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Paths to Solving the Strong CP Problem
and the Footprints Left Behind

Yuichiro Nakai (T. D. Lee Institute, Shanghai)

Sydney-CPPC zoom seminar




Lagrangian of QED :

Why don’t we have the following 6 term in QED ?

62

E-B 0 5¢"" FapFp

Parity or Time-reversal: |, - B — —F - B

This term has no physical consequences
because it’s a total derivative :

€M FopFuy = 0, (e2PM AL Fop)



Story is different in Lagrangian of QCD !

QCD is a non-Abelian gauge theory.

0 term is still a total derivative, but ...

[t GG £ 0

There are “instanton” solutions that do not drop off fast enough
to ignore the surface term.

The QCD theta term has physical consequences !



Strong CP Problem

QCD Lagrangian for strong interactions allows

g:

3272

explicitly violating CP symmetry.

Log=20

apv ,va
G Gw/

The physical strong CP phase : @ = @ — arg det (M, M)

The current upper bound on the neutron electric dipole moment

= 0| < 107!

Why is 9_ so small ??

Some shifts of 9_ would not provide a visible change in our world.



Potential Solutions

 Massless up quark

Existing global U(1) axial symmetry can rotate the 6 term to zero.

Ruled out by the lattice result.

e AXion

Axion dynamically cancels the 6 term at the minimum of its potential.

e Spontaneous CP (or P) violation

CP is an exact symmetry of the Lagrangian but broken spontaneously
at the vacuum.

CKM phase is generated without reintroducing the 06 term.



Potential Solutions

 Massless up quark

Existing global U(1) axial symmetry can rotate the 6 term to zero.

Ruled out by the lattice result.

e AXIiOn

Axion dynamically cancels the 0 term at the minimum of its potential.

e Spontaneous CP (or P) violation

CP is an exact symmetry of the Lagrangian but broken spontaneously
at the vacuum.

CKM phase is generated without reintroducing the 06 term.



Axion Solution

The most common explanation is the Peccei-Quinn mechanism
that the strong CP phase is promoted to a dynamical variable.

Lo = (9 ' a) 9 Gamw o
° | fo /) 3272 atd

T K AQCD

1 AQCD
a

Fuminobu Takahashi slide

The axion a dynamically cancels the strong CP phase !



Axion Solution

Axion is a pseudo-Nambu-Goldstone boson associated with
spontaneous breaking of a global U(1)ra symmetry.

Non-perturbative QCD effects break the U(1)ra explicitly
and generate the axion potential :

RO T T T g g

a falGeV]
2 p2 | 108 108 102 ol 10 108 10F 10 A0 10F (0f 1) 102 (!
~
V(a) ~ mZ fZ cos (0 -7 )
a post—inflation PQ transition < Hot-DM / CMB / BBN

& pre—inflation PQ transition .Telescope/EBL
(natural values)
Axion can be a dominant Cold DM bl
component of dark matter : . .

ADMXI IADMX [ |IAXO

108 GeV S/ fa rS 1012 GeV IIII|||||III|H||| IIIIIIIII IIIIIIH| IIIIIIIIl IIIIIIIIILIIII_ _II_ _______________
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Naturalness problem of the intermediate scale

PDG



Composite Axion

Axion emerges as a pion-like bound state of a new gauge dynamics.

Chiral symmetry breaking : Fields|[SU(3)||[SU(N)]|U(1)prq
SU(4);, x SU(4) g — SU(4)y Q| 3 N :
M 1 N —3
D SU(3). - - =
Q 3 N 0
One of pNGBs is identified as axion. B _
T 1 N 0

Anomaly coefficient :

A(U(1)pg — SU(3)%) = % =P Axion coupling to QCD

Domain wall number

Dimensional transmutation naturally explains the hierarchically small
PQ breaking scale.




Axion Cosmology

e Cosmological consequences :

* U(1)rq breaking before inflation » Isocurvature perturbations
Constraint on the inflation scale

* U(1)pa breaking after inflation

Axion field acquires spatial variations
across the Universe. X

d ~ vaewa ; S

Masahiro Kawasaki slide
'. Formation of
cosmic strings




Domain Walls

As the Universe expands and cools,
the axion gets a potential with Npy, minima.

