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Evidence for Asymptotic Safety
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• QFT is incredibly successful

• Standard Model of particle physics!

• Effective Field Theories

• Condensed Matter Physics

Is nature fundamentally a QFT?
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S = ∫ ddx −g[ 1
16πGN

R −
Λ

8πGN

+λ1,1R2 + λ1,2RμνRμν + σEE

+λ3,1R3 + … + λC3Cρσ
μνC

μν
αβCαβ

ρσ + …]

Tree-Level

One-Loop

Two-Loop

Do we have to give up QFT?

First on-shell divergence beyond EH

[Goroff and Sagnotti, 1985]
[van de Ven, 1992]
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Are there UV complete QFTs?

4

UVIR

asymptotic  
freedom

Landau  
pole

asymptotic  
safety

[Gross and Wilczek, 1973]
[Politzer, 1973]

[Wilson, 1974]
[Weinberg, 1976]
[Parisi, 1976]

[Abrikosov et al, 1954]
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• Couplings must flow into UV fixed 
point 

• Not all trajectories reach UV fixed 
point 

• Only trajectories on UV critical 
surface (purple) are     
asymptotically safe

Graphics taken from [Eichhorn, 2018]
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• Count parameters by linearizing 
flow around fixed point 
 

 

 
      

βi =
∂βi

∂λj
*

(λj − λ*j ) + …

Graphics taken from [Eichhorn, 2018]
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• Count parameters by linearizing 
flow around fixed point 
 

         

 

• : irrelevant parameter 

• : relevant parameter

∂βi

∂λj
*

v(ℓ)
j = θℓv(ℓ)

i

θℓ > 0

θℓ < 0

Graphics taken from [Eichhorn, 2018]Does QG have a UV fixed point  
with finitely many relevant directions?
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• Gauge-Yukawa Theories in 4d 
 
 

• Conventionally Renormalizable

• Rigorous UV fixed point under perturbative control     with     αg ∝ ϵ ϵ =
nF

Nc
−

11
2
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• Gross-Neveu model in 3d
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• Large N, conformal bootstrap, FRG, …
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• Gauge-Yukawa Theories in 4d 
 
 

• Conventionally Renormalizable

• Rigorous UV fixed point under perturbative control     with     αg ∝ ϵ ϵ =
nF

Nc
−

11
2

• Gross-Neveu model in 3d

• Rigorous UV fixed point despite being conventionally non-renormalizable
• Large N, conformal bootstrap, FRG, …
• Blueprint for Quantum Gravity
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• First indications for asymptotic safety from perturbation theory in  
 

                         

d = 2 + ε

μ
dg
dμ

= εg − B1g2 + 𝒪 (g3)
[Kawai and Ninomiya, 1990]

[Jack and Jones, 1991]
[Kawai and Kitazawa and Ninomiya, 1993]
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• First indications for asymptotic safety from perturbation theory in  
 

                         

d = 2 + ε

μ
dg
dμ

= εg − B1g2 + 𝒪 (g3)

• Extrapolate to ε → 2
• UV fixed point!

[Kawai and Ninomiya, 1990]
[Jack and Jones, 1991]

[Kawai and Kitazawa and Ninomiya, 1993]
.

.

.

Are we allowed to do this?
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Running Couplings in Quantum Gravity
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• -functions in 4d one-loop quantum gravity in dimensional regularization with MS β

• No power-law divergences 
 

                               

 

                               

μ
dλ
dμ

= − λ (2 + A3gλ) + 𝒪 (g2)

μ
dg
dμ

= g (2 − B2gλ) + 𝒪 (g3)

•  A3 ≠ − B2

• No one-loop fixed point



Asymptotic Safety from the FRG
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ℐ[J, g] = ∫ 𝒟hμν e− ∫ ddx ghμνℛμνρσ
k [g]hρσ−𝒮[g+h]+ ∫ ddx g Jμνhμν

• Functional Renormalization Group 
 

                                               

                                       

∂tΓk =
1
2

Tr { ∂tℛk

Γ(2)
k + ℛk }

• Reproduces Perturbation Theory
• Successful in non-perturbative territory (QCD, Wilson-Fisher, …)

[Wetterich, 1993]
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• FRG is non-perturbative in couplings
• Various approximation schemes can be applied that are not based on 

expansions in coupling
• Approximate by truncating form of effective action: 

 

 

 
                               
 

                                                           

Γk = ∫ ddx g [ Λ
8πGN

−
R

16πGN
+λR2R2 + λRμνRμν

RμνRμν + λEE

+λR3R3 + λC3C3 + …

+λR4R4 + … ]
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• Fixed Point can already be seen in 
Einstein-Hilbert 
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Einstein-Hilbert Gravity

14

• Fixed Point can already be seen in 
Einstein-Hilbert 
 

 
 
      

λ* = 0.11867 g*N = 0.94305

θ = − 2.4113 ± 1.9471I

• Is this a predictive theory of 
quantum gravity?

