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Introduction

Magneto-thermal simulations of magnetars 
and modelling of their electromagnetic 

emission (MATINS 3D code)

Modelling Electromagnetic Counterparts of 
Compact Binary Mergers (SGRB + 

Kilonovae + Spindown-powered transients) 
through semi-analytical and numerical 

methods 

The tutor



Outline of the tutorial

• Observational Introduction 
• Kilonova in a nutshell 
• A Kilonova Toy-model  

• Microphysics of Kilonovae 
• Multiple component Kilonovae 

• How we model Kilonovae 
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γ − rays

GW

(LVC, Fermi & Integral Collaborations, 2017)



γ − rays

GW

(LVC, Fermi & Integral Collaborations, 2017)

HST observations ( https://www.nasa.gov/press-release/nasa-
missions-catch-first-light-from-a-gravitational-wave-event)

https://www.nasa.gov/press-release/nasa-missions-catch-first-light-from-a-gravitational-wave-event
https://www.nasa.gov/press-release/nasa-missions-catch-first-light-from-a-gravitational-wave-event
https://www.nasa.gov/press-release/nasa-missions-catch-first-light-from-a-gravitational-wave-event


ESO-VLT/X-Shooter

Credit: ESO/E. Pian et al./S. Smartt & ePESSTO/L. Calçada

First spectral identification of  
the kilonova emission 
• the data revealed signatures  
     of the radioactive decay of  
     r-process nucleosynthesis 
• BNS mergers site for heavy 

elements production  in the 
Universe!

Pian et al. 2017, Nature

Optical/NIR Spectra

Tanaka et al. (2017)



AT2017gfo Lightcurve 

Villar et al. (2017)
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Kilonova Candidates

Before AT2017gfo…

Mej = 10−1 M⊙

Mej = 10−2 M⊙

(Tanvir+2013)

Kilonova candidate found as NIR 
bump appearing late time during 
short GRB afterglow.  

Most famous candidate 
GRB130603B (Tanvir+2013, Berger 
2013)  



Kilonova Candidates

Before AT2017gfo…

(Ascenzi+2019)

SN-less, Long 
GRB 
( )T90 ∼ 100 s



New Kilonovae - GRB 211211A

After AT2017gfo…

(Rastinejad+2022)

T90 ∼ 51.37 s

(Rastinejad+2022)
Mej,tot = 0.047+0.026

−0.011 M⊙

Mred ∼ 0.02 M⊙ vred ∼ 0.3c

Mpurple ∼ 0.01 M⊙ vpurple ∼ 0.1c



New Kilonovae - GRB 230307A

After AT2017gfo…

(Yang+2024)

(Solid lines = Afterglow 
shaded+hatched region kilonova)

(Levan+2023)

(Levan+2023)

 another LongT90 = 35 s



Ascenzi et al. 2021



Binary Neutron Star Merger

Ye
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Remnant + Accretion Disk

Unbound expanding 
matter heated by 
radioactive decays

⃗v

Thermal Optical-NIR 
Emission
(Kilonova) 
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Table 1 Timeline of major developments in kilonova research

1974 Lattimer and Schramm: r -process from BH–NS mergers

1975 Hulse and Taylor: discovery of binary pulsar system PSR 1913 + 16

1982 Symbalisty and Schramm: r -process from NS–NS mergers

1989 Eichler et al.: GRBs from NS–NS mergers

1994 Davies et al.: first numerical simulation of mass ejection from NS–NS mergers

1998 Li and Paczyński: first kilonova model, with parameterized heating

1999 Freiburghaus et al.: NS–NS dynamical ejecta ⇒ r-process abundances

2005 Kulkarni: kilonova powered by free neutron-decay (“macronova”), central engine

2009 Perley et al.: optical kilonova candidate following GRB 080503 (Fig. 9)

2010 Metzger et al., Roberts et al., Goriely et al.: kilonova powered by r -process heating

2013 Barnes and Kasen, Tanaka and Hotokezaka: La/Ac opacities ⇒ NIR spectral peak

2013 Tanvir et al., Berger et al.: NIR kilonova candidate following GRB 130603B

2013 Yu, Zhang, Gao: magnetar-boosted kilonova (“merger-nova”)

2014 Metzger and Fernandez, Kasen et al.: blue kilonova from post-merger remnant disk winds

Fig. 1 Timeline of the development kilonova models in the space of peak luminosity and peak timescale.
The wavelength of the predicted spectral peak are indicated by color as marked in the figure

that kilonova emission peaks in the NIR, with the optical emission highly suppressed,
has important implications for the strategies of EM follow-up of future GW bursts. The
timeline of theoretical predictions for the peak luminosities, timescales, and spectrap
peak of the kilonova emission are summarized in Table 1 and Fig. 1.

3 Basic ingredients

The physics of kilonovae can be understood from basic considerations. Consider the
merger ejecta of total mass M , which is expanding at a constant velocity v, such that its

123

Metzger 2020



Why are they interesting?

Isotropic EM- counterpart 
of GW and sGRBs  

R-process 
nucleosynthesis

Detectability of macronovae 7
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Figure 5. Resulting element distribution for the wind models (left) and dynamic ejecta (right). The blue dots are the solar system r-process mass fractions.

Teff ⇡ 2200 K
✓

10 cm2/g
k

◆0.4125✓0.1 c
ve j,•

◆0.0875✓0.01 M�
mej

◆0.1615
(3)

for the effective temperature where all exponents were evaluated
with a = 1.3.