Domain wall number ( associated with color anomaly )

Domain walls form as disk-like structures attached to

strings and eventually collapse due to their tension.

Y

Collapse Masahiro Kawasaki slide

Decay of the string-domain wall network produces a lot of axions
which dominate the axion DM abundance.




DI ENRYVEUE

. Npw=

.
o o 6.9

Domain walls form a stable network / g \ / \
that eventually dominates the Universe. -

T P
= Domain wall problem m Al

Npw = 2

wal Now=3

Masahiro Kawasaki slide * : ;
Stable and dominate the universe




Bias Term

A potential solution to the domain wall problem is to introduce
a small explicit breaking of the U(1)rq symmetry ( Bias term).

Bias term lifts the vacuum degeneracy !

= Domain walls collapse before w bias —
they dominate the Universe. . W/o bias -

* Axion DM abundance is changed.

-7 ‘ -7/2 0 7t/2 ' TT
However ... 0, = a/f,

* Ad hoc introduction of the bias term is unsatisfactory.



Potential Solutions

e Special embedding Hor, YN, Suzuki, Xu (2025)

The SM gauge group is identified as a special subgroup of a UV group
to obtain small instanton effects resolving the vacuum degeneracy of
the axion potential.

e Bias with a timer Hao, Nakagawa, YN, Suzuki (2025)

New scalar field interaction with the axion provides the origin of
a (time-dependent) bias term.

e PQ symmetry non-restoration Nakagawa, YN, Qiu, Wang, Wang (2025)

PQ symmetry remains broken in the entire history of the Universe,
avoiding the formation of axion strings and domain walls.



Potential Solutions

e Special embedding Hor, YN, Suzuki, Xu (2025)

The SM gauge group is identified as a special subgroup of a UV group
to obtain small instanton effects resolving the vacuum degeneracy of
the axion potential.

Our focus
e Bias with a timer Hao, Nakagawa, YN, Suzuki (2025)

New scalar field interaction with the axion provides the origin of
a (time-dependent) bias term.

e PQ symmetry non-restoration Nakagawa, YN, Qiu, Wang, Wang (2025)

PQ symmetry remains broken in the entire history of the Universe,
avoiding the formation of axion strings and domain walls.



Special Subalgebra

Simple Lie algebras possess not only regular subalgebras
but also special subalgebras.

Regular subalgebras : systematically obtained by removing nodes
from Dynkin diagrams.

Special subalgebras : SU(5) / Remove

do not follow this scheme ! O O O O

SUB) x SUE) x U(@)

O—O O

= Representation contents and group-theoretic indices
are reorganized in a non-trivial manner.



Special Embedding

Consider a gauge sym. breaking: SU(MN) — SU (M) x SU(N)

Embed bi-fundamental representation of SU(M) x SU(N) into
fundamental representation of SU(MN).

o ~

. a Aa .
v — ePulm oPNTN y

Iy, «08—— - Generators of SU(M) in fundamental rep.
T =Ty @1Inen = | O I )

1
tr(TL T, = 55@’?

L (To)11 s (T )12
Larxmr (T)21 Larxmr (TR )22

|

~ Generators of SU(N) in fundamental rep.
(T7%) = 0 " ;

A 6"
TN:1M><M®TN:



Special Embedding

Embed SU(M) x SU(N) generators into those of SUMN) :

na  _ pyamgm A~ m;yomrrm
Ty = Oy Tyvy v = Oy Tyvy
Coefficients Coefficients

L 1 1
tr(78,1%,) = N - iaab tr(F87h) = M - 556“5

m n 1 mn
tr(TovIiy) = 50

b b
Oﬁn ]\Zlémn — CM 0% ] CN — N

=D

OO Omn =N 6™, en=M



Special Embedding

Consider a fermion  which transforms as fundamental rep. of SU(MN)
and bi-fundamental rep. of SU(M) x SU(N) :

