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Flow-based approaches [Albergo, Kanwar, Shanahan; 1904.12072]

Problem: sample from a distribution p is extremely difficult or expensive

Solution: find a between a base distribution gy and the target p
it transforms the field variables
U = fy(Uo) 9o(U) = qo(Up)| det Jj, |~ Uo ~ qo
Qo Qv
P
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Flow-based approaches [Albergo, Kanwar, Shanahan; 1904.12072]

Problem: sample from a distribution p is extremely difficult or expensive
Solution: find a between a base distribution qo and the target p

it transforms the field variables
U = fo(Lo) 9o (U) = qo(Uo)| det Jy, | " Uo ~ qo

We eventually sample from qy =~ p: it is exact via a reweighting procedure

w

U
©)= [PV @) f;((u))“)(") — (O(U)W(U))q

sample
measure

New problem: how to find a flow with reasonable weights?
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A single framework for different issues?

Flow-based approaches as crucial pieces of future algorithmic development!

Flow from a “well-behaved” q, towards a p with diverging autocorrelations

Tool: non-equilibrium MC and Stochastic Normalizing Flows
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A single framework for different issues?

Flow-based approaches as crucial pieces of future algorithmic development!

Flow from a “well-behaved” q, towards a p with diverging autocorrelations

Tool: non-equilibrium MC and Stochastic Normalizing Flows

2 — Signal-to-noise ratio problem

Reframe issue using a one-point function evaluated with a source-deformed distribution p

Tool: infinitesimal flows
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A non-equilibrium framework to mitigate
critical slowing down
In collaboration with C. Bonanno, A. Bulgarelli, E. Cellini, D. Panfalone,

D. Vadacchino, L. Verzichelli




Autocorrelations in Markov Chains

Markov Chain Monte Carlo: a transition probability P, can generate a sequence of U
sampled according to p

u@ By B Py By By yeen)
thermalization equilibrium

used to estimate the path integral

N
Z U(t+n)
n=0
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Autocorrelations in Markov Chains

Markov Chain Monte Carlo: a transition probability P, can generate a sequence of U
sampled according to p

u@ By B Py By By yeen)
thermalization equilibrium

used to estimate the path integral

N
Z U(t+n)
n=0

Subsequent configurations are

Autocorrelation measured in the error by 71,,(O) — effectively independent configurations
= N/271,:(O)
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Critical slowing down [Schaefer, Sommer, Virotta; 1009.5228]

e When a critical point is approached 7int [Wolff; 1990]

e E.g. in the continuum limita — 0
Tint(o) ~ a—Z
z depends on algorithm/observable
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Critical slowing down [Schaefer, Sommer, Virotta; 1009.5228]

e When a critical point is approached 7int [Wolff; 1990]

e E.g. in the continuum limita — 0
Tint(o) ~ a—Z
z depends on algorithm/observable

Particularly for topological observables Q, Q?

e On the lattice: emergence of
(with integer Q) fora — 0

e Transition between sectors strongly
suppressed using standard MCMC

o Effective
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Critical slowing down

e When a critical point is approached 7yt
e E.g. in the continuum limita — 0

z depends on algorithm/observable

Particularly for topological observables Q, Q?

e On the lattice: emergence of
(with integer Q) fora — 0

e Transition between sectors strongly
suppressed using standard MCMC

o Effective

[Schaefer, Sommer, Virotta; 1009.5228]

[Wolif; 1990]

Tint (O) ~ a_z

—— 1HB+40R

Qe

0 100000 200000 300000 400000
Monte Carlo time

[Eichhorn et al.; 2307.04742]
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Topological freezing in SU(3) Yang—Mills

104
e Strong freezing of topology at 5 > 6.5
(n/a> 11 — a < 0.04fm) 103
®
o 7ine(@Q%) > 10° with 1 heat-bath step + 4 —
over-relaxation steps (z ~ 5.5) 102 N
kiE
@
10! ®
®
0
1077 6 8 10 12
ro/a

Image courtesy of C. Bonanno
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Topological freezing in SU(3) Yang—Mills

e Strong freezing of topology at 3 > 6.5
(n/a> 11 — a < 0.04fm)

o 7ine(@?) > 10° with 1 heat-bath step + 4
over-relaxation steps (z ~ 5.5)

0.04 0.06 0.08 0.10 0.12
affm]

[Eichhorn et al.; 2307.04742]
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Topological freezing in SU(3) Yang—Mills

e Strong freezing of topology at 5 > 6.5
(n/a> 11 — a < 0.04fm)

o 7ine(@?) > 10° with 1 heat-bath step + 4
over-relaxation steps (z ~ 5.5)

e Open Boundary Conditions remove the
sectors and mitigate the issue [Lischer and
Schaefer; 1105.4749]

— but strong boundary effects

e more general and effective solution needed

10t

103 4

Tint(Q2)

1024

10" 4

0.04 0.06 0.08 0.10 0.12
affm)

