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M2 SCFTs

- M2 SCFT = 3d SUSY gauge theory on N M2-branes in M theory

(cf. ND3 @ 4d super Yang-Mills)
- Can be constructed systematically via dual I11A/IIB brane setups
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Other examples

3d theory Brane setup N M2 on

IB: 05 05"

A(/ S)._ —_
2( . = — d

(4 2 2 /1
1B 05" 05" | ND2+¢D6+06% C* x C°/Dy(+2)

o A) 20 (or 02%)

o

C*/Zy
@' C4/f)k

:
i

- Brane pictures suggest various dualities. For example,
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Superconformal indices

I(Qa T ) = ﬁQl)fol)zo((—l)FqA T ) (A: conformal dimension + R-charge)

I(q;) is independent of continuous parameters of the theory

@ can study strong coupling regime via weak coupling description

@ can test IR dualities

I(q;) itself is also an interesting object:

- Can compare with index in gravity side at large N

- Finite N corrections @ giant graviton expansion



Giant graviton expansion
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There are fewer states with dimension/R-charge A > N in the finite N theory, compared

with the large N theory.

In gravity side, this can be understood as the volume constraint on "giant graviton":

- ¢® «—> graviton with angular momentum Ain S7 C AdS, x S7

[McGreevy,Susskind, Toumbas,'00]

- Due to Myers effect, graviton expands to M5-brane wrapped on S°  S7 with size A

- This M5 cannot be bigger than S7 itself » A<N

Alternative viewpoint: Inwme = Igraviton[l + (Wrapped M5) + (2 wrapped M5) + - - -]

1

[Arai,lmamura,'19]
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Main results

- For application to such as giant graviton expansion, it is desirable to calculate Inn2(q)
for finite but large N & to high order in g @ Difficult

- We calculated 2 (q) exactly for all N in a specialization limit which counts only

states preserving two Q(")'s (Coulomb limit)

*In this limit, index calculation reduces to 1d ideal Fermi gas on S*

@ verified structure of giant graviton expansion

- We can also calculate index dressed by Wilson lines by the same method

@ powerful recursion relation with respect to N
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Plan of talk

1. Superconformal indices

2. Line defect indices

3. Summary and future works



Superconformal index of 3d N = 4 theory 512

N = 4 superconformal symmetry:

- Spacetime: Py, Juv; ku, b
Cartans: h, j15, H,C
* R-symmetry: SO(4) = SU(2)g x SU(2)¢ T2

' 1 . 1 H ,C
* SUSY: Qch with h = g J12 = ii’ H==, G=3"1 ({Q(I,,(Qfl)‘f} =h+ jip 1 +" —2—)

Superconformal index:

Choose one Q of {Q.} s.t.

(te. e =h - - 5°)
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P I = Tr[(—1)Fe-P@ Y "E H=C fo o Iy

&g [,Q]=0 * I is B-indep.

fc/u : global symmetry (topological U(1) / flavor sym.)
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U(N) ADHM theory
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(monopole flux on 52

(

5 projection to gauge singlet)
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adj. hyp (fund. hyp ) _
((l‘;fl)oo = H 1 _lan = PE[z + %:z: +(%2:v ghases ])

o 0

{m}-dependence can be derived by applying SUSY localizationto I = Zg2, 51

Difficult (although it is possible) to evaluate # Let's take a simplification limit



Coulomb/Higgs limit 10/22

Rewrite index as

I =Trgg oty—ol(—1)F (qit)®~C(git=1)h—H fogfn]

Since 2n—C,2h— H >0, we can define Coulomb/Higgs indices as [Razamat,Willett,'14]
Ic = l%mo I =Trig 0t}=0,2h—C=0 [(2h—H yiec] @) counts only 1/4 BPS states
q’ _) b )
(qit—1=t) H-C N with 9D = (@) =0
0=h+ji+—5— = {Q'.(Q'@
_ . . 2h—C ,.fu

Ty = ln;n I =Trig oty=0,2n—H=0[t /) =)> counts only 1/4 BPS states
qg,t” " —0
(ahe=9 Ez - B30 = (@)

In this talk, we mostly focus on Coulomb indices
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Coulomb limit = Fermi gas
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Giant graviton expansion

(1]

o0 : - 5 oo 1
- z uNIg(N) [ _ H Z(tl 2™ ) T (v) = H e

N=0 m=—oc =0 m=—o0o
A —14\—m, —1msz
U(N)-[1] du Y "
Zo =f —u " Ep(u) = —ZRes[ :l(u),u—>w] 4
= 290918 Uu
|ul=¢ w#0 1
A <> . >
'u,—-1—+.’Z'U(°°)[1

u=1t"© = tON : finite N corrections

= | e , -
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[Gaiotto,Lee,'21][Hayashi,TN,Okazaki,'22]

Claim: F,.o=I.us with appropriate identification of fugacities



Convention for M2/MS5 indices 13/22

/ M2 index
Bosonic symmetry (conformal + R): SO(2,3) x SO(8), ®m) Cartans: h, j12,712, T34, T56, 778
:]:I :tll :tlll :':IIII h 4 T r T r
{Qa QT} = h :L' j12 - T2 L3k 2 256 it Q % ‘:t; :i:}zé :i:?;l% iISIIG% :l:”7’§%

