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Moments of parton densities
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Moments of parton densities

<h(p) ‘ @{/’t1”°/’tn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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Moments of parton densities

<h(p) ‘ @{/’t1"°/’tn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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Moments of parton densities

<h(p) ‘ @{//tl”'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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oroblem: Lattice breaks Lorentz symmetry
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Moments of parton densities

<h(p) ‘ @{//tl”'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

Y d*xj(x)y, D, D
ey, ~ | @XW Y, Dy Dy wix)
D,=0,+igA,

oroblem: Lattice breaks Lorentz symmetry
— mixing with lower-dimensional operators
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Moments of parton densities

<h(p) ‘ @{//tl"'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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D,=0,+igA,

oroblem: Lattice breaks Lorentz symmetry
— mixing with lower-dimensional operators

- a — 0 limit challenging
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Moments of parton densities

<h(p) ‘ @{//tl"'ﬂn} ‘ h(p)> ~ pﬂl... pﬂn <Xn_1>
4. — = pg
@ﬂl"'ﬂn ~ | d xy(x) ymDm“‘Dﬂn w(x)

D,=0,+igA,

oroblem: Lattice breaks Lorentz symmetry
— mixing with lower-dimensional operators

- a — 0 limit challenging

Martinelli, Sachrajda '87, ‘88
Alexandrou et al. '20, ‘21

— only results up to (x3) avallable

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen el s

oooooooooooo



Gradient flow as cutoff
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Gradient flow as cutoff

<h(p) ‘ @{//tl”'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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D,=0,+igA,

In O remove high-momentum modes p? > 1/t
p(x) = y(x,1)
A(x) = B, (x,1)

IN a gauge and Lorentz invariant way
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Gradient flow as cutoff

<h(p) ‘ @{//tl"'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

<>

0 d*x (x)y, D, D
prepy, ~ |G XD 1y, Dy Dy pi(x)
D,=0,+igA,

IN @ﬂl,,,ﬂn, remove high-momentum modes p2 > 1/t
w(x) — y(x,1)
Aﬂ(x) —> Bﬂ(x, f)

IN a gauge and Lorentz invariant way

— continuum limit can be taken, result depends on UV cutoft 1
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Gradient flow as cutoff
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Gradient flow as cutoff

Wi
B,(x,1) = { d*ke™ A, (k)

H
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Gradient flow as cutoff

11/t
B, (x,1) = { d*k e Aﬂ(k) — not Lorentz invariant!
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Gradient flow as cutoff

11/t
B, (x,1) = { d*k e Aﬂ(k) — not Lorentz invariant!

B, (x,1) = Jd4k ek e_ﬂ‘zﬁﬂ(k)
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

Bﬂ(x, 1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

Bﬂ(x, 1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!

)

8tBﬂ(x, ) = |:|Bﬂ(x, f)
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

Bﬂ(x, 1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!

(;
8tBﬂ(x, ) = |:|Bﬂ(x, N o (')tBM(x, 1) =D, (1) Gw(x, f)
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

Bﬂ(x, 1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!

)

0B,(x.)=[1B,(x.) —  9B)=D NG, 7 o%TEELL

G,,,(x, 1) ~ [D, (1), D,(1)]
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

B,(x,1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!
)
JB,(x,1)=[]B,x 1) — 0,B,(x,1) =D/ G, (x,1)
B,(x,0) = A,(x) G, (x,1) ~ D7), D,(1)]

D,()=o9,+1ig|B,(x,1), ]
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Gradient flow as cutoff

11/t
B, (x,1) = J d*k e Aﬂ(k) — not Lorentz invariant!

B,(x,1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!

)

JB,(x,1)=[]B,x 1) — 0,B,(x,1) =D/ G, (x,1)
B,(x,0) = A, (x)
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G,,,(x, 1) ~ [D, (1), D,(1)]



Gradient flow as cutoff

11/t
B, (x,1) = { d*k e Aﬂ(k) — not Lorentz invariant!