O — iguv Ayy MTIGnvw

D, =

Dyt — igIR, MAIR M MTMw — ig1IR, N AR N,M’Nw

am
IR,N,u Oy

Matching the gauge fields :
m _ 9IrR,M O m _ JIR,N
UV,u — IR, M, Y M UV, —
7/’1’ gUV Y 7/"1' 7/‘1’ gUV
Canonically normalized kinetic term
guv guv
=) | JirRM = : JIR,N =

NGy,




Special Embedding

Consider a fermion { which transforms as fundamental rep. of SU(MN)
and bi-fundamental rep. of SU(M) x SU(N) :

Dy = 0y —iguvAvyy ,Tovy

2 (%w — 1JIR, MAIR M MTMw — IR, NAIR N,MTN

Theta term
2

2
Iir 9
/Z[;_\Z/tr(FUV/\FUV) D /CN éﬂ tr(Fr, v A FIR, N)+/CM g;ytr(FIRM/\FIR’M)

* A

Domain wall # = 1 in UV gauge theory

» Nontrivial domain wall # in IR gauge theory !



UV Completion

_ Hor, YN, Suzuki, Xu (2026)
Gauge symmetry breaking :

SUMAN) x SU(3)s x SUN)o xU(l)x — SU(N) x SU3). xU(1)y
D SU(4); x SU(N); : Special embedding Diagonal subgroup

o All SM matter fields are charged under SU(3)2 x U(1)x

e A vector-like pair of PQ-charged fermions transform as
(anti-)fundamental reps. under SU(4N), so that Npw = 1.

After gauge symmetry breaking ...

¥:(N,3)+(N,1), ¥:(N,3)+ (N,1)

 The apparent vacuum degeneracy is lifted by small instanton effects
on the axion potential that operates as a PQ-violating bias term.




Small Instanton

QCD 0-vacuum : superposition of n-vacua ( energy degenerate but
topologically distinct )

0) = > e ™n)=-..410) +e 1) + -
n==—0c \/

Instanton describes the tunneling effect between degenerate n-vacua

Instanton . localized object in Euclidean spacetime, satisfying Euclidean
EOM with non-trivial topology and minimize Euclidean action

SU(2) BPST instanton solution with Q =1 :

g2

dix For po — c 7
327‘-2 / HY inst. Q (Q )
(x — x9),
A° | — 21,
u(m) 1—inst. Hag (x — x0)? + p?

Position Instanton size



Small Instanton

8712
Instantons contribute to the axion potential o exp < 5 )
g?(1/p)

In QCD, large-size instantons dominate the axion potential due to
asymptotic freedom.

UV gauge interaction beyond QCD » Small instanton effects

a(x)
S L Fng 13x3 0
~ CXP Z-Sa(:z;)

0 -7 frq

*
.
L]
n
.
*e
w

’t Hooft vertex

» Van ~ Acut\Ij\Ife_SWQ/(gSU(élN)(Acut))2

A : cut-off scale



Post-Inflation Axion

PQ symmetry is spontaneously broken after reheating.

We focus on the scenario where the axion field starts to oscillate due to
the axion mass originated from the bias term : 5
- 2 1 0 Vbias

T - —
bias f]_i2>Q (9(92

Temperature when the oscillation starts :

7'('2

Mg (Tl) ~N Mpias — SH(Tl) H(T1)2 ~ 90M2 g*T14
Pl

f —0.19
T T = 0.98 GeV -
L 1’$CD - (1012 Gev>

Temperature when the axion would start to oscillate with
non-perturbative QCD effects if there was no bias term

Domain walls decay in a similar way as the standard Now = 1 case.




