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Non-Renormalizability of Quantum Gravity

o Classical Gravity described by Einstein-Hilbert Lagrangian:

1
i — ddx, /—o (R —2A

« UV divergencies induce counterterms in a quantum field theory of gravity:

N = [ddx‘ [—g 1 R — e Tree-Level
167Z'GN 87TGN .
Do we have to give up QFT?
+2; 1R* + A ,R  ,R" + oiE One-Loop
+ 3 (R + ...+ ACP° CH CP + .. Two-Loop
3,1 C%\ g ap po [Goroff and Sagnotti, 1985]
[van de Ven, 1992]

First on-shell divergence beyond EH 3
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Predictive Power of Asymptotic Safety

o« Couplings must flow into UV fixed
point g3

o Not all trajectories reach UV fixed

point r

o Only trajectories on UV critical
surface (purple) are
asymptotically safe

Graphics taken from [Eichhorn, 2018]
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e Count parameters by linearizing
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Predictive Power of Asymptotic Safety

e Count parameters by linearizing
flow around fixed point dJs

P NG ING
a&j ] A r

. 0,> 0O:irrelevant parameter

o 0, < 0: relevant parameter

Does QG have d UV fixed pOint Graphics taken from [Eichhorn, 2018]
with finitely many relevant directions? 7
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Are there any asymptotically safe theories?

« Gauge-Yukawa Theories in 4d ILitim and Sannino, 2014]

== g+ (i) -y [989) + [2679,6] - m? [$%6] — u [67987] v [679] [

« Conventionally Renormalizable

e Rigorous UV fixed point under perturbative control a, X € with € = V — 7
C

e Gross-Neveu model in 3d [Gross and Neveu, 1974]

Fan =Y (id — My) Yo + %(%%)2

e« Rigorous UV fixed point despite being conventionally non-renormalizable
~ Large N’ conformal bOOtStrap, FRG’ [Rosenstein and Warr and Park, 1989]
. . [de Calan et al, 1991]
e Blueprint for Quantum Gravity



Quantum Gravityind = 2 + ¢

o First indications for asymptotic safety from perturbation theoryind = 2 + ¢
[Kawai and Ninomiya, 1990]

dg [Jack and Jones, 1991]

i 2 3 [Kawai and Kitazawa and Ninomiya, 1993]
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Quantum Gravityind = 2 + ¢

o First indications for asymptotic safety from perturbation theoryind = 2 + ¢
[Kawai and Ninomiya, 1990]

dg [Jack and Jones, 1991]

Hy =8 B,g*+ 0 (g’)

[Kawai and Kitazawa and Ninomiya, 1993]

« Extrapolate to Are we allowed to do this?
« UV fixed point!
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Running Couplings in Quantum Gravity

 p-functions in 4d one-loop quantum gravity in dimensional regularization with MS

« NoO power-law divergences

dA
//ta — —/1 (2 +A3gﬂ> + @ (g2>
8 g (2-Bygd) +0()
'ud,u 8 28 g

e No one-loop fixed point
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Asymptotic Safety from the FRG
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Functional Renormalization Group

. Introduce scale dependent Legendre effective action 1, (effective average action)
RG-scale dependence introduced by IR regulator in path integral

JJ, 2] = JQZ h e/ dx\/gh, R8N, ~S[g+h]+ [ dx\ /3 J*hy,
y Uy

Functional Renormalization Group

1 0, R,
ol =—Tr [Wetterich, 1993]
2\ TP+ %,

Reproduces Perturbation Theory
Successful in non-perturbative territory (QCD, Wilson-Fisher, ...)
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Non-Perturbative Approximations

« FRG is non-perturbative in couplings
e Various approximation schemes can be applied that are not based on
expansions in coupling
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Non-Perturbative Approximations

« FRG is non-perturbative in couplings
e Various approximation schemes can be applied that are not based on
expansions in coupling
o Approximate by truncating form of effective action:

A R
Fk — Jddx\/g _ +ﬂR2R2 2l /IR/,U/R R'MUR L + /IEE
872Gy 167Gy o

+ AR + AC7 + ...