2.4.2 Model 1

As our macronova model 1 (hereafter ’MNmodel1’) we employ a
model similar to the one used in Grossman et al. (2014) with a
spherically symmetric homologously expanding radial density pro-
file r(v) ⇠ r0(1� v2/v2

max)
3. In this model, it is assumed that all

macronova energy originates from the layer above the so-called dif-
fusion surface, defined as the surface for which the average diffu-
sion time is equal to the time from the merger. Any photons travel-
ing below this diffusion surface are considered trapped and there-
fore invisible. The total luminosity is then taken to be the mass of
this layer times the instantaneous radioactive nuclear heating rate;
thermal emission from the layer is assumed to be lost to PdV ex-
pansion work and therefore neglected. In this sense, our model pro-
vides a conservative lower bound for the macronova emission. The
emitted spectrum has an effective temperature of the photosphere
at optical depth tph = 2/3.
Practically, the models inherit from the hydrodynamic calculation
the ejecta mass, the electron fraction and velocity and from the net-
work calculation the instantaneous nuclear heating rate ėnuc(t), as-
suming that a fixed fraction ( ftot = 0.5 = const) thermalizes at all
times while the rest is lost. Note that in model 1 we always use the
FRDM mass model (Möller et al. 1995).
A major uncertainty in the prediction of macronova transients are
the opacities of the expanding r-process material, which unfor-
tunately has the largest effect on the spectral energy distribution
(SED), see Eq. (3). Based on atomic structure models, Kasen et al.
(2013) argued that the opacity of expanding r-process material is
dominated by bound-bound-transitions from those ions that have

the most complex valence electron structure. They found in partic-
ular that even small amounts lanthanides have a large impact on the
opacities. For example, the neodymium opacities exceed those of
iron as long as their mass fraction XNd > 10�4. From their studies
based on four species, they conclude that a gray opacity of ⇡ 10
cm2/g should be fairly effective for calculating bolometric light
curves. Similar conclusions were reached in a study by Tanaka &
Hotokezaka (2013). However, Kasen et al. (2013) and, more re-
cently, Fontes et al. (2015) point out that even this may be an un-
derestimate, and that the true value could even be an order of mag-
nitude larger.
We use the sum of lanthanide and actinide fraction, Xlan + Xact, to
decide which opacity value to use. Whenever it exceeds a limit-
ing value of 10�3, we use as fiducial value for the opacity in the
dynamic ejecta a value of k = 10 cm2/g, otherwise we use k = 1
cm2/g. The dynamic ejecta show a very large lanthanide fraction
of Xlan ⇡ 0.18 while this value varies widely for the different wind
cases, see column seven in Table 2, but is in almost all cases below
the threshold value.
Since the current knowledge is based on expensive atomic structure
calculations of so far only a few ions, the opacity value for strongly
lanthanide-enriched material is likely subject to considerable un-
certainties. We therefore also explore how our brightest case, N3
with DZ31-mass model, would appear in the case of a substantially
larger opacity value (k = 100 cm2/g).

2.4.3 Model 2

A major difference in macronova model 2 (’MNmodel2’) is that we
use time-dependent thermalization efficiencies. In addition, we can
switch between the FRDM and the DZ31 nuclear mass model. All
MNmodel2 calculations are performed with the Mendoza-Temis
et al. (2015) network. The effect of the DZ31 mass model is that a
larger fraction of trans-lead nuclei are produced and, as shown be-
low, this has a substantial impact on the nuclear heating rate at times

c� 2016 RAS, MNRAS 000, 1–??

(Rosswog et al. 2016)

(Rosswog et al. 2017)

(Ascenzi et al. 2021)

Why are they interesting?

R-process nucleosynthesis

Quasi-Isotropic counterparts 
of GWs from BNS mergers



Let’s build a toy 
kilonova model

(Adapted from D. Kasen notes that follows Arnett 1980, 1982)



dℰint

dt
= − P

dV
dt

+ ·Q(t) − L(t)

Work (Adiabatic cooling)

Heating

Luminosity

Assumptions:

1. Spherical, 1-zone model

2. Free-expansion:  R(t) = vt + R0

3. Radiation energy >> gas energy:  ,  E = ℰint /V = aT4 P = aT4/3

4. Rad. Cooling described by diffusion: L(r) = − 4πr2 c
3kρ

∂E
∂r

5. Constant opacity k



Step 1: timescale of photon escape

R(t)
v

tdiff =
R
c

τ =
ρkR2

c
≃

3Mk
4πcvt

τ = ρkR

tdiff(t) = t trad =
3Mk
4πvc



Step 2: Luminosity

R(t)
v

L(R) = − 4πR2 c
3ρk

∂E
∂r

(r = R)

∂E
∂r

∼ −
ℰint

VR

L(R) = 4πR
c

3Mk
ℰint =

ℰint(t)
t2
rad

(t + t0) t0 = R0/v



Step 2: Luminosity equation

R(t)
v

dℰint

dt
= − P

dV
dt

+ ·Q(t) − L(t)

P
dV
dt

=
1
3

ℰint

V
dV
dt

=
ℰint

R
dR
dt

=
ℰint

t + t0

dℰint

dt
=

d
dt ( Lt2

rad

t + t0 ) =
t2
rad

t + t0

dL
dt

−
ℰint

t + t0

dL
dt

=
t + t0
t2
rad

[ ·Q(t) − L(t)]



Step 2: Solving Luminosity equation

R(t)
v

dL
dt

=
t + t0
t2
rad

[ ·Q(t) − L(t)]

L(t) = exp (−
t2

2t2
rad ) [ ℰ0R0

vt2
rad

+ ∫
t

0

·Q(t′￼)( t′￼

t2
rad ) exp ( t′￼2

2t2
rad ) dt′￼]

t ≫ t0

exp ( t2

2t2
rad )

Using the 
integrating 
factor



Kilonova: Main Ingredients

tpeak = 4.9 days
⇣ k

10 cm2/g

mej

0.01M�

0.1 c

vej

⌘1/2

Lpeak = 2.5⇥ 1040
erg

s

⇣ vej
0.1 c

10 cm2/g

k

⌘0.65⇣ mej

0.01M�

⌘0.35

'

'

k

mej

vej

Opacity

Mass of the Ejecta 

Velocity of the Ejecta 

(Grossman et al. 2014)

Opacity

Tpeak = 2200 K ( k
10 cm2/g )−0.41( v

0.1 c )−0.09(
mej

0.01 M⊙
)−0.16

Assume: PL index for r-process decay a = 1.3



Blue & Red Kilonova

Red Kilonova

Days- 1 week after the 
merger

Lpeak 1041 erg/s

Spectral Range: Optical Red/ NIR

tpeak
tpeak

Blue Kilonova

1-day after the merger

Spectral Range: Optical

Lpeak & 1041 erg/s
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Going deeper into the problem…

• R-process nucleosynthesis  

• Heating Rates  

• Thermalization efficiency  

• Opacity and composition 

• Multi-ejecta Components



R-Process Nucleosynthesis



Basic Reactions 

(Z,N) + n ! (Z,N + 1)
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(Z,N) ! (Z + 1, N � 1) + e� + ⌫̄e
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Atomic Number

(# of protons)

Nuclide ! (Z,N)
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# of Neutrons

R-Process 

S-Process 

Neutron capture timescale 
smaller than beta decay 
timescale

Beta decay timescale 
smaller than neutron 
capture timescale
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� -decay

R-processes: a qualitative description
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Solar system abundances
- from solar photosphere + meteoritic abundances 
- indicative of gas cloud from which solar system formed 
- contributions from different processes

“Big Bang”“stellar burning” “neutron captures”

⇒ essentially  
two neutron capture  
processes in nature: 

• rapid n-capture  
  (“r-process”) 

• slow n-capture 
   (“s-process”)





Heating Rates
·Qr = MXr

·ϵr

·ϵr ≃ 2 × 1010 ( t
1 day )

−1.3

erg/g/s

Why a power-law instead 
of an exponential for 
radioactive decay? 