Choose (— + + + +)

m) | Inig = Tr[(—1)F e PTQQ"} girat HAAEEEIR (41 yria (s (41 5= 1 )70 (1) 7]

& P

M5 index

‘ Bosonic symmetry: SO(2,6) x SO(5)r =) Cartans: H, Jy2, J34, Js6, R12, R34 b
H|Jiag| Jaa | Jsg | Ri2 | Ras
{Q, QT} =H:i:J12 :t, J34 :|:” J56—2(:‘:”’R12 :l:”” R34) Q % :i:% i'% :i:”% :i:"’% :i:"”%
kChOOSE (———++4) » Ins = Tr[(_l)Fe—ﬁ{Q,QT}pH—LﬁﬁuRlz—Rs«:yiflzyé’Mygse] (y192y3 =3

To do: express six 3d Cartans in terms of 6d Cartans, by matching
(1/2 BPS algebra of 3d preserved by wrapped M5) = (a 1/2 BPS algebra of 6d)
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Parameter identification

. U] e
1/2 BPS algebra in 3d: s = 1 (@) B g+

A

3 N
((h,312,7‘12,7‘34, T56,T78) = (5’ 0,0,0, N, O)J (= ground state of M5 wrapped on S2. _, C S7)

1
» preserves {Q{x|7‘56 = 5} ) 30(3)jz’j X 80(6)rub X u(l)h,rss a,b#5,6

A 1/2 BPS algebra in 6d: {Q(leRIZ — %}D 30(6)-]ij X 30(3)R,,b X u(l)H,Rlz a,b#1,2

H 3Rys .
* W= = 21 y J12 = Raa, 112 = J12, 734 = J34, 756 = —Ri2, r78 = Js6

[Arai,Fujiwara,Imamura,Mori,Yokoyama,'20]

Writing Iz in terms of 6d Cartans (H, J;;, Ray) , we find

-5 1 — 2 1 2 1 -1
au=4q 8t222vy1=t 7y2=t3$z 3,y3=t3:1: z 3)

[
W=

~ 1
Fm,() — ImMS(p = q4t' z

() 3 _ 2 P
S Lnms(p2u = o7t py1 = x2;p2u™" = pya = pys = 0) (x1 = 27, 3 = 2t)

: Checked against knows expressions for /1y (free tensor), IooMms (graviton) and also /M5 (unrefined)
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Plan of talk

v 1. Superconformal indices

2. Line defect indices

3. Summary and future works
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Line defect index

Supersymmetric index can be generalized by adding supersymmetric Wilson loops

I=Zgsys =P <].jl:WR"(’Y")>

- Wr(v) = TrrPexp [i dr(izh(T)A, + |:n(—r)|a)]

Basic choice: W
R
] |R
<W’R, WT—{) ﬁ S2 ........... |
conformal map R+ (¢ s1)
N :

By using SUSY localization formula, we have

1 |m‘-

k _ U(N) [1] 1 dS, "‘z_’"zl S (qa t2 24 1q)00 t—l il: ’q)
H WRJ N' Z 27{23 H e q 4 8. ) H 1+ my — m,! 28 HH + lmg— vnz +1
j=1 m; €L L ] 17 43 (q i~ sQ)oo £ = q4 tx _L’(I)OO

3+|
i HH (Q“ 2 t S; ,Q)oo Z m.,(rl Yo |m'|t 22 Imal H X"ﬁ'_,(sls o ,SN)
(‘144'_L ) o j=1
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Coulomb limit = Fermi gas

Consider generating function of line defect indices in different representations

N

rr' d31 .
> o W Wi 0 = 3 3 [t [ a1
o' >0 t g=

oo
(C) v 7
Y Z H tlml rnsz'm.I(l_*_as)(l_}_bs—l)(Vm)

V'mZO m=—0oQ
(Em vm=N)
= gt N 4 . 25iE A\ {2
Is(v) = —; d™ avdet[(ei|py|a;)] pr = f(e”™)bz(—D)t

o0 N UN)-l] oo o
E(1+as)(14bs-1)(¥) = Z UN<H(1 +as;)(1+ bsi_l)> = H Z (™2™ u) T1 f as) (1 40s-1) (V)

C m=—oo v

= El (U)El (abu)

U(N)- U(r)- U(N—r)-
» (W(l'”)W(lr)>C( -] _ IC( ) [I]IC( )-[1]

: factorized recursion relation!