[Eichhorn et al.; 2307.04742]
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Non-equilibrium Monte Carlo



annealing procedure: sampling each step from a sequence of distributions

QO ~ e_Sc(O) — e_Sc(1) —S .= p ~ e_sc(”step)
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annealing procedure: sampling each step from a sequence of distributions

QO ~ e_Sc(O) — e_Sc(1) —S .= p ~ e_sc(”step)

start at equilibrium from the base distribution gy = e*sc<°>/Zo » O

qo0 O
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annealing procedure: sampling each step from a sequence of distributions

Go ~ e S0 3 @S —y ... p ~ e Selnatep)
start at equilibrium from the base distribution gy = &5 / Z, » O
at each step:
e change parameter ¢(n— 1) — ¢(n)
o with transition probability Pe(n)(Un — Uny1)
. times until the target p = e=5/Z

qo0 O
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annealing procedure: sampling each step from a sequence of distributions

QO ~ e_sc(o) — e_Sc(1) —S .= p ~ e_sc(”step)

start at equilibrium from the base distribution gy = e*s°<°>/Zo » O
at each step:

e change parameter ¢(n— 1) — ¢(n)

o with transition probability Pe(n)(Un — Uny1)

. times until the target p = e=5/2

“forward” transition probability

Pello, ..., Ul = ] Pen)(Un—1 — Up)

n=1 qo0 O
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Crooks’ theorem

if the update algorithm satisfies detailed balance —

for MCMC [Crooks; 1999]

with the generalized

(]()(Uo)'Pf[Uo7 ooy U, . ]
R — e - AF
PO PilUnr o Uo 2 )
and free energy difference
AF = —1lo
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Jarzynski equality for MCMC

Define new average over

:/[Duo...Dunmp]qo(uo)Pf[uo,...,u,,mp]...

Integrate Crooks and obtain...
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Jarzynski equality for MCMC
Define new average over all paths

:/[DUO...DUnstep]qo(Uo)Pf[Uo,...,U,,mp]...

Integrate Crooks and obtain...

Jarzynski equality for MCMC [Jarzynski; 1997]

(exp (—W))¢ = exp(—AF) = Z£0
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Jarzynski equality for MCMC

Define new average over

:/[Duo...Dunmp]qo(uo)Pf[uo,...,u,,mp]...

Integrate Crooks and obtain...

Jarzynski equality for MCMC [Jarzynski; 1997]

(exp (—W))¢ = exp(—AF) = Z£0

Using Jensen’s inequality (exp x) > exp(x) we get the Second Law of Thermodynamics

(W): > AF
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A very similar formula holds for v.e.v.

NEMC estimator

(O exp(=W))s

(O = oW

= (O exp(—Wa)):

with the dissipated work Wy = W — AF

(exp (—Wa))e =1

Important for later: (W) > 0 is a measure of dissipation and characterizes the evolution
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A non-equilibrium paradigm to perform Monte Carlo

eq MC
>y >y >y >y 0 non-eq MC
L 4 L 4 L 4 L 4
L 4 L 4 L 4 L 4
5| @ 5| @ 5| @ 5| @
K 4 K 4 K 4 K 4
L 4 L 4 L 4 L 4
L 4 L 4 L 4 L 4
L 4 L 4 L 4 L 4
6. [ | Ié. [ | Ié. [ | Ié. H B

Mbetween Mbetween Mbetween Mbetw
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Jarzynski equality and lattice field theory

Computation of free energies and/or sampling problematic distributions
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Jarzynski equality and lattice field theory

and/or sampling problematic distributions

° in the Z, gauge theory [Caselle et al.; 1604.05544]

° in 4d SU(3)[Caselle et al.; 1801.03110]

o in SU(N) YM theories [Francesconi et al.; 2003.13734]

° [Bulgarelli and Panero; 2304.03311], also with (S)NFs [Bulgarelli
et al.; 2410.14466]

e Numerical simulations of [Caselle et al.; 2409.15937]

o in O(N) models [Bulgarelli et al.; 2505.20403]
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Jarzynski equality and lattice field theory

and/or sampling problematic distributions

° in the Z, gauge theory [Caselle et al.; 1604.05544]
° in 4d SU(3)[Caselle et al.; 1801.03110]
o in SU(N) YM theories [Francesconi et al.; 2003.13734]

e Connection with Stochastic Normalizing Flows in ¢* [Caselle et al.; 2201.08862] and
SU(3) [Bulgarelli et al.; 2412.00200]

° [Bulgarelli and Panero; 2304.03311], also with (S)NFs [Bulgarelli
et al.; 2410.14466]

Numerical simulations of [Caselle et al.; 2409.15937]

Topological unfreezing for CPN=") model [Bonanno et al.; 2402.06561] and 4d SU(3)
[Bonanno et al.; 2510.25704]

o in O(N) models [Bulgarelli et al.; 2505.20403]
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How far are we from equilibrium?

Intuitively we want to be as close to equilibrium as possible!

— measure the similarity of and reverse processes

qO(Uo)Pf[Uo, ey U]
p(U)Pr[U’ CER UO]

Brcw (007 [pP.) = / [DUp ... DU] go(Uo)Pi[Ub ..., Ul log
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How far are we from equilibrium?