The power-law is given by considering the overall decay 
of many species with different decay time

(Korobkin+2012)



Let’s assume that the characteristic heating rate time are equally distributed 
in log(t) in the interval tmin < tr < tmax

For the single species with decay time  we have that: tr

Nr(t) ∝ e−t/tr ·Nr(t) ∝
e−t/tr

tr

·N(t) ≃
N
λr ∫

tmax

tmin

e−t/tr

tr

1
tr

dtr

Distribution of decay with tr
Rate of the elements 
with tr

Normalisation factor 

Solving by substituting u = t/tr

·N ≃
N
λr

e−t/tmax

t



·n =
·N

N⟨A⟩mp
∝ t−1

The number of decays per unit time per gram 
scales as t−1

However, for , longer lived isotopes releases lower energyβ − decays

Eβ,r ∝ t−a
r

·ϵβ = ·n(t)Eβ(t) ∝ t−(1+a) The temporal behaviour 
is steeper than t−1

Non-relativistic (relativistic) 
Coloumb regime applies 
(Hotokezaka+2016), such 
that  a = 1/3 (a = 1/4)

Eβ(t) ≃ Eβ,r

1 + a ∼ 1.3



Thermalization Efficiency 
-rayγ

-particlesβ

Fission 
Fragments

-Particles↵

Energy released during the radioactive decay is in form 
of non-thermal particles.  

They have to thermalize to share their energy with the 
ejecta 

They can do it through different processes, with a time-
dependant efficiency 

Main reference: Barnes+2016

Anti-neutrinos



Thermalization Efficiency 
-rayγ

-particlesβ

Fission 
Fragments

-Particles↵

Anti-neutrinos -decayβ

For example, in -decay, 20% of the energy goes in 
electrons, 45% in -rays, and 35% in neutrinos (Barnes 
+2016).  

Neutrinos do not thermalise. Only max ~65% of -decay 
energy available for thermalisation

β
γ

β

Main reference: Barnes+2016

-rayγ
ν

β



Thermalization Efficiency 
-rayγ

-particlesβ

-decayβ

-rays thermalise through photoionization ( ) 
and through Compton scattering ( ) 
γ ≲ 1 MeV

≳ 1 MeV

 particle thermalise through plasma losses (Coulomb 
interactions with free thermal electrons), excitation 
and ionisation of bound electrons  and 
Bremsstrahlung (at VHE) 

β



Thermalization Efficiency 

Fission 
Fragments

-Particles↵

-particles thermalize by interacting with free and 
bound electrons.
α

Fission fragments thermalize by interacting with free 
and bound electrons and atomic nuclei

However, -decay occurs mainly in translead 
nuclei (Z>82) and fission fragments for heavier 
nuclei. Their synthesis depends on the electron 
fraction

α



Thermalization Efficiency 

(Barnes + 2016)

(Barnes + 2016)

Thermalization efficiency depends on density, so 
on  and  and and time. It decreases in time. It 

is maximum for fission fragments >   

Mej v
α > β > γ

Thermalization becomes inefficient after the 
peak for most , for  and fission fragments. It is 
inefficient before the peak for 

β α
γ



Opacity

Lanthanides & Actinides:


Open electron valence f-shell

The Astrophysical Journal, 774:25 (13pp), 2013 September 1 Kasen, Badnell, & Barnes

Figure 1. Complexity of the elements (top panel) and their mass fractions in the r-process ejecta of neutron star mergers (bottom panel). The top panel plots the
number of states in the ground configuration for singly ionized ions, as estimated using the simple permutation counting of Equation (1). The pattern of peaks reflects
the filling of valance shells, with the color shading giving the orbital angular momentum l (yellow = s, blue = p, green = d, red = f). The bottom panel plots the mass
fractions determined in Roberts et al. (2011) by post-processing the hydrodynamical simulation of tidal tail ejecta.
(A color version of this figure is available in the online journal.)

momentum l has g = 2(2l + 1) magnetic sublevels; one can
estimate the number of states in a given electron configuration
by simply counting the permutations of the valence electrons

C = Πi

gi!
ni!(gi − ni)!

, (1)

where ni is the number of electrons in the nl-orbital labeled i, and
the product runs over all open shells in a given configuration. The
different terms and levels (i.e., distinct combinations of L, S, J )
derived from these various permutations are split by electrostatic
and fine-structure (e.g., spin-orbit) interactions. Equation (1)
can thus be used to estimate the relative number of distinct
energy levels of an ion, while the number of lines (i.e., radiative
transitions between levels) will scale roughly as C2. Figure 1
plots the complexity measure C for the ground configurations of
singly ionized ions, where the pattern of l shell filling is clearly
seen.

Equation (1) provides immediate insight into the opacity
of r-process ejecta. Ions with valence shells of higher l are
more complex, as are those whose open shells are closer to
half filled. This is why the iron group, with a nearly half-
filled d (l = 2) shell, usually dominates the line opacity in
typical astrophysical mixtures. Heavy r-process ejecta, however,
includes uncommon species of even greater complexity. Of
particular importance are the lanthanides (58 < Z < 70) and
the actinides (90 < Z < 100) which, due to the presence of an
open f (l = 3) shell, have complexity measures roughly an order
of magnitude greater than the iron group. While the actinide
series is generally of very low abundance, the lanthanides may
represent several percent of r-process material by mass. We will
find that these species dominate the total opacity of NSM ejecta,
resulting in opacities ∼10–100 times greater than previously
assumed.