B,(x,1) = Jd4k eikxe_tkzﬁﬂ(k) — not gauge invariant!
)
JB,(x,1)=[]B,x 1) — 0,B,(x,1) =D/ G, (x,1)
B,(x,0) = A,(x) G, (x,1) ~ D7), D,(1)]

D,()=o9,+1ig|B,(x,1), ]

analogously:

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen



Moments of parton densities

<h(p) ‘ @{/’t1”°/’tn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>
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Moments of parton densities

<h(p) ‘ @{/’t1”°/’tn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))
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Moments of parton densities

<h(p) ‘ @{/’t1"°/’tn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))

O e ﬂn(t) ~ [d4x w(x,1) ;/MD ﬂz(t)--- (5 ﬂn(t) wi(x,1)
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Moments of parton densities

<h(p) ‘ @{//tl”'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))

O e ﬂn(t) ~ [d4x w(x, 1) ;/MD ﬂz(t)--- (5 ﬂn(t) w(x, 1)

Continuum limit exists.
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Moments of parton densities

<h(p) ‘ @{//tl”'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))

O e ﬂn(t) ~ [d4x w(x, 1) ;/MD ﬂz(t)--- S ﬂn(t) w(x, 1)

Continuum limit exists.
Lorentz and gauge invariance preserved.

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen e s

oooooooooooo



Moments of parton densities

<h(p) ‘ @{//tl"'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))

O e ﬂn(t) ~ [d4x w(x, 1) ;/MD ﬂz(t) ‘e S ﬂn(t) w(x, 1)

Continuum limit exists.
Lorentz and gauge invariance preserved.
No mixing with other operators.
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Moments of parton densities

<h(p) ‘ @{//tl"'ﬂn} ‘h(p)> ~ pﬂl... pﬂn <Xn_1>

) Shindler ‘24

(WP O, ... ,(D] h(p))

O e ﬂn(t) ~ [d4x w(x, 1) ;/MD ﬂz(t) ‘e S ﬂn(t) w(x, 1)

Continuum limit exists.
Lorentz and gauge invariance preserved.
No mixing with other operators.
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Short flow time expansion
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Short flow time expansion

Luscher ‘14

@n(t) = Z Cnm(t) @m T t( ) Suzuki ‘15
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Short flow time expansion

Luscher ‘14

@n(t) = Z gnm(t) @m T t( ) Suzuki ‘15

higher-dimensional operators — neglect
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Short flow time expansion

Luscher ‘14

@n(t) = Z gnm(t) @m T t( ) Suzuki ‘15

higher-dimensional operators — neglect

(P Oy |HD)) = ) Gud @) CR(P)| O,y (D | A(P))
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Short flow time expansion

Luscher ‘14

@n(t) = Z gnm(t) @m T t( ) Suzuki ‘15

higher-dimensional operators — neglect

(P Oy |HD)) = ) Gud @) CR(P)| O,y (D | A(P))

/\ lattice
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Short flow time expansion

Luscher ‘14

@n(t) = Z gnm(t) @m T t( ) Suzuki ‘15

higher-dimensional operators — neglect

(P Oy |HD)) = ) Gud @) CR(P)| O,y (D | A(P))

/\ /\ lattice

perturbation theory
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Short flow time expansion

Luscher ‘14

@n(t) = Z gnm(t) @m T t( ) Suzuki ‘15

higher-dimensional operators — neglect

(P Oy |HD)) = ) Gud @) CR(P)| O,y (D | A(P))

/\ /\ lattice

perturbation theory

actually:

R ) = ) G Z
k
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Meson mixing
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Meson mixing

O, = (by,q)(by,;q)
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Meson mixing

O, = (by,q)(by,;q)

— B, ~(B|0,|B)

bag parameter
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Meson mixing

O, = (by,q)(by, 9)
— B, ~(B|0O,|B) bag parameter

= {~(H){(B| O,(?) | B)
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Meson mixing

O, = (by,q)(by, 9)
— B, ~(B|0O,|B) bag parameter

= {~(H){(B| O,(?) | B)
/

poerturbative
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Meson mixing

O, = (by,q)(by, 9)
— B, ~(B|0O,|B) bag parameter

= {~(H){(B| O,(?) | B)
/ N

poerturbative lattice
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Meson mixing
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Meson mixing