Post-Inflation Axion

_ A, >10"10 f, <4 x10% GeV Ty < T1.qcp T Q.h%>0.12
Axion abundance :

SIS

Q.h? ~ (272) x 10717 Irq
13

A large bias term shifts the axion
potential minimum :

AHC ~ 96 B T I TV TV L TV TR T
VQCD — Relative phase frq [GeV]
100 prrrrrm—ion a0Undance &b
Neutron EDM sy

> 20, 107

Axion does not appear to explain |
the correct DM abundance... 10-3L ol

8 9 I IHH"IlOI Ilnmllll I”“"|12I T, 13
10 10 10 10 10 10
pr [GGV]




Potential Solutions

e Special embedding Hor, YN, Suzuki, Xu (2025)

The SM gauge group is identified as a special subgroup of a UV group
to obtain small instanton effects resolving the vacuum degeneracy of
the axion potential.

e Bias with a timer Hao, Nakagawa, YN, Suzuki (2025)

New scalar field interaction with the axion provides the origin of
a (time-dependent) bias term.

e PQ symmetry non-restoration Nakagawa, YN, Qiu, Wang, Wang (2025)

PQ symmetry remains broken in the entire history of the Universe,
avoiding the formation of axion strings and domain walls.




Bias with a Timer

Hao, Nakagawa, YN, Suzuki (2025)

The new scalar field acquires a nonzero VEV during inflation, inducing
an effective PQ-violating interaction.

2
2 U%Q 1 )‘?S' 2n
Veq(P,5) D Ap | [P ——7 ] + (n))? M2n—4|S|
) Pl

A
ml M4

+ m§|5|2 + ( S™mpt 4 h.c.) [, m, n: integers

As the scalar field relaxes to the origin, the PQ violation is turned off.

Viot = VQCD




Bias with a Timer

(Npw» 1) = (2,3) = New way of domain wall decays !
Structural instability

1 a
Vpar= —gmbectacos (B +9)
# DW for VBQ

[ (= 3) walls are attached with the axion string.

.......................
Vaco becomes A ). T AT LA
(I P M. ¥ AR A R ARG N
dominant. 3 : :
: ; ;
# """""""""""""""""""""
Vacua2and3 ™. AN @ """"

are integrated.

(]
00000
. . . .
. . . .
'''''''
. -

The domain wall is isolated and collapses by the tension!



PQ Non-restoration

Nakagawa, YN, Qiu, Wang, Wang (2025)

PQ symmetry remains broken in the entire history of the Universe,
avoiding the formation of axion strings and domain walls.

V(@) = c2| ®[*T? + O(T°)
co >0 co <0
.A.Veff A‘/eﬂ‘

| Restoration Non-restoration

Non-restoration can be realized by additional scalar(s) coupled to
PQ breaking field(s).



PQ Non-restoration

* U(1)pa breaking during inflation * Isocurvature problem

Linde’s solution (1991)

During inflation, PQ fields are stabilized at large field values, finr » fa.

After inflation, PQ fields roll along a flat direction, which is stabilized
around fa.

Phase Il
__Yes
—_— NO |@1|
< Large
- Barrier

When reheating completed, thermal correction never restores PQ
symmetry thanks to the additional scalars.



Axion Quality Problem

The most common explanation is the Peccei-Quinn mechanism that
the strong CP phase is promoted to a dynamical variable.

a 9.3 apy a
Lo= |6 G“*G®

fo /) 3272 H
Axion rolls down

T < Aqep / its potential.

CP is recovered
T > Aqcp _+—| at the minimum.

> a

The axion a dynamically cancels the strong CP phase.

Axion arises from spontaneous breaking of a global symmetry
which must be preserved to an extraordinary high degree.
= = *

Incompatible with quantum gravity effects ( axion quality problem)




Potential Solutions

 Massless up quark

Existing global U(1) axial symmetry can rotate the 6 term to zero.

Ruled out by the lattice result.

e AXion

Axion dynamically cancels the 6 term at the minimum of its potential.

e Spontaneous CP (or P) violation

CP is an exact symmetry of the Lagrangian but broken spontaneously
at the vacuum.

CKM phase is generated without reintroducing the 6 term.



Spontaneous CPV

e Spontaneous CP violation (SCPV) provides an axionless solution
to the strong CP problem.

 CP is an exact symmetry of the Lagrangian but
broken spontaneously at the vacuum

=) Generation of the CKM phase without
reintroducing a nonzero strong CP phase

Nelson-Barr mechanism

A vector-like pair of heavy quarks is introduced, so that
the extended quark mass matrix transmits SCPV into the CKM matrix.