To calculate the ejecta opacity in detail, we need a compre-
hensive list of atomic lines. As almost no data is available for
heavy ions, we turn here to ab initio atomic structure modeling

using the Autostructure code (Badnell 2011). These models
determine the approximate ion energy level structure and the
wavelengths and oscillator strengths of all permitted radiative
dipole transitions (Section 3). Without fine tuning the structure
model, the computed energies and line wavelengths are not ex-
act. Fortunately, the effective opacity in an expanding medium
is a wavelength average over many lines. Because our mod-
els reasonably capture the statistical distribution of levels and
lines, they can be used to derive fairly robust estimates of the
pseudo-continuum opacity (Sections 4 and 5).

Modeling the radiative properties of all high Z ions is a long
term endeavor; here we present initial structure calculations for
a few representative ions selected from the iron group (Fe, Co,
Ni), the lanthanides (Ce, Nd), and a few other heavy d-shell
and p-shell ions (Os, Sn). The Autostructure line data is
then used to calculate the opacity of expanding ejecta under
the assumption of local thermodynamic equilibrium (LTE). We
show that ions of similar complexity have similar properties,
which allows us to estimate the total opacity of an r-process
mixture based on the representative species (Section 6).

The derived opacities can be input into a multi-wavelength,
time-dependent radiative transfer code to predict the observable
properties of r-process SNe (Section 7). We discuss here the
general spectroscopic properties of these transients, while a
companion study explores the broadband light curves and their
dependence on the ejecta properties (Barnes & Kasen 2013).
In general, the high r-process opacities result in light curves
that are significantly broader, dimmer, and redder than the
previously believed. These results have important implications
for observational strategies to find and interpret the radioactively
powered electromagnetic counterparts to NSMs.

2. OPACITY OF RAPIDLY EXPANDING EJECTA

We set the stage by reviewing the physical properties of the
material expected to be ejected in NSMs. We then describe the

2

(Kasen, Badnell & Barnes 2013)

atomic number Z

open s shell
open p shell

open d shell
open f shell

Complex electronic structure

High number of transitions

High Opacity
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Hotokezaka 2013; Fontes et al. 2015, 2017). In both cases, the opacity rises steeply
from the optical into the UV, due to the increasing line density moving to higher
frequencies. Based on Fig. 10 of Kasen et al. (2013), we crudely approximate the
Planck mean expansion opacity of lanthanide-bearing ejecta near the time of peak
light as

κr =
{

200(T/4000 K)5.5 cm2g−1, 103 K < T < 4000 K
200 cm2g−1 4000 K < T < 104 K

, (7)

Considerable uncertainty remains in current calculations of the lanthanide/actinide
opacities because the atomic states and line strengths of these complex elements are
not measured experimentally. Theoretically, such high-Z atoms represent an unsolved
problem in N-body quantum mechanics, with statistical models that must be calibrated
to experimental data.

Beyond identifying the line transitions themselves, there is considerably uncertainty
in how to translate these data into an effective opacity. The commonly employed
“line expansion opacity” formalism (Pinto and Eastman 2000), based on the Sobolev
approximation and applied to kilonovae by Barnes and Kasen (2013) and Tanaka and
Hotokezaka (2013), may break down if the line density is sufficiently high that the
wavelength spacing of strong lines becomes comparable to the intrinsic thermal) width
of the lines (Kasen et al. 2013; Fontes et al. 2015, 2017). Nevertheless, the qualitative

Fig. 4 Schematic illustration of the opacity of the NS merger ejecta as a function of photon energy near
peak light. The free–free opacity (red line) is calculated assuming singly-ionized ejecta of temperature
T = 2 × 104 K and density ρ = 10−14 g cm−3, corresponding to the mean properties of 10−2 M⊙ of
ejecta expanding at v = 0.1 c at t = 3 days. Line opacities of Fe-like elements and lanthanide-rich elements
are approximated from Figs. 3 and 7 of Kasen et al. (2013). Bound-free opacities are estimated as that of
neutral Fe (Verner et al. 1996), which we expect to crudely approximate the those of heavier r -process
elements. Electron scattering opacity accounts for the Klein–Nishina suppression at energies ≫ mec2 and
(very schematically) for the rise in opacity that occurs above the keV energy scale due to all electrons
(including those bound in atoms) contributing to the scattering opacity when the photon wavelength is
smaller than the atomic scale. At the highest energies, opacity is dominated by pair creation by γ -rays
interacting with the electric fields of nuclei in the ejecta (shown schematically for Xenon, A = 131,
Z = 54). Not included are possible contributions from r -process dust; or γ –γ pair creation opacity at
energies ≫ mec2, which is important for high compactness ℓ ≫ 1 (Eq. 9)
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(Metzger 2020) (Fontes et al. 2017)
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Figure 3. Line expansion opacities of Se, Ru, Te (left), Ba, Nd, and Er (right). The calculations assume ρ = 1×10−13 g cm−3, T = 5, 000
K, and t = 1 day after the merger. The results are compared with the line expansion opacities of Fe calculated with Kurucz’s line list.
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Figure 4. Comparison of line expansion opacities between HULLAC and GRASP2K calculations. For singly ionized ions (Nd ii and
Er ii), the calculations assume ρ = 1× 10−13 g cm−3, T = 5, 000 K, and t = 1 day after the merger. For doubly ionized ions (Nd iii and
Er iii), the calculations assume the same density at the same epoch but T = 10, 000 K.

those of open s-shell (Ba) and p-shell (Se and Te) ele-
ments also have a similar trend with even lower opacities.
Figure 3 shows the opacity of each element calculated
with ρ = 1 × 10−13 g cm−3, T = 5, 000 K, and t = 1
day after the merger. For comparison, Fe opacities with
Kurucz’s line list (Kurucz & Bell 1995) are also shown.
The opacities of Nd and Er (open f-shell) are much higher
than that of Fe (open d-shell). The opacity of Ru (open
d-shell) is similar to that of Fe, which demonstrates the

similarity in the opacity for the elements with the same
open shell. The same is true for open p-shell; the opaci-
ties of Se and Te are found to be similar.
The opacities from the two atomic codes agree reason-

ably well. Figure 4 shows the line expansion opacities of
Nd ii, Nd iii, Er ii, and Er iii. As expected from the good
agreement in the energy levels (Figure 2), the opacities
from HULLAC and GRASP2K are almost indistinguish-
able for Nd ii and Nd iii. It is noted that, only the

(Tanaka et al. 2017)
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Nucleosynthesis and Opacity
k < 20 − 30 cm2/g

k ∼ 3 − 5 cm2/g

k ∼ 1 cm2/g

, r-process up to the 3rd peak  
(lanthanide rich)
Ye < 0.2 A ∼ 195

, r-processes up to the 2rd peak 
 (few or no lanthanides)

0.25 < Ye < 0.35
A ∼ 130

, Fe group elements, with few or none r-
process elements 
Ye ∼ 0.40

Tanaka+2020

Solar system abundances
- from solar photosphere + meteoritic abundances 
- indicative of gas cloud from which solar system formed 
- contributions from different processes

“Big Bang”“stellar burning” “neutron captures”

⇒ essentially  
two neutron capture  
processes in nature: 

• rapid n-capture  
  (“r-process”) 

• slow n-capture 
   (“s-process”)



Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

• Ionization and excitation state of matter impact the opacity 

• But how we calculate them?  

