the imaginary part of the amplitude, or discontinuity across a branch cut.

[Cutkosky; Veltman]
~ g 1-1 . 1-1

Unitarity of the scattering matrix: S=1+1i T
If STS =1, then —i(T - TN =TTT.

Classic application: reconstruction by dispersion relations.
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A “cut” takes virtual particles to be physical (“on shell”),
giving the imaginary part of the amplitude, or discontinuity across a branch cut.

[Cutkosky; Veltman]

5% = f % x X = 2Im Al~looP = DiscpzAl_l°°p

Traditional cutting rules (veiman):

o= o=—i
P _ i P i
T pP+ie TP
P E 9
=276 (p%) 6 (po)

Cuts are built from on-shell ingredients. Exploit their simplicity.

o 3 =, «=» = 9ac
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A “cut” takes virtual particles to be physical (“on shell”),
giving the imaginary part of the amplitude, or discontinuity across a branch cut.

[Cutkosky; Veltman]

5% = f % x X = 2Im Al~looP = DiscpzAl_l°°p

Example: massless bubble integral

_Q_ Jd* kg o = 1 —log(—p?) + O(e)
_®_ = [d* %k 6(k*)6((p — k)2) = 27/ + O(e)

o 3 =, «=» = 9ac
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A “cut” takes virtual particles to be physical (“on shell”),
giving the imaginary part of the amplitude, or discontinuity across a branch cut.

[Cutkosky; Veltman]
= _ =21 Al—loop _ . 1—loop
p = X =2Im = Disc,2 A

Example triangle integral

4—2e s
\—fd 2 G e~ L@
\ = (zé((;”g Floe @)+

—p3+03-+/p}+p§+pd —207 p3 —207 P3 —203 p3

p?
where z = >
2p3

o 3 =, «=» = 9ac
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There is a well-known basis of 1-loop master integrals: boxes, triangles,
bubbles, tadpoles.

11
AP = E cili+r,
i
Ci, I are rational functions. [Passarino, Veltman; Van Neerven, Vermaseren]
e.g.
1-loop
A =g *+C,

+ oo

= Dar
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The unitarity method for one-loop amplitudes

There is a well-known basis of 1-loop master integrals: boxes, triangles,

bubbles, tadpoles.
NEe
7N\

Al-loor ZC,/+r

i, r are rational functions.
e.g.

:Ifmh _ %r%E(_s)_‘ (—t)~° —*( Pl)_ ( P2) E}

e () e () 500 ()
+Liz ( - p—f) + Lip (1 - 7)] + O(e).
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1-loop

4oeee
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Cut A'1°oP = Z ¢ Cut;
Tree-level input.

Cut ~ Disc

L

FER

(O B <

S oo
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Cut Al7leer — Z ¢ Cutl; Cut ~ Disc

Tree-level input.

Matching 4-dimensional cuts can suffice to determine reduction coefficients!
Logarithms with unique arguments. “cut-constructibility”
[Bern, Dixon, Dunbar, Kosower]
But: we get several coefficients together in the same equation.
o> <& = = = 9Dace
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Box Coefficients from Quadruple Cuts

Generalized unitarity: get other singularities by applying more delta functions.

This operation isolates any given box!

AALTIoP = / d*0 5(63) 6(£63) 6(43) 8(43) ALrec ATree Afree Alree
ALATTIOP — AL

In four dimensions, four delta functions localize the integral completely.

[RB, Cachazo, Feng]
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Box Coefficients from Quadruple Cuts

The box coefficients computed from quadruple cuts are given by
_ 1 tree ptree ptree ptree
v = EZS:Al ASTeC A AY

S is the set of all solutions of the on-shell conditions for the internal lines.

S={ =0 ({l-—K) =0 ({—K —K) =0, ({+Ks)>=0}

In complexified momentum space, there are exactly 2 solutions.