Intuitively we want to be as close to equilibrium as possible!

— measure the similarity of and reverse processes

qO(Uo)Pf[Uo, ey U]
p(U),Pr[U’ CER UO]

Brcw (007 [pP.) = / [DUp ... DU] go(Uo)Pi[Ub ..., Ul log

Clear “thermodynamic” interpretation

Dxr.(qoPs||pP.) = (W) — AF = (Wy)s > 0 Note that
—— ) )
Second Law D (qllp) < Dxw(qoPl|pPr)

— measure of reversibility!
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The effective sample size

We want our estimator to have small variance

(O) = (O exp(—Wa))s

Reasonable approximation: minimize

Var(exp(—Wy)) = (exp(—2Wq))¢ — 1

In generative models often one uses the Effective Sample Size

oa  (exp(=W))2 1 B 1
ESS = (exp(—2W))s  (exp(—2Wjy)): 1+ Var(exp(—Wy))

for which A
0<ESS <1
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NEMC in BC — SU(3) Yang—Mills

Can we use NEMC to improve current methods for topological unfreezing?
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NEMC in BC — SU(3) Yang—Mills

Can we use NEMC to improve current methods for topological unfreezing?

Proposal: NEMC in boundary conditions L
* Base dist: Open BC on a L3 defect « e e

® Protocol: switch 0 — 3 only on L. e
boundary defect links —Hj

—_—

* # of relevant dof ~ (Ly/a)? =

¢ “Dual” to Parallel Tempering A S

¢ Goal: full mitigation in SU(3) pure gauge e

[Bonanno, AN, Vadacchino; 2402.06561] . . —
[Bonanno et al.; 2510.25704] —'._'j.
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NEMC in BC: defect size scaling

How much doest it cost changing 3 on a (Lg/a)® defect?

B8=6.0,L/a=16

2
107 %
§ H l{‘ l{}
1071 %
10—2_
0 50 100 150 200
Nstep/ (La/a)?

[Bonanno et al.; 2510.25704]

clear scaling nsiep ~ (La/a)°

fit in (Ld/a)3/nstep

NE-MCMC, Lg/a =2
A NE-MCMC, Ly/a =3
A NE-MCMC, Ly/a =4
A NE-MCMC, Lq/a =5

NE-MCMC, Ly/a =6
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NEMC in BC: defect size scaling [Bonanno et al.; 2510.25704]

How much doest it cost changing 3 on a (Lg/a)® defect? clear scaling nsiep ~ (La/a)°

B=6.0,L/a=16

1.0
A
0.8 3
4 Kk fit in Oxp(—(Ld/a)3/7L5tep)
T NE-MCMC, Ly/a =2
0.6 1 A , La
@ ‘I’ ‘? A NE-MCMC, Ly/a =3
€3] ‘ A NE-MCMC, Ly/a =4
0.44 A NEMCMC, Ly/a =5
NE-MCMC, Ly/a =6
024 %
0.0 4& . . . .
0 50 100 150 200
Nstep/ (La/a)?
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Stochastic Normalizing Flows




A systematic improvement of non-equilibrium MC

Alternate non-equilibrium MC updates with Normalizing Flow transformations

B eqMC

Q Q Q Q ¢ non-eq MC
2 2 2 2

L 2 L 2 L 2 L 2
AR 4 AR 4 AR 4 AR 4

2 2 2 2

2 2 2 2

L 2 L 2 L 2 L 2

2 2 2 2

b 4 b 4 b 4 b 4

OI | IOI | IOI | IOI HE

Nbetween Nbetween Nbetween Nbetween 1 7/34



A systematic improvement of non-equilibrium MC

Alternate non-equilibrium MC updates with Normalizing Flow transformations

Stochastic Normalizing Flows (introduced in [Wu et al.; 2002.06707])

Pe(

U 25 gr(Uo) U %5 go(Uh) " e &5 0 U
B eqMC
? ? ? ? ¢ non-eq MC
@® GE layer
s s s s
8 8 8 8
s s s s
s s s s
s s s s
OIIIOIIIOIIIOIII
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A systematic improvement of non-equilibrium MC

Alternate non-equilibrium MC updates with Normalizing Flow transformations

Normalizing Flows (introduced in [Wu et al.; 2002.06707])

Uo L g1(U0) U1 ﬂ) gz(U1) U2 & Unstep
The (generalized) work now is [Caselle, Cellini, AN, Panero; 2201.08862]
Nstep—1
W= > Seni1)(9n(Un)) = Se(ny(Un) — log |det J(Uy))|
%,—/
n=0 deterministic
e each term trained separately (no memory issues) [Matthews at al.; 2201.13117]

e the trained g, systematically remove dissipation
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Gauge-equivariant layers [Nagai and Tomiya; 2103.11965] [Abbott et al.;
2305.02402]

e Essentially a stout-smearing transformation [Morningstar and Peardon; 2003]