• In LTE we assume that collision processes dominates the excitation 
and ionization rates.

Ionization

Excitation

Saha Equation

Boltzmann Equation

• Local temperature determines the ionization and excitation state of 
atoms



Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

• LTE valid when collision dominates and/or radiation field is thermal, 
i.e. at high density and/or optically thick medium

• But what happens when the density drops and the KN enters its 
nebular phase?

• LTE no longer a good approximation



Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

• LTE valid when collision dominates and/or radiation field is thermal, 
i.e. at high density and/or optically thick medium

• But what happens when the density drops and the KN enters its 
nebular phase?

• LTE no longer a good approximation



Non-Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

• The ionization and excitation state depends on the radiation field

• …which also depends on the ionization and excitation state 



Non-Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

Level population of Ce II (Pognan+2022)



Non-Local Thermodynamic Equilibrium 

Thermodynamic Equilibrium

Expansion opacities LTE vs NLTE (Pognan+2022)



Multiple ejection channels

Ascenzi et al. 2021



Tidal 
Dynamical
Ejecta 

Shocked Dynamical
Ejecta (Only for BNS)

Wind
Ejecta 

Viscous (secular)
Ejecta



Dynamical Ejecta

t ∼ 𝒪(ms) vdyn ∼ 0.2 − 0.3 c

MBNS
dyn ∼ 10−4 − 10−3 M⊙

MNS−BH
dyn ∼ 0 − 10−1 M⊙

Depends on mass ratio, total mass and EOS 

Depends on mass ratio, EOS, BH mass and spin

Tidal Ejecta

Shocked Ejecta

• Both in BNS and NS-BH
• Along the equatorial plane
• Cold matter (low )
• Asymmetric binaries expelling 

more mass

Ye

• Only in BNS
• Ejected by the quasi-radial 

pulsation of the remnant
• All the directions
• Hot matter (high )Ye

Kilonovae Page 21 of 89 1

Fig. 5 Dynamical ejecta masses and velocities from a range of binary neutron star merger simulations
encompassing different numerical techniques, various equations of state, binary binary mass ratios q =
0.65−1, effects of neutrinos andmagnetic fields, together with the corresponding ejecta parameters inferred
from the ‘blue’ and ‘red’ kilonova of GW170817. Image reproduced with permission from Siegel (2019)

Ye ! 0.1, sufficiently low to produce a robust7 abundance pattern for heavy nuclei
with A " 130 (Goriely et al. 2011; Korobkin et al. 2012; Bauswein et al. 2013b;
Mendoza-Temis et al. 2015). More recent merger calculations that include the effects
of e± captures and neutrino irradiation in full general-relativity have shown that the
dynamical ejecta may have a wider electron fraction distribution (Ye ∼ 0.1−0.4) than
models which neglect weak interactions (Sekiguchi et al. 2015; Radice et al. 2016a).
As a result, lighter r -process elements with 90 ! A ! 130 are synthesized in addition
to third-peak elements (Wanajo et al. 2014). These high-Ye ejecta components are
distributed in a relatively spherically-symmetric geometry, while the primarily tidally-
ejected, lower-Ye matter is concentrated closer to the equatorial plane (Fig. 7).

3.1.2 Disk outflow ejecta

All NS–NS mergers, and those BH–NS mergers which end in NS tidal disruption
outside the BH horizon, result in the formation of an accretion disk around the central
NS or BH remnant. The disk mass is typically∼ 0.01–0.3M#, depending on the total
mass and mass ratio of the binary, the spins of the binary components, and the NS
EOS (e.g., Oechslin and Janka 2006). Relatively low disk masses are expected in the
case of massive binaries that undergo prompt collapse to a BH, because the process of
massive disk formation is intimately related to the internal redistribution of mass and
angular momentum of the remnant as it evolves from a differentially rotating to solid
body state (which has no time to occur in a prompt collapse). Outflows from this disk,
over a timescales of seconds or longer, represent an important source of ejecta mass
which can often dominate that of the dynamical ejecta.

7 This robustness is rooted in ‘fission recycling’ (Goriely et al. 2005): the low initial Ye results in a large
neutron-to-seed ratio, allowing the nuclear flow to reachheavynuclei forwhichfission is possible (A ∼ 250).
The fission fragments are then subject to additional neutron captures, generating more heavy nuclei and
closing the cycle.
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Dynamical ejecta for BNS



Wind Ejecta from the diskBaryonic winds from CB merger
I due to neutrino absorption and/or magnetic pressure inside the

remnant and the disk
I remnant expansion ! nuclear recombination in the disk

(n, p) ! (↵, n) ! ((A, Z), n) ) ė ⇡ 8MeV/baryon

I tej,wind ⇠few 10’s ms and vej,wind . 0.1 c
I Mej,wind up to ⇠ 5% of Mdisk (BNS) or . 1% of Mdisk (BH-NS)

Perego+ MNRAS 2014; Martin,Perego+ ApJ 2015, Perego+ JPhC 17
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Perego+2014

• Both the metastable NS and the accretion disk emits neutrinos with a luminosity of 
• A fraction of neutrinos are absorbed and deposit their energy in the disk
• When the deposited energy overcomes the gravitational binding energy an outflow with 

 and  is generated, this happens on a timescale of 
• 5% of disk mass unbind

• If the metastable NS survives for more than 50 ms,  can be also unbound from the NS 
surface . This can be substantially increased if the star has a strong ordered magnetic field 
(Metzger+2018).

