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Introduction
( 1o}

QCD in the Standard Model

m Standard Model of Particle Physics: most elementary, precisely tested
theory of nature; inconsistencies would provide hints of New Physics.

Standard Model of Elementary Particles

m Interactions between fields of related charges = non-linear equations.

m Particles: local excitations of the quantum fields permeating space-time.
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Introduction
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QCD in the Standard Model

m Standard Model of Particle Physics: most elementary, precisely tested
theory of nature; inconsistencies would provide hints of New Physics.

\%

Interactions between fields of related charges = non-linear equations.

Matter Mandala

© B. Dolan, 2000

Particles: local excitations of the quantum fields permeating space-time.

Nuclear matter (quarks, gluons): Quantum Chromodynamics (QCD).

Flavors: u,d,s: light; c: intermediate; b: heavy; t: (irrelevant in QCD).
’jWHG
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A particle physics perspective on nuclear matter

m No direct observation of elementary nuclear matter
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[TUHMQED, PRD 107, 2022]
m QCD coupling as grows at smaller E: diverges at E ~ Aqcp.

m Color charges cannot be separated:

Lﬂ WHG

2/33


https://pdg.lbl.gov/
https://doi.org/10.1103/PhysRevD.107.074503
https://doi.org/10.1126/science.1163233

Introduction
oe

A particle physics perspective on nuclear matter

m No direct observation of elementary nuclear matter
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m QCD coupling as grows at smaller E: diverges at E ~ Aqcp.

m Color charges cannot be separated: instead, we only observe hadrons,
e.g. qg pairs: mesons; heavy gg: quarkonia; gqq: baryons; and exotica. . .

m Structuring this cornucopia of hadrons (particle zoo) gave rise to QCD,
whose stochastic solution using supercomputers is called Lattice QCD.
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Introduction

Strong-Interaction matter under Extreme Conditions
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m The QCD phase diagram is well understood at low or very high T or ug.

m Light hadrons cease to be relevant degrees of freedom at higher T or ug.
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Introduction

Strong-Interaction matter under Extreme Conditions
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[Bresciani et al., PRL 134, 2025] [Bresciani et al., PRL 134, 2025]

The QCD phase diagram is well understood at low or very high T or ug.
Light hadrons cease to be relevant degrees of freedom at higher T or ugp.
Strongly-coupled dynamics stays relevant even at the electroweak scale.
LQCD as a first-principles approach is a reliable baseline at ug = 0.
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Strong-Interaction matter under Extreme Conditions
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[Bresciani et al., PRL 134, 2025] [Bresciani et al., PRL 134, 2025]
m The QCD phase diagram is well understood at low or very high T or ug.
m Light hadrons cease to be relevant degrees of freedom at higher T or ug.
m Strongly-coupled dynamics stays relevant even at the electroweak scale.
m LQCD as a first-principles approach is a reliable baseline at ug = 0.
m Problems at pg # 0: a complex fermion determinant

gives rise to the sign problem and breakdown of importance sampling,
makes naively rooting staggered fermions fail in reweighting step.

[Borsanyi et al.: PRD 105, 2021; PRD 107, 2023; PRD 109,2024].
m Anisotropic Karsten-Wilczek fermions avoid rooting! [sorsanyi et al., PRD 111, 2025] £ wHG
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In-medium heavy hadrons

m LQCD can help discriminate, but real-time dynamics accessed in imag.
time correlation functions via spectral reconstruction: ill-posed problem.
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[Andronic et al., EPJ A60, 2024]

Quarkonia suppression is signature of QGP formation: Matsui, satz, PLE 178, 1986].

Heavy hadron rates are nontrivially modified in heavy-ion collisions.

EFT suggests medium-modified heavy hadrons may persist above T.:

Models built on different assumptions yield similar Rx4 for T(1S5), etc.

Imaginary time resolution of lattice correlators is improved by anisotropy.

[Laine et al., JHEP 09, 2007]; [Brambilla et al., PRD 78, 2008], [Laine, NPA 820, 2009], [Rothkopf, PR 858, 2020].
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o

Isotropic lattice gauge theory in a nutshell

= Non-perturbative lattice regularization of QCD path integral: IR or UV

via finite volume or lattice spacing = infinite volume and continuum limit.
m No Leibniz rule! Gauge invariance via change of variables A, = U, .

Us,p = el gauge link
P, = Ux, UX+Q,UU:+0’“UI,U plaquette
R, uv = U, uUs UX+2;%UUI+;1+&,H, xj—+,>‘,‘, xT,u rectangle
SqeplU, bl =— > 83" (cP ReTr [l — Py uw] +cgReTr [1 — RW,,})
xXEVy pFv
~f off f
+at >0 Bl (Ul
x,yeVy f

m Mf [U] is a discretized pendant of the fermion matrix B[A](x) + my.
m Any lattice regularizations break various symmetries of the continuum
theory, e.g. O(4) — Wi, but these are always systematically improvable.
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Introduction
o

Isotropic lattice gauge theory in a nutshell

= Non-perturbative lattice regularization of QCD path integral: IR or UV
via finite volume or lattice spacing = infinite volume and continuum limit.
m No Leibniz rule! Gauge invariance via change of variables A, = U, .

Us,p = el gauge link
P, = Ux, UX+;1,VU:+§,“UI,V plaquette
Re,pv = UXYHUH[L,;LUHZ;%VUj+;1+f/,,L xj-+,>‘,l, xT,u rectangle
SqeplU, bl =— > 83" (cP ReTr [1 — Py 0] +cgRe Tr [1 — RW,,})
xXEVy pFv
—f o of f
+at >0 S dlml ]
x,yeVy f

m Mf [U] is a discretized pendant of the fermion matrix B[A](x) + my.

m Any lattice regularizations break various symmetries of the continuum
theory, e.g. O(4) — Wi, but these are always systematically improvable.

m MCMC evaluation of path integral = quantum nature as fluctuations.
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Introduction
(]

Overview

Introduction

Anisotropic LQCD
m Anisotropic lattice gauge theory
m Anisotropic gradient flow

Anisotropic fermions
m Staggered fermions

Taste structure

m Staggered fermions

m Independent link fluctuations

m Staggered chiral perturbation theory
Summary
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Anisotropic LQCD
[ Jele]e]

Anisotropic lattice gauge theory

do

ar

m Anisotropy ¢ = ‘Z—i: different spatial or temporal lattice spacings a, # a-.

m ¢ > 1: spatial links Uy, = el® Ao (temporal Uy . = e'@74%7) drawn from
rougher (smoother) distributions linked by the bare anisotropy &.
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Anisotropic LQCD
[ Jele]e]

Anisotropic lattice gauge theory

do

ar

m Anisotropy ¢ = ‘Z—‘T’: different spatial or temporal lattice spacings a, # a-.

m ¢ > 1: spatial links Uy, = el® Ao (temporal Uy . = e'@74%7) drawn from
rougher (smoother) distributions linked by the bare anisotropy &.

m Two bare parameters (8, = g Br = B&) for gauge action [Karsch, NPB 205, 1982,
are simultaneously mapped to (a,,a-) or (a-,¢) by scale setting.

m For each fermion flavor two further bare parameters (asmy, &) are

simultaneously tuned to the spectrum, e.g. MECP, and to ¢7 = ¢.

&

m 3

and mass ratios m—ff’ are regularization independent = only one &5. A
“wHa

m Light flavors via improved chiral fermions: is fairly independent of my,
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Anisotropic LQCD
(o] lee]

Anisotropic fermions for hot or dense QCD

m Finite temperature 7 = ﬁ limits the time resolution for given a-.

m NRQCD: NR hierarchy needs p ~ L < mj, < X.

Similar approach: anisotropic Wilson clover fermion ensembles used for
spectroscopy [HadSpec coll.: PRD 78, 2008; PRD 79, 2009]. Tuning is hard!
HadSpec lines of constant physics used for lattice NRQCD and
thermodynamics by FASTSUM, e.g. [rasTsum coll., 2026].

m Fixed scale approach, temperatures of interest reach N, = 36.
m Current isotropic HISQ lattices already reach Ny = 32 [HotQcD, PRD 109, 2024].
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Anisotropic LQCD
(o] lee]

Anisotropic fermions for hot or dense QCD

m Finite temperature 7 = ﬁ limits the time resolution for given a-.
m NRQCD: NR hierarchy needs p ~ L < mj, < X.
m Similar approach: anisotropic Wilson clover fermion ensembles used for

spectroscopy [HadSpec coll.: PRD 78, 2008; PRD 79, 2009]. Tuning is hard!

m HadSpec lines of constant physics used for lattice NRQCD and
thermodynamics by FASTSUM, e.g. [rasTsum coll., 2026].

m Fixed scale approach, temperatures of interest reach N = 36.
m Current isotropic HISQ lattices already reach Ny = 32 [HotQcD, PRD 109, 2024].

m Anisotropic staggered has not been pursued after initial attempts:
on quenched [Nomura et al., PTP 111, 2004], Nf =2 dynamical [Levkova et al., PRD 73, 2006].

m Anisotropic HISQ might permit N, ~ 200 with current resources. . .
m Target spatially coarse lattices (a, > 0.15fm), high anisotropy ¢ ~ 4 — 8.

~

Reduce lattice artifacts via improvement: anisotropic HISQ. Currently
limited to only one lattice spacing a, = 0.1665 fm. [Bazavov et al., arXiv].
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Anisotropic LQCD
(o] lee]

Anisotropic fermions for hot or dense QCD

m Finite temperature 7 = ﬁ limits the time resolution for given a-.
m NRQCD: NR hierarchy needs p ~ L < mj, < X.
m Similar approach: anisotropic Wilson clover fermion ensembles used for

spectroscopy [HadSpec coll.: PRD 78, 2008; PRD 79, 2009]. Tuning is hard!

m HadSpec lines of constant physics used for lattice NRQCD and
thermodynamics by FASTSUM, e.g. [rasTsum coll., 2026].

m Fixed scale approach, temperatures of interest reach N = 36.
m Current isotropic HISQ lattices already reach Ny = 32 [HotQcD, PRD 109, 2024].
m Anisotropic staggered has not been pursued after initial attempts:
on quenched [Nomura et al., PTP 111, 2004], Nf =2 dynamical [Levkova et al., PRD 73, 2006].

m Anisotropic HISQ might permit N, ~ 200 with current resources. . .

m Target spatially coarse lattices (a, > 0.15fm), high anisotropy ¢ ~ 4 — 8.