+ AR + ...
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Einstein-Hilbert Gravity

o Fixed Point can already be seen in
Einstein-Hilbert [reuter, 1996]
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Einstein-Hilbert Gravity

o Fixed Point can already be seen in
Einstein-Hilbert [reuter, 1996]

oo =

10 -

2% =0.11867 g = 0.94305

0=—24113+ 1.94711 N

o Is this a predictive theory of 0.1
quantum gravity?
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Curvature Invariants in QG

Curvature Invariants

dim-0 1
dim-2 R
dim-4 R?, R, R" R,z RPTH LR

dim-6 RS ’RR/WRMV’ RRPUMVRpa'uya RWRWRZL, RMPRVJRMVpay RﬁRyaﬁvRuaﬁva

% pPo G
R* R R,
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Predictivity of AS

o Fixed point persists in
models with larger number
of curvatures, e.g. f(R)
gravity

f(R) = Z AsR?
£=0

e 3 relevant directions

 Eigenvalues follow
canonical scaling
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[Codello and Percacci and Rahmede, 2008] [Machado and Saueressig, 2008][Dietz and Morris, 2013] [Falls et al, 2014]

[Ohta and Percacci and Vacca, 2015] [Demmel and Saueressig and Zanusso, 2015] [Falls and Litim and Schréder, 2018][YK and Litim, 2020]
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Predictivity of AS

o Fixed point persists in

models with larger number j P L
P ..'o’
of curvatures, e.g. f(R) o] e s
gravity AN i P .;625&% _
0 o> ¢
o _ i '
f(R) — Z /IKRK 50 - ...;’vw i
f=0 i ..’.‘c»',‘ |
é.)‘v . l t
. . o3 irreievart
e 3 relevant directions Oh;-"t"""""""""""'re'lgv-a;lt ----------
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 Eigenvalues follow

canonical scaling ™ small quantum corrections?

[Codello and Percacci and Rahmede, 2008] [Machado and Saueressig, 2008][Dietz and Morris, 2013] [Falls et al, 2014] 16
[Ohta and Percacci and Vacca, 2015] [Demmel and Saueressig and Zanusso, 2015] [Falls and Litim and Schréder, 2018][YK and Litim, 2020]



[Baldazzi and Falls and YK and Knorr, 2023]

AS In cubic Gravity

o Using field redefinitions, a complete derivative expansion to sixth order was
performed
o Action only needs to include on-shell terms

", 1
_ 4 PO UU af
[, = Jd x\/g[—8 " Te NR+0EE+GC3(I e aﬁ(f

po
o Off-shell terms absorbed by field redefinitionsisen Ai-zinati and Baldazzi and Falls, 2021}

(0:8) = Vo 8 + YRR 8w + Vs Sy + TR2R™ g + ..
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[Baldazzi and Falls and YK and Knorr, 2023]

AS In cubic Gravity

* Unigque non-trivial fixed point

g = 0.364
gk, =4.490 - 107’ gN

* Only one fixed point!
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[Baldazzi and Falls and YK and Knorr, 2023]

AS In cubic Gravity

* Unigque non-trivial fixed point
g = 0.364

g% = 4.490 -[10~7]

* Only one fixed point!

Near-Perturbative? 8¢

18



[Baldazzi and Falls and YK and Knorr, 2023]

AS In cubic Gravity

e Critical exponents are stable
between different orders

order (91 (92
O(0%) 2239 ] —
OO | 2.228 | —
O(0%) | 2.225 | —3.850

* Goroff-Sagnotti term
irrelevant Gies et al, 2016}

19



AS from the FRG

o Evidence for existence of fixed point in quantum gravity
o Finite number of relevant directions
o Operators with large mass dimensions are irrelevant

o Eigenvalues follow canonical scaling
o Perturbatively small fixed point for Goroff-Sagnotti coupling

o Challenges:
o Diffeomorphism symmetry?
o Lorentzian signature?
o Unitarity?
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Perturbative Asymptotic Safety