[Reuter, 1996]
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Curvature Invariants

dim-0 1

dim-2 R

dim-4 R2, Rµ⌫Rµ⌫ , R⇢�µ⌫R⇢�µ⌫ ,⇤R

dim-6
R3 , RRµ⌫Rµ⌫ , RR⇢�µ⌫R⇢�µ⌫ , Rµ⌫R⌫⇢Rµ

⇢ , Rµ⇢R⌫�Rµ⌫⇢�, Rµ
⌫R⌫↵��Rµ↵�� ,

Rµ⌫
⇢�R

⇢�
↵�R

↵�
µ⌫ , Rµ⌫⇢�R

µ ⇢
↵ �R

⌫↵�� ,rµRrµR, r⇢Rµ⌫r⇢Rµ⌫

...

<latexit sha1_base64="OQAfDE3GSDucacnlC/X3zAwcdOM="></latexit>



Predictivity of AS
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• Fixed point persists in 
models with larger number 
of curvatures, e.g.  
gravity 
 

         

• 3 relevant directions 

• Eigenvalues follow 
canonical scaling

f(R)

f(R) =
∞

∑
ℓ=0

λℓRℓ

[Falls and Litim and Schröder, 2018]
[Falls et al, 2014]

[YK and Litim, 2020]
[Codello and Percacci and Rahmede, 2008]

[Ohta and Percacci and Vacca, 2015]
[Dietz and Morris, 2013][Machado and Saueressig, 2008]

[Demmel and Saueressig and Zanusso, 2015]
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models with larger number 
of curvatures, e.g.  
gravity 
 

         

• 3 relevant directions 

• Eigenvalues follow 
canonical scaling

f(R)

f(R) =
∞

∑
ℓ=0

λℓRℓ

small quantum corrections?

[Falls and Litim and Schröder, 2018]
[Falls et al, 2014]

[YK and Litim, 2020]
[Codello and Percacci and Rahmede, 2008]

[Ohta and Percacci and Vacca, 2015]
[Dietz and Morris, 2013][Machado and Saueressig, 2008]

[Demmel and Saueressig and Zanusso, 2015]



AS in cubic Gravity
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• Using field redefinitions, a complete derivative expansion to sixth order was 
performed  

• Action only needs to include on-shell terms 
 

 

• Off-shell terms absorbed by field redefinitions 
 

Γk = ∫ d4x g[ ρ
8π

−
1

16πGN
R + σEE + GC3Cρσ

μνC
μν

αβCαβ
ρσ]

⟨∂tgμν⟩ = γg gμν + γR R gμν + γS Sμν + γR2 R2 gμν + …

[Ben Ali-Zinati and Baldazzi and Falls, 2021]

[Baldazzi and Falls and YK and Knorr, 2023]



AS in cubic Gravity

18

• Unique non-trivial fixed point 
 

 

• Only one fixed point!

g*N = 0.364
g*C3 = 4.490 ⋅ 10−7

-∞ - 1
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∞1
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0

1

[Baldazzi and Falls and YK and Knorr, 2023]
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• Unique non-trivial fixed point 
 

 

• Only one fixed point!

g*N = 0.364
g*C3 = 4.490 ⋅ 10−7

-∞ - 1
10

∞1
10

0

1

Near-Perturbative?

[Baldazzi and Falls and YK and Knorr, 2023]



AS in cubic Gravity

19

• Critical exponents are stable 
between different orders 
 

 

• Goroff-Sagnotti term 
irrelevant 

-∞ - 1
10

∞1
10

0

1

[Gies et al, 2016]

<latexit sha1_base64="8wLPExD4nWiW1tz/iNN88UOfnaI="></latexit>

order ω1 ω2
O(ε2) 2.239 —
O(ε4) 2.228 —
O(ε6) 2.225 →3.850

[Baldazzi and Falls and YK and Knorr, 2023]
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• Evidence for existence of fixed point in quantum gravity 
• Finite number of relevant directions 
• Operators with large mass dimensions are irrelevant 

• Eigenvalues follow canonical scaling 
• Perturbatively small fixed point for Goroff-Sagnotti coupling 

• Challenges: 
• Diffeomorphism symmetry? 
• Lorentzian signature? 
• Unitarity?
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• Challenges: 
• Diffeomorphism symmetry? 
• Lorentzian signature? 
• Unitarity?