Reduce lattice artifacts via improvement: anisotropic HISQ. Currently
limited to only one lattice spacing a, = 0.1665 fm. [Bazavov et al., arXiv].

m Finite density (up = 0): avoid rooting a complex determinant to Ny = 2

via Karsten-Wilczek fermions [Karsten, PLB 104, 1981]; [Wilczek, PRL 59, 1987].
Reduce lattice artifacts via Naik improvement and anisotropy ¢ ~ 2 — 4.
Recent prepraratory work: [Borsanyi et al., PRD 111, 2025]; [Weber, PRD 112, 2025]. jWHG
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Anisotropic LQCD
[e]e] le]

Tuning strategy

m Plan: reach ¢ ~ 4 — 8 iteratively via intermediate anisotropies £ ~ 1.5 — 4,
e.g. in sequence £: 1 — 15— 2 — 4 — 6 — 8 to understand the RG flow.

m Naively sea quark loops give rise to subleading effects suppressed by as.

m Yet sea quarks have a large impact on the 3 function and anisotropy.

j WHG
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Anisotropic LQCD
[e]e] le]

Tuning strategy

m Plan: reach ¢ ~ 4 — 8 iteratively via intermediate anisotropies £ ~ 1.5 — 4,
e.g. in sequence £: 1 — 15— 2 — 4 — 6 — 8 to understand the RG flow.

m Naively sea quark loops give rise to subleading effects suppressed by as.
m Yet sea quarks have a large impact on the 3 function and anisotropy.

m Proposed QCD tuning strategy:

General trial ensembles with (3, &o; r%s,fg).
Simultaneous scale setting to obtain (as, &).
Identify ({Mss},£") for the fermions.

Change parameter set. Rinse and repeat.
Identify (linear?) scaling window.

Interpolate in (8, &o; g, &) to target (a5, &; Mspghys,gf =¢).
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Anisotropic LQCD
[e]e] le]

Tuning strategy

m Plan: reach ¢ ~ 4 — 8 iteratively via intermediate anisotropies £ ~ 1.5 — 4,
e.g. in sequence £: 1 — 15— 2 — 4 — 6 — 8 to understand the RG flow.

m Naively sea quark loops give rise to subleading effects suppressed by as.

m Yet sea quarks have a large impact on the 3 function and anisotropy.
m Proposed QCD tuning strategy:
General trial ensembles with (3, &o; r%s,fg).
Simultaneous scale setting to obtain (as, &).
Identify ({Mss},£") for the fermions.
Change parameter set. Rinse and repeat.
Identify (linear?) scaling window.
Interpolate in (8, &o; g, &) to target (a5, &; Mspghys,gf =¢).
m Unknown lattice artifacts from taste-symmetry breaking of the fermions
complicate the simultaneous tuning: simplify by sequestration.
H Generate pure gauge trial ensembles with (3, &).
Simultaneous scale setting to obtain (as, ).
Identify ({Mss}, &7) for trial (s, &5).
Tune (s, &}) to (M2Y°,¢F = ¢€).
Study taste patterns and lattice artifacts.

EE @
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Anisotropic LQCD
[e]e]e] ]

Pure gauge theory on anisotropic lattices

Sp = @flo <CP§ [1 - %ReTr(Pw)} +ery [1 - ;ReTr(Raa)D

Roo

+ B& (eP PZ {1 - %ReTr(Pw)} + R RZ {1 ~ ;ReTr(RM)D ,

oT

P or R represent of 1 x 1 or 1 x 2 Wilson loops in all possible orientations.

Indices oo (o7) distinguish spatial-spatial (spatial-temporal) orientations.
m LW action (weisz, NPB 212, 1082];[Liischer, CMP 98, 1985]: Cp = 1, CR = f% and 3 = ;—2.

m Traditionally: simultaneous scale setting via Wilson loops [kiassen, NPE 533, 1908].

;ﬂ WHG
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@000
Anisotropic gradient flow

m Gradient flow is a gauge-invariant
smoothing via evolution in a fictitious

(a+1)D bulk

. of(z) o(t,z)
[Liischer, CMP 293, 2010]

m GF automatically renormalizes
composite operators at t > a2.

t (extra dimension)

;ﬂ WHG
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@000
Anisotropic gradient flow

m Gradient flow is a gauge-invariant
smoothing via evolution in a fictitious
fifth direction (flow time t ~ length?)

[Liischer, CMP 293, 2010]

40 boundar,

(a+1)D bulk

Rz O(t,z)

m GF automatically renormalizes
composite operators at t > a2.

U
ddtM =ZuUs, Zu=—) puwPa [UHS/""" [U]]

v#p

t (extra dit

m Antihermitean projection P,, staple S,',‘,,i from the flow action Sf.

m GF made anisotropic via staple weights pjs = (ggf)2, pij = pai = 1.

Lﬂ WHG
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Anisotropic LQCD
@000

Anisotropic gradient flow

Gradient flow is a gauge-invariant
smoothing via evolution in a fictitious
fifth direction (flow time t ~ length?)

[Liischer, CMP 293, 2010]

4D boundar,

(a+1)D bulk

o(t,)

GF automatically renormalizes
composite operators at t > a2.

t (extra dit

dtM =2Z,U,, Z,=- Z PuvPa [UHSJ,‘,,‘ [U]]

v#p

Antihermitean projection Py, staple S,',\,f from the flow action Sf.
GF made anisotropic via staple weights pjs = (ggf)2, pij = pai = 1.
GF allows scale setting via action density S°PS [Lischer JHEP 08, 2010; JHEP 03, 2014]:
St =3 S0 Filat), S () Z ACR)
x,i#]
Gauge action S2, flow action S or observable S°Ps may differ.
WHG

Simultaneous scale setting via gradient flow (orsanyi et al.: unpub. 2012; PRD 98, 2018].
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Oe00
Small flow-time lattice artifacts

m GF scales 5, to,, are obtained from t2S°Ps or scales wp ,, wo,» with
reduced cutoff effects from the flow derivative of t25°P% smw, sHeP 09, 2012]

— w2
t=wp -

[tdif( M(t))} —0.15, (&) {tit( m(t))} —0.15.

— w2
t7W0,0'

m Setting fogf = ¢ (target renormalized anisotropy): adjust & until % =1
Better than [gorsanyi, unpub. 2012], onIy one flow per trial &0 [Borsanyi et al., PRD 98, 2018]

m Spatial lattice spacing a, controls the small flow-time lattice artifacts.

Is :’Vg—” safe for coarse spatial lattice spacing a, = 0.157

m Ratio of spatial-spatial or spatial-temporal derivatives:

R(t) = t%t2<5w(t)>/ t%t%sg,(t)) R g2

;ﬂ WHG

12/33


https://doi.org/10.1007/JHEP09(2012)010
https://inspirehep.net/literature/1113447
https://doi.org/10.1103/PhysRevD.98.014512
https://doi.org/10.1140/epjc/s10052-015-3831-9
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/S0003-4916(03)00009-5

Anisotropic LQCD
000

Small flow-time lattice artifacts

' R(t)/E'Q ' R(t)/§'2

00 02 04 06 08 1.0 12 1.4 00 02 04 06 08 1.0 12 14

m Ratio of spatial-spatial or spatial-temporal derivatives:

t>a2

Mﬂ-t%t(wﬁ»/t—tﬁ (o) S5 e

m We have 58 = SLW and consider S — W, S 7 and S°P* — W, S, C, I.

m Zeuthen flow: O(a2)-improvement of flow evolution [Ramos, Sint, EPJ C76, 2016]
m Clover operator [Sheikholeslami, NPB 259, 1985]
m Improved clover operator [Bilson-Thompson et al., AP 304, 2003]

= Nonmonotonic for W, S observables, yet decreasing after peak for C, /.
m Peak height increasing for SC, ZC, WC, SI, ZI, WI. Suggests C instead of /! WHa
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Anisotropic LQCD
0000

Scheme choices and lines of constant renormalized anisotropy

ED/E Sé )—qu sW ’—C’A)—‘ Ws " V— 'ZC - s )'—§q EO/E Sé '—X—: sW '—‘2—‘ WS " V- “ZC - 2s "—§—‘
88 {1 WC A WW 21 ZW —X— §8 {1 WC —A— wW 21 W —X— |
0.96 E 096 ——_" "
\x =2 0.94 X\ &E=4]
\ X
094 [ X\v\' 0.92 T
0.90 1
X
ook T ] 088 k/—/’ﬁg:é/_;z
. X —k - —
P e B— e 086 ]
A\ . -V — —_—
0.90 —A — f}/
- N 0.84 1
088 | ] 082 / ]
B 08047 B
690 695 700 705 7.10 7.5 7.20 725 7.30 690 695 700 705 7.10 7.15 7.20 7.25 730

m Study systematics at (¢ = 2,4) with 5 x 9 resp. 5 x 10 ensembles.

L] %0 for each B with various schemes. Continuum (8 — oo) requires %0 — 1.
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Anisotropic LQCD
0000

Scheme choices and lines of constant renormalized anisotropy

EU/E S(; P—Xﬁl sW ’—'CA)—‘ Ws I' V— IZC - s PI—§A EO/E Sé '—X—: sW '—‘2—‘ WS " V- “ZC - 2s "—§—‘
88 {1 WC A WW 21 ZW —X— §8 {1 WC —A— wW 21 W —X— |
osef— 1 0.96 —
X §=2 094 — E=4]
\X\ o2 X\V |
094 | — 1 . —_—
0%0F E
oog 1 0B ———b—— ]
*>‘2 /) ‘ /—_/_.QZ—DP“C
T — 0.86 % —_—
—~—%= — 0.84 E
0.88 4 0.82 4
B 0.80 / B
690 695 700 7.05 710 715 720 725 7.30 690 695 700 7.05 710 715 720 725 7.30
m Study systematics at (¢ = 2,4) with 5 x 9 resp. 5 x 10 ensembles.
L] %0 for each B with various schemes. Continuum (8 — oo) requires %0 — 1.
m SC, ZC smallest renormalization, but decreasing = must turn around!
m Only WC, ZI are increasing = W(C scheme, same as [Borsanyi et al., PRD 98, 2015]!
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Anisotropic LQCD
0000

Scheme choices and lines of constant renormalized anisotropy

EU/E S(; P—qu sW ’—'CA)—‘ Ws I’ V— IZC - s Pl—iq EO/E Sé '—X—: sW ’—‘2—‘ WS " V- “ZC - 2s "—§—‘
88 = WC —A— WW 21 ZW —X— 88+ WC —A— WW 21 W —X— |

0sef—__ s 1 0.96 \x ees
X = 0.94 =44
0s4 b \\ 0.92 —_—
0.90 1

X

o 1 0.88 k/-/’ﬁs_ié:é_—ﬁi
A X —% : p——
P — | 0.86 }/\/M(

0.90 = S
0.88 4 0.82 / 4
B 0.80 47 B

690 695 700 7.05 7.10 715 720 7.25 7.30 690 695 700 7.05 7.10 715 720 7.25 7.30

Study systematics at (¢ = 2,4) with 5 x 9 resp. 5 x 10 ensembles.