UL(x) = g(U(x)) = exp (Q(x) ) Uu(x)

active

with the algebra-valued

Q) =2[f0)] Q) (x) = C) () UL (x)
W

frozen active

e Sum of frozen staples

cVx) =3 L 00)Su(0)
A —

VEL

staple

e Invertibility + easy computation of log J guaranteed by 2 x D = 8 masks
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[Bonanno et al.; 2510.25704]

Learning p,,(x)

Stout smearing applied only in the vicinity of the defect
No translational invariance — 9 “classes” of parameters given by symmetries of defect links

0 $=6.0, Lyg/a = 3, ngtep = 16
: m  tlb tle t2b < t2c *  ex
A 2 > (2 ® sp

¢ tle
-
-~ -

pes 4
P

JPR—

1.0

P9 () X ngep
>
.
v
1
v
1
v
]
1
v
Y
I
w

e -
0.0 "£€fi':t:t:t::o-*:ti’?i**’*“‘*’
0.0 0.2 0.4 0.6 0.8
1/ Nstep

Parameters perfectly linear in ns, — training only for ns., = 16, then transfer

19/34



SNF in BC: defect size scaling

100 {4

B=6.0,L/a=16

50

100
Nstep/ (La/a)?

150

200

[Bonanno et al.; 2510.25704]

B

HOH HOH HH

fit in (La/a)?/nstep
NE-MCMC, Ly/a =2
NE-MCMC, Ly/a =3
NE-MCMC, Ly/a —4
NE-MCMC, Ly/a =5
NE-MCMC, Ly/a =6
SNF, Lg/a =2

SNF, Ly/a =3

SNF, Ly/a =4

SNF, Lg/a =5

SNF, Ly/a =6
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SNF in BC: defect size scaling

B8=6.0,L/a=16

1.0 -
00 o0 © A
0.8 00 A
bk
o
0.6 1 «4{@
[99) 1
<g13 @ /
0.4-§
0.2%
0.0 T T T T
0 50 100 150 200
Nstep/(La/a)?

B

HOH HOH HH

[Bonanno et al.; 2510.25704]

fit in exp(—(La/a)® /nstep)
NE-MCMC, Ly/a =2
NE-MCMC, Ly/a =3
NE-MCMC, Ly/a =4
NE-MCMC, Ly/a =5
NE-MCMC, Ly/a =6
SNF, Ly/a =2

SNF, Ly/a =3

SNF, Lg/a =4

SNF, Ly/a =5

SNF, Ly/a =6
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Mitigating topological freezing




A scalable unfreezing strategy [Bonanno et al.; 2510.25704]

Effective cost

27

T int

ngf, ) X (nstep + nbetween) X Ney —= - X (nstep + nbetween)
| S —

ESS

cost of 1 sample
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A scalable unfreezing strategy [Bonanno et al.; 2510.25704]

Effective cost

27
ff int
ng% ) X (nstep + nbetween) 2~ Ney ><( + nbetween)
——
fixed
O O O & oo
non-eq MC
Keep n®® fixed for a — 0 by rescaling:
3
Ly
-3 -2
~ ( ~a Nbetween ~ @&
a
OsssQOQuseaQueuaQuns

e unfreezing guaranteed by OBC defect

° of OBC finite-size effects guaranteed by 21/34



Switching BC in SU(3): fine lattices

rescaling Nytep and Myetween — keep ESS and 7, (Q?) fixed up to 3 = 6.8

1.0 1 Ld/a =3
Ld/a =4
i Ld/a =5
08 Ld/a =6
75 0.6
|
\E/ - A v
0.4 1
0.2
0.0 T T T T T
0.000 0.002 0.004 0.006 0.008 0.010

(a/ro)?

[Bonanno et al.; in preparation]
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Switching BC in SU(S): fine lattices [Bonanno et al.; in preparation]

rescaling Nytep and Myetween — keep ESS and 7, (Q?) fixed up to 3 = 6.8

1.0
Ld/a: 3
v Ld/ll:4
— Ld/a:G
0.6 1
n
N
=
41 v
0.4 . . A
0.2 1

0.0 : : : : :
0.000 0.002 0.004 0.006 0.008 0.010
(a/ro)?
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Switching BC in SU(S): fine lattices [Bonanno et al.; in preparation]

rescaling Nytep and Myetween — keep ESS and 7, (Q?) fixed up to 3 = 6.8

Ld/a:S
4- v Ld/a:4
A Ld/a=5
3_ — Ld/a:6
3 +
Ep A

0 T T T T T
0.000 0.002 0.004 0.006 0.008 0.010

(a/r0)®
22/34



Conclusions — 1

Topological freezing is mitigated

effective cost of simulation ~ a—3

23/34



Conclusions — 1

Topological freezing is mitigated

effective cost of simulation ~ a3

Much more general strategy!