• The lifetime of the metastable NS influences the  of the ejecta

Lν ∼ 1053 erg/s

·M ∼ 10−3 M⊙/s v < 0.1 c twind ∼ 10 ms

∼ 10−3 M⊙

Ye



Viscous secular ejecta 
• When the accretion rate decreases the neutrino cooling is quenched. The heating due to viscosity and 

nuclear recombination are not balanced anymore by the neutrino cooling and an outflow is launched. 
• The disk settles in a mildly degenerate state, where the pair production is suppressed (Beloborodov 

2003, Siegel & Metzger 2017). The number density of electrons overcomes that of positrons. Electron 
capture by protons favoured with respect to positron capture by neutrons. The outflow is neutron rich, 
with  . 0.1 < Ye < 0.4

3

TABLE II. Initial torus mass after early relaxation and characteristics of the disk outflows as measured by tracer particles:
mean electron fraction, specific entropy, expansion timescales, all at t = t5GK and subdivided into equatorial (30� < ✓ < 150�)
and polar (✓  30� and ✓ � 150�) outflow (the polar angle ✓ being measured at the end of the simulation), as well as total
integrated outflow mass (polar/equatorial and total). Corresponding values by [30] (F15) and [31] (J15) are also listed.

simulation outflow type equatorial outflow polar outflow total outflow
Mt,in Ȳe s̄ t̄exp Ȳe s̄ t̄exp Ȳe s̄ t̄exp Mpol Mout

[10�2M�] [kB/b] [ms] [kB/b] [ms] [kB/b] [ms] [Meq] [Mt,in]
this work unbound 2.02 0.18 31 24 0.19 39 18 0.18 32 23 0.22 0.16
this work total 2.02 0.17 28 26 0.19 43 18 0.17 30 25 0.15 0.23
F15 t-a80 total 3.00 0.22 21 35 0.31 38 9.4 - - - 0.01 0.17

J15 M3A8m03a2 total 3.00 - - - - - - 0.27 30 - - 0.23
J15 M3A8m03a5 total 3.00 - - - - - - 0.25 33 - - 0.24

FIG. 1. Snapshots of rest-mass density, number of grid
points per fastest-growing MRI mode, and contours of op-
tical depth to electron neutrino number emission ⌧⌫e =
0.5, 0.1, 10�2, 10�3, 10�4 at t = 20ms, when the disk has set-
tled into a quasi-stationary state (the BH interior is masked).

mentum transport via MHD turbulence mediated by the
MRI. We check that the MRI is well resolved by moni-
toring the wavelength of the fastest-growing MRI mode,
�MRI, which is typically resolved by 10 or more grid
points (cf. Fig. 1, left); �MRI is estimated by �MRI =
(2⇡/⌦)(b/

p
4⇡⇢h+ b2) [68], where ⌦ is the angular fre-

quency, ⇢ the rest-mass density, h the specific enthalpy,
and b =

p
bµbµ the comoving magnetic field strength.

Very close to the BH resolving the MRI becomes chal-
lenging with current computational resources and �MRI

is not resolved by > 10 grid points at all times and spa-
tial points. At the beginning of the simulation, after
initial amplification by magnetic winding, the onset of

FIG. 2. Snapshots of electron fraction, normalized electron
chemical potential, and contours of rest-mass density ⇢ =
[107, 108, 109, 1010, 1011] g cm�3 at t = 43ms, when the disk
has fully self-regulated itself to mild electron degeneracy (the
BH interior is masked).

the MRI further amplifies the weak initial seed magnetic
field in the disk over a few rotational periods (resulting
in a total amplification of roughly two orders of mag-
nitude for the maximum field strength), before the disk
settles into a saturated MRI state. Triggering the MRI
both in the poloidal and toroidal components entirely
without magnetic winding (for the same initial seed field
strength) would require higher resolution and would thus
be challenging with current computational resources; this
simulation only represents a first attempt in this direc-
tion. We note that the resulting typical magnetic field
strengths of up to ⇠ 1015 G close to the BH and the
midplane, and typical magnetic-to-fluid pressure ratios

Siegel & Metzger 2017

p + e− → n + νe

n + e+ → p + ν̄e

Favoured

Disfavoured

• Up to 40% of disk mass unbound
• A long lived NS can generate an increase of Ye



Dynamical Ejecta vs Disk Outflow

with fitting coefficients α=0.084, β=0.127, γ=567.1, and
δ=405.14. In the case of GW170817, the amount of ejecta
estimated from the modeling of the kilonova signal M0.05_ :
is about an order of magnitude too large to be explained by the
dynamical ejecta. This suggests that most of the material
powering the kilonova should have been produced during the
viscous evolution of the accretion disk.

This finding is in agreement with the results from long-term
GRMHD simulations of postmerger disks that show that up to
∼40% of the accretion disk can be ejected over the viscous
timescale (Siegel & Metzger 2017; Fernández et al. 2019).
According to this scenario, Mdisk should have been larger than
at least M0.1_ :. This, in turn, implies that -̃ for GW170817
should have been larger than about 400. Another possibility,
which however we cannot currently test with our data, is that
the progenitor binary to GW170817 had a large mass
asymmetry. Under these conditions it has been suggested that
the merger could still produce a massive disk even for compact
configurations (Shibata et al. 2003; Shibata & Taniguchi 2006;
Rezzolla et al. 2010). On the other hand, large mass
asymmetries are disfavored on the basis of mass measurements
for galactic double pulsars (Ozel & Freire 2016). Moreover,
Shibata & Taniguchi (2006) found that the accretion disk mass
only increases by about an order of magnitude for extremely
asymmetric binaries.

We speculate on the total amount of mass expelled in a
binary NS merger. We consider three different ejection
channels. In addition to the dynamical ejecta, directly extracted
from the simulations, we include the possible presence of
neutrino- and magnetically driven winds from the disk, which
develop on a timescale of a few tens of ms. We parameterize
their contribution to the ejecta as a fraction of the disk mass.
The neutrino-driven wind is estimated as M Mej;wind wind diskY� ,
with ξwind=0.03±0.015. The uncertainty includes variations
due to the possible presence of a longer-lived remnant (e.g.,
Just et al. 2015; Martin et al. 2015). The viscous ejecta is taken
to be M Mej; vis vis diskY� with ξvis=0.2±0.1, a range
including the results from most postmerger simulations (e.g.,
Metzger & Fernández 2014; Just et al. 2015; Fernández et al.
2019; Fujibayashi et al. 2018; Siegel & Metzger 2018).