• Eigenvalues follow canonical scaling 
• Perturbatively small fixed point for Goroff-Sagnotti coupling



Perturbative Asymptotic Safety
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• -functions in 4d one-loop quantum gravity 
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β

μ
dλ
dμ

= − 2λ − g (A1 + A2λ+A3λ2) + 𝒪 (g2)

μ
dg
dμ

= 2g − g2 (B1 + B2λ) + 𝒪 (g3)
log divquad div

quart div

Power-law divergences are necessary to obtain Fixed Point!
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• How to identify power-law divergences in dimensional regularization? 
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Power-Law Sensitive Dimensional Regularization

23

• How to identify power-law divergences in dimensional regularization? 
 
           

• Integrand on the left-hand side is quadratically divergent in d = 4
• It also contains a logarithmic divergence (linear in )m2

• The right-hand side is divergent in d = 2,4,6,…
• Power-law divergences lead to divergences in d < 4 [Veltman, 1981]

∫
ddp
πd/2

1
p2 + m2

= ∫ dp pd−1 ∫ dΩd
1

p2 + m2
= md−2Γ (1 −

d
2 )



Power Divergence Subtraction: 
Renormalize bare couplings to remove divergences in d ≤ 4

[Kaplan et al, 1998]

[Weinberg, 1979]
[Jack and Jones, 1990]

[Al-Sarhi and Jack and Jones, 1990]
[Al-Sarhi and Jack and Jones, 1992]

[YK, 2024]



Renormalization

25

• One-loop renormalization leads to -functions 
 
 

                                      

 
 
 

                                     

β

βλ = μ
dλ
dμ

= − 2λ+0g−
28
3

gλ+
4

3π
gλ2

βg = μ
dg
dμ

= 2g−
2 ⋅ 26

3
g2−

26
3π

g2λ

[YK, 2024]
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• One-loop renormalization leads to -functions 
 
 

                                      

 
 
 

                                     

β

βλ = μ
dλ
dμ

= − 2λ+0g−
28
3

gλ+
4

3π
gλ2

βg = μ
dg
dμ

= 2g−
2 ⋅ 26

3
g2−

26
3π

g2λ

• No quartic divergences 

[YK, 2024]

quart div (d = 0)

quad div (d = 2) log div (d = 4)

[Akhmedov, 2002] [Ossola and Sirlin, 2003]



Phase Diagram of One-Loop Gravity

26

• One-loop fixed point exists 

• Critical exponents similar to 
FRG 

•  is a fixed point of the 
RG flow
λ = 0

-1.0 -0.5 0.0 0.5 1.0

0.00

0.05

0.10

0.15

<latexit sha1_base64="USDhebTe0kCUaPTG0oABDixaPME="></latexit>

ω g ε0 ε1

FPGauss 0 0 2 →2

FPUV 0 3
26 3.077 2

FPunphys → 40ω
11 → 11

78 0.658 + 2.662i 0.658→ 2.662i

[YK, 2024]
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What about poles in higher Dimensions?

27

• Dimensional Regularization also gives rise to poles in d > 4
• Two classes of poles:

• Higher dimensional operators
• Higher powers of mass parameters

• Consider QCD with massive quark fields

• Renormalize coupling by subtracting poles in d ≥ 4
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[YK, 2026]



Threshold Effects from Dimensional Regularization
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• Subtracting all poles in  that are 
proportional to the coupling results in

d ≥ 4
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Threshold Effects from Dimensional Regularization

28

• Subtracting all poles in  that are 
proportional to the coupling results in
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• Non-Perturbative techniques lead to indications for UV fixed point in quantum 
gravity 

• Persistent in various approximation schemes 
• Near-perturbative properties! 

• Asymptotic Safety can be seen in perturbation theory 

• Dimensional regularization expresses power-law divergences as 
divergences in lower dimensions 

• Are there other schemes?