%0 for each B8 with various schemes. Continuum (8 — o) requires %0 — 1.

[
[

m SC, ZC smallest renormalization, but decreasing = must turn around!

m Only WC, ZI are increasing = W(C scheme, same as [Borsanyi et al., PRD 98, 2015]!
[

Interpolate LCRA to desired 22 (3) with Allton-type Ansatz [aiton, NP8 Ps 53,
10071, then determine &y(8) with rational function (Borsanyi et al., PRD 9, 2018].
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Anisotropic LQCD

ooce

Lines of constant renormalized anisotropy

1100 P\@ / Wo,0 3/ wo,0 o
fit ——
1050 180207718 - - - -

1.000

0.950 £=2
0.900
0.850
0.800

0.750
1.830

1825

1.820

& —e—
fit ——
1802.07718 - - - -

1815

1.810
1.805 .
1.800 1

1795 B

690 695 7.00 7.05 7.10 715 7.20 7.25 7.30

do

(B) = «f(B)

o§ ‘Qm*

Q

1+ C2%f2(ﬁ)
B

)

1300 K %/ Wo.o g/ wog e
fit ——
1.200
1.100 §=4
0.1665
0.17355
1.000
0.959378
0900
3520 | &
3500
3.480 £ et
fit ——
3.460
3.440
3.420
B

, f(B)

wo 1+d2%f2
u + u

—¢l14 - 5
&S(B)=¢ |1+ 5 T ,0

690 695 700 7.05 7.10 7.15 720 725 7.30
by

b 5
:(10‘%) 2by o 20by |

j WHG

Expect significant changes to coefficients in QCD with dynamical fermions.

14/33



Anisotropic fermions
[ ]

Anisotropic lattice fermions

m Generic anisotropic lattice fermion action

Sr=ata, ZYZxMxﬂZy , My =Dy +md .
xy
1

. - ~ ~ f .
Lattice derivatives: Vi .o ~ = , Vi r ~ = =£ do not scale uniformly!
Y as Y ar as

m Introduce dimensionless lattice quantities with uniform scaling:
- - p -
1/) = aogy/ar w 3 ny,o' - ao'ny,cr 5 £ Dx T = achxy,T .

m Bare fermion anisotropy ¢ is renormalized, differs from &, (gauge fields)!
m Dimensionsless lattice fermion action

Sf = Zi/_)xMxyd)y - Z"Zx |:ny,0 + é(’Jery,T + as m(sxyj| wy .
X,y

X,y

;ﬂ WHG
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Anisotropic fermions
[ ]

Anisotropic lattice fermions

m Generic anisotropic lattice fermion action
3 = ~ ~ ~ ~
Sr=ayar y UMy, , My =Dy + md, .
Xy
Lattice derivatives: Vo ~ == , Veyr ~ = = 5 do not scale uniformly!

aa ar

Introduce dimensionless lattice quant|t|es with umform scaling:
- - p -
w = aogy/ar w 3 ny,o' - ao'ny,cr 5 £ Dx T = achxy,T

Bare fermion anisotropy &/ is renormalized, differs from &, (gauge fields)!
m Dimensionsless lattice fermion action

Sf = Zi/_)xMxyd)y - Z"Zx |:ny,0 + é(’Jery,T + aam(sxy] wy .
X,y x5y

Find the renormalized fermion anisotropy ¢, then tune ¢ — ¢:

2 2
(temporal) dispersion relation: a2 E>(p®) = a2E2(0) + % ,’;2 ,

é.f_E_aaM_ag
_ET arM T a0

(spatial-temporal) mass ratio:

spatial dispersion relation: aiEg(pz) = aiEg(O) + (ff)2(aipi) e
2 wha
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Anisotropic fermions
[ Jelele]

Staggered fermion operators

m Anisotropic (naive) staggered [Nomura et al., PTP 111, 2004]; [Levkova et al., PRD 73, 2006]

3
ZD)':;Ive[U] = ZWX,H [UX,[L6X+ﬂ,y — UI—,&,;L(SX—Q,Y]
pn=1
f T
+ fonx,‘* [Ux,46x+&,y - UX,QA(SXfZLy} :

m Temporal staples in smearing w. anisotropy factors pj; = £2. [Borsanyi, 2012]

j WHG
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Anisotropic fermions
[ Jelele]

Staggered fermion operators

m Anisotropic (naive) staggered [Nomura et al., PTP 111, 2004]; [Levkova et al., PRD 73, 2006]
3

205 [U) = " ne U piy — UL 1 0x—piy]
pn=1

f T
+ fonx,‘* [Ux 46x+4 Y UX,QA(SXfZLy} :

m Temporal staples in smearing w. anisotropy factors pj; = £2. [Borsanyi, 2012]
= Anisotropic highly improved staggered quarks [Foliana et al., PRD 75, 2007]:

3
205" °1U) = 3 e [XE by = XLy 0
p=1

X =3[, pX

b (1 elaom) X sy — X2y 0]
+ €(§nx,4 |:XXF,45X+‘1,y - X:jﬁA(SX*‘A"y

L Lt
+ (1 + e(agm)) I:XX,45X+321,y - XX,321YM6X7321,y]i| .
m Fat7 smeared links for (Q)HISQ [Bium et al. PRD 55, 1997]; [Orginos et al., PRD 60, 1999]:
j U3
U Fat7 Vi, Vap proj U(3) W, Wa, 27, Fat, XXFW and W, N2, Naik XL .4
7 wHG

m Anisotropy factors & just multiply X[ 4,XL due to Fat7 smearing.
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Anisotropic fermions
[e] le]e]

Anisotropy tuning with (naive) staggered

Temporal dispersion relation
for unsmeared naive staggered
3-4 ms bracket m‘s"'ys

3-4 56 bracket expected 55
for each anisotropy {f =¢

(Ng ar E(p) /2m)?

=10
Ef=12—a
Ef=1.4 —e—

m Tuning scheme for unsmeared (aka naive) staggered (quenched)
Dispersion relation @ fixed (agms, &) = & (aoms, £5).

j WHG
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Anisotropic fermions

0@00

Anisotropy tuning with (naive) staggered

Temporal dispersion relation
for unsmeared naive staggered
3-4 ms bracket m‘s"'ys

3-4 56 bracket expected 55
for each anisotropy £ = ¢

(Ng ar E(p) /2m)?

=10
Ef=12—un
Ef=1.4 —e—

Tuning £ at fixed ms

Tuning a, ms @ tuned éf

¢

arMss M5 —e—
055 it ——

035 fit ——

aMys

020 &

&f et
it —

agms

100 105 110 115 120 125 130 135 1.40

0020 0025 0,030 0.035 0,040 0.045 0.050 0.055 0.060

m Tuning scheme for unsmeared (aka naive) staggered (quenched)
Dispersion relation @ fixed (agms, &) = & (aoms, £5).
Interpolate & (aoms, &f) — € @ fixed agms = &§(aoms, 7).
Interpolate ar Mss(ap,ms, £7) — aTMfghys(ff) © fixed ¢ = a,;mi(¢F).
Finally readjust &f(aoms, &7) — &§(agm?, &) @ fixed £

Lﬂ WHG
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Anisotropic fermions
[e] le]e]

Anisotropy tuning with (naive) staggered

Temporal dispersion relation Tuning 55 at fixed ms Tuning a, ms @ tuned éf
for unsmeared naive staggered
3-4 ms bracket m‘s"'ys

3-4 56 bracket expected 55
for each anisotropy £ = ¢

¢ arMss arMgs —e—
055 it ——

(Ngar E(p) /2n)? 035
20 g 10 i34 &
- 035 fit —— it
g=12—a 107
sl E=ta e 034
aMys
033 “
1.06
032
10 0.31
0.30 .08
05 A? 029 & agms
0.0 05 10 15 20 100 105 110 115 120 125 130 135 1.40 0.020 0.025 0,030 0.035 0.040 0.045 0,050 0.055 0.060

m Tuning scheme for unsmeared (aka naive) staggered (quenched)
Dispersion relation @ fixed (agms, &) = & (aoms, £5).
Interpolate & (aoms, &f) — € @ fixed agms = &§(aoms, 7).
Interpolate ar Mss(ap,ms, £7) — aTMfghys(ff) © fixed ¢ = a,;mi(¢F).
Finally readjust &f(aoms, &7) — &§(agm?, &) @ fixed £

. f
monotonic: %‘; =0.882(2), 0.826(3), 0.779(1) @ ¢/ =1.2, 1.5, 2.
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Anisotropic fermions
[e] le]e]

Anisotropy tuning with (naive) staggered

Temporal dispersion relation Tuning 55 at fixed ms Tuning a, ms @ tuned éf
for unsmeared naive staggered 180
3-4 ms bracket m‘s"'ys ‘
3-4 56 bracket expected 55
for each anisotropy £ = ¢

¢ arMss arMgs —e—
055 it ——

(Ngar E(p) /2n)? 035
20 g 10 i34 &
- 035 fit —— it
g=12—a 107
sl E=ta e 034
aMys
033 “
1.06
032
10 0.31
0.30 .08
05 A? 029 & agms
0.0 05 10 15 20 100 105 110 115 120 125 130 135 1.40 0.020 0.025 0,030 0.035 0.040 0.045 0,050 0.055 0.060

m Tuning scheme for unsmeared (aka naive) staggered (quenched)
Dispersion relation @ fixed (a,,ms,ﬁg) = §f(adms,§5).
Interpolate {f(agms,£5) — & O fixed apms = fg(agms,ﬁf).
Interpolate a, Mss(a, ms, £7) — aTMfghys(ff) © fixed ¢ = a,;mi(¢F).
Finally readjust &f(aoms, &7) — &§(agm?, &) @ fixed £
monotonic: %"; =0.882(2), 0.826(3), 0.779(1) @ ¢/ =1.2, 1.5, 2.