O, = (by,q)(by, 9)
— B, ~(B|0O,|B) bag parameter

= {~(H){(B| O,(?) | B)
/ N

poerturbative lattice
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Meson mixing
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D meson lifetime bag parameters PCH

CRC TRR 257

Z(];(S) . g;?;iireur:zsflo;/ Black, Lang, Lenz, Withrich ‘25
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—0.25 - Ty = (Q(1 —v5)Tq)(@(1 +v5)T4Q),

Bi—1 B,-—1 €1 £,
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D meson lifetime bag parameters PCH

CRC TRR 257

K—- Black, RH, Lange, Rago, Shindler, Witzel ‘26

0.10 - ° ¢ gradient flow e
b sum rules , Black, Lang, Lenz, Wuthrich 25
0.05 -
0 00 f-=========— e eceeecceeeee _+____
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Lifetime ratios

1.4-

1.2 -

1.0

0.8-

0.6-

experiment

¢ NNLO+sum rules
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Combining with NNLO Wilson
coefficients

Moretti, Nierste, Reeck. Steinhauser ‘26



Lifetime ratios

1.4-

1.2-

1.0

0.8-

0.6-

experiment

¢ NNLO+sum rules
¢ NNLO+GF
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Combining with NNLO Wilson
coefficients

Moretti, Nierste, Reeck. Steinhauser ‘26



Moments of parton densities
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0.3 -
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(R(p)| O,y | h(p)) =
= ) L@ (h(P) | Oy, ., (D | H(P))

-rancis, ..., Shindler, ... ‘25

~rancis, ..., RH, Kohnen, Shindler, ... ‘25

uw=2GeV
j
JAM
xFitter
% FANTO
§}
i
: E ﬂ
pion PDFs
(22)/ (x) (23)/ () (a4)/ () (2%) /()

RH, Kohnen, Shindler ‘25

see also Edwards et al. ‘26
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Moments of parton densities

uw=2GeV
05 % (WP O, ..., | (D)) =
R = Y 50 ) 10y, (01
0 I JAM -
3  xFitter
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0.2- }
:z§ §}
0.1- 2 ~rancis, ..., Shindler, ... ‘25
pion PDFs “rancis, .... RH, Kohnen, Shindler, ... ‘25
0.01 . . . RH. Kohnen, Shindler ‘25
(@%) /() (@) / (x) <CL’4’><$> Gty
unreachable w/o gradient flow see also Edwards et al. '26
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Moments of parton densities

uw=2GeV
0.5 1 Theory/Lattice <h(p) ‘ @{ﬂl"'ﬂn} ‘ h(p)> —
} ¥ this work 1
!§ Expt./Pheno. — Z Cmn(t) <h(p) ‘ @{ﬂl'"/’tn}(t) | h(l?)>
0.4 - I JAM -
§ xFitter
0.3- { }% I FANTO

5
0 %

:z§ I
0.1- l §} o |
: = -rancis, ..., Shindler, ... ‘25
pion PDFs “rancis, .... RH, Kohnen, Shindler, ... ‘25

0.0 - . . . RH, Kohnen, Shindler ‘25
(z%) /(z) (z°)/ () <w4,><x> (2°) /()
unreachable w/o gradient flow see also bdwards et al. '26
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Gradient flow Lagrangian

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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Gradient flow Lagrangian

0
flowed gauge field: EB”(L x)=2,G,(1,x) 2 =ZLocpt+ Lt 2,
Bﬂ(t =0,x) = Aﬂ(x)

SZBN[ art, (98,-2,G,,)

1 V7
0

flowed quark field: <L, ~ J dtxl_(at _ 92))(4- h.c.
0

Luscher, Weisz 2011
Luscher 2013
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Perturbative approach
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0

4_
LI L LIS 80 Ot — 5) €~ =5P°
l’l/) a’? t V) b) S

“gluon flow line”
~ (0| T L1, x) BY(5,0)| 0)
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Perturbative approach