Complex analysis is key.
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Box Coefficients from Quadruple Cuts

The box coefficients computed from quadruple cuts are given by
1 I I I T
s :ngieeA;eeAgeeAZee
s
S is the set of all solutions of the on-shell conditions for the internal lines.
S={ =0 ({l-—K) =0 ({—K —K) =0, ({+Ks)>=0}
In complexified momentum space, there are exactly 2 solutions.

Complex analysis is key.

...or alternatively, twistor space with its natural (2,2) signature. Twistor
geometry is still important for amplitude calculations.
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Generalized cuts are used in numerical packages designed for 1-loop QCD at
LHC:

@ CutTools [Ossola, Papadopoulos, Pittau]

] GOSa.m [Cullen, Greiner, Heinrich, Luisoni, Mastrolia, Ossola, Reiter, Tramontano]

@ Ninja [Mastrolia, Mirabella, Ossola, Peraro]

@ BlackHat [Berger, Bern, Dixon, Febres Cordero, Forde, Hoeche, Ita, Kosower, Lo Presti, Maitre]

@ aMC@NLO [Awwall, Artoisenet, Conte, Degrande, Frederix, Frixione, Fuks, Hirschi, Lauyers, Maltoni, Mattelaer, Pittau,

Stelzer, Torrielli, Zaro ]
@ Open Loops [Cascioli, Maierhéfer, Pozzorini]

and beyond 1-loop:

@ Caravel [Abreu, Dormans, Febres Cordero, Ita, Kraus, Page, Pascual, Ruf, Sotnikov]

u}
8]
!
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More loops!

Conceptual challenges at two loops and beyond:
master integrals more numerous, not canonical, functions are more
complicated,...

Cuts still probe analytic properties of the functions and can be used for
reconstruction.

Also: since cuts can reduce loop order all the way to tree level, they can be
used as a tool in proving symmetries and relations.
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More loops!

Conceptual challenges at two loops and beyond:
master integrals more numerous, not canonical, functions are more
complicated,...

Cuts still probe analytic properties of the functions and can be used for
reconstruction.

Also: since cuts can reduce loop order all the way to tree level, they can be

used as a tool in proving symmetries and relations.
All under the umbrella of “on-shell methods.”
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Resolution: interpret cuts as residues.

f,w

delta functionf/ \:esid ue

J,@ Jyw

40> «F»r <

!
B

a
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e Consistent with prior expectations (unitarity)

e Fits into deeper algebraic structure (coaction, and then differential
equations)

@ Freedom to explore all contours

@ New linear relations are revealed

in the massless case.

«0O> «Fr <

!
v
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1-loop cuts defined as residues:

YE€
cc[/n]:?—g/ d°k ]
2 Jre

2
s (k— qj) m? + ie
@ C is the set of cut propagators

mod iT,

@ Contour ¢ encircles poles of cut propagators

Cut integrals give discontinuities of their uncut counterparts

«0O> «Fr <

Er «
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Generalized cuts as residues and determinants

1-loop cuts defined as residues:

eES D .
Cellhll = —+ d k mod im,
R Jg k—q)? —m; +ie

@ C is the set of cut propagators
@ Contour ¢ encircles poles of cut propagators

Cut integrals give discontinuities of their uncut counterparts.
Some results:

Ccl :LKF( (YC)(D_C)/2/C/QD c+1 H 1
VYe \ Ge imbrz bt (k=) — m?

j¢c c

where we often find Gram and modified Cayley determinants:
Ge = det(qi-g);jec\s

1
Ve = det(Glmf 4+ (o - 0)?))
ijec

[Abreu, RB, Duhr, Gardi 2017]

Ruth Britto

11



Some special cases: maximal and next-to-maximal cuts.
M1l—e¢
Cok[bk] = ( )

eEE
M(1—2¢) /Yo
Coks1[loks1]

(&)
Gax
e"/E6

( Yori1 ) o

M1 —¢)VGarr1 \ Gaks1
M(1—2¢)® eee

Cok—1[hi] = — F((l — ) e

( Yaor—1
)* VY

. 1
F
G2k—1) 2 (

> —€ 1
1-line cuts are mass discontinuities.