In Figure 16 we compare dynamical and secular ejecta
masses, the latter estimated as M M Mej;sec ej;wind ej;vis� � . With
the exception of the prompt BH formation cases that produce at

least 10−4Me of dynamical ejecta, the total ejecta is largely
dominated by the disk ejecta. As a consequence of the tight
correlation between the disk mass and -̃, we expect a
correlation between the total ejecta and -̃. Indeed, our
estimates for M M Mej ej;wind ej;vis� � are reasonably well fitted
by the same simple formula used for Mdisk, Equation (25), but
assuming a floor value of 5×10−4Me and with fitting
coefficients 0.0202B � , β=0.0341, γ=538.8, and δ=
439.4. In most cases, the relative error between the total ejecta
mass and the fit is below 50%. When prompt BH formation
occurs, we do not expect the total ejecta to be larger than
∼10−3Me. On the other hand, for long-lived remnants the
mass of the unbound material can span a broad range of
masses: from a few times 10−3Me to M0.1 :, increasing
with -̃.
In comparison to previous studies (Oechslin et al. 2007;

Hotokezaka et al. 2013b, as reported in Wu et al. 2016) we find
that disk winds and viscous outflows should contribute a
significantly larger fraction of the overall ejecta. The difference
can be explained in part by the fact that previous simulations
did not include the effects of neutrino cooling, or used
approximate treatments for the gravity, and in part by the fact
that we assume that a larger fraction of the accretion disk can
be unbound secularly, unlike Wu et al. (2016). The latter
assumption is motivated by recent GRMHD simulations that
showed that up to ∼40% of the disk can be unbound secularly
(Siegel & Metzger 2017; Fernández et al. 2019). Our study
differs from some of the previous studies also in the numerical
setup and analysis methodology.

4. Nucleosynthesis

The discovery of a kilonova counterpart to GW170817
(Abbott et al. 2017e; Arcavi et al. 2017; Chornock et al. 2017;
Coulter et al. 2017; Cowperthwaite et al. 2017; Drout et al.
2017; Evans et al. 2017; Kasliwal et al. 2017; Nicholl et al.
2017; Smartt et al. 2017; Soares-Santos et al. 2017; Tanaka
et al. 2017; Tanvir et al. 2017) provided compelling evidence
that NS mergers are one of the main sources of r-process
elements in the universe (Kasen et al. 2017; Hotokezaka et al.
2018a; Rosswog et al. 2018). However, the question of whether
NS mergers are the only source of r-process elements or
whether there is a contribution from other sources is still not
completely settled. Part of the uncertainty is due to the lack of a
full theoretical understanding of the nucleosynthetic yields
from mergers. Here, we study in detail the dependence of
r-process nucleosynthesis on the properties of the binary,
mostly focusing on the dynamical ejecta.

4.1. Dynamical Ejecta

For simplicity, we perform most of our nucleosynthesis
calculations using the approach we developed in Radice et al.
(2016b) and which we briefly recall. We extract electron
fraction Ye,R, specific entropy sR, velocity vR, and rest-mass
density ρ0,R of the unbound material crossing a coordinate
sphere surface with radius R G c M300 443 km2� �: . A
fluid element is considered to be unbound if its kinetic energy
is sufficient to overcome the gravitational potential well, that is,
ut�−1, where we have assumed a nearly stationary metric.
See Kastaun & Galeazzi (2015) and Bovard et al. (2017) for
alternative criteria. For the nucleosynthesis calculations we
further assume that the outflow is undergoing a homologous

Figure 16. Dynamical ejecta Mej;dyn vs. secular ejecta masses Mej;sec. With the
exception of the prompt BH formation cases that are able to expel at least a few

M10 4�
: in dynamical ejecta, the secular ejecta dominate over the dynamical

ejecta.
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Prompt BH formation

Viscous Ejecta dominates over the 
dynamical ejecta in therms of mass 
content 

Radice+2018



Kilonova Models

• Full Monte Carlo radiative transfer: e.g. SEDONA (Kasen 2006, 
Kasen+ 2017), ARTIS (Kromer & Sim 2009), Tanaka & Hotokezaka 
code (Tanaka & Hotokezaka 2013), SuperNu (Wollaeger+2013) 

• Monte Carlo radiative transfer with simplified microphysics: e.g. 
POSSIS (Bulla 2019) 

• Diffusion, grey opacity (e.g. Ricigliano+2024) 

• Energy Balance (e.g. Metzger+2020)   



The Main Idea

Full Monte-Carlo Radiative Transfer

dIν

ds
= jν − ανIν Radiative transfer equation

 : Specific intensityIν

 : Emission coefficient jν

: Absorption coefficient αν = ρkν



The Main Idea

Full Monte-Carlo Radiative Transfer

dIν

dτν
= Sν − Iν Radiative transfer equation

,       : optical depthdτν = ανds τν  : Source Function Sν ≡
jν
αν

Iν(τν) = Iν(0)e−τν + ∫
τν

0
e−(τν−τ′￼ν)Sν(τ′￼ν)dτ′￼ν Formal solution



The Main Idea

Full Monte-Carlo Radiative Transfer

dIν

dτν
= Sν − Iν Radiative transfer equation

The idea of Monte Carlo radiative transfer is to describe transport as a sequence of 
stochastic events representing the interaction of radiation with the medium.

Photon packets with sampled frequency, direction and (optionally) polarization are 
injected into the ejecta and evolved in time.

Each packet propagates over a distance set by a random optical depth and then 
undergoes an interaction (e.g. absorption, scattering) drawn from probabilities 
governed by the local microphysics (e.g. opacities and emissivities).

Packets that escape the computational domain are recorded, and the emergent 
radiation field (light curves and spectra) is reconstructed from their properties.



The walkthrough of a particle…

Full Monte-Carlo Radiative Transfer

Emission: a packet is created in a cell according to the local energy 
source. Its  is sampled from the local emissivity and its direction drawn 
isotropically in the comoving frame 

λ

Propagation: the packet is propagated through the expanding ejecta. Its 
comoving  is redshifted because of homologous expansionλ

Event selection: the distance to the next possible event is computed: a 
continuum/line interaction, a cell boundary or time boundary reached. The 
smallest of this distance determines what happens.



The walkthrough of a particle…

Full Monte-Carlo Radiative Transfer

Interaction

Continuum event 
 
The particle may be 
absorbed or scattered with 
probability set by local 
opacity.

Line resonance  

It interacts with probability set by 
the line optical depth. 