%NJ art, (98,-2,G,,)

12 77
0
4— 2 ab 2
CUTE0000000) B0, Ot — 5) e~ =P ST (5,w i ) o=+
:uaafat I/,b,S w,a,t l/,b,S p2 p2
“gluon flow line” ,
~ (0| TL(1.x) B2(5,0)| 0) ~ (0| T Bj(t,x) B)(s,0)| 0)
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Perturbative approach

%NJ art, (98,-2,G,,)

VUl
0
<+ ()2 5 puDy )
O00000000600 B0, O — 5) e~ 1F OB0B0000000 > <5ﬂy — = > > e (P
W, a,t V,b,s w,a,t U, b,s P P
‘gluon flow line” ,
~ (0| TL(1.x) B2(5,0)| 0) ~ (0| T Bj(t,x) B)(s,0)| 0)
q,v,0 : 00
—ig f*° ds ((5Vp(7° — @)y + 2009 — 20,7
0

r7p7c

+ (8 = 1)(Oppqu — Opup))
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (@Bﬂ — QZUGW)

& N[ dti(0,—A)y+h.c.
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW)

‘Bulk”™ is UV regulated
= renormalization unaffected!

& N[ dti(0,—A)y+h.c.
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW>
0

‘Bulk™ 1s UV regulatea

L ~| dti(o.—A)y+h.c.
= renormalization unaffected! d J ( t ))(

0

AQCD

><@>

a (M)
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Quantum field theory

S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW)
0

‘Bulk™ 1s UV regulatea

L ~| dti(o.—A)y+h.c.
= renormalization unaffected! A J ( t ))(

0

UV divergences can come Aoep
only from initial conditions

B,(t = 0,%) = A,(x) > (O)

Xt =0,x) = y(x)
as(MZ)
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Quantum field theory
S =%ocpt+ L+ 2, Ly~ J dtL, (0tBﬂ — QZUGW)

‘Bulk™ 1s UV regulatea

g % NJ dti(0,—A)y+h.c.
= renormalization unaffected!

UV divergences can come Aoep

only from initial conditions \

B,(t=0,x)=A,x)

7= 0,%) =y /

2Rt x) = 77 (1, %) iy
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Ringed scheme

7N, x) = Z)"% y(1, x)

MS: specific to dimensional regularization
u dependent results

6 lattice
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Ringed scheme

7N, x) = Z)"% y(1, x)

MS: specific to dimensional regularization
u dependent results

Ringed scheme: Suzuki, Makino 2014

Z(0) (ZODx (1)) = (e x(1))

LO

results become RG invariant
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Let’s calculate

1
E() = (G (0G“(1)
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Let’s calculate

1 5 PubPy —(t+s)p?
E() = (GG (1) , GooeoeeeeTh (% «fpz ) €T
LO:
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Let’s calculate

1 5 Pulu\ (o
E(t) = Z(G/f,/(t)Ga’/“‘”(t)) M,Oa,?m“mf bs 2 (% E— )e (o

D —2tp2 ~ l.—2+€ =+ O
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Let’s calculate

1 5ab —t+sp2
E(r) = (G (0G(1) SLLLLLLLLLe (5, - 2222 ) e




Let’s calculate

1
E() = (G (0G“(1)
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

: . . . Usovitsch, Uwer, Maierhtfer 2017
reduction to masters: Kira @ FireFly ® Klaopert, Klsin. Lange 2019
Chetyrkin, Tkachov 1981
Laporta 2000

! ~tp*—=s(k—p)” A B
e D D €
sector decomposition: d”k [d"p | ds—— —=—+—+C+..
Binoth, Heinrich 2002 o kpik—p) € €
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation;
diagram analyzation:

algebraic manipulations:

reduction to masters:
Chetyrkin, Tkachov 1981

ggraf Nogueira 1993
gRle/exp RH, Seidensticker, Steinhauser 1997

— tapir/exp Gerlach, Herren, Lang 2022

FORM Vermaseren 2000, ...

