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Cor
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Summary
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S2 . Duality web

on
1-1 DAFT. E

. g.

Claim I = T" : H'LT ? [r) = 20 .
x

,
%

,
x+ y]

Duality Web
on Ith DmThe sym

:
Zinc(1+ E + H1 + It)

itaking f Tori code describe this dala
via SymTFTf Ruk

We can refine it by considering dual sym.

Notation

· TB : Bosonic they coupled to 42 back ground .

Def

① TE : Fermionia" dep on spin str. ZoPCT[ :=FEEb TB... :

· ac HCl
, [2) : In back ground .

b
.g .

feld of dual the sym.
OBCTBS ...

:

o YESpinCIS : spin str on I
.

· Eis[a] : part. fen of TB
. Obs

(03) " = 20 EBCT)[C]iF: [11 ,

So

ETBEC

O : Ganging " Etplc
Recall - = Zip[a] .

Ul ed=

Ganging Lie
grp

G. A :

I valued 1-form

& "Couple" background gange fld A to the action. Fer : Fermionization

Zip[A] : = SOO eiStA, ps

Fer(TB) : they which depends on the spin str 7 on the sptime.

& Make it dynamical .

i .e . [Tr/:= SOAZIA] an Verycomplicated Def

Spin str 1 on I

Fact E The choice of 7ECCE ,
42) S.t

. Wa = Sh

G = 12
, Here2

: 2nd Stiefel - Whitney class
.

EHCI ,2)
isee

obstruction to the

=> Part for Exp[a] at H'CE,[a] (E) The choice of lift Pspincus + Psonus) exsistence of the spin str.

Path int . SOA-I
=2)

.

: ZTB/L IF Epict
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Spin (1) forms a torsor over HCE
,42) ZFei Fer(TB)[a] =Tp[C]

i .e. Fy
,
Y't Spin(I) , 7-YEH'CIXz)

& 7 .%'ESpir(I) = We = 84
,

Wa = SY Def

: S14-7's = 0 i . e
.

7-4'fImS Zaf[n] :=I11 The

Y = 7 + SX El 7.5 = SX SC3-5) = 0 trivially

: 7 - % = Im g = HE,4) Ruf

· ZA59] can be interpreted as a Fermionization of trivid thry.

Fact o Physically ,
Artinc is a low energy him of the Kitaer chain.

& Spin str 4 on [Yct &Ey : HE, 42) +42 St
. Enlatbl = Ey(a) + Subs + Saubly o Mathematically , Art inc gives a homomorphismSp = Dr

Prop Prop
En+ a (b) = Gy(b) + Sarb Fa

. be HE ,E Z Fero OPoFerCTi)[7] = ZT
+
[n] ZArf[n]

& rais : = Enta(s)-Sy( & Easy to show by defs.

then(-) = r() + r381

~ non-deg of Sarb , EZCH'CE .42)1903 S
.

t
.

SEVx = Re XCEHIG)
> We obtain the duality web :

....
-

·
Question

How to define Fermionization

S E+p[a] : bos they coupled to blgd at Hill.[r) Ruf

↓ Ey : Hl,4) + 12 : quad for which is Ito I to Spin str 7. COB= 1 2 (EAfin)"= 1

Def

&FerCTR) [4] :=-1971 Zipias . TBT
TBTF

[FerITEs[a] := [c-1GSETI] :.......
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53 SymTFT witha gange theory Question

Slogan Can we interpret OB
,

Fer as a change of basis ?

SymTFT : Sym in d-dim they can be described by &-LD TRFT

-> See "Module Category and Symmetry . TFT" for general discussions. Answer

(e . alTB) : = Eti[a]

Fact ZoPCTB)[aT = < M
, al To Y

Lt1D Duality Web in 32 SynTFT : Toric code - I l[ < Male . b) <ebITi

i .e. [LVect2) = Toria code MTC
.