It can be, absorbed and re-
emitted (resonant), de-excited into 
a different transition (fluorescence)

Absorption 
 
Re-emitted with a new  
sampled by the local 
emissivity

λ

Scattering 
 
comoving  unchanged, 
new direction and 
polarisation

λ



The walkthrough of a particle…

Full Monte-Carlo Radiative Transfer

Escape 

The sequence is repeated until the packet reaches the outer 
boundary of the ejecta  

Escaping packets are binned by time, , direction and polarisation 
and the emergent radiation field is reconstructed from the full 
ensemble 

λ



Microphysics, the example of SEDONA (Kasen 2006, Kasen+2017)

Full Monte-Carlo Radiative Transfer

Radiation source  & heating: analythc fits to  and , 

MC -ray transport

·ϵ(t) ·ϵth(t, Mej, vej)
γ

Thermal state: local T obtain by rad. equilibrium: heating and photon 
absorption balanced by thermal emission. 

Excitation & Ionization: computed in LTE 

Lines: some lines (< , Kasen 2006) can be treated one-by-one from 
Fe-group and lanthanides with multiple ionization, fluorescence included.

5 × 105

Continuum: by e-scattering, bound-free, free-free.  Bound-bound 
(  lines) described by expansion opacity formalism  𝒪(107)



…simplifying the microphysics
The example of POSSIS (Bulla 2019)

(Bulla 2019)

3D MC radiative transfer with 
viewing-angle dependence and 
polarisation. 

Opacities are provided as input, 
not computed self-consistently. 

Heating, thermalisation, density 
and temperature evolution from 
analytic prescriptions

In Bulla 2023 expansion opacity 
from Tanaka+2020 (see 
previous slides) as input



…simplifying the microphysics
The example of POSSIS (Bulla 2019)

(Bulla 2019)

The faster computation allows to 
compute 3D, viewing angle dependent  
models with interacting multiple 
ejecta component…

…and it also allows for a larger 
exploration of the parameter space



Monte Carlo RT
In both cases MC-RT codes are not fast enough to be used in parameter estimation (e.g. 
MCMC) studies…

…but we can use them to  build a 
grid of KN lightcurves for 
selected input parameters value…

…and make surrogate kilonova 
models, i.e. interpolators/emulators that 
allows to compute the lightcurve for 
arbitrary points in the parameter space



Integrating the radiative transfer equation

Diffusion in Grey Opacity 

DE
Dt

+
1
r2

∂
∂r

(r2F) +
v
r

(3E − P) +
∂v
∂r

(E + P) = ∫
∞

0
(4πην − cχνEν)dν

1
c

∂Iν

∂t
+ ∇ ⋅ (nIν) = jν − ανIν

We calculate the 1st and 2nd momenta of RT equation by multiplying by 1 and  
and integrating over 

n
dΩ

∂Eν

∂t
+ ∇ ⋅ Fν = 4πjν − ανcEν

1
c

∂Fν

∂t
+ c∇ ⋅ ̂Pν = − ανFν

∫ (RT eq.)dΩ

∫ (RT eq.)n dΩ

Eν ≡
1
c ∫4π

IνdΩ

Fν ≡ ∫4π
Iνn dΩ

̂Pν ≡
1
c ∫4π

Iνnn dΩ

Energy density

Flux vector

Pressure tensor



Integrating the radiative transfer equation

Diffusion in Grey Opacity 

∂Eν

∂t
+ ∇ ⋅ Fν = 4πjν − ανcEν

1
c

∂Fν

∂t
+ c∇ ⋅ ̂Pν = − ανFν

We can integrate over frequencies to obtain: 

∂E
∂t

+ ∇ ⋅ F = ∫
∞

0
(4πjν − ανcEν)dν

1
c

∂F
∂t

+ c∇ ⋅ ̂P = − ∫
∞

0
ανFνdν



Integrating the radiative transfer equation

Diffusion in Grey Opacity 

∂Eν

∂t
+ ∇ ⋅ Fν = 4πjν − ανcEν

1
c

∂Fν

∂t
+ c∇ ⋅ ̂Pν = − ανFν

We apply diffusion approximation 

Fν = −
4π
3αν

∇
jν
αν

Fν = −
c

3αν
∇Eν

̂Pν =
1
3

Eν
̂I Eddington approx.

∂tF → 0



Integrating the radiative transfer equation

Diffusion in Grey Opacity 

∂Eν

∂t
− ∇ ⋅ ( c

3αν
∇Eν) = 4πjν − ανcEν

The idea of Pinto & Eastman 2000 framework, adapted to KNe by Wallaeger+2018 and 
Ricigliano+2024 (xkn code) is to solve this equation to obtain lightcurve. 
In co-moving frame, spherical symmetry and for an homologous expanding ejecta we get

DE
Dt

−
c

3r2

∂
∂r ( r2

α
∂E
∂r ) +

4 ·R
R

E = ·Eheat



Integrating the radiative transfer equation

Diffusion in Grey Opacity 

DE
Dt

−
c

3r2

∂
∂r ( r2

α
∂E
∂r ) +

4 ·R
R

E = ·Eheat

·Eheat ≡ ∫
∞

0
(4πjν − ανcEν)dν = ·ϵr fth ρ α ≡

∫ ∞
0

ανFνdν

∫ ∞
0

Fνdν

Inverse mean 
free-path

L(t) = 4πR2(t)F(R, t)E(r, t) F(r, t) = −
c

3α
∂E
∂r

For given profiles of ,   analytic solution exists ·ϵr(t) f(t)



Some Caveats

Diffusion in Grey Opacity 

Contrary to the MC-RT codes, this framework can provide only bolometric luminosities

Moreover, the equation is valid only in the diffusion regime when matter is optically 
thick

But…

A separate prescription can be (is) implemented for optically thin regions, e.g. in 
Ricigliano+2024

Lthin(t) =
thin layers

∑
i

fth,i(t) ·ϵr(t)dMi

We can assume that the spectral continuum is described by a blackbody at Tph

Tph = max ( Lthick

4πR2
phσSB )

1/4

, Tfloor



Getting back to the start

Energy Balance equation

DE
Dt

−
c

3r2

∂
∂r ( r2

α
∂E
∂r ) +

4 ·R
R

E = ·Eheat

We integrate over the volume

ℰint = ∫ E dV ·Q = ∫ ·Eheat dVL = ∫S
F ⋅ n dS

dℰint

dt
= − P

dV
dt

+ ·Q(t) − L(t)



Thank you for your attention! 
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