Czu(j_q+aafn_ac7fq+yffHQfJf » M = 0 .
Heavy quarks CP breaking field

M aa,fn&>




Challenges for SCPV

 Naturalness problem: the mechanism requires new scalar fields
whose VEVs break CP much below the Planck scale.

__OF

e Sensitivity to higher-dim. operators and radiative corrections,

regenerating a strong CP phase.
£ 5 Pnadq+ “EHQG + YasmanyH'H i

Dine, Draper (2015)



Challenges for SCPV

v SUSY stabilizes the SCPV scale in much the same way it stabilizes
the EW scale.

v SUSY can forbid or strongly suppress dangerous higher-dim. operators.

It’s reasonable to consider SCPV in SUSY.

For non-SUSY approach, see e.g. Girmohanta, Lee, YN, Suzuki (2022).



Supersymmetry

» The symmetry to exchange a boson with a fermion.

 Every particle has a partner with the same quantum numbers
but a different spin.

Standard Model particles SUSY particles

Higgs

v 4

Vel Ve Vs

e u T
quarks squarks
® leptons ® sleptons

® force carriers ® SuUSY force carriers



Supersymmetry

Unbroken SUSY requires superpartners with the same mass
as the SM particles.

If SUSY is realized in nature, it must be broken.

* Rich varieties of superpartner mass spectrum.



Supersymmetry

Quantum effects of the SM particles are cancelled by
the opposite-sign effects of superpartners.

Superpartner

-

SM particle

Cancellation works well

Superpartner mass must
be near the weak scale.

The LHC can find SUSY ?



Supersymmetry

To ensure proton stability, a discrete symmetry called
“R-parity” is imposed.

SM particles : even, Supersymmetric particles : odd

The lightest supersymmetric particle (LSP) becomes stable.

= A candidate of dark matter
Electrically neutral and invisible at detectors Jet

SUSY searches at the LHC

Find “Jet + missing energy” signals ! > q
G

é : Squark
~ 0
Zl : LSP



Supersymmetry

Strength of gauge boson couplings changes with energy.

Virtual superpartners change their behaviors.

60
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S. Dimopoulos, S. Raby, F. Wilczek (1981).

Institute for Theoretical Physics, University of California, Santa Barbara, California 93106,
and University of Michigan, Ann Arbor, Michigan 48109

S. Raby (x_1 30

 Institute for Theoretical Physics, Stanford University, Stanford, California 94305
and Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305

50 §
-
PHYSICAL REVIEW D VOLUME 24, NUMBER 6 15 SEPTEMBER 1981 ]
Supersymmetry and the scale of unification 40 -
S. Dimopoulos o
Institute for Theoretical Physics, Stanford University, Stanford, California 94305, .
~ o
-

Frank Wilczek
Institute for Theoretical Physics, University of California, Santa Barbara, California 93106

(Received 20 April 1981) 2 O

Unified theories which are supersymmetric down to energies ~10°~10° GeV have been proposed as possible
solutions to the gauge-hierarchy problem. The additional particles then required have significant effects on
renormalization of coupling constants. The previous successful calculation of the weak mixing angle is only slightly
changed, but the scale of unification is moved significantly higher, into the range of the Planck mass. This may be
suggestive of an eventual unification including gravity, and markedly reduces the predicted rate of nucleon decay.

10

Thre_e coupling_s uni 2 4 6 30911'&'/613\/') 14 16 18
precisely at a high scale !




SCPV in SUSY

The physical strong CP phase :
0 =0 — argdet (M, My) — 3arg (mgz)

Gluino mass

To set the cosmological constant to zero

mp (W) ~ mg/o Mg

T Gravitino mass

Complex phase generates a gluino mass phase via 1-loop anomaly med.

~ Qg 113 /2 _
Constrainton @ mp —= 3/ <1071
47 m§

Gravitino mass must be sufficiently small.



SCPV in SUSY

e Flat directions are ubiquitous in SUSY.

Valleys in field space along which the potential is exactly flat.

e Flat directions naturally contain a point to spontaneously break CP.

How to stabilize such a point ?

Giving positive masses for all scalar fields around the minimum.