° — clear scaling with d.o.f.
Ngtep ~ #d.0.f. — constant Dxy, or ESS

e Stochastic Normalizing Flows — systematic improvement program to minimize
dissipation
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More critical slowing down... [Bonanno, AN, Vadacchino; in progress]

Deconfinement transition in SU(N) Yang—Mills has very interesting physics:
o latent heat
e interface tension
e bubble nucleation

— relevant for strongy-coupled dark matter models

But: in D = 4 first-order phase transition for N > 3

— very at T,
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More critical slowing down... [Bonanno, AN, Vadacchino; in progress]

Latent Heat — SU(3) Yang-Mills

Lucini et al. 05

Mayer 09

Shirogane et al. 21
Borsanyi et al. 22
Giusti et al. 25
Rindlisbacher et al. 25

000 025 050 075 100 125 150 L7  2.00
L/T!
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Correlation functions with infinitesimal flows

In collaboration with P. Butti, G. Catumba, L. Spatscheck




Signal-to-noise ratio problem

Euclidean correlator C(t) — extract masses
and matrix elements...

Ol
: . L 10°8,
Signal and noise decay with different o S
behaviours: their ratio may decrease _1l % e
; 10 1 = 3
int g ol
—_ o) i)
2 @ ®
ct) O 10
errOf[C(t)] Nsamples
107°F
QCD — Parisi-Lepage argument 1074 )
0 10 30 40

scalar theory — variance is approx constant
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Correlation functions from the generating functional

We want to use a different estimator for
1
C(t) = (01Op)q, — (O)5, q(¢) = e

with the zero-momentum projection

O] = 3 3 0(%,1)

S
X
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Correlation functions from the generating functional

We want to use a different estimator for
1 _
C(t) = (01 00)q, — (O}, G(0) = e °

with the zero-momentum projection

O] = % > 6%

Obtain the same quantity by

0
C(t) = 55000
with an inclusion of a source term in the action
p(¢) = 1 es S, =8-JO,
Z
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Reframing the StN problem

Evaluate (...)p via reweighting:
(Ot)p = (WOt)q,

with the normalized weights

e/00(4)

w(o) p(e) _ EeS—(S—JOO(qﬁ)) _

T (@) Z (e79) g,
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Reframing the StN problem

Evaluate (...)p via reweighting:
(On)p = (WO1) g,

with the normalized weights

P(9) _ Z s (s-Jou(s) _ /(@)

w(o) = =—_-e
)= %@ "z (e
Let us formally fix J = ¢ and expand around ¢ [Catumba, Ramos; 2502.15570]
w(p)=1+c¢ +...
<(91>p = <Ot>q0 + € + ...
StN degradation due to — overlap problem
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Infinitesimal flows see also [Abbott et al.; 2603.02984, 2606.15986]

Transform samples with a

with f being an (invertible) vector field
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Infinitesimal flows see also [Abbott et al.; 2603.02984, 2606.15986]

Transform samples with a

with f being an (invertible) vector field

New distribution 3
q(9) = qo(¢)| det Jr| "
with new weights

" P Z __5,(4)+S(6)+logdet J
w =" = _—_ g% g T
(#) 7"z
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Infinitesimal flows

Transform samples with a

with f being an (invertible) vector field

New distribution

see also [Abbott et al.; 2603.02984, 2606.15986]

q(8) = qo(¢)| det Jr| ™

with new weights

W(¢>) = g — Ee*sJ(Qg)+S(¢)+IogdetJT

Zy

Expanding:

() =1+e(Trd; — - VS +
~—_——

Stein operator: 7;f

)+ ...

[Liu, Wang; 1608.04471]

Note that (w)q, =1 as (7:f)q, = 0 (i.b.p.)
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Minimal variance condition

How to find an f that renders the weights constant?

For NFs one usually minimizes the KL divergence...

Dicw(qllp) = —(log W)q,
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Minimal variance condition

How to find an f that renders the weights constant?

For NFs one usually minimizes the KL divergence...

Dicw(qllp) = —(log W)q,

...which is perfectly natural! Approx. same as minimizing w variance

D llp) = 5 Virg, () + O({( 1)),
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Minimal variance condition

How to find an f that renders the weights constant?

For NFs one usually minimizes the KL divergence...

Dicw(qllp) = —(log W)q,

...which is perfectly natural! Approx. same as minimizing w variance

D llp) = 5 Virg, () + O({( 1)),

Expanding in ¢

N

9

Dxw(allp) = 5 ((Tedf + £ Hsf — 2 - VOo) g, + )+

29/34



Architecture and pipeline

Several iterations of architectures for ¢ = ¢ + f5(¢)
. (p)

inspired by the exact transformation for the non-interacting theory

- 1 4(p)
¢p:¢P+§ﬁ2+m25
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Architecture and pipeline

Several iterations of architectures for ¢ = ¢ + f5(¢)
. (p)

inspired by the exact transformation for the non-interacting theory

1_4(p)

¢p:¢p+§ﬁ2+m2€

Sampling

sample ¢ from gg ~ e~5
flow through fy
compute KL divergence at O(£?) compute weights w at O(¢)

minimize using standard ML toolbox extract C(t) analytically or using
(and repeat as necessary) [Catumba+Ramos; 2502.15570]

sample ¢ from qo ~ =S
flow through f,
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Some results in \¢* — training

0 2000 4000 6000 8000

0 2000 4000 6000 8000
Epoch
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Some results in \¢* — training

weights distribution before and after training

1500

—20 —10 0 10 20
weights
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Back to the correlator

What do we compute exactly in the end?

