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he use of the Riemannianian integration measure

leads to a Gravitating vacuum energy

We are motivated by the cosmological constant problem. On the mathematical level
this boils down to an asymmetry between the matter sector and the gravitational sectors of
the theory concerning the role of an origin for the energy density. As it is well known, in
non-gravitational physics, like in particle mechanics, for example, the origin from which
we measure energy is not important. In mathematical terms that means that the equations
of motion are invariant under addition of a constant to the matter Lagrangian L,

L, — L, +C.

In general coordinate invariant theories we woork with a lagrangian density however,
which we will denote as L,,. However, when the lagrangian density Lagrangian L, is
integrated with the standard Riemannian measure of integration, the square root of the
determinant of the metric ,/—g, as in,

fd4x \/—_gﬁm ,



The shift of the lagrangian density,
Lm — Lm+C.

when the lagrangian density Lagrangian L,, is integrated with the standard Riemannian
measure of integration, the square root of the determinant of the metric \/—g, is not a
symmetry of the theory now, indeed, the gravitational equations of motion derived from
the variation of the metric get an extra contribution of the form Cg,,, after the above shift.

This motivates us to search for alternative measures of integrations,
where a shift of the Lagrangian is a symmetry.

This could be achieved if the measure is a total derivative, then