. Gak Yok—1

s )
Yak G2k—1)
These determinants are volumes of simplices. [Cutkosky]

DAy
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Linear relations

A technically advanced argument shows that cuts are related to the uncut
integral by a linear relation.

[Fotiadi, Pham; Hwa, Teplitz; Federbusch; Eden, Fairlie, Landshoff, Nuttall, Olive, Polkinghorne,

An uncut 1-loop integral is equivalent to the sum of its cuts:

€] €] €] €]
E_O_:_O_+_O_+_O_ mod ir.
25} o ™ co e

[Abreu, RB, Duhr, Gardi]

A sort of residue theorem, that requires understanding the residue at infinite
momentum.

Ruth Britto
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€1 e e e
f‘O‘”‘@‘*‘O‘*‘@"
€2 €2 TC2 €2

Now in D = 2 — 2e.

b= 38 = Z; +0e).
Cik =m +0(e),
Caby =m +0(),
Ciob = — ﬁ + O(e).

(factors of im have been stripped)

» E DA
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Now in D = 2 — 2e.

—1—
eVECT(1+ ¢) (—Pz) € e w
I =— wo TR [ —e 1461 — €
€ (w — w)l+e w—w
—1—
eVE€ (—Pz) € w
Cihp =— 2F (1,1+s;1—s;7)
ri—e) w(ww)€ w
—1— _
vEC (=) T -we
Colp =
r1—e) (w — w)lte
VEEr(1 — ¢)
Cioh =—2

2F1 <—e,1+e;1—e;
—-1-— L —1—
(2) 6( ) 1-2e¢
1 — 2e)

w—1
w—w

There is a simpler explanation for the relation!

€1 S el S
E_O_N_O_Jr _<>_+ _<>_
5 @) @) @)

) —(w—1)7"%F (—6,1+e;1—s:

~ Disc_o Iy
m
~ Disc_ I
m3

~ Disc 5 I
p2 2

» E DA
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Feynman/Schwinger trick:

1 Ea5(1—E,-0ﬁ)
LA /a,»zod > a,-A,-)E '

where A; = (k — q;)? — m? + ic.

The Feynman integral becomes an integral over these parameters as well as
loop momenta.

The cut conditions are some subset of A; = 0.

«40O>» «Fr «=)r <

3
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Feynman parameter space

If we then perform the loop momentum integral, we find the following
parametric representation:

LD E ME*(L+1)D/2
/:r<E—7) /a.>0d a5<1—za,—> e

i€eS

U and F are graph polynomials in «;.

u=3 Lo

TET1 ¢ T

E
FouSam— Y ( I )H
i=1 )

(T1,T2)€T2 \&ié(T1,T2

71 is the set of spanning trees , 75 is the set of spanning 2-forests.

Ruth Britto
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20 [~ona2p? + (a1 + az2)(a1m? + azm3)]* P72

( D) / don das 6(1 — i — ) (a1 + a)* P
r(2-2

2) Ja

_b

1 D/2—2
=T <2 3 ) / dx [—x(l —x)p* + (1= x)m: + xmg]
0

i

2— g) /01 dx [pz(x —w)(x — W)] o

What are the cuts? The on-shell condition is inaccessible!

«0O> «Fr <

!
v
int

» E DA
Ruth Britto 18



LD £ uE—(L+1)D/2
I=r <E— 7) /wod ad (1 —Za;) e

i€s

=3 Ilen

TET1 ¢ T
E
]—':L{Za;miz— Z H Qi q(2T1,T2)'
i=1 (T1,T2)€T2 \&¢(T1,T2)

Kinematic dependence is all in F.

Discontinuities appear when F becomes negative. The change happens at
F=0.

