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Navigating the State Transition
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Two-state quantum systems

Time-independent Hamiltonian Time-dependent Hamiltonian

Transitions in 
vacuum Transitions in matter

Adiabatic regime
Slow matter variations

State adapts

Non-adiabatic regime
Fast matter variations

Sudden transitions

Goal: Derive analytical insight in the description of non-adiabatic transitions during the time-
evolution of two-state quantum systems.



Density Matrix Formalism (Two-State Quantum System)
Schr ሷ𝒐dinger equation: 
Evolves the state vector | ۧ𝜓(t)

von-Neumann equation: 
Evolves the density matrix 𝜌𝛼𝛽(t) ≡ 𝜆𝛼 ො𝜌(t) 𝜆𝛽

ො𝜌(t) = | ۧ𝜓(t) |𝜓(t)ۦ

s.g.pandit@soton.ac.uk University of Southampton arxiv:2606.24310v2

In a basis {| ۧ𝜆𝛼 }𝛼=1,...,n
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Any Hamiltonian matrix can be written 
as 

Cancels in the commutator!

Oscillation physics 
is in the effective 

Hamiltonian
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Density Matrix Formalism (Two-State Quantum System)
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ො𝜌(t) = | ۧ𝜓(t) |𝜓(t)ۦ

Any Hamiltonian matrix can be written 
as 

Cancels in the commutator!

Oscillation physics 
is in the effective 

Hamiltonian

Parametrization in the space of Pauli 
matrices

Basis 
independent!

Bloch equation!! ⟹ precession of polarisation vector about potential vector.
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Initial 
Condition

𝜌(0) =
1 0
0 0

⇕

P(0) = (0,0,1)

In a basis {| ۧ𝜆𝛼 }𝛼=1,...,n

3/12



System Hamiltonian in Interaction Basis
• Basis Notation
         Interaction basis :                                                       Energy eigenstate basis : 

         Basis transformation with Unitary matrix,

s.g.pandit@soton.ac.uk University of Southampton arxiv:2606.24310v2

(mixing angle)

4/12



System Hamiltonian in Interaction Basis
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(mixing angle)

In general, we can decompose 
Hamiltonian in time-independent & 
time-dependent parts:

𝐻 𝑡 = 𝐻0 + V(t)

Effective Hamiltonian:

Recover the required form of V(t) by defining the time-dependent energy splitting and mixing angle

[Bloch 1946]
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https://journals.aps.org/pr/abstract/10.1103/PhysRev.70.460


• Probability to find the system in state | ۧ𝝀𝟐  at time t can be 
extracted from the z component solution by using

       𝜌22 = (1 − Pz)/2

• Application in Neutrino Physics: Solar Neutrino 
Oscillations in Vacuum where l⨀ = ct.

The Simplest Case: 

Time-Independent Hamiltonian

Trivial Solution!
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Time-dependent Hamiltonian: Adiabatic Regime

Adiabaticity parameter 
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• Probabilities obtained for a more general Hamiltonian with no restrictions 
on diagonal and off-diagonal interactions:

Adiabatic regime: 𝜸 ≫ 𝟏

• Rotating the frame P(t) → P′(t) = R(t) P(t), the modified Bloch 
equation is given by
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Application: MSW Effect in Solar Neutrinos (active-active)
• Time dependence in the diagonal element,

Electron number 
density inside 
the Sun

𝝃 ≡
𝒓

𝑹⊙
, ෡𝑽(𝒕) ≡

𝑽(𝒕)

△ 𝑬(𝒕)Solar MSW effect with 𝑬 = 𝟏𝟎 𝑴𝒆𝑽
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Survival Probability in Solar Neutrinos
• Survival probability 𝑷𝝂𝒆⟶𝝂𝒆

 of solar neutrinos as a function of the neutrino energy 𝑬 

Low energies, Vacuum limit High energies, MSW limit 
for 𝜽𝟎 =

𝝅

𝟐
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Time-dependent Hamiltonian
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• In the approximation 𝑷𝒛 ≃ 𝟏 (small mixing angle), the crossing probability solution is

• Retaining the 𝜸(𝒕) term in the evolution 
equation, the polarisation vector components 
are obtained by a simple change of basis:

Extremely Non-Adiabatic Limit

LZSM approximation

This formula nicely interpolates between adiabatic regime, LZSM and extremely non-adiabatic limit.
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Adding Interaction With Environment

• Lindblad equation for realistic quantum systems

• General expression for conversion probability when including decoherence

Decoherence 
rate



Summary
• Derived a general analytical expression for non-adiabatic two-state mixing.

• Unified framework: smoothly interpolates between the Landau-Zener-Stuckelberg-Majorana (LZSM) limit 

with the extremely non-adiabatic limit.

• Incorporates decoherence, making it ready-to-use for open quantum systems.