Expand the improved reweigthing

(Ot)p = (WO g = (Ot) gy +£(C(1) + )+

The extra piece disappears — at order ¢ we still get C(t)!
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Back to the correlator

What do we compute exactly in the end?

Expand the improved reweigthing

(Ot)p = (WO g = (Ot) gy +£(C(1) + )+

The extra piece disappears — at order ¢ we still get C(t)!

But actually we are designing a control variate
01(00 — <O>q0) + T f- O +f-VO;
same expectation value, different variance
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Some results in \¢* — sampling

0.5 @® two-point ||
@ epoch 6000

e

0.2485,A = 0.0
3 6

12 15

=+ ©
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Some results in \¢* — sampling

10°° |
:1074 |
O . 5 | $=—two-point
Elo ——trained (last epoch)
>

1o~ T/F.g.ﬁiﬁam

-7
107 1 —0.2485,\ = 0.005
3 6 9 12 15
t

33/34



Conclusions — 2

e Stochastic Automatic Differentiation [Catumba, Ramos; 2502.15570] can provide
automatically the ¢ and <2 terms!

e Architecture still in development — stout smearing-like transformations being tested

e A solution of the minimization condition
Trf* + Oo — (Oo) = 0

can be found using a approach [Albergo, Kanwar; 2603.00252]
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Thank you for your attention!



A strategy for thermodynamics

(thermal) critical slowing down
Tint (U ) Tint (P), ... diverge
latent heat + transition features + equation of state difficult to determine

[Bonanno, AN, Vadacchino; in progress]
Base dist: To # T; at given 5y, N;
Protocol: switch 8y — Bc(Ny)
#dof ~ Ly x L3

[Caselle, AN, Panero; 1801.03110]
[Bulgarelli, Cellini, AN; 2412.00200]
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NEMC in 5 in SU(3)

Test: changing 3 on a (L/a)* system

0.30

0.25 7

frequency
o o
= [\]
ot o

.

b
—
o

0.05 7

0.00

Lja=12,8=6.02 — 6.178

O nggep = 256
I ngep = 512
— [ Ngrep = 2048

sy, 1

7780.0 7782.5 7785.0 T787.5 T790.0 7792.5
W

Dxr, = (W) — AF decreases with increasing Nstep

[Bulgarelli, Cellini, AN; 2412.00200]

Far from critical point!
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[Bulgarelli, Cellini, AN; 2412.00200]

NEMC in 5 in SU(3)

Test: changing 3 on a (L/a)* system Far from critical point!

Lja=12,8 = 6.02 — 6.178

100 4
O nggep = 256
0 ey = 512
10_1 i | — Ngtep = 2048
&
=}
= 102
g10
H
1073

104 10% 102 10' 10° 10' 102
o~ (W-AF)

Var(exp(—Wa)) = &5 — 1 decreases with increasing e
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NEMC in 5: volume scaling

(1.8fm)* — (1.4fm)* for L/a = 20

[Bulgarelli, Cellini, AN; 2412.00200]

B =6.02 — 6.178

2.5
€ NEMC, L/a =10
® NEMC, L/a=12
2.01 4 NEMC, L/a=16
¢ NEMC, L/a =20
1.54 + +
1.0 ¢
¢
J *
0.5 . . +
. ¢
0.0 hd
' 500 1000 1500 2000 2500 3000
Nstep
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NEMC in 5: volume scaling [Bulgarelli, Cellini, AN; 2412.00200]

(1.8fm)* — (1.4fm)* for L/a = 20 clear scaling nsep ~ (L/a)*
05 £ =6.02—6.178
* ¢ NEMC, L/a=10
50 | -4 NEMC, L/a =12
R 0 4 NEMC, Lja=16
al i 4 NEMC, L/a =20
=1.51 i
=
= 1.0 1 ‘
0.51 »~ .
0.0 : : : hd
0.00 0.05 0.10 0.15 0.20
nstep/ (L/a)!
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NEMC in 5: volume scaling [Bulgarelli, Cellini, AN; 2412.00200]

(1.8fm)* — (1.4fm)* for L/a = 20 clear scaling nsep ~ (L/a)*
£ =6.02— 6.178
1.0
0.8+ *
0.6 1 o
<% ‘ /’/
&
0.4 o *
* ’ ¢ NEMC, L/a=10
0.9 -4-- NEMC, L/a =12
: 3 € NEMC, L/a =16
‘“0‘ € NEMC, Lja=20
0.0 - : : . :
0.00 0.05 0.10 0.15 0.20

Nstep/ (L/a)*
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Transferring p in SNFs [Bulgarelli, Cellini, AN; 2412.00200]