= No tuning for anisotropic 4-stout staggered (N¢ = 3 dynamical): & ~ ¢f A
at SU(3) symmetric point, confirmed from mass ratios up to £ = 4. wha
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Anisotropic fermions
[e]e] le]

Anisotropy tuning with aHISQ

0.500

arMss

0.480

0.460

0.440

0.420

0.400

0.380

a Mz —e—
fit ——

1.200

1.196

& —e—t

fit ——

1192

1.188

agMs

0.050 0.055 0.060 0.065 0.070 0.075 0.080 0.085 0.090

arMss

aMgs —e—

fit ——

1.495

g et

fit ——

|

1.490

1.485

l

agMs

0.050 0.055 0.060 0.065 0.070 0.075 0.080 0.085 0.090

Tuning scheme for aHISQ (quenched): steps 1 - 3 as for naive, no step 4.

¢

1.1

1.2

1.5

2

4

Simplified tuning scheme: 1) ¢§ @ fixed aoms. 2) aoms @ fixed &f.
8

&b/ | 0.998(8)

0.994(4)

0.997(4)

1.005(6)

1.011(9)

0.998(10)

Apparently, no tuning needed for light fermions w. aHISQ!

Beware: this does not hold for heavy fermions w. aHISQ!

j WHG
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Anisotropic fermions
[e]e]e] )

Simultaneous anisotropy tuning with dynamical staggered

Choose anisotropy, i.e. ¢ = 4. For each 3: Pick a reasonable quark mass.
Bracket expected (&, &) with square in bare anisotropy plane (upper).
Determine (¢,¢7) (lower). Assuming linear dependence find Jacobian.

Invert Jacobian to find expected (&, &f) corresponding to target (red).

e Simulation —e—

ar J AT

37 L L L L L L
27 28 28 3 31 32 33 34

bare gauge anisotropy &9

[Courtesy of Alexander Adam]

T
e |

104 105 106

otropy £9/§

j WHG
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Anisotropic fermions
[e]e]e] )

Simultaneous anisotropy tuning with dynamical staggered

Choose anisotropy, i.e. ¢ = 4. For each 3: Pick a reasonable quark mass.
Bracket expected (&, &) with square in bare anisotropy plane (upper).
Determine (¢,¢7) (lower). Assuming linear dependence find Jacobian.
Invert Jacobian to find expected (&, &f) corresponding to target (red).
Readjust to bracket new (&, ¢f)(middle). Repeat until bracketed.

405 T — ———— 1 ——————
< Simulation —e— = Simulation —e—
ar J FTr-o— a0s b FIT o
EE S + o i 1
st EE S 1
st 39t 1
e asf . . e assf B
5 . P P 5 P S S SR
27 28 29 3 31 32 33 34 265 27 275 28 285 29 295 3 305
bare gauge anisotropy &9 bare gauge anisotropy &9
[Courtesy of Alexander Adam] VERY PRELIMINARY!
w 42 T — ——— W 41s T — e —
=l Smulation —e— | al Smulation —e— |
AT i+ e
sl o a0s | 1
. s . ]
arr v b 305 i®
L ] r rot 1
it & a9t 1
N A 1 3 assf 1
3ss * 1 B 1
30 . M P 375 . M P
0% 1 101 102 103 104 105 106 0% 097 0% 0% 1 1ol 102 103

renormalized gauge anisotropy &9/ &

renormalized gauge anisotropy &9/ &

j WHG
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Anisotropic fermions
[e]e]e] )

Simultaneous anisotropy tuning with dynamical staggered

Choose anisotropy, i.e. ¢ = 4. For each 3: Pick a reasonable quark mass.

Bracket expected (&, &) with square in bare anisotropy plane (upper).

Determine (¢,¢7) (lower). Assuming linear dependence find Jacobian.

Invert Jacobian to find expected (&, &f) corresponding to target (red).
Readjust to bracket new (&, ¢f)(middle). Repeat until bracketed.
Finally confirm actual (¢,¢7). Adapt (&, £f) until acceptable.

405 — “———— . . . .
= Simalation —e— = Simulation r—e— Eant Simulation —e— |
ar FIT @ a0s FIT 28— FT

vl + il L & i b it
Erys g 395} g at g 4
ass| 1 sl 1 sl i
A . oS el 1% sl E
S . . . . . . S I S s . . . .
7 28 23 3 a1 a2z a3 s 27 zm 28 s 25 295 3 a5 w w2 w3 3
bare gaugeansoropy &9 bare gauge ansoropy &9 bare gauge ansoropy &
[Courtesy of Alexander Adam] VERY PRELIMINARY! B =4.0,€=4 mg = 411 MeV
o 425 T T T T T T W 415 T T T T T T T T T T T
=T ey ey T P —— Wl Ea——
ar e T e
el ] aos| 1 al gone
- at . g g .
1 e i 395 = a L]
it & 39| B < Ll ot |
I A 1 % ssst 1 £
395 ® 1 I 1 F ast ot |
. . . . . . . 375 . . . . . . s . . . . .
099 1 101 1.02 1.03 1.04 1.05 1.06 096 097 098 099 1 1.01 1.02 1.03 = 0.96 098 1 1.02 1.04

renormalized gauge anisotropy &9/ &

renormalized gauge anisotropy &9/ &

renormalized gauge anisotropy &9/ &

1

j WHG
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Anisotropic fermions
[e]e]e] )

Simultaneous anisotropy tuning with dynamical staggered

Choose anisotropy, i.e. ¢ = 4. For each 3: Pick a reasonable quark mass.
Bracket expected (&, &) with square in bare anisotropy plane (upper).
Determine (¢,¢7) (lower). Assuming linear dependence find Jacobian.
Invert Jacobian to find expected (&, &f) corresponding to target (red).
Readjust to bracket new (&, ¢f)(middle). Repeat until bracketed.
Finally confirm actual (¢,¢7). Adapt (&, £f) until acceptable.

405 T T T

a1 ————

= Simulation —e— | Simutation r—e— Fan Simulation —e— |
4r . AT 1 405 . FIT o 1 FIT ——
39+ 4 395 4 at L4 B
st 1 st 1 b 1
FELYS . o 4 & osssp 1 ossl 1
S s L L L L L L S as T S S = L L L L
27 28 29 3 a1 32 33 34 265 27 275 28 285 29 295 3 305 26 27 28 29 3 3
bare gauge anisotropy &9 bare gauge anisotropy & bare gauge anisotropy &
[Courtesy of Alexander Adam] VERY PRELIMINARY! . B =4.0,& =4, mz = 411 MeV
U 425 T T T T T T T 415 T T T T T T T T T T T
L Simulation —e— | wl Simulation —e— | ol Simulaton —e— |
AT it e T ot
sk e a0s 1 wl Run FIT
- at ° 4 . .
“r = 1 395 B 4 L]
L 4 B Legl b I . 7
it i 39+ 4 2 Ll tot |
I A 1 % ssst 1 £
o5 * 1 sl e 1 F asf .t i
30 L L L L L L 375 L L L L L L H L L L L L
099 1 101 102 103 104 105 106 096 097 098 099 1 101 102 103 = 096 098 1 1.02 1.04
renormalized gauge anisotropy £/ renormalzed gauge anisotropy E1/ & renormaized gauge anisotropy £/ §

j WHG

Finally tune the quark masses. Then reconfirm actual (¢,¢7).
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Taste structure
@00

Doubling problem and staggered fermions

(Staggered) fermion lattice
Lattice for bosons

B

|
l
¢

m Staggered fermions: 1-component field represents 4 x 4 spin-taste d.o.f.,
spread out over a fermion hypersite of 16 boson sites, i.e. one hypercube.

m Boson sites have different local gauge links: parallel transporters X, ,[U].

;ﬂ WHG
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Taste structure
@00

Doubling problem and staggered fermions

(Staggered) fermion lattice
Lattice for bosons

m Staggered fermions: 1-component field represents 4 x 4 spin-taste d.o.f.,
spread out over a fermion hypersite of 16 boson sites, i.e. one hypercube.

Boson sites have different local gauge links: parallel transporters X ,[U].

Staggered representation of spin matrices:

> X
SJ,Xy = UX»/LXXML[U]‘Sxﬂ:ﬂ,yv Nxp = (1)7=m .

Staggered representation of taste matrices:

> X
M o = GonXeu[Uloxtpy,  Gou = (=1)77F .

m S, or S5, satisfy Clifford algebras in the free theory (broken in QCD).
20/33
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Taste structure
(o] o}

Staggered spin-taste operators

m Spin-taste operators via chaining multiple Staggered hypersite

S and S5, . s

j WHG
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Taste structure
(o] o}

Staggered spin-taste operators

m Spin-taste operators via chaining multiple Staggered hypersite

7« and S5, . r——
> X

m Site-local factors Slxysﬁiyx — (1) E
1 ' @ ---- ..

form an Abelian sub-algebra. K

m U(1)a chiral SSB is linked to the spin-pseudoscalar taste-pseudoscalar

> X
e=5),55  =(-1)¥% " .

5,xy~5,yx

j WHG
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Taste structure
(o] o}

Staggered spin-taste operators

m Spin-taste operators via chaining multiple Staggered hypersite

S and S5, . .

> xv
= Site-local factors S ,, S5, = (—1)"7*
form an Abelian sub-algebra.

m U(1)a chiral SSB is linked to the spin-pseudoscalar taste-pseudoscalar

> X
e=5),55  =(-1)¥% " .