Running Couplings in Quantum Gravity

« p-functions in 4d one-loop quantum gravity

po-=—2i-g ( +/1'42/1+A3/12) + 0 (g?)
1
quad div)div
d
u—= =2g — g2 (B, + BoA) + 0 (g°)
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Running Couplings in Quantum Gravity

« p-functions in 4d one-loop quantum gravity

/,td_=—2/1—g( +/1'42/1+A3/12 ) + 0 (g%
U
quad dlv)dw
d
ﬂﬁ =2g— g% (B, + ByA) + 0 (g°)

Power-law divergences are necessary to obtain Fixed Point!
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« How to identity power-law divergences in dimensional regularization?
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Power-Law Sensitive Dimensional Regularization

« How to identity power-law divergences in dimensional regularization?

dp 1 d—1 1 d—2 d
[ﬂd/2p2+m2=Jdpp Jdep2+m2=m L 1_5

« Integrand on the left-hand side is quadratically divergentind = 4
« It also contains a logarithmic divergence (linear in mz)

« The right-hand side is divergentind = 2,4,6,...
« Power-law divergences lead to divergences in d < 4 veltman, 1981]
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Power Divergence Subtraction:
Renormalize bare couplings to remove divergences ind < 4

[Weinberg, 1979]

[Jack and Jones, 1990]
[Al-Sarhi and Jack and Jones, 1990]
[Al-Sarhi and Jack and Jones, 1992]

[Kaplan et al, 1998]
[YK, 2024]



Renormalization

« One-loop renormalization leads to f-functions vk, 2024

dA 28 4
ﬁ/l = pU— = — 2A+0g——gA+—gA
du 3 3
/'
qu?/d div (d — 2) ‘\Iog div (d - 4)
dg 2.26 ., 26"
P, =p—=2g— g°——g°A

du 3 37
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Renormalization

« One-loop renormalization leads to f-functions vk, 2024

dA 28 4
B, = p— = — 22+0g——gl+—2gA
du 3 3
/
qu?/d by ‘\logdiv (d=4)
dg 2.26 ., 26"
— y—=> = Dg— pR—, ]
Py =1 8Ty 8T

« No quartic d ivergences [Akhmedov, 2002] [Ossola and Sirlin, 2003]
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Phase Diagram of One-Loop Gravity
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What about poles in higher Dimensions?
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What about poles in higher Dimensions?

» Dimensional Regularization also gives rise to polesind > 4
« [wo classes of poles:
e Higher dimensional operators
o Higher powers of mass parameters

« Consider QCD with massive quark fields

Lo
L = _fgz FaHv Fﬁv Z [\Pri w\Pr . MO,r\Pr\I;r]
0 r=1

« Renormalize coupling by subtracting poles in d > 4 v« 202

27



Threshold Effects from Dimensional Regularization

« Subtracting all poles in d > 4 that are
proportional to the coupling results in

f - v _mr)
OZg = 3(47z)2 2.2, n!(2n + 4 — d)

r=1 n=0
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Threshold Effects from Dimensional Regularization

« Subtracting all poles in d > 4 that are
proportional to the coupling results in

) Ngp o0 _mr)
02y =
> 3(47z)2 ;,;) n!(2n + 4 — d)
 This gives the f-function

72 & 2
4 _ 2
d — 4a——C — —e ' —
Pa = ) 3 A47$ Z 3 47T

r=1

e Mass-Dependent Damping Terms!
[YK, 2026]
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Threshold Effects from Dimensional Regularization

. charm , bottom  top

« Subtracting all poles in d > 4 that are
proportional to the coupling results in

st _ ZF: i (-mf)’ a

5 3(4n) ~ ~ nl(2n+4—d)
e Ihis gives the p-function pr
g p :

72 e 4 2 o2

d—4)a — —C — —e M —

'B ( ) 3 A47$ r; 3 4T
e Mass-Dependent Damping Terms!
[YK, 2026]
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Conclusions

« Non-Perturbative techniques lead to indications for UV fixed point in guantum
gravity
o Persistent In various approximation schemes
o Near-perturbative properties!

o Asymptotic Safety can be seen in perturbation theory

« Dimensional regularization expresses power-law divergences as
divergences in lower dimensions
e Are there other schemes?

29