Short trainings: 200-1000 epochs enough to saturate

Training only with small ng.,,: clear pattern

emerges
Lja=12$=60-62 e global interpolation of p from trainings at
step — 16 —
0.00034 e -% : Z;mp =32 nstep — 1 6, 32, 64
A nge, =64
. . o p() extrapolated to large Ny, — NO
< 0.00021 retraining!
= VVWV'
' T e Heavy use of transfer learning for each
0.00011 ¥ A LA A — (3 evolution
m‘# M“M‘A‘A“M‘AAA‘A‘“A“MA%AMAA“} fo # evolutio
A , , , , , o Transfer learning also possible between
0 1020 30 40 50 60 different volumes

n
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/)(n) X Nstep

Transferring p in SNFs

Short trainings: 200-1000 epochs enough to saturate
Training only with small ng.,,: clear pattern
emerges

[Bulgarelli, Cellini, AN; 2412.00200]

L/a— 12,6 =6.0 > 6.2
A A
0.006 A A
A
’ 4 %V v A
< A ‘ 'V ' 3 V‘: VvV A
0.005 '3 »A N AN ‘X' ,X‘A:"Q
A A A A A
0.0041 a 4 A AT A
° A
v
0.003 1 ® iy, =16
Vo Ngep =32
4 A nge, =064
0.0 0.2 0.4 0.6 0.8
n/nstop

e global interpolation of p from trainings at
Nytep = 16,32, 64

o p{) extrapolated to large Ny, — NO
retraining!

e Heavy use of transfer learning for each
Bo — [ evolution

different volumes

e Transfer learning also possible between
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SW|tch|ng BC in SU(S) Tint [Bonanno et al.; 2510.25704]

175 ¥ NE-MCMC, § = 6.4 Lg/a =3
& SNF, =64 Ly/a=3
1504 ¥ NE-MCMC, § = 6.4 Ly/a =4
‘ A NE-MCMC, 8 =6.5 Lg/a =4
1951 @ SNF, =65 Ly/a=4
S A NE-MCMC, 8 =6.5 Lg/a =5

< 1,00 +

0.75 1 V}, 4}: 1{;

0501 ¥ ¥ i ii 4
250 500 750 1000 1250 1500 1750
nstep
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Switching BC in SU(3): sanity check [Bonanno et al.; 2510.25704]

%10~ B =6.4,(L/a)* = 30*

Lt g

BN JHEP 01 (2024) 116
2 ¥ NE-MCMC Lg/a =3
$ SNF Ly/a=3

¥ NE-MCMC Ly/a =4

0.0 0.2 04 06 0.8 1.0
ESS
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Switching BC in SU(3): sanity check [Bonanno et al.; 2510.25704]

x10~ B=6.5,(L/a)* = 34*
5
}
: 1
3.
t

e
L
—_—

B 2510.08006
11 £ NE-MCMC Ly/a =4
A NE-MCMC Ly/a =5

0.0 0.2 04 06 0.8 1.0
ESS
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Discrete Normalizing Flows

First, most common implementation:

e build NFs as a combination of discrete transformations (coupling layers)

fo =gno---0ge0g

e implement partitioning of d.o.f. at each step (masking)

U (U(I) yh

active’ frozcn)

— invertibility and triangular Jacobian guaranteed

JUiden = Ui
In= gy o

active active

the function can be parametrized with neural networks
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Continuous Normalizing Flows

No discrete coupling layers: learn an ODE instead

In the approach
U = Zi(Un) Uy

with Z; given by the force of )
S(Un, ) =>_ ci(thWwi(Ur)

Machine-learn the ¢; coefficients!

[Bacchio et al.; 2212.08469]

[Gerdes et al.; 2207.00283], [Caselle et al.; 2307.01107], [Gerdes et al.; 2410.13161]
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Diffusion models [Wang, Aarts, Zhou; 2309.17082]

First introduce noise in the data (forward Langevin process), then denoise it (backward)

d d
2 4,6 +gEm 28 _ (6,1) — 902V glogpe(®)] + 9(O07
: RS *

A A

/ \ | AM‘“L\AVN\*& [\
[ w‘
W‘:“W" g W w0 f n

IR I

R \I} O
R‘M, *Wj\/w\“ W Wﬂ" i !

W w M/ ! \‘“ *“/\ W& w"w Mw‘

Po pr i W Po
Data from target is required! Connection to stochastic quantization!
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The path until now - scalar field theory

Natural toy model to start with: ¢* scalar field theory in 2d

[Albergo, Kanwar, Shanahan; 1904.12072]

Tinti oE
6: OXxa
|| o G(0)

05" Heatbath

Tint

5

[&]

0.5

O E oG.0)
o xa A Ace

50% ML models

T0% ML models

Flows

6 8

10

12 14

6 8 0 12 14

[Nicoli et al.; 2007.07115]

—1.048

-1.054f 4

—1.056

{ flow
¢  hmc

16x8

T R £ [
Lattice A

but also [Del Debbio et al.; 2105.12481] [Caselle, Cellini, AN; 2201.08862] [Gerdes et al.;
2207.00283] [Albandea et al.; 2302.08408] + ...