: : Usovitsch, Uwer, Maierhdfer 2017
Kira ® FlPeFly @ Klappert, Klein, Lange 2019

Laporta 2000
! —tp*—s(k—p)* A B
e D D e
sector decomposition: [d k[d pJ ds - ~=—t+t—+ C+...
Binoth, Heinrich 2002 o kpk—ps) € €

— ftint RH, Nellopoulos, Olsson, Wesle ‘25
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

1

eXp :—t (611(u)l712+"'+a6(”)p62>]
(plz)bl (p62)b6

- (1]

i=1 0

du; u;’ Jdel d”p,d"p,
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

eXp :—t (611(M)P12+"'+a6(“)p62)]
(plz)bl (p62)b6

J ol
— HJ du; u; Jdeldedep3
i=1 0

Schwinger parameters: 1 J PR
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

dx xb~1 e_xf”2

Schwinger parameters: 1 ro
(p?)’

0

f 1 6 00
~ ( J du. uf) HI abcjxf“"_1 [del dPp, dPp; exp [—tpTA(x, i) p]
=1

l
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

0

f 1 6 00
~ ( J du. uf) HI abcjxf“"_1 [del dPp, dPp; exp [—tpTA(x, u) p]
=1

l
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Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

0

ol 6 1 .
~ ( J du, uf) HJ dx; xff_l Jdel d®p, dPp; exp [—tpTA(x, 7y p]
=1

l
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

L ] (pA)br - (p2)Pe

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P

=1

1 6
~ (HJ duiul.cl) HI dx x’ - detA(x, u)]_D/2
0

J=1
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
HJ du; u;’ Jdeld »d"p; _

e (PP =+ (pg)”

. | - 1
Schwinger parameters: 1 N PR map f
(p?)P

=1

! 6
C: —DJ/2 o
i <HJ d”z"“‘f) HI dx; X’ b | det Ax, u) | — sector decomposition
0

j=1 Binoth, Heinrich (2000)
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

C1:C2:O
Cll =u11/l2, a2=u2, a3=u2—u1u2
a4=1, a5=1+u1u2, a6=1—u2
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

c;=¢=0 ftint RH, Nellopoulos, Olsson (in prep)
Cll — u1u2 R a2 — I/lz R a3 — l/tz — u1u2
(based on pySecDec)

a,=1, a-=1+4+uunu,, a=1-—u
4 5 1772 6 2 Heinrich, Magerya, Kerner, Jones, ...
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Implementation

I({Cla B Cf}a {Cll(l/t), "‘,616(M)}, {b19 T b6})

c;=¢=0 ftint RH, Nellopoulos, Olsson (in prep)

al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2
based on pySecDec

a4:1, a5:1+u1u2, a6:1—u2 ( 24 )

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),

Institute for
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3o (u) 3
PE() = —— [+ ki aw) + k6] = —a 0
RH, Neumann 2016
Renormalization scheme for a
| compatible with lattice and PT!

1 1
1.5 1.6

' Institute for
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Three thoughts on the GF scheme

3a(u

3
) 1+ ky (1, 1) a(u) + ko1, ) @i ()| = —ag (1)

1 t’E(t) = =

A
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Three thoughts on the GF scheme

3a(u

3
) 1+ ky (1, 1) a(u) + ko1, ) @i ()| = —ag (1)

1 2E(f) = -

A

+12Cp(t) (F, F*) + - non-perturbative cont’s
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Three thoughts on the GF scheme

3a(u
A

3
) 1+ ky (1, 1) a(u) + ko1, ) @i ()| = —ag (1)

1 2E(f) = "

+12Cp(t) (F, F*) + - non-perturbative cont’s

perturbative contribution: renormalons!
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Renormalon subtraction

Beneke, Takaura ‘25

[(g?) ~ [d“x ¢i9(0 | Tj(j(0) | 0)

Adler function:  D(Q% = - Q° d [1(Q%) = C,(0?) A : CHQ(F, ") + -

dQ> 04 |
Baikov, Chetyrkin, Kihn '08 RH 98
oerturbative
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Renormalon subtraction

Beneke, Takaura ‘25

[(g?) ~ [d4x ¢i9(0 | Tj(j(0) | 0)