= IFil 1-13a [tribs

ZFer2Tp) [4) = < 71TB]

Recall ~I[ < /e . a) < e . alTi

Fourier transf in &M ~ IF EC-x
&21

Ziptal

Next
F(r) (p)= ~ VII) =spany Ele .

a > /@EH'Itl3
-> let us construct

·

Ganging in 2+ 1D = span, /m . a) /@EH'CE. (2)] 3 these bases.

ZoBCTBI[aT :ISad = spai[ 17314E Spin(I1]

① Fermionization in 2+ 1D VCI) : Hill sp assigned by 241DTRFT w, Toric code.

&FerCTi)[4] : 1 Filas

Claim

Rut 1+ 1Dw/ sym : fusion cat I

For ever fan H(x = 42-1) to SymTFT : MTC = ELI) Drinfeld center.

↑(4) (2) = H(x) : . e . F= 1
.

- Compatible v, (OB y = 1
. Fact

Given MTC I,

Recall = F : Fusion cut st . [CF) # EA:guaging:eFourier transf = Change of basis.

i . e. F(4)(p) = < p(4) L : lagrangian subgrp

= Sdx < p(x > (1 * >

= So 4(
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Def Prop

For abelian TEFT I
,

L is a lagrangian subgrp ↳ ECap = McE = Fas" = 1 (t fusion rule of 91 .
e , m . +3)

E) &(a) = 2 Each

By indep ofriangulation
e F(a+ b) = 11SarbF(a

, Fib

I B(a , b) = 1 va .
be L & Easy to show w, < * (

· 1(1
2

= 121 E maximal

Fat21)
,

EbEL st
.

B2s , b) #1
. Basis w. r.

t. Ela

Define 19 .
07 by the following condition

Cor Elas le . 0) = 12
.
> VaCH'LI, Th)

L = <1
,
e3

,
51 . m3 < < 1

,
f3 : odd) are lagrangian and define 12 . a) = M(a)1e , 0

: For Gl . e3
,

=> le . b) is an eigenvector of E(a)

& (1) = &(2) = 1 Ecas (e ,
b > = E(al M(b ) le , 0

e Ble , e)== = 2
ex ..

= c-1SarbM(b) E(a) 12 , 0

o 191e31"= 121 : 4
= <-,

Sarb
M(b) 10 .

0 >

· 2) = Gm . f)
,

Brems = Ble
. f) = - L = c-

1Sarble . b)

Construction of gapped bdry Prop us dimUCI) = IH'CE,

Inpot : Toric code TRFT = Realized as UCR Chern-Simons"K= (2"
① 1e ,

07 always exists uniquely up to phase.

Wilson loop op
: 92 ,

ECa)
,

M(a)
,
F(a13 satisfying Gle , ac]acHz) is an orthogonal basis of USI

(*> Eca + b) = EcasEb)
,

Esal = Elas Fa
,
bEHI , K. D Using noudeg of Sarb many times.

I M(a+ b) = McasM(b)
,

Mcan = M(a) Fa
,
beHz, 4.

F(ac : = Ec , M(9)
-> UCI) E Span (1e . as/acHE, 2) Y

=ca , M(b) = c - xScub MIbsECas va
,
beHz,4.

Ecol = Mco) = F101 = 2 Basis w . r .t
.

Mca

Output : Three kinds of bases corresponding to e , m .
f Define Im.OC by McacIM.) = Im ,02 VacHCE, 42)

V(I) = Spangle , a) / ac Hill , Qul] Im . a) by 19 , a) : = Ecallm , 0

= (1m . a) 1 : 3
~> UCIl = span, &Im , CLI at H,42)]

= " [14+ a31 : Y
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Normalization SymTFT picture

< 2
, 01m , 0 ) = 1 [x[1] [x903 I

Bphys :hcel body

< e , ale ,
b >= IH'2E,42 Sab Y I Y

Bsyn: Ybday me only capture sym

Biyn
[xto , 1)

Bphys T

< m
, alm , b) = 1H'2E, 427/* Sab

n
n top

2

top non top.

ideait1 .<e. 21-ptim,as ama ,

In our setup ,
let us define ITB) s .