The path until now - gauge theories

What about gauge theories? — gauge-equivariant architectures

o loop-level flow: coupling layers act on
(eigenvalues of) untraced loops [Kanwar et <N (‘ﬂ‘)
al.; 2003.06413] [Boyda et al.; 2008.05456] b —HE RN

P (x) = h(Pu(x)|1(x))
U/

(%) = P ()Pl (x)Uu(x)

o link-level flow (more later!)

e continuous NFs are naturally equivariant
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The path until now - gauge theories

U(1) gauge theory in 2d [Kanwar et al.; 2003.06413]

T A
{ 4~ HB =
1000 + 4 Flow R ‘.
int 1 .
0 ' .p
] o L
- T
10} .... i ’ Meosnnnnnnn »
o .
1 1 geezewevies PRLLIETIED o
i, T r , | I |
1 2 3 4 : T T
B

but lots more work in other gauge theories (see next slide)
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The path until now - gauge theories

Schwinger model [Finkerath; 2201.02216]

40

0 200 400 600 800 1000

GC step |— HMC
—— flowGC

0 200 400 600 800 1000
GC step

but lots more work in other gauge theories (see next slide)
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The path until now

¢* scalar field theory in 2d — [Albergo, Kanwar, Shanahan; 1904.12072] [Nicoli et al.;
2007.07115] [Del Debbio et al.; 2105.12481] [Gerdes et al.; 2207.00283] [Albandea et al.;
2302.08408] [Wang, Aarts, Zhou; 2309.17082]

U(1) and SU(N) in 2d — [Kanwar et al.; 2003.06413] [Boyda et al.; 2008.05456] [Bacchio et al.;
2212.08469] [Gerdes et al.; 2410.13161] [Zhu et al.; 2502.05504] [Vega et al.; 2510.26081]
[Aarts et al.; 2601.19552]

fermionic theories [Albergo et al.; 2106.05934] — Schwinger model [Finkenrath et al.;
2201.02216] [Albergo et al.; 2202.11712] and SU(N) in 2d [Abbott et al.; 2207.08945]

approaching SU(3) in 4d [Abbott et al.; 2305.02402] [Abbott et al.; 2401.10874]

different models: Nambu-Goto string [Caselle et al.; 2307.01107] and Hubbard model [Schuh et
al.; 2506.17015]
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The path until now

¢* scalar field theory in 2d — [Albergo, Kanwar, Shanahan; 1904.12072] [Nicoli et al.;
2007.07115] [Del Debbio et al.; 2105.12481] [Gerdes et al.; 2207.00283] [Albandea et al.;
2302.08408] [Wang, Aarts, Zhou; 2309.17082]

U(1) and SU(N) in 2d — [Kanwar et al.; 2003.06413] [Boyda et al.; 2008.05456] [Bacchio et al.;
2212.08469] [Gerdes et al.; 2410.13161] [Zhu et al.; 2502.05504] [Vega et al.; 2510.26081]
[Aarts et al.; 2601.19552]

fermionic theories [Albergo et al.; 2106.05934] — Schwinger model [Finkenrath et al.;
2201.02216] [Albergo et al.; 2202.11712] and SU(N) in 2d [Abbott et al.; 2207.08945]

approaching SU(3) in 4d [Abbott et al.; 2305.02402] [Abbott et al.; 2401.10874]

different models: Nambu-Goto string [Caselle et al.; 2307.01107] and Hubbard model [Schuh et
al.; 2506.17015]

discrete NFs // continuous NFs // diffusion models
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The path until now

— [Albergo, Kanwar, Shanahan; 1904.12072] [Nicoli et al.;
2007.07115] [Del Debbio et al.; 2105.12481] [Gerdes et al.; 2207.00283] [Albandea et al.;
2302.08408] [Wang, Aarts, Zhou; 2309.17082]

— [Kanwar et al.; 2003.06413] [Boyda et al.; 2008.05456] [Bacchio et al.;
2212.08469] [Gerdes et al.; 2410.13161] [Zhu et al.; 2502.05504] [Vega et al.; 2510.26081]
[Aarts et al.; 2601.19552]

fermionic theories [Albergo et al.; 2106.05934] — [Finkenrath et al.;
2201.02216] [Albergo et al.; 2202.11712] and [Abbott et al.; 2207.08945]

approaching SU(3) in 4d [Abbott et al.; 2305.02402] [Abbott et al.; 2401.10874]

different models: [Caselle et al.; 2307.01107] and [Schuh et
al.; 2506.17015]

Very effective in critical slowing down mitigation in !
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How do flow-based samplers scale?

How do flow-based samplers scale when the d.o.f. of the system are increased? e.g., in
the continuum limit

We require two features: 1079 giopes: s ° >0
e better inference — improved scaling . Ziﬁj; . 2.50
of the sampling with respect to 0 7.6(4)
MCMC — . 1.50
e manageable training costs — él(ﬂ ¢
learning fy scales reasonably wle o 0
e . 0.75
o for a fixed trained model: i ¢
ESS(V) = ESS(Vp)"/% 6 8 10 12 T
« difficult to determine in general L
[Abbott et al.; 2211.07541] worrying scaling of training costs for fixed models

[Del Debbio et al.; 2105.12481] 48/34
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