[Hayashi,TN,Okazaki,'24]
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Generalizations

The same strategy (almost) works for the Coulomb limit of other theories, and we find
similar recursion relation as in U(N) ADHM theory

[Hayashi,TN,Okazaki, to appear]



Higgs limit of U(N) ADHM theory o

Higgs limit: ¢,t7' -0 with t=¢%t fixed.

k U(N)-[1] 1 ds NHz';éj(l _ ;_;)H (1 _t29 )
<l:«[1W'RJ'> ZM/<2ﬂis) Hi,jH:{;(l_xilt_L HHHl—t(y s)il HXR 31,"',SN)

j= H a=1 1

My = Mapam(SU(1); N-inst) = (---)g = instanton partition function of 5d SU(!) SYM

=) Can be calculated by 5d techniques

(Nekrasov formula; topological vertex)

For ¢=1 and anti-symmetric Wilson lines, we find

- £ N E1(u)Z1 (abu)
Zasagne @ = 3w ([a+as)a+bs) = 1

N=0 i=1 \ H E1(—atu)=; (—btu)

J \

st U(1)SYM+2hyp [Hayashi,TN,Okazaki, '24]
N-inst

For example, (WoWe) UM = ZUW-D-LZ0)-1] 4 270N=-2-[1] 7U)-1)2



Application: large N limit
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Extra d.o.f. due to Wilson lines would be captured by <H Wr, >

(IT; Wr;)

large N limit can be obtanied easily from recursion relations

D

, whose

U(o0)-(1] U(o0)-[1] 34y Uloo)-[1] _
WaWgly  —Woly  Woln

— ZU@-1

-[€ —7r)-[£ U 00 )-[£

U()[

\

=

these results
look reasonable

> PPT

<W[:]W >(C.]\;HOO) . PE[(ﬂUCtuatlon modes of M2 on Ad82 X S )] [Drukker,Plefka,Young,'08][Chen,Wu,'08][Gang,Koh,Lee,'12]
N

For example, (WoWs) o " =

AdS;

Y7

= PE[z~ 't + zt]: displacement modes in 212 and 256 directions?
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Summary

- Supersymmetric indices of some M2 SCFTs are exactly calculable in two simplification

limits: Coulomb/Higgs limit, which still capture interesting features

' Fermi gas ' TSd instantorD

- Indices =) M2/M5 giant graviton expansion

7(NM2)
C/H =
.'Z,'(o£>M2) Z xmlNI Ms(Z7 5 Z1) + - 1:1/15 - Z leI((Z'jj}JMz) (z7 " 2122) + -
C/H m1=0 TooMs
[Hayashi,TN,Okazaki, '24,'25]
. . . . . . W W (N) t I(N T )
- Line defect indices =) linear recursion relation | (WaW5)¢(/p) = cr’( )Ze(/m
r’/=1

This implies (W,\Wx)g)f/)m = (rational) X PE|[(finite polynomial)]

Gn some cases)
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Future Works

- Direct derivation of M5-giant indices Z,,m5 (m22) from 6d, or gravity side

[Kim,Kim,Kim,Lee,'13] [Eleftheriou,Murthy,Rossello,'23][Deddo,Liu,Pando Zayas,Saskowski,'24]

- 6d/gravity interpretation of full double-sum expansion coefficients ﬁ’ml,mz

- Gravity interpretation of line defect indices

- Giant graviton expansion of line defect indices = finite N & r (size of rep.) corrections

[Imamura,Inoue,Sei,Yokoyama;Beccaria,'24"]

- Duality of line defect indices, including vortex lines (assel,comis, 15][Hayashi,TN,0kazaki, 25]

- C/H limits of more general M2 SCFTs @
IPED
QL

- Full (line defect) indices



Backup slides



Parameter identification (detail)

The 1/2 BPS algebrain 3d: {Qllrss =3} & [Z=h—rs =0

{Qi,(gi)*}20—>6=h—"§zo

A 1/2 BPS algebrain 6d: {QL|Ri=;} = [Z=H Ri=0

2
QL Q) >0—5C=H—2R;;>0

= 2-,7C=)C (A>0)

= h=(2\—p)H - (4A—p)Riz, r56=—2(p— NH +2(p — 2)\)Rys

rsc and Ry, are part of larger rotation groups =)» must be normalized in the same way:

1
T56=ﬂ:R12» p=>\=-2-

H 3R
* h=?—Tl2, rse = —Ri2




Another example: USp(2N) model

dSi

Z 210 / 271S;

my, mv>0

USp(2N)+(A/S)-[2¢] 1
> ~ 2NN

<1L:[f(3i)
T - o HH(I—

i=1 =+ i<j £

+ t2 jil :}:l Q)oo

S

|meg 4me |
ukiokd WL L]
119;1) (1 g ¢;1911)

(q2+——"t2s7“8’“,q)oo

HH (q2

X PE[(hypers)]

N
X q% Zi\:l Imilt_zAZ;\:] |m|| Hf(s‘l.)

=1

Coulomb indices depend on matter contents only through A

£ 4- 285 8% il)oo (g3+

+1
+1 5:1
t 2g; Q) oo

2 9

ND2 +/D6 +06"

A=f0—-2+2¢ €=

{0 (anti-sym. hyper)

1 (sym. hyper) ——~" np2+¢p6+027

M2 on

p e

N
XE]sp(2N )

=1

>C?/Da

/

= Z(Si +5;7) =) (WaWn) « f(s) = (1+a(s+s7 1)1 +b(s +s")) and take coefficient of ab