. d |
Adler function:  D(Q?%) = — deQZ 1(Q% = C,(0? 4 o CHQD(F, F*™) + -
Baikov, Chetyrkin, Kihn '08 RH 98
oerturbative

(G (NG*™(1))y = 172C (1) + CHO(F, F*™) + -
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[(g?) ~ [d4x ¢i9(0 | Tj(j(0) | 0)

Adler function:  D(Q% = - Q° d [1(Q%) = C,(0?) A : CHQ(F, ") + -

dQ* 0 RH
Baikov, Chetyrkin, Kiihn *08 98
oerturbative
RH, Neumann ‘16\( )’ RH, Lange, Neumann ‘20

(G (NG*™(1))y = 172C (1) + CHO(F, F*™) + -
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Renormalon subtraction

Beneke, Takaura ‘25

[(g?) ~ [d“x ¢i9(0 | Tj(j(0) | 0)

Adler function: D(Q?) = — 07 d [1(Q?%) = C,(Q*) A

1
CRHQ*)(F, F*) + -

dQ? 04 -
Baikov, Chetyrkin, Kihn '08 | 96
oerturbative
RH, Neumnann ‘16\( )’ RH, Lange, Neumann 20

(G (NG*™(1))y = 172C (1) + CHO(F, F*™) + -

C(0?) - 1 Cx(Q?)
P~ °C f
120% Cr(r) 1+ 0% Ci1)

D(Q*) = C\(Q°) -

(G, (G (1) + -+
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Renormalon subtraction

Beneke, Takaura ‘25

[(g?) ~ [d4x ¢i9(0 | Tj(j(0) | 0)

Adler function:  D(Q% = - Q° d [1(Q%) = C,(0?) A : CHQ(F, ") + -

dQ* 0 RH
Baikov, Chetyrkin, Kiihn *08 98
oerturbative
RH, Neumann ‘16\( )’ RH, Lange, Neumann ‘20

(G (NG*™(1))y = 172C (1) + CHO(F, F*™) + -

C(0?) - 1 Cx(Q?)
P~ °C f
120% Cr(r) 1+ 0% Ci1)

renormalon cancels

D(Q%) = C(Q%) - (G (VG (D)) + -+
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0.25
-o— Unsubtracted

0.20 -« subtracted

0.15

0.10

0.05

rrer--rrerrrrrrrrrrrrrrrrrrrrrrrrrrrrrr—v
by e e o oe e e e o e e oy gyt r ol v

0.00

14

Perturbative order n Beneke Takaura ‘25
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Three thoughts on the GF scheme

2 Problems with MS: mass independent
decoupling must be implemented “by hand”

. 3 2
€.0.. (nf )(/4) ok for U 5 mc ﬁMS(a) _ _% (11 _Enf)

for u > m,,, switch to a'?(u)
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Three thoughts on the GF scheme

2 Problems with MS: mass independent
decoupling must be implemented “by hand”

e.g.: (nf 3)(/4) Ok ]cor //t 5 mc ﬁMS(a) — i (11 _ 2”;‘")
dr 3

for u > m,., switch to a'¥(u)

decoupling relation: aPu) = aP W1 + c;(mg, w) aP(u) + -]
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Three thoughts on the GF scheme

2 Problems with MS: mass independent
decoupling must be implemented “by hand”

e.g.: as(nf=3)(lu) okfor u<m, ﬁM_S(O‘s) __ % (11 _ Enf) 4 .
A7 3

for u > m,., switch to a'¥(u)

decoupling relation: aPu) = aP W1 + c;(mg, w) aP(u) + -]

a(u) has a kink/step at some “decoupling scale” p,.
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Three thoughts on the GF scheme

3 3
) PE(f) = Oifiﬂ) 1+ ki (2, ) ay(u) + ky(t, ) af ()| = —ag" (1)

A
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Three thoughts on the GF scheme
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9 PE(N) = 1+ ky (1, p) o () + (2, ) @2()]| = ——aSF (1)
4r 4r
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ki =k — ZL (1 + Q, (m t)) Luscher 2010
! : n=0 ; 6 ANk RH, Neumann 2016
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3 Problems with MS: insensitive to power divergences