• We plan to apply these very general results to various problems,

i. solar active-sterile neutrino mixing,

ii. active-sterile neutrino mixing in the early universe,

iii. very heavy dark matter production from sterile-sterile neutrino mixing,

iv. photon-dark photon mixing (kinetic mixing) in the early universe……

• Density Matrix Formalism has wider applications beyond particle physics and serves a general quantum 

mechanical description for mixing of two quantum states.

i. Landau-Zener transitions in Molecular/Chemical Physics,

ii. State preparation and Qubit manipulation in Quantum Information,

iii. Laser driven transitions in Atomic systems……
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Thank you for listening!



Interaction Basis
• Basis Notation
         Interaction basis :                                                       Energy eigenstate basis : 

         Basis transformation

with Unitary matrix,

Specialise to 
interaction basis

constant 𝛼(t)
real △ H(t) 
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In Neutrino Physics, interaction basis ≡ flavor eigenstates and energy eigenstate basis ≡ mass eigenstates. 
U(t) corresponds to the Leptonic mixing matrix and 𝜃(t) is the mixing angle.



Time-dependent Mixing Angle
• How to connect this structure to the two-states systems observed in physics?

In general, we can decompose Hamiltonian 
in time-independent & time-dependent 
parts:

𝐻 𝑡 = 𝐻0 + V(t) Always true! V(t) =
V11(t) V12(t)
V21(t) V22(t)

Effective Hamiltonian:

△ v(t) ≡
△ V(t)

△ E0
v12 𝑡 ≡ −

2V12(t)

△ E0

△ V(t) ≡ V11(t) − V22(t)

Definitions

Recovered the structure from DMF!

Ready to use!
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   𝒐 ¨


  |   𝜓 ( t ) ⟩


   𝜌  𝛼 𝛽 ( t ) ≡  ⟨   𝜆 𝛼 |   𝜌 ^ ( t ) |   𝜆 𝛽 ⟩


   𝜌 ^ ( t ) = |   𝜓 ( t ) ⟩  ⟨  𝜓 ( t ) |


    { |    𝜆 𝛼 ⟩ }  𝛼 = 1 , . . . , n


   𝒐 ¨


  |   𝜓 ( t ) ⟩


   𝜌  𝛼 𝛽 ( t ) ≡  ⟨   𝜆 𝛼 |   𝜌 ^ ( t ) |   𝜆 𝛽 ⟩


   𝜌 ^ ( t ) = |   𝜓 ( t ) ⟩  ⟨  𝜓 ( t ) |


    { |    𝜆 𝛼 ⟩ }  𝛼 = 1 , . . . , n


   𝒐 ¨


  |   𝜓 ( t ) ⟩


   𝜌  𝛼 𝛽 ( t ) ≡  ⟨   𝜆 𝛼 |   𝜌 ^ ( t ) |   𝜆 𝛽 ⟩


   𝜌 ^ ( t ) = |   𝜓 ( t ) ⟩  ⟨  𝜓 ( t ) |


  ⟹


  𝜌 ( 0 ) =  (     1  0   0  0 )


  ⇕


   P → ( 0 ) = ( 0 , 0 , 1 )


    { |    𝜆 𝛼 ⟩ }  𝛼 = 1 , . . . , n


  𝛼 ( t )


  △ H ( t )


  𝛼 ( t )


  △ H ( t )


  H  ( t ) =  H 0 + V ( t )


   V → ( t )


  |    𝝀 𝟐 ⟩


  t


   𝜌  22 = ( 1 −  P z ) / 2


   l ⨀ = ct


  𝜸 ≫ 𝟏


   P → ( t ) →   P ′ → ( t ) = R ( t )    P → ( t )


  𝝃 ≡  𝒓   𝑹 ⊙ ,      𝑽 ^ ( 𝒕 ) ≡    𝑽 ¯ ( 𝒕 )  △ 𝑬 ( 𝒕 )


    𝑬 = 𝟏 𝟎   𝑴 𝒆 𝑽


   𝑷   𝝂 𝒆 ⟶  𝝂 𝒆


  𝑬


   𝜽 𝟎 =  𝝅 𝟐


   𝑷 𝒛 ≃ 𝟏


  𝜸 ( 𝒕 )


  𝛼 ( t )


  △ H ( t )


  ≡


  ≡


  U ( t )


  𝜃 ( t )


  H  ( t ) =  H 0 + V ( t )


  V ( t ) =  (      V  11 ( t )   V  12 ( t )    V  21 ( t )   V  22 ( t ) )


  △ v ( t ) ≡   △ V ( t )  △  E 0


   v  12  ( t ) ≡ −   2  V  12 ( t )  △  E 0


  △ V ( t ) ≡  V  11 ( t ) −  V  22 ( t )