5,xy~5,yx
m Spin-pseudoscalar taste- “sth.else” needs uncancelled X ,[U], that are the
origin of taste-symmetry breaking: 0 - P, 1 - A, 2—T,3 =V, 4—S.

m UV fluctuations of uncancelled X, [U] are independent at leading order,
each contributes (aA?) to squared energy: large effect for pions M2 < A2

m Taste hierarchy of P < A< T <V < S with 1,4,6,4,1-fold degeneracies.
Well-established and -explained by SChPT [Luo, PRD 57, 1998]; [Lee, Sharpe, PRD 60, 1999].
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Taste structure
(o] o}

Staggered spin-taste operators

m Spin-taste operators via chaining multiple Staggered hypersite

S and S5, . s

> xv
= Site-local factors S ,, S5, = (—1)"7*
form an Abelian sub-algebra.

m U(1)a chiral SSB is linked to the spin-pseudoscalar taste-pseudoscalar

> X
e=5),55  =(-1)¥% " .

sXY T, yX

m Spin-pseudoscalar taste- “sth.else” needs uncancelled X ,[U], that are the
origin of taste-symmetry breaking: 0 - P, 1 - A, 2—T,3 =V, 4—S.

m UV fluctuations of uncancelled X, [U] are independent at leading order,
each contributes (aA?) to squared energy: large effect for pions M2 < A2

m Taste hierarchy of P < A< T <V < S with 1,4,6,4,1-fold degeneracies.
Well-established and -explained by SChPT [Luo, PRD 57, 1998]; [Lee, Sharpe, PRD 60, 1999].

m Anisotropy: temporal links fluctuate less than spatial links, hierarchy
breaks upto P < A; < As < Too < Tor S Vo < V- < S with anisotropic

~

1,1,3,3,3,3,1,1-fold degeneracies. ¢ — co: 2,6,6,2-fold degeneracies.
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Taste structure
ooe

Anisotropic staggered pion tastes

e e e o e e e e e e e e L H s o o o e e e e e
wo M, o | 1 1 ]
0.70 i LA e ® P naive
L] ° ° [ BN
0.60 1 o T L T e o 1
o0 ° s ® -
0.50 41 ° T T ° 1
L]
0.40 1 T T o 1
£=1 £=1.2 =15 §=2
0.30 ° ° ° °
.44 —/4H—H——-+H—"1H—+H—"F++g+—+—t————
’ wo My o [ ] ° s
aHISQ [}
0.40 oo - e ® T ° T :
° .
0.36, o E ° + ° + ® E
L] ° e
0.32 oo E [ ] -+ ° + ° 4
[
028 £=1 | £=11 1 ° =12 | £=15 |
. N o
RS SRR RN | S T S S T ST ST S S-S SR S T S ST S - S S S S S S T
Tl5 M5 This Thj Thig TG T4 Ms Y5 Ta5TT5 TTjj Thig 1T T4 Tls M5 T5Tis TTj Tlig TG Ty Tlg  TT5 g5 This Thj Thig TG T1g Ts

m Tastes 7w, ~ &, ~ S)S5, ms ~ 1~ S7 and splittings sM, = M2 — M2,

m Isotropic: five multiplets P < A< T < V < S, approximately equidistant
splittings for HISQ, but not for naive! Well established and explained by
SXpT [Lee, Sharpe, PRD 60, 1009] and lattice perturbation theory [Follana et al., PRD 75, 2007].

j WHG

m Isotropic: Lowest, highest, and mean splitting all much larger for naive!
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Taste structure
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Anisotropic staggered pion tastes

L e e e e e T B e e e e e B e e e e e e e e
| wo M, of 1 4 J
0.70 i LA e ® P naive
LI ] ° ° L BN
0.60 [ 3 o T e e T e o 1
o0 ° s ® H
0.50 [ e T T ° 1
L]
0.40 [ F T T o 1
£=1 £=12 £=15 £=2
0.30 ° ° ° .
0.44 p—H—H "ttt
’ wo M ° [ ] ° s
aHIS! []
0.40 | oo |- e T ° T a 1
hd °
0.36 | o - ° + ° + ® E
L] ° e
032F e @ - ° T (] + L] E
[ ]
0.28 | §=1 L E=11 | ° g=12 L £=15 |
L] [ ] L[]
AT S SRR RS | NS T SR ST ST ST SN S S ST SR T S ST ST - ST SR S S S S T
T Mas s TTjj TTig T T4 Ts{ Tls MasThis TTj Thig T Mg Ty M5 Tly5Ts Thj Mg T My Mg Tl5 TMys Mg Tj Mg TG T4 T

m Anisotropic: The A< T<V = A, <As S Too < Tor S Vo < Vi

m Naive: odd tastes ms, mjj, 7;, ms decrease faster than even tastes s, mis, 4.
The lower the tastes (among odd or even) the faster the decrease.

m aHISQ: odd tastes mss, 7, 7, ws fall, yet even tastes s, wis, m4 rise.
The lower the odd/even tastes the faster/slower the decrease/increase.

j WHG
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Anisotropic staggered pion tastes

M5 —+— Mg —*— mj —— My —@— m my Mg
T IA — WL T IA T T T T T T T T T
10 b T oM 10 n 1
08 1 08 [ 1
06 | T3
]
¥
B -\+ —
+
02} T
naive In(&)
0.0 Ew L ! L 4
0.0 0.2 0.4 0.6
g5 —+— Tig —%— j —— My —@— m my LS
T T T T T T T T T T —
L A — ] Y .
12} Ay = Sl 121 Ay ——

g - o=
08| yjt'\“ 1 08}
06 | \.\' {1 osef

- =
+.
04} \ E 04f E
+

02} 1 02 1
naive In(é) aHISQ In(§)

0.0 1 1 1 E 0.0 1 1 1 1 1 1 + " =
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

m New degeneracy pattern of ¢ — oo limit emerges much faster for aHISQ.

j WHG

m aHISQ: hints of universal behavior of A/ for the rising even tastes.
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Taste structure
@00

Independent link fluctuations

10° &

m Staggered TSB is due to UV
fluctuations of links.

m Naive staggered TSB is ala® +

h.o. [Golterman, NPB 245, 1984].

Improved/link-smeared staggered
TSB is a2a® + h.o. miLc, Pro 87, 2013).

(Mw,ez—Mn,sz) r,®

QCD coupling as at the lattice scale, N
e.g. ay in the potential scheme. bl

sl N

0.001 0.002 0.005 0.01 0.02 0.05

. . 5
m Powers of as = perturbative picture? ag (a/r))

[MILC, PRD 87, 2013]

j WHG
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Taste structure
@00

Independent link fluctuations

m Staggered TSB is due to UV
fluctuations of links.

m Naive staggered TSB is ala® +
h.o. [Golterman, NPB 245, 1984].

m Improved/link-smeared staggered
TSB is a2a® + h.o. miLc, Pro 87, 2013).

(Mw,ez—Mn,sz) r,®

m QCD coupling as at the lattice scale,
. . 107
e.g. ay in the potential scheme. E

sl N

0.001 0.002 0005 0.01 002 005
2 2
ag® (a/ry)

m Powers of as = perturbative picture?
[MILC, PRD 87, 2013]

m In a spin-pseudoscalar taste- “sth.else” operator S;Xysiyz, each
uncancelled link is in a different direction.

The tree-level gluon propagator is diagonal in Euclidean and color spaces.
To leading order, each link in a given direction fluctuates independently.
Define §E(¢ = 1) = éM,5(¢ = 1), and thus, M (£ =1) = (I + I-)0E(§ = 1).
Independent link fluctuations explain the equidistant HISQ splittings. jWHG
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Taste structure
(o] lo}

Anisotropic link fluctuations

At larger &, temporal links get smoother, while spatial links get rougher.

We generalize the tadpole factor uyg = {/P,. as a measure of roughness:

Q;u/ — L(g) = UT(E) = \4/ g%; , ug(f) = m .

Pw(f = 1)
m Thus, fluctuations get redistributed from temporal to spatial links:
ur(§>1)—1
. D>1, u <l = -7
ur(6>1) > us (€ >1) < 1—ua(§>1)>

m The decrease of temporal link fluctuations is balanced by a weaker
increase of spatial link fluctuations (for each direction).

m We observe % ~ 3.7 for ¢ <2 and logarithmic rise thereafter.

;ﬂ WHG
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Taste structure
(ele] J

Anisotropy as a symmetry-breaking perturbation

B SMs(€) = 46E(¢) differs by at most 17% from isotropic value 46E(¢ = 1).

m Grotrian diagrams reveal in atomic physics or in the eightfold way that
multiplets break up unevenly s.t. the weighted mean is unchanged.

m Universal breakup function f(¢): limits f(§¢ — 1) — 0 and f(§ — o) — 1.
m Units of fluctuations distributed 3 : 1 between temporal or spatial links.
m Mass formula ¢ dependence via f(¢) and §E(&)

m(©) = (1 (14370 ) + 1 (=@ ) 0 ().

m Taking ratios eliminating §E(€) to isolate f(¢), we find data collapse:

f(€) = SMis(€)—3Mas(E) __ o IMig(§)—0M;i(&) _ o SMa(€)—3M;(€)
T T 30Mi5(8)+0Mas(€) T T IMa(€)+OM(E) T T SMa(€)+35M;(€) "

m Then we eliminate (&) to isolate 6E(&), e.g.

;i _ OMu(&)+oM;(g) i _ s
SE(E) = BMale)+iMis(e) _ Mal&)HOMy(E) _ SMA(E)130M(E) _ oMe),

j WHG

which also exhibit approximate data collapse.
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Staggered chiral perturbation theory

m Leading order chiral Lagrangian for ¥ = exp(i®/f) [Lee, Sharpe, PRD 60, 1999:

a4 f2

L) = TT"<8HZOMZT> —%45 fQTr<MZ+MZT) + a'mg

(Trd)* 4V,

m f,B, my are low energy constants that exist in the continuum limit.

j WHG
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Taste structure
000000

Staggered chiral perturbation theory
m Leading order chiral Lagrangian for ¥ = exp(i®/f) [Lee, Sharpe, PRD 60, 1999:

a4 f2

L) = TT"<8HZOMZT> —%45 fQTr<MZ+MZT) + a'mg

(Trd)* 4V,

m f,B, my are low energy constants that exist in the continuum limit.

m Potential V =U + U’ due to four-fermion operators (dimension six).

m U’ consists of two-trace terms affecting only flavor-diagonal pion masses.
m U consists of single-trace terms affecting flavor offdiagonal pion masses.

—U = 26 Z CkOk
k

=a"QTr(6E6TT)
+a C% >o[meres) + Tr(e e )]

4G 3 [Tr(esTens) + Tr(esT 6]

v

+2°Ge Y Tr(&uwE&,xh).
p<v

j WHG
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m For HISQ, only C, is substantial; C;, C3, Cs = 0. [Lee, Sharpe, PRD 60, 1999].
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SChPT-inspired model for the pion spectrum for aHISQ (fail)

m Isotropic SChPT prediction (with factor 16;%’ absorbed in ()

SMis(€) = G +3G+ £C +3%5 G

Ms(€) =G+ (2+5) G+G+ (24 %) G
SMy(€) = (1+ fi) G+ G +2Gs

SMia(€) = 2 <C3 + Gt (1 + giz) Cﬁ)

MO =C+G+(2+%)G+(2+4)G
SMa(€) = G+ 5 G +3C +35 G

SML(€) = (3 + 5—12) G+ (3 + 5%) G

6
where factors &712 are introduced for each pair of & (a® — a%a2 = 2” ).

;ﬂ WHG
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Taste structure
O®@0000

SChPT-inspired model for the pion spectrum for aHISQ (fail)

2
16;” absorbed in C;)

m Isotropic SChPT prediction (with factor
SMis(€) = G +3G+ £C +3%5 G
Ms(€) =G+ (2+5) G+G+ (24 %) G
SMy(€) = (1 + g) G+ G +2Gs
SMia(€) = 2 <C3 + Gt (1 + giz) Cﬁ)
MO =C+G+(2+%)G+(2+4)G
SMa(€) = G+ 5 G +3C +35 G
SML(€) = (3 + 5—12) G+ (3 + 5%) G

6
where factors &712 are introduced for each pair of & (a® — a%a2 = 2—")
m This is incompatible with the observed aHISQ spectrum, since
even tastes §;5,£;€;,64 would have to stay constant,

odd tastes £4¢5,£;§;,§i,1 would have to approach new even partners as E% j
A wha

m Seven splittings vs four LECs: this model is not flexible enough!
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Taste structure
[o]e] le]e]e]

SChPT-inspired model for the pion spectrum for aHISQ (success)
m Remedy: ¢ dependence and breakup into C;(¢) for & and D;(€) for &,.
uani t
5 = G(O)Tr(&x&x")

o

+ GO, Y [Tr(eTeT) + T(eTgE)

J

+ D3(E)% [Tr(ezar) + Tresax)]

+G©); Y [Trlgstes®) + Tr(gsT iz

J

+ D4(§)% [Tr(f4525542) + Tr(§45):Tf54ZT)]
+Co(6) > Tr(wéwx")
Jj<k

+Ds(€) Y Tr(€uTéyx’).
J

m Seven anisotropic splittings vs seven anisotropic LECs, can be inverted!
m Obvious limiting behavior C;(¢ — 1) = D;(¢ — 1) must be satisfied. ﬂWHG
m Expected the same for a genuine derivation [Luo, PRD 57, 1998]; [Lee, Sharpe, PRD 60, 1999].
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Anisotropic taste pion splittings

6Mas(§) = Gu(§) +3G(€) + Du(§) +3Ds(€),
Mis (§) = Gi(§) +2G(&) + Ds(§) + Gi(§) +2G(&) + Ds(§),
dM; (§) = G(&) + Ds(&) + Ca(&) + Da(&) +2C6(&) + 2D6(8).
dMia (§) = 2G3(¢) +2G(¢) +2GC6(£) + 2Ds(§),
dM;i (§) = G(+ G(&) +2Gi(€) + Da(§) +2Gs(&) + Ds(€),
dMa (§) = Gi(§) + Ds(&) +3GC(€) + 3D (¢),
oM (&) = 3G(€) + Ds(&) + 3Gu(&) + Da(8)-

m Even tastes: I, = 1,2,3 times G;(¢) and unbalanced spatial links.
m Odd tastes: I, =0,1,2,3 times C;(¢) and unbalanced spatial links and
I- =1 times D,4(¢) and one unbalanced temporal link.

m Other LECs contribute, too, and, in particular, Ci(¢), G3(¢), Ds(€)
contribute to §Mss(€), which must vanish in the £ — oo limit!

j WHG
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Taste structure
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Anisotropic LECs

j WHG

G = %( SMas(§) + 36Mis (&) — 36M;(€) — 36Mia(€) + 36Mi(€) + Ma(€) — SMs(E)),
1
G(8) = g( IMis(§) + OMis(€) — SMy(&) + OMia(€) — SM;(E) — SMa(&) + SM(£)),
Ds(¢) = %(—5/‘445(5) + 36Mis (&) + 36Mji(§) — 30Mia(§) — 30Mi(€) + dMa(§) + dMs(£)),
1
Gi(€) = 5(=0Mis(&) — Mis(€) — SM;(€) + SMia(€) + OMi(€) + OMa(€) + GM:(€)),
Dy(§) = %( IMis(€) — 36Mis(€) + 36M;(€) — 36Mia(€) + 36Mi(&) — SMa(€) + SMs(€)),
G (8) = %(—5/‘445(5) + OMis(§) + M(E) + SMia(§) + SM;i(§) — dMa(§) — SMs(£)),
1
Ds(€) = g( Mas(§) — SMis(§) + OMy(&) + Mia(§) — SMi(§) + SMa(€) — SMs(E))-
Cy —+— Cy—¥%— Dy Cy —o— Dy —A—  Cg Ds
14 14
12 OB E 12} %P o . ‘]
ofg ° o] 1ofa ®° ¢
0s | L1 Ci(€), Di(€) in units of C4(1) ]
06k i naive | 06} aHIsQ |
04} z 04t -
o2ty ¥ ; i 02t a
Y ) B T S LT
00 02 04 06 00 02 04 06 08 10 12 14 16 18 20
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Taste structure
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Anisotropic LECs

Ca(8)
0.025 0.038 %.
0.020 0.036
0.015 0.034
0010
0.032
0.005
0.030 4 y
0.000 }/ In(€) Cy —o—
0.0 05 1.0 15 20
fit2: Dy(e) = <, X —0.9 fite: Cy(€) = 25O x® 14
4 54 "o = o tals) = 4627 ' dof
Cy —+— Cy—¥— Dy Cy —o— Dy —A—  Cs Ds
1.4 —r T T T 1.4 T T T T T T T T T T
Ci, D; C, D e
12} { 12 . o . 1
ore ° ® 10t ®° E
08 | 1 o8 Ci(€), Di(€) in units of C4(1) ]
06 | i naive | 06 aHIsQ ]
04 f z E 0.4 - E
o2ty ¥ ] i1 o2 N 1 )
oor : t. :: In(E.) ¢ 00fY & ¢ H L # L L L = L L Ir‘(E). Ch j WHG
00 02 04 06 00 02 04 06 08 10 12 14 16 18 20
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Taste structure

Full model of anisotropy dependence

5¢ —1 —In(¢)
M (&) = lg » ———————=
©=c =
012 [ wgoMy, Iy
ot0f & s :
0.08 | T
S—
0.06 [ 4
0.04 .
P
002 F X .
. (&)
0.00 ks — !
0.0 0.5 1.0 1.5 2.0
m RMS pion splitting reduces only by %;?

m Match Gi(€), Da(€) and SE(€),
SE(€)

2(3C(6) + Dule

f(¢) for aHISQ (assume all other C;, D; ~ 0):

)) and f(§) =

1

+IT§

00000e

Factor 2 enforces the

isotropic multiplets.

Isotropic limit is not
perfectly equidistant:
ratios 1:1.94:2.92:3.82
instead of 1:2:3:4.
Deviation: G, G, Gg!
Fit: ¢ = 0.030129(31)
2
Q Xz =32vs
isotropic result
Cs4 = 0.02914(37)

15

= 16"

5 Gi(€) — Du(€) g

3G(&) + Da(€)” 31/33



Summary (1)

m Anisotropic LQCD is a powerful tool, well-established for spectroscopy
(HadSpec) or thermodynamics (FASTSUM) with Wilson clover fermions.

= Anisotropic LQCD with doubled fermions: in early stage, target £ =4 —8.
m Ongoing work: quenched or N; = 3 naive 4-stout staggered backgrounds:
® gauge anisotropy tuning,
m fermion anisotropy tuning,
m effects of Symanzik improvement and link smoothness (i.e. smearing and
anisotropy) on taste patterns.
m Anisotropy tuning with gradient flow is full of suprises: SWC scheme.

m Anisotropic staggered naive or aHISQ:

f
m Tuning is simple for improved staggered: 5—‘,1 ~ 1 is mass independent!

m Taste multiplets rearrange dramatically to new degeneracy pattern.
m Identified a physically/SxPT motivated, empirical one-parameter model for
taste rearrangement.
m Next steps:
m More anistropies
m Finer lattices
m The dynamical setup is confirmed for naive staggered [Levkova et al., PRD 73, 2006]. iﬂWHG
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Summary (2)

m Karsten-Wilczek fermions (unimproved or improved):

m Anisotropic counterterms and anisotropy from gauge fields: for £ > 1
anisotropy tuning turned out more challenging than expected

m Two different types of taste-symmetry breaking, change differently under
Naik improvement (type 1) vs anisotropy or smearing (type 2).

m Much smaller taste-symmetry breaking achievable than staggered.

m Prospects: finite density, order of the chiral transition, U(1)4 restoration.

Lﬂ WHG
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Summary (2)

m Karsten-Wilczek fermions (unimproved or improved):
m Anisotropic counterterms and anisotropy from gauge fields: for £ > 1
anisotropy tuning turned out more challenging than expected
m Two different types of taste-symmetry breaking, change differently under
Naik improvement (type 1) vs anisotropy or smearing (type 2).
m Much smaller taste-symmetry breaking achievable than staggered.
m Prospects: finite density, order of the chiral transition, U(1)4 restoration.

Thank you for your attention!

Lﬂ WHG
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QCD at finite density
(]

Lattice gauge theory at finite density

m Fermion fields are Grassmann variables that cannot be sampled from.
m Formally integrate out fermion bilinears, then sample stochastically

(X)Lqep = % X[U]] ] det (M¢[U]) +
f

m det (M¢[U]) > 0, since M¢[U] is ys-hermitian: M¢[U]vs = s M¢[U]T.

j WHG

1/11


https://doi.org/10.1103/PhysRevD.109.054509

QCD at finite density
(]

Lattice gauge theory at finite density

m Fermion fields are Grassmann variables that cannot be sampled from.
m Formally integrate out fermion bilinears, then sample stochastically

N
_ 11 S L L
Xqep = Z %" X[U]Udet(Mf[U]) e 4+ 0 N
m det (M¢[U]) > 0, since M¢[U] is ys-hermitian: M¢[U]ys = 45 M¢[U]T.
m Chemical potential enters through the fermion matrix M¢[U, u¢], but
Me[A, 1i£](x) = BIA](x) + ms + peya  (continuum)
is not ys-hermitian unless Re iy = 0: M¢[A, urlvs = 5 Me[A, —pr]t.

1=78 MeV
1g=65 MeV

[ eigenvalues real or in

3
2
1
0
1
12°x8 lattice
-2t 241 flavor
130 MeV 3
3 | 2 stout staggered
4
0

-0.015 -0.01 -0.005 0 0.005 0.01 0.015 ﬁ
[Borsanyi et al, PRD 109,2024] T \wHG
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QCD at finite density
(]

Lattice gauge theory at finite density

m Fermion fields are Grassmann variables that cannot be sampled from.
m Formally integrate out fermion bilinears, then sample stochastically

N
_ 11 S L L
Xqep = Z %" X[U]Udet(Mf[U]) e 4+ 0 N
m det (M¢[U]) > 0, since M¢[U] is ys-hermitian: M¢[U]ys = 45 M¢[U]T.
m Chemical potential enters through the fermion matrix M¢[U, u¢], but
Me[A, 1i£](x) = BIA](x) + ms + peya  (continuum)
is not ys-hermitian unless Re iy = 0: M¢[A, urlvs = 5 Me[A, —pr]t.

Ry
3 | g=65 Me . .
14=39 MeV ] eigenvalues real or in
2
1
o m ;r # 0 opposite tilt for
1 complex conjugate pairs.
> 123x8 lattice A
- 2+1 flavor
241 flavo = At , some
3 | 2 stout staggered ma k| ng
4 . .
20015 001 -0005 0 0005 001 0015 the sign problem manifest. A
[Borsanyi et al, PRD 109,2024] 4 WHG
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QCD at finite density
o

Working around the sign problem

m Analytic continuation from pr = ijus|, which can be simulated directly,
since det (M¢[U, +i|us|]) > 0. But the range in i|u¢| is limited by the

Roberge-Weiss transitions at |%f| = 7- between Polyakov loop sectors.
2
m Taylor expansion of det (M¢[U, pf]) in % which can be done at us = 0.

But higher orders are costly and noisy, breakdown far from the CEP.

2
m Mix of approaches: Taylor expansion of det (M¢[U, %i|uf]]) in % at

s = ilusl, fix noisy higher orders by fitting lattice data at pr = i|uf]-

I 1 T I 11 1 w4

2n 4n 2n 4n
Ry e o 3 3

ol A z

|Pl=0s S A =0, =3

T.
P=0 P=0
L)
- _I ul T 1m0y 600 800 1000
3 3 frp Me)
[Rogalev et al, PPNL 20,2023] [CRC proposa for 3rd funding period]

Lﬂ WHG
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[ ]
Phase-quenched QCD simulations

m Phase- or sign-quenched QCD det (M¢[U, p1f]) — |det (M¢[U, p1¢])| > 0: [A09]
strict bound 2PQ > z, tight at large T or large chemical potential fif,
[Moore, Gorda, JHEP 12,2023]; [Navarrete et al, PRD 110,2024]
but it is far off if T and chemical potential i are both at most moderate.
m Reweighted phase- or sign-quenched QCD (phase as part of observable):
Okay for unrooted fermions,

12th order Taylor ——

10th order Taylor —e—
035 8th order Taylor ——
Full reweighting —e—

025 Nt = 4, unrooted|
PQ 2!
|n(sz/2Nf) ~ Nf:

/(g )
o
S

0.15 M =260 MeV
4 flavor

12°x8 lattice, T=100 MeV

50 100 150 200
Hi=h=t=iy [MeV]
[Borsanyi et al, PRD 109,2024]

m Quark density-to-chemical potential ratio
n 1 0p 1 OlogZz

= L=n /T, fg=pg/T . A
g fig Ofiq g TV Opg ’ v/ o Ba= bl Lt
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Phase-quenched QCD simulations

m Phase- or sign-quenched QCD det (M¢[U, p1f]) — |det (M¢[U, p1¢])| > 0: [A09]
strict bound 2PQ > z, tight at large T or large chemical potential fif,
[Moore, Gorda, JHEP 12,2023]; [Navarrete et al, PRD 110,2024]

but it is far off if T and chemical potential i are both at most moderate.

m Reweighted phase- or sign-quenched QCD (phase as part of observable):
Okay for unrooted fermions,

12th order Taylor —— 04 12th order Taylor ——
10th order Taylor —s— 10th order Taylor —s—
035 ith order Taylor —— 035 th order Taylor ——
03 Full reweighting —e— | 03 Full reweighting —s—
. o0s Nt = 4, unrooted| 025
= PQ 2 =
I 0 |”(2Nf/2/\/f) ~ Ng| Ea
£ 0is M, =260 MeV. ‘ £ os M, =260 MeV
4 flavor 4 flavor
0.1 128 lattice, T=100 MeV 0.1 12°%8 latiice, T=100 MeV
/.
0.05 0.05
0 - = 0
50 100 150 200 0 50 100 150 200
H=t=ia=y [MeV] Ha=iy=0 £ =i, [MeV]
[Borsanyi et al, PRD 109,2024] [Borsanyi et al, PRD 109,2024]
m Quark density-to-chemical potential ratio
A1 0p 1 OlogZ L 73 . T ’E
T A A TV n hL=n /T, fig=pq/T . WHG
Hq Hq Ofg Hq Hq
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QCD at finite density
o

Phase-quenched QCD simulations

m Phase- or sign-quenched QCD det (M¢[U, p1f]) — |det (M¢[U, p1¢])| > 0: [A09]
strict bound 2PQ > z, tight at large T or large chemical potential fif,
[Moore, Gorda, JHEP 12,2023]; [Navarrete et al, PRD 110,2024]

but it is far off if T and chemical potential i are both at most moderate.

m Reweighted phase- or sign-quenched QCD (phase as part of observable):
Okay for unrooted fermions, no overlap problem until moderate .

i 12t order Taylor ——
¥ 10th order Taylor ~——
\ g 035 8th order Taylor ——
Full reweighting ——
03 €
i
o8 ~ 025
¥ i
€ 702
£ =
E . = 05 M, =260 MoV
f 4 flavor
s 01 128 lattice, T=100 MeV —
005
oz
i order Tayir et
Roweghing fom 1 N
B vapiiog
. Phade roweaning g 0 50 100 150 200
o 20 m w0 ® 00 20

g o] Hy=iy=0; py=p; [MeV]
[Borsanyi et al, PRD 109,2024] [Borsanyi et al, PRD 109,2024]

m Quark density-to-chemical potential ratio
n 1 9p 1 OlogZ

mo_ - - L ohL=n)TY ) o=/ T A
fq  fig Ofg TV 0mg " /T fq = Hal WHG
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Karsten-Wilczek fermions
( 1o}

Minimal Doubling and Karsten-Wilczek fermions

m (Standard, i.e. no Naik) KW fermions (karsten, PLE 104, 1981]; [Wilczek, PRL 59, 1987]
Kw > +
2D><y U] = Z T [vaﬂ 5x—ﬂ-,y - Uxfa,“‘;x—ﬂ-,y}
1
+eflu s —ut s
074 | Yx 4%x+4,y x—4,4%x—4y

T

— riva Zl [ X, 1 x+p y T+ U —n, Héx—ﬁ‘y - 25xy}
1

m Anisotropic counterterms needed [capitani et al., JHEP 00, 2010]; [Weber, PhD thesis, 2015]!

m Temporal staples in smearing w. anisotropy factors pi; = £2. [Borsanyi, 2012]
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Karsten-Wilczek fermions
( 1o}

Minimal Doubling and Karsten-Wilczek fermions
m (Standard, i.e. no Naik) KW fermions (karsten, PLE 104, 1981]; [Wilczek, PRL 59, 1987]
Kw > ¥
2DV (U] = Z Voo U Sety = Ul 0
1
+ 5574 [Ux P y U:_ﬁ)l;(sx—ﬁ‘y]

t
,n’Y4Z[xu Sxtiv,y T Uy MH‘SX fsy 25Xy}
p=1

Anisotropic counterterms needed [Capitani et al., JHEP 09, 2010]; [Weber, PhD thesis, 2015]!

Temporal staples in smearing w. anisotropy factors p;; = £2. [Borsanyi, 2012]
m Momentum space representation

3 3
D*W(k) =i | > yusin(asky) + Efvasin(arks) + rya Y [1 — cos(agky)]
pn=1 =1

Propagator poles at ask; =0, arks = 0,7 = minimal doubling @ r? > 11

;ﬂ WHG
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Karsten-Wilczek fermions
( 1o}

Minimal Doubling and Karsten-Wilczek fermions

m (Standard, i.e. no Naik) KW fermions (karsten, PLE 104, 1981]; [Wilczek, PRL 59, 1987]

3
KW
201U = 37 v [Ueubuipiy = US4 8xii]
p=1

f t
+&o0va |:Ux‘45)<+fl‘y - Ux_a)ﬁxfa‘y]

3
—riva [Ux,u‘swﬁ,y + Ujf;;,u‘sxfﬁ.y - 25XY}
=1

Anisotropic counterterms needed [Capitani et al., JHEP 09, 2010]; [Weber, PhD thesis, 2015]!

Temporal staples in smearing w. anisotropy factors p;; = £2. [Borsanyi, 2012]
m Momentum space representation

3 3
D*W(k) =i | > yusin(asky) + Efvasin(arks) + rya Y [1 — cos(agky)]
pn=1 =1

Propagator poles at ask; =0, arks = 0,7 = minimal doubling @ r? > 11

Charge conjugation C, time reflection 7 and time reversal ©: r — —r.

Obvious discrete symmetries: cubic symmetry, parity, CT, CO (and 7©).
Continuous symmetries: U(1), and U(1)a. U(1)a with chiral SSB. ﬂWHG
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Karsten-Wilczek fermions
(o] J

Spatially Naik-improved Karsten-Wilczek fermions

m Naik KW fermions [Naik, NPB 316, 1989];[Borsanyi et al., PRD 111, 2025]; [Bakenecker, BSc thesis, 2024].

3
NKW L L
2D, U] = le [S{T[UX»#‘SH;‘LJ* U:—ﬁ,u,(;)(*ﬂ«y} *55[Ux,u5x+3ﬁ,y7 Uxi3;},,l,6xf3ﬂ1y”
=
f T i Tl Lt <
+ &7 [51 [Usad,a, = U] 5 0,5, )43 [Ugad,ias, — UX73?;1“0X73;1,y]}
3
- ’W“Z [Cl[uxau‘swrﬂ,y + Ujfﬂ,H‘SX*ﬂ,y — 20y]
n=1

+ealUf L 6xipiy + UxLi;:,#‘sxfﬂ,y - 25xy}] .
m Ameliorate the symmetry breaking O(a,) — O(a3) via c; = 3, c3 = — ¢!
m Choose coefficients sy = 2, s = —5; for spatial O(a2) improvement.
m Preserve two-step transfer matrix: unimproved in time (s] =1, s] = 0).

Yet we ameliorate O(a2) lattice artifacts by using anisotropy ¢ > 1.

m Same smeared links for longlinks U)f#, but different coefficients c3 # s5.

Symmetry characteristics are inherited from (standard) KW fermions.

Lﬂ WHG
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Dispersion relation with spatial Naik KW fermions

0.18 013 _
0.16 , a0 0.12 . .
16 F e = = 174219 £ 0.018939 €= b = 195097 +0.0142925
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.14 f_ f_
0 ef =16 01| So0=20
0.12 0.09
= 01 = 008
S g5
0.08 0.07 .
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0.06 005
.05 -
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0.04 0.04 /
0.02 0.03
0 005 01 015 02 025 03 035 0 005 01 015 02 025 03 035
» »
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0.12 0.12 i

1 ; \ _ _.
o = i = LT 00N | €= b = 2.17562 £ 0.0314028
- 0.11 3
o ef =22
- 0.1
0.09
o o 0.09
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0.07
006 0.07
0.05 0.08
0.04 0.05 /
0.03 0.04
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> >
v P

m Temporal dispersion relation for spatial Naik KW up to (%)2

m Errors are factor 2-3 larger (vs naive staggered on quenched).
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Anisotropy tuning with spatial Naik KW fermions
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Multiple solutions at & = 2,4, but not at £ = 1,3. Why?

ilczek fermions
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Karsten-Wilczek fermions
[ Jolele]

Spin-taste structure of Karsten-Wilczek fermions

Lattice for bosons KW fermion lattice

m KW fermions: 4-component field represents 4 x 2 spin-taste d.o.f., spread
out over a KW fermion hypersite of 2 boson sites separated in time.

j WHG
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Karsten-Wilczek fermions
[ Jolele]

Spin-taste structure of Karsten-Wilczek fermions

Lattice for bosons KW fermion lattice

m KW fermions: 4-component field represents 4 x 2 spin-taste d.o.f., spread
out over a KW fermion hypersite of 2 boson sites separated in time.

m KW representation of spin matrices (j = 1,2,3).

Sihy = Vi0xys Sty = 1aXea[Ul0, 10,

J 4xy —

¢ ¢
— _;¢8 3
- 715\29@(‘93‘)@’

m KW representation of su(2) taste matrices: S°

1,xy

5; = 1’74"/"5(71)“6)()/? and 53’E.><y = X-4[U](ij:2l4y

SXY

~
Sp, Xy

and Sﬁxy satisfy exact algebras even in the interacting theory.

;ﬂ WHG
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Karsten-Wilczek fermions
[ Jolele]

Spin-taste structure of Karsten-Wilczek fermions

Lattice for bosons KW fermion lattice

m KW fermions: 4-component field represents 4 x 2 spin-taste d.o.f., spread
out over a KW fermion hypersite of 2 boson sites separated in time.

m KW representation of spin matrices (j = 1,2,3).

Sihy = Vi0xys Sty = 1aXea[Ul0, 10,

J 4xy
m KW representation of su(2) taste matrices: S; = —iS; S5 .
S5y = ivs(—1)“6y, and S5 =X a[U]S,1q,

m S, and Sﬁxy satisfy exact algebras even in the interacting theory.
m S5 yields r — —r. The extra term is explicitly isovector at tree-level!
m Mirror fermion symmetry 7S5 [perici PLB 346, 1905); CS5 and @S§ related.
m KW action is invariant under S5, which is just a discrete translation. wHG
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Karsten-Wilczek fermions
Oe00

KW spin-taste operators

m Spin-taste operators via chaining multiple KW hypersite
Spxy forp=1,2,3,5 ‘and Sy . S e

. . :
m Spatial vector S ,, commute w. all 57

j WHG
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Karsten-Wilczek fermions
Oe00

KW spin-taste operators

L] Spin taste operators via chaining multiple KW hypersite
Sy for p=1,2,35; . and Sfxy . LA 0
3
m Spatial vector S} ,, commute w. all Sj "

m Pseudoscalar S;X commutes with S¢

3.xy”

m U(1)a chiral SSB is linked to the site-local spin-vs taste-¢3

=5/

5,xy

3
S35 -
m There is yet another oscillating site-local spin-+s taste-¢&;
Sx

2,xx *

74(71))(4 = ISQ:X Tyx — 5\5 Xy 3y><

m S5 yields r — —r: st type of anisotropic taste-symmetry breaking exists
already at tree level, but is reduced by the spatial Naik improvement.

;ﬂ WHG
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Karsten-Wilczek fermions
Oe00

KW spin-taste operators

m Spin-taste operators via chaining multiple KW hypersite
Sy for p=1,2,3, 5]  and Sﬁxy . . .

m Spatial vector S} ,, commute w. all Sﬁxy.

m Pseudoscalar S;,Xy commutes with 5§‘Xy_ o ]

m U(1)a chiral SSB is linked to the site-local spin-vs taste-¢3

¥ =55

3
5,xy53,y>< .

m There is yet another oscillating site-local spin-+s taste-¢;

74(71))(4 = is;xy‘sl&.yx = 755’)Y,xy5§.yx52§><x .
[ 525 yields r — —r: 1st type of anisotropic taste-symmetry breaking exists
already at tree level, but is reduced by the spatial Naik improvement.

m Uncancelled U, 4: 2nd type of anisotropic taste-symmetry breaking.

m Sy =vUad g, OF S;Xy5§ﬂ = —iva(=1)“Ux4d,,; , are site-split

spin-vs (taste-singlet or taste-¢», respectively). 1st and 2nd for taste-¢&,! A
A wha
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Karsten-Wilczek fermions
[e]o] le]

KW spin-taste structure

m Taste hierarchy & < {& = 1} < & with unclear ordering & = 1, depends
on balance between spatial Naik improvement, smearing and anisotropy.

m Anisotropy or smearing are expected to cleanly reorder taste hierarchy
to &3 <1 < & < &. Eventually ¢ — oo: 2,2-fold degeneracies.
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Karsten-Wilczek fermions
[e]o] le]

KW spin-taste structure

m Taste hierarchy & < {& = 1} < & with unclear ordering & = 1, depends
on balance between spatial Naik improvement, smearing and anisotropy.

m Anisotropy or smearing are expected to cleanly reorder taste hierarchy
to &3 <1 < & < &. Eventually ¢ — oo: 2,2-fold degeneracies.
m S5 —rand S5 SKW — SKW: while the continuum/naive part of the
KW operator is taste singlet, but the extra term is taste-5§.
m KW Noether currents inevitably mix different taste structures.
m Conserved vector current Vi xy [Capitani et al., JHEP 09, 2010]:
® Vi, 1 <4 has taste-singlet S ., and ai—’—suppressed taste—535:
— g 1S
4= 54,Xy53‘yx
m V, ,y is taste-singlet S;’Xy = unmixed conserved baryon charge.

parts (ignoring spatial shifts).

m Conserved axial current A, ., [Capitani et al., JHEP 09, 2010]
s§

3,2zx

m Ay, <4 has taste—535: Sl x5 = Sil xS

5,xz

parts (ignoring spatial shifts).

and Z- suppressed
ao

taste-singlet y4ys = S, S,

4,xz~5,zx

m Ay is taste-S5: S) s = S] S, S5

4 5, uv 3,0 = unmixed Goldstone pion.

Lﬂ WHG
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Karsten-Wilczek fermions
oooe

Taste-symmetry breaking in pseudoscalar masses

si=c=1,s3=c3=0,r=1

0.14 T T T
2
0.12 | Aos [GeV?]
pos
o1l BT
0.08 | ) J
2
0.06 | CoFeaa, ,
ol
0.04 Wilson action, chiral limit.
0.02 unsmeared KW valence. i
[Weber, PhD thesis,2015]
0 4
a? [fm?]
-0.02 . . .
0 0.005 0.01 0.015 0.02

m Type 1 TSB is mass-independent, but does not extrapolate just as a°.
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Karsten-Wilczek fermions
oooe

Taste-symmetry breaking in pseudoscalar masses

0.14

0.12 -
0.1 |

0.08
0.06
0.04
0.02

-0.02

m Type 1 TSB is mass-independent, but does not extrapolate just as a°.
m Spatial Naik ameliorates type 1 TSB, while type 2 TSB is unaffected.

si=c=1,s3=c3=0,r=1

Ags [GeV?]
sg'sp

00+cza2 —_—
ca? ——
Wilson action, chiral limit.

unsmeared KW valence.

[Weber, PhD thesis,2015] ]
2 121
‘ ‘ _a?[fm?]
0 0.005 0.01 0.015 0.02

e 3 1, _ 4
sS1=a=3,88=aG=—"§I=3
8' N 3
Ivo IrMak s |
~ 77 T covs ¥ coys (Naik) s E
< i v €
i 6l coYo ¥ covo (Naik) s7's3 i
= Symanzik + (2-+1)f 4-stout staggered sea.
L0 5[ 4-stout KW valence.
M| M5 =578.4 Mev. )
=4 "
NS 3
i :
|
q- 2f P- ' *
= x
1r . *
- »*
0 [Borsanyi et ai, PRI 1115055
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Karsten-Wilczek fermions
oooe

Taste-symmetry breaking in pseudoscalar masses

51:C1:%,53:C3:—%,f:%
8r . ¢
ss=a=1s5=c=0r=1 Ivo ¥ yo(Naik) Sgsf I
0.14 — ‘ w ~ 71 ¥ covs ¥ coys (Naik) s %
P ¢
012 | Aos [GeV7] S 6l L covo ¥ oyolNaik) s)sS §
01l Sy'sp | s Symanzik + (2+1)f 4-stout staggered sea.
L0 5[ 4-stout KW valence.
0.08 ) 1 M| M5 =578.4 Mev. ¥
0.06 | ot e . =4 )
’ Coa INES ) 3
0.04 Wilson action, chiral limit. 31 "
0.02 unsmeared KW valence. | NI_ 2t ¥ *
[Weber, PhD thesis,2015] s 8 = *
0 g 1t =
a? [fm?] w
-0.02 s : ‘ s
0 0.005 001 0015 002 0 [Borsanyi et al, PROT1175055]
0.000 O. 005 0.010 O. 015 0. 020 0. 025
a? [fm?]

m Type 1 TSB is mass-independent, but does not extrapolate just as a°.
m Spatial Naik ameliorates type 1 TSB, while type 2 TSB is unaffected.

Any Naik: <6 <6<
Coarse | no Naik: | &3 <& <&~ 1
Fine no Naik: | &3 <& <1 <& A
WHG

Finest | no Naik: | & <1 < & < &7
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