F = 0 can be chosen as a boundary of the integration region for a cut.

DAy
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/=r<E—£

dfas
2 > /a,-zo (

E—(L+1)D/2
13 )
The original integral has boundaries a; = 0.

FE-LD/2
ies

)
Cuts can exchange a; = 0 +— k> — m? = 0.

We also include F = 0 in the boundaries of the integration regions.

«40O>» «Fr «=)r <

» E DA
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Example: bubble

1 dx (x —w)(x — v_v)] ol .

<?

0

=0 x=wox=w. ag=0&x=1. ap =0 x=0.

D/2—2
_O_N/ dx p(x—w)(x—w)} . noa; =0
0
1 D/2—2
_O_N/dx x—w)(x—v'v)] . no ax =0
€l w 5 D/2-2
_O_ ~ dx [p (x —w)(x — vT/)] . neither a; = 0 nor ax =0
o) w

Therefore

- > >
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2 2 2 2 2 2
F = aimi + aom; + azms — q1Qap3 — a1i3ps — Qo3P
shown in the plane a1 + a2 + a3z =1,

for Euclidean kinematics with m? > 0, p? < 0.

Hi

Hs

«0O> «F>»

!
v
a

>
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(a) mj is small and
positive.

(b) m2 = 0.

Hy )
F
Hy . )
MZ

(c) m3 is small and

Hx
(d) m3 is large and
negative.

negative.

=N

T

H, H‘
| F
Hy )

>

o>
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Hy

KX
A

E
HZ
(2) 5 just below (b) p3 =
threshold.

A,

2K
N\

threshold.

(d) p? large compared to
other scales

‘o >

i
v
a

>

Haco
Ruth Britto 24



(a) T'g

(b) I'y
H, Hy
F F
Hs Ti2s
12
H,

(c) T12

H, e
F F
g=A Hs Hs
1

Hs

H,
(d) T123
The linear relation among cuts is just the inclusion-exclusion principle here.

«40O0>» «Fr «=)>» «

3
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N
N

ar=x, x=1—x, az =y

U=x(1—-x)+y
F=y[my+(m - p)x(1-x)]
hyperplane y = 0.

Here F = 0 has two components: a variable parabola, and the coordinate

= Demonstration

«40O0>» «Fr «=)>» «

3

DAy
Ruth Britto 26



m

my P

We can interpret sequences of discontinuities to reconstruct the ‘symbol’ of the

function

2

> 2 > 2 2 >
mi{ —m mi —ms — mi —ms —
mf®(—1m2 2>+m§®<—1 — 2p > —(mf—p2)®<—1 2

2 my —m; my

by following the shapes of the regions as we travel through phase space.
[RB, Hannesdottir]

= Animations

)
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Summary & Outlook

@ Cuts are a key tool in computing Feynman integrals and amplitudes.

@ Three approaches to cuts: delta functions, residues, Feynman parameters.
o Different setups expose relations and geometry differently.
@ Introduced parametric approach
» to discover relations
> to probe sequential discontinuities (symbol bootstrap...)
» to expose hypergeometric and coaction properties
» for efficient numerical computation?
» with new angles on geometric interpretation?
o Seeking the general structure of the underlying functions, in order to tame

computation!
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Gauss's original hypergeometric function. Series definition

Rl =3 O were (= TG
Euler's integral representation:
2Fi(a, Biyix) = I'(a)ll:g)— 04)/0 duu® ' (1 —u)" 71— ux) P

«40O>» «Fr «=)r <
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Contours can be extended to a set of two by integrating between different
branch points: v = [0,1], 72 =[0,1/x].

1/x

1
2F1(o, By x) ~ / duu® N (1 —u)"" 71— ux) P
0
1 1/x 1 1
2F1 (a,l—i—a—'y;l—ﬁ—i—a; )—(> N/ duv® (1 —u)" N1 —ux)7?
0

«40O0>» «Fr «=)>» «
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