+. EtplaT =<e
,alTR

[x[1] [x903 I [x[1] [x903 I

- I ~ # = I ~
Cor

(e
, a (m .b) = c- y ,

Saub (e , 01 M(c) /TB E+[a] <e
, al ITB] +[a]

insertion of
A ganging& se . alm . b) = <e . 01Mca) ECb > /m , 02 changeof A gaugingis

O domain wall
m

Saub ganging
= (-1) < e , olECb)M11IM ,o

[x[1] [x903 I [x[1] [x903 I

= -Saub ,e , olmoh
↓ = E = I ~

= c-,,

Saub [m .a ITB] ZoPCTBs[a] <e
, al ⑧ ITB] Zo*

<Tr) [a]

Then we find that

Im . a) = it1
Saub

, e
, b

Basis w . r .

t. Flas

Define 17) by FlasM) = chin) Vacc, 4)

Prop 12+ a) by 14 + a) : = E(a)(4)

< m
,
alTBL = ZoB2TB)[a] ~> UCIl = Span, 912 + a)/atH= 42)]

& LHS = /F <m ,
cle .

b < <e . blTi

= - [2-1Sarb ETBEb] Normalization

= ZoB
<TB) [a] (2017) = 1

= RHS < /7 > = 1H'2E, [2)1 * Sins ~ <MITB) = EFerITB) [7]

idvan = in t [17)<1

-> We can reinterpret the gauging as a change of basis,

or " of "bdry . Summary
Sym part

of d-dinetry is described by d+ 2-din TAFT.

As an example ,
we saw Duality Web in IID can

be described

by TC in 2+ 1D
.
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54. Condensation defects with Le gauge theory C

Recall =+ + +1
Ganging 42 on

Th

=(A+ E + H1 + It) +We insert ID defect on 2D spacetime mfd.

-> What if we do that for codim-gett defect on codim-p subred ? m Noninv O-form
sym

Def Fact

· Higher ganging
* o-form sym in 22DTRFT arises from

E) Summing over insertions of codim- 19+2) top defect higher ganging
of 1-form sym.

on codim-p mfd
.

"

p = q+ 2.

I

i. e
. gauging

a E-fom sym on a codim-p mfd. Fact
e Condensation defect

I Condensation surfaces in TC have forms as

E) Top defect resulting from higher ganging
gauging a on I

Se := 1 , 07 <e , 01
,

Sm := /m, <m , )
,

Semi= 10 ,
0> mo )

etc ...

2s Let us check how they work.

E
. g .

For TC : 91 , e
,

m
.
f 3

,
we can construct surface operators Recall

Se
,

Sm
.
St by higher ganging. # UCTV) = Span (122 , 197 ,

1m >, IfC] v,

< alb) = Sab

C
~ le) : = El 10) etc...

+ F + (+) =- Ex11 , 03 = 1 ,07 = acH(7, 2)

= -H - How can we describe le , a) wat glasbase ?

=-)1 - 1 + 11 + 11) = /) - le , 07 = (1) + le7

: & Set 19 . 0) = [Calas "CatK ,
attl,e . mif)

# (x) (2 , % = 12 . 07 => LHS = < , 12) + Cell + Cm/f) + Cf(m >

-> invertible o- form sym
: C = Ces < m

: Cf

E(8) 19 . 07 = 19 , 0) = LHS = C , (1) + Celez-Culm > - (flf >

: (m = C = 0
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We obtain 12 , 07 = 117 + les

le ,
x) = 1m> + If >

1e , > = 11) - 193

le , x+ ) = Im > - If >

: Selax = 117 + 1e7 at [1 . e)

S
O a [m , f)

- One can compute Sm
,

Sem
,

etc...

Prop
6f :Fall fi , (21 : te o-form sym op exem

① StElas = In 12(4+ al

= In-sArtintal 12 + a) 32/

= In [Arfil)E(a) . It/
= Eas . F(a) In t Artis/ ></

= Miss St
,