 Two qualitatively different ways for the stabilization:

v Purely in a supersymmetric way <«@=m No low-energy mode ...

v Through SUSY breaking effects



SCPV in SUSY

e Flat directions are ubiquitous in SUSY.

Valleys in field space along which the potential is exactly flat.

e Flat directions naturally contain a point to spontaneously break CP.

How to stabilize such a point ?

Giving positive masses for all scalar fields around the minimum.

 Two qualitatively different ways for the stabilization:

v Purely in a supersymmetric way

v Through SUSY breaking effects «¢m Let’s focus !



SCPV via SUSY

Liu, Nakagawa, YN, Wang (2025)
e Supersymmetric potential

Vi = X192 — v |2 + XX 2 (|o1] + |p2|°)

Real parameter

* (X) =0, (¢1)= vi€'y, (P2) = vae " vyvg = v’
t T 1

Not uniquely determined SCPV scale

P1(x) = (vl + Ul\;?) exp [ <9+ \[(jj)] P2(T) = (’02 + Oi}?) exp [ ( 0+ \/—(2)]
Massless modes :

s(z) = ;a@m(a:)—vzoz(a:)), a() = — (1 () — vama(2))




SCPV via SUSY

Two terms with different periodicity are needed, e.g. V = C cosf + D cos(26)

e SUSY breaking

1 1 .
Vsoft = (§b1¢% + §b2¢3 + h-C-> - m%QbTle + m%¢2§b2

The potential is bounded from below. = [b;| < m7, |bo]| < m3

* Non-perturbative effect

SU(N) dark QCD with quarks coupled to SCPV fields.

» Vayn =

K2 + K3 A6~
1 2

K11 4+ Koo~ ™
‘_>

Real coupling constants A : dark QCD dynamical scale



(K3 + K3)AS~

by v m?2 v
= b (fuf%— b——2) cos (20) + m3 (’U%—I— 777%@ + [

k20?2 + K3V V3 + 2K1Kov2 cos(20)]1 7w

—b

Stabilized at a non-trivial value (£ 0, )

_B=05,y=3, N=3

1

3.0f

All directions properly stabilized. \

2.0

Existence of light modes :
2 2

mg, =~ m2 S Mg ott 1.0}

T os|

a S N~

Unboun
below

ded from

Much smaller than SCPV scale ! oot

-1 0 1 2

3

ap = by /b1, = ms/m3, B = by /mi,y = AG_%/(m%U4_%)



SCPV via SUSY

Solving the strong CP problem via SCPV

Gauge med.

Nelson-Barr quarks ° Gravity med.

mi ~ mg ~ mg/2 < (10 — 100 keV)2

Light particles feebly interacting with SM are predicted !

Detailed phenomenology & cosmology will be explored in a future study.



Considering SCPV Fujikura, YN, Sato, Yamada (2022)

e What is the source of CPV for baryogenesis?

e High reheating temperature for thermal leptogenesis causes
the overproduction of gravitinos.

Affleck-Dine (AD) mechanism

realized in SUSY and compatible with a low reheating temperature.

v AD field (¢) coherent rotational motion leads to
baryon asymmetry.

° ~ QqL @\
¢: iezﬁ : d

Vol np_1, = q_pp-0

Im[¢]

v Explicit CPV is not needed. Re[¢]



Baryogenesis

Fujikura, YN, Sato, Yamada (2022)

If gravitino gives DM ...

Lyman-a constraint = M3/ J 9.3keV

Smallest value of @ 107,

SCPV scale and reheating
temperature are chosen to obtain
the observed asymmetry and DM. =

Consistency with SCPV via SY8Y
will be explored in a future study.

Future sensitivity

10—12
10°

10° 10°
Msott |GEV]

Neutron EDM is within the reach of near-future experiments !



Composite axion

e UV completion via special embedding leads to domain wall #
=1.

e Small instanton effects provide a bias term for the domain wall
decay.

Spontaneous CP violation (SCPV) in SUSY

e SCPV vacuum stabilization via SUSY breaking predicts
light particles feebly interacting with SM.

 Neutron EDM is within the reach of near-future experiments.

Thank you.