Example:

d’p 1
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Three thoughts on the GF scheme

Kluth 24, 26

3 Problems with MS: insensitive to power divergences

Example:
=mP?T( - D/2)

d"p 1
D2 p2 4 m2
2—2¢ m2

D=4-2¢ =m**T(=14¢€) = "~ ['(e) = —
e — 1 €

dPp 1 B d’p | 1 m?
Ct. | 7o p2+m? ) abR | p2 pr T

.e., only logarithmic divergence contributes!

— Fixed point in gravity is hidden in MS!
Need mass dependent renormalization scheme
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Application to gravity

RH, Kluth, Kohnen, Werthenbach ‘26

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)
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Application to gravity

RH, Kluth, Kohnen, Werthenbach ‘26

define Newton coupling in Ricci flow scheme:

4 2
gre(H) = — —<\/ g(1) R(1)) of. a7 (u) = Zt (G, (HG"(1))
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Application to gravity

RH, Kluth, Kohnen, Werthenbach ‘26

define Newton coupling in Ricci flow scheme:

4 2
gre(M) = — —<\/ g(1) R(1)) of.  at(p) = “ (G, (DG (1))
t=C///12 3 t=clu?
G S5G
p— N [1 — N _|_ oo
Aty A7t
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Application to gravity

RH, Kluth, Kohnen, Werthenbach ‘26

define Newton coupling in Ricci flow scheme:

[
gre(M) = — 3_1/<\/ g(1) R(1))

t=clu?
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Application to QED3

E(t) = = (F,(DF,(0))
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Application to QEDs

in [ dimensions:
Georg, RH, Mason ‘26

. _ L 5 W T
E(t) = = (FuOF,0) = §(D = 1)/ (2m)P 1+ Ik (p)
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regular photon
polarization function
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Application to QED3

in D dimensions:
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Application to QED3

in D dimensions:

. B . 62 de 6—215}92

D=3: ¢ mass dimension = 1 a~ alp

super-renormalizable Appelquist, Pisarski ‘81
Pisarski ‘84

Georg, RH, Mason ‘26

regular photon
polarization function

strongly interacting in IR
IR fixed point at large Ny
dynamical fermion mass generation

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen



Application to QEDs
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The GF scheme
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The GF scheme

Zer= ), ClO) GF MS

= Y (D, (L0 0), | =D (CZH(20),

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen Particle Physics

oooooooooooo



The GF scheme

L= ), Ci(0,) oF ¥

= D (CT, (0 0), | = (CZHZ0),

=~ Z C,(D)(0,()) = Z C,\(1) (O ()

R. Harlander, Perturbative Gradient Flow, Ricci flow workshop 2026, Aachen Meoreeal

oooooooooooo



The GF scheme
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The GF scheme

L= ), Ci(0,) GF MS
= D (CT D, (0 0), | =Y (CZH,(Z0),
= Y C,0) (B,0)) = ), CR(w) (OR)(w)
L) = E) 7 p-—CR() = CR(u) 7
—C()=C07 0
3 dl = — ian
y = — tE n (1) Vm //td//t
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The GF scheme

L= D, C{0,) GF MS

= ) (CT'0), (0 06), | =) (€CZHIZ0),

=Y C(0(6,0) = ) CR(w (BN (w)

tié(t) = C(t)7 ﬂiCR(ﬂ) = C*(w)y

dt du
y d 1 = — ian
y = — tE Ilé/(l‘) Vnm //td//t
RH, Lange, Neumann ‘20

Borgulat, Felten, RH, Kohnen 25
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Conclusions

Gradient flow: rich field theoretical concept

—stablished tool In lattice calculations

Lattice/PT interplay picks up momentum:

first lattice PDF moments beyond <X3>
first meson lifetime bag parameters with full error budget

renormalon-free OPES
guark masses, strong coupling, ...

Full potential not yet fully explored (I think...)

Many things not even discussed:
Static QCD potential, EDMs, ...
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