3 Information, i

10

true parameter t

inference

data B

10 1I5
measurement t

» actual data are on the line T = Tirue

from data to parameter =¥



The likelihood function

« consider measurements z which sample a PDF that depends on parameters 6
@ function of two types of - in general multidimensional - arguments

0
flz,0) with Jdm f(z,0)=1 V6 andthus Jdm %f(m,ﬁ) =0
O inferring 6 from information contained in measurements z
» when z given, then f is the likelihood function for the parameters 6
L=1L(0)=L(06;z) =f(z,0) with z =fixed

» the likelihood function is not normalized when integrated over 6
» the likelihood function is invariant under re-parametrisation

L(¢p;z) = L(6;z) when 0 =0(¢)

» always remember: the likelihood function is NOT a PDF
measures of information =¥



Poisson: information o< sample size of a counting experiment
< consider weighted events w;, © = 1,..., N, from a Poisson process

O total sum of weights and variance

N N
W = Z w, and V = Z w?
i=1 i=1
O relate significance to be different from zero to Poisson error of unweighted events

V7 T Ve
O result

N 2
Neq:(ZZzilw’) = Negg=N if w; =const



Shannon, Kullback-Leibler: information o bits learned/event

O starting point: equally probable outcomes for 2™ possibilities

» n =0 =¥ probability p =1 =» I = 0: no information obtained
» n =1 =¥ probability p =1/2 =» I = 1: one bit learned
» 7 =2 =¥ probability p = 1/4 =% I = 2: two bits learned

general pattern: I = —log, p orequivalently S =—Inp

O generalization: weighted sum for non-uniform probabilities p;
S =— Z piInp; = (—Inp) Shannon entropy
7
@ further generalization: information gain w.r.t. prior knowledge g

S = Z pi(Inp; —Ing;) Z D; In = < z> Kullback-Leibler divergence
1

a.k.a “cross-entropy”, well defined for continuous PDFs



Fisher: information oc 1/variance
< considerations regarding quantifying the information content of a data set
@ information should scale linearly with the number of independent measurements
O information is defined for a parameter that affects the measurement
O information reflects the precision of a parameter estimate based on a measurement

=» ansatz: information = precision = 1/variance of a parameter estimate

Study an unbiased estimator 6(z) for a parameter 0 from a
measurement z in a system described by the PDF f(z,0):

(6-0) =sz f(z,0)(0(z) —0) =0 and thus % (6—0)=0




it follows

0= Z%Jdm f(z,0)(6(z)—0) :Jdm af(axée) B(z)—0) —Jda: f(z,0)
_ 71+de f(x,e)W(é(z) —9)
:_1+sz [(é(z)—e) f(m,e)] {a'”];[ez’e] f(z,e)}

and with the Cauchy-Schwarz inequality

<J dz A(z) B(m)>2 < <J dz Az(z)> . (J dz B2(z)>

one finds for the square of the z-integral

1< U dz (8(z) —9)2]‘(1,6)} : U dz (a'”];(ez’e)ff(z,e)}

Var(0) 1(0)




< result: the “information inequality” or “Cramér-Rao bound”

1 , [ {omnf(z,0)\?

» Var() cannot be smaller than the inverse of the Fisher information I(6)

«» additional properties

@ 1(0) is linear in the number of IID measurements z = {z1, ..., Zx}
N 2
0In fy(z,0)
fu(z,0) = Ef(iﬂi,e) and Iy(0) = <<66> > =N I,(0)

O higher-dimensional parameter spaces: Fisher information matrix

(@) = <alnf(z,6) . alnf(z,6]>

00 00;



« example: Fisher information for the mean of the Poisson distribution

LU oinf 0 n
—e M = (— Nu—Innh)==—1
fln,w)=e oy o au( u+ninp—Inn!) m

the Fisher information then is given by

() ) -G 5)

for the Poisson distribution one has

(ny=pn and (n?)=p2+pn

and it follows 1

» Fisher information depends on the unknown true parameter
» more information per measurement from more narrow distributions



problems and exercises

Determine the Fisher information for the mean value of a gaussian with mean p and
standard deviation o.

The gaussian PDF and its logarithm are given by

f(z,u,a):\/zi exp(—%) and Inf(z.o) = E=W 0 /ano)
TT0

202

it follows olnf(z,u,0) z—n

o 02

and using {(z — u)2> = 02, the Fisher information is found to be:

Tw = <M> .

o4 02



Applied Fisher information

< estimating the mean value of a PDF

@ Fisher information about the mean of N 1ID gaussian measurements

N
I(w = o2
@ Cramer-Rao bound
Var(f1) L (Lz
WEIw TN
@ the bound is saturated by the arithmetic mean
1 il o
L= — z; witherror o(ft) = —
L= ; ; W=7

» the arithmetic mean is the best possible unbiased estimator for a gaussian mean
» itis in fact unbiased for any PDF

check whether it is also optimal =¥



O find the PDF f(z — p) with unit variance that minimizes the Fisher information

o= (P15 ) g (20 o

» standard problem of variational calculus: solution with minimum Fisher information

flo—w = e (Gl-w?) win L1

O example for an alternative with more information

1 _ ) i 2m —1
g(z—u)ocw with a —1+QCOSR and I (p) = a2

a

> I(n)>1form > 2
» rectangular distribution for m — oo
» Fisher information becomes infinite, i.e. uncertainty — 0/v N



problems and exercises

In order to find out what “infinite Fisher information” means, generate 10° n-tuples of
uniformly distributed random numbers z; determine numerically, as a function of the size N
of the n-tuples, the standard deviation for two estimators a and b of the central point:

1 & y_ LN N
a= N;:q and b= <r;n:|r11(:c¢)+r?§1x(mi)>
hint: since both estimators are unbiased, is is OK to simply determine the RMS difference
between the estimator and 1/2, i.e to determine \/((a — 1/2)2) and /(b — 1/2)2).




> result
@ the error of the arithmetic average sacles with 1/v N
@ the average of the extremes has asymptotic uncertainties oc 1/ N

standard deviation

0'E

— 112N
— 1/Y2(N+1)(N+2)

10° E

Lol n n M| n n P
1 10 10?
N

» Fisher information determines the coefficient of the 1/v/ N term
» discontinuities with infinite Fisher information allow for convergence with 1/ N



Bayesian confidence level intervals

« example: Poisson measurements without background

A counting experiment has observed n = 2 events, and it is known that n is a Poissonian
random variable, with the probability p,, to observe n events

n
TR o
p(n,p)=e o

remember: p fixed =¥probability distribution; n fixed =?likelihood function

@O use the likelihood funtion L(p) = p(n, 1) to get information about
> L(p=0.1) ~ 0.0045
» L(u=1.0)~0.1839
» L(p=10.) ~ 0.0023

@ in principle any value for p is possible, but values of O(1) seem more plausible
wanted: best estimate and uncertainty =»



« the Bayesian approach
@ assign a probability P(u) to every value of n
» encode what is known about p even if i has a well defined true physical value
» can be completely ad-hoc without leading to mathematical inconsistencies
» makes p(n, 1) a conditional probability p(n|uw)

O use Bayes’ theorem to improve the knowledge by the measurement:

_ p(nlw) P(w) Lw) P(w)

p(un) = W or p(un)= m

P(u): prior PDF of u - to be defined

L(u) = p(n, u): Likelihood function

P(n): probability for n, unknown constant, normalization of p(u/n)
p(uln): posterior PDF for u after the measurement

vVvyyvyy



«» implementation of the Bayesian approach

@ choice of prior distribution

Pu) ocp
» ad hoc, but easy to implement
» variantions of k probe the sensitivity to the choice of the prior

@O posterior PDF
n+k

R K
pluin) =e Fn+k+1)

O many possibilites to interpret the posterior
» preferred values
» credible intervals or limits

example =¥



‘ ‘ ‘ ‘ ] O results sensitive to prior PDF

: » P(u) o 1 uniform priorin pn

» P(u) oc ut scale invariant prior
> P(u) oc u=t/2 Jeffreys prior

O different possible conclusions
» for best estimates
» intervals or limits

=» whether a prior density is uniform depends on the choice of variables e.g.:

d—nfl implies for z = pu? dn _ dn 1 or dn 1
du P M du2  2udp 2u dz 2z

=¥ need other criteria to define the prior, e.g. scale invariance
@ 1 dn dn 1 dn 1

= — scale transformation z = « =——=— 0o — =—
du  p H dlap)  adp  op dz z




The Jeffreys Prior

« construction of prior PDF suggested by Sir Harold Jeffreys
O a function of all available prior knowledge f(z, )
O independent of actual data, i.e. integral over
O transform like a PDF under change of variables

do

P(B) = P(x) B

» Jeffreys: the square root of the Fisher information buys the list

2
- {{(252)') v

» the transformation property holds since |doc/d3| does not depend on z
» P(«) is not unique, e.g. ((dexp(f(z, oc))/acx)")l/"

would work, too



Bayesian combination of results

O OK: using the posterior of experiment 1 as prior for experiment 2
Pr(plng) oc p(nafu) P(w)

P31(ulng, ny) o< p(nglw)p(ng|u) P(u) oc P(nglu)pr(ping)

» same result from joint analysis and updating approach
» consistent formalisation for gain of knowledge by successive measurements
» prior P(u) enters once

O NOT OK: multiplicative combination of posteriors from different experiments

Pi(uny) o< L(ng W) P(n) and  Pa(ping) o< L(nag|u) P(w)

» multiplication of posteriors is propotional to P2 ()
» consistent only for uniform priors P(u) = const

=> while likelihood functions can be multiplied, Bayesian posteriors cannot



Parameter intervals, probabilities and coverage

@ from a measurement z, contruct the posterior density p(a|zo) for parameter a
@ determine an interval [a;(zo), a,(2o)] where p(a|zy) has probability content p
» the interval is a random object tied to the measurement
@ you are offered to bet a sum S on the fact that asye is inside [a;(zo), ax(zo)]
@ if a is inside you are paid R = S/p otherwise the money is lost
» since the interval is a random object the outcome is also random
O the bet is fair if, for any a;,ue, the interval contains as,ye in the fraction p of the cases
» the expected return (R) = p - (S/p) + (1 — p) - 0 is equal to the investment S
O frequentist language: the bet is fair if the intervals have coverage

I

» “holy grail” in frequentist statistics, ususally ignored by bayesians

analyse what it takes to have coverage in Bayesian statistics =¥



< schematically: consider a 1-dim PDF in f(z, a) with z, a € [0, oo]

posterior p(a|x=1) central 68% CL band
T T T « 4 T T T T
08} central 68% CL interval
3k p,=0.84 line ]
oer g p~0.16 line
2K n
04 a
0.2 a 1 .
p=0.68 [p=0.16
0 PR Il Il 0 Il Il Il Il
0 1 2 3 4 0 1 2 3 4 5
a X

O construction of confidence level belts
» define upper and lower probability contents po and p;
» for each value x consider the posterior p(alz)
» calculate the corresponding intervals and construct a confidence level belt



« determine the range of z-values where a parameter qq is in the CL interval

©4r ‘ @ implicit definition of o and ;

3 a p,=0.84 line. 1 % g%

: o | | deplalz) =po and | daplele) = p
E p‘_0.16I|ne 0 0

E E

) S B probability p for z € [zo, 4]

1; - 00 00

L . p—d-q-| dofiz.ao)-| dof(zia0)
e T R — % o

X

@ wanted: p = po — p1 = go — q1, which is given for pg = go and p; = @1

| do (.00

o

J%da (al ]*dezf(r ) or plaglm) = s
, daplalz) = | , do plaolao) = 3 -

» explicit prescription how to construct a posterior PDF that ensures coverage
=¥ note: this is independent of the bayesian framework



< examples for posterior distributions with coverage

O PDF with a location parameter (e.g. gaussian mean)
flzla)=f(z —a) = plalm) =f(2 —a)
O PDF with a scale parameter (e.g. exponential density)

f(z\aJ%f(z) » plala) = 257 (2)

a

@ connection to Bayesian framework
» location paramater: same result with Jeffreys prior P(a) =1
» scale parameter: same result with Jeffreys prior P(a) = 1/a

» in general a prior that leads a posterior with coverage does not exist
(follows when trying to construct the posterior with Bayes’ theorem)



Frequentist confidence level intervals

+ Neyman construction based on the data model f(z, a)

[0 ignore posterior densities and focus on CL-intervals with well defined coverage

O example: 90% CL interval for a Poisson average

any observation and any value p

» for each p determine the (shortest)
horizontal range with > 90%
probability content

» for a measured n the vertical p-range sf

inside the > 90% area is the
90% CL interval

10

» start from table of probabilities for * F

6
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F

5
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« discussion
O unlike in the Bayesian case, no prior distribution is needed
@ the CL interval covers all true values with the measurement in the p > 90% range
» it has coverage: from an ensemble of intervals > 90% contain the true value
I whether a specific interval contains the true value is not known
I a CL-interval is a random variable derived from observations
I a CL-interval contains no information about preferred values
O another commonly used interval for poisson averages is n + /n
» estimate for the standard deviation of the measurement
» often taken also as approximate 68.3% confidence level interval
O for the Poisson example check which fraction of CL-intervals contains the true value

» do the check as a function of the true 1 and calculate coverage also for Bayesian
intervals with uniform prior and minimum-size intervals



« comparison of “68.3%”" confidence level intervals

68% CL interval for u

50

30

20

10

frequentist intervals
bayesian intervals

—n=\nintervals

1 L L L L L L L B B

=]
7



O Monte Carlo simulation to check the coverage
» step through true p values
» generate observations and determine the 68.3% CL interval
» determine the fraction of the 68.3% CL intervals that contain the true p

n=\intervals

coverege
g

. F‘ILI’WMHHJMM,.MH N LIV N P T IR
[ F R MJV\KUVW\(UUWUUWUUU

ERC I I R TR T TR ]

ER T R TR T TR
truey

ER T R R R TR ] 5
truey

truep

O exact coverage is possible only for continuous PDFs
» for discrete distributions require coverage or over-coverage
» largest differences observed for small n



problems and exercises

Determine numerically the coverage probability of the interval [n — /1, n + \/n], where n
is a Poisson distributed random variable, for Poisson averages 1 = 10 and p = 100.

Determine numerically the coverage pobability of the interval [z — 1, z + 1], where z is a
gaussian distributed random variable with unit variance, for the mean values t =0, u =1
and p = 2.
» solutions

O poisson: coverage(mu= 10) = 0.644, coverage(mu=100) = 0.681

@ gauss: coverage(mu=0) = 0.683, coverage(mu=1) = 0.683, coverage(mu=2) = 0.683



Analytical coverage calculation: Poisson intervals n + /n

@ check for e.g. 1 = 3 which measurements n have intervals that contain

n=1 interval 1++V1
n=2 interval 2+ 2 contains
n =23 interval 3++/3 contains
n=4 interval 4+ 4 contains
n=>5 interval 5+ 5 contains
n=6 interval 66

» coverage probability

Clu=3)= Polu) + Ps(w) + Pa(w) + Polu) with Py(u) = e

TEEETE
I
W www

@O general result
n—vA<H ut1/2+4/ut1/4
Clu) = Py(p) = > Py(p)
ntyazu n=p+1/2—/u+1/4



Analytical coverage calculation: normal distribution with z + 1

O normal distribution

1 2
P(z,n) = e (z—w)=/2
(z, 1) o

O probability that for a given 1 and a measurement z the interval z + 1 contains

r—1<p p+1 1

1 2
Cp) = J dz P(z,n) = J dz P(z, :Jdm—e‘”/2:0.683...
(1) (z, 1) (z, 1) W
z+l>u pu—1 —1

» substitution of variables makes the integral independent of

» the coverage is the same for any value of n



Neyman-construction for limits

« requires 1-sided lower or upper ranges with given probability content

» example: 95% CL limits for Gaussian PDFs with unit variance

LJ dt e (t"W?/2 2095 - lowerlimit >z — 1.64485...

V2T J—o
1 z 2
— dt e=(*"W%/2 =005 = upperlimit w<z+1.64485...
\/ZWLOQ
E 6 é 6
= 5 = 5k
4 4F
3 3F
2 oF
1 1F
0g 09 %% 3 0 2 4 6 8

X

obs
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«» observations

O if w must be positive, it is possible that no limit with the required coverage exists
@ different conclusions can be drawn from the same data
» lower limit, upper limit, two-sided interval
@ infinitely many possibilities exist to construct two-sided intervals
» shortest intervals
» central intervals with same quantiles above and below
» intervals with different ratios of upper and lower tails
O important: coverage requires to decide the interpretation of the data beforehand

» a decision to quote an upper limit if a measurement is different from zero
with less than 3 standard deviations (“flip-flopping”) will give intervals
that do not have the expected coverage



The Feldman-Cousins unified approach

< confidence level intervals in the presence of physical boundaries
O take Gaussian measurements z with 0 = 1 and known-to-be-positive mean p
@ consider the Neyman construction for confidence level intervals
» double sided intervals have 90% coverage for z > 1.64
» upper limits have 90% coverage for z > —1.28
» measurements can be in a region where no 90% CL-interval can be assigned

«data model

2 6 2 6

Neyman 2-sided interval
T T = 6

Neyman upper limit
T T




« flip-flopping if 1 is known to be non-negative

flip-flopping approach
T

@ z > 3: quote a 2-sided interval

L=z +164

O z < 3: quote an upper limit

w<z+1.28

@ z < 0: quote the upper limit of x=0
<128

check coverage =¥



problems and exercises

In the determination of a parameter p individual measurements are gaussian distributed
around p with unit variance. Determine numerically, for some values in the range u € [0, 10],
the coverage probabilities of the flip-flopping 90% confidence level regions.

some numerical values:

O mu= 0 coverage= 0.999, mu= 1 coverage= 0.978, mu= 2 coverage= 0.849
@ mu= 3 coverage= 0.847, mu= 4 coverage= 0.847, mu= 5 coverage= 0.898
@ mu= 6 coverage= 0.899, mu= 7 coverage= 0.901, mu= 8 coverage= 0.899
@ mu= 9 coverage= 0.898, mu=10 coverage= 0.899



» result

coverage

o aae=m=nan e

» approximately correct coverage for i > 5 - otherwise significant deviations



+ Feldman-Cousins: no flip-flopping but limits or 2-sided intervals with coverage
@ exploit the freedom of the Neyman construction, which is only constrained by
Th
J dz f(z;u) =« foreach p
K]
@ accumulate probabilities f (z; 1) dz in decreasing order of the order parameter R(z; 1)
flz;w)
f(xs ubest)

z for >0

R(z:n) = 0 for <0

with Ubest = {

data model order parameter

Feldman-Cousins interval
T T

x 6 2 6




Concluding remarks about frequentist confidence level intervals

O frequentist confidence level intervals are random quantities determine from data
O these intervals are constructed to have coverage
» “90% of the 90% CL intervals contain the true value”
» for continuous PDFs exact coverage can be obtained
» for discrete probabilities usually intervals with over-coverage are given
[0 for the construction the correct data model f(z; 1t) must be known
O confidence level intervals are NOT standard deviations
@ confidence level intervals and limits. . .
» (can) have exact coverage even when the true value is unknown
» are intuitive and transform exactly under re-parametrisations
» don’t contain any information about a preferred value
@ there exists no way to combine confidence level intervals from different experiments
» always publish also the covariance matrix of a measurement
» for estimated standard deviations give also the dependence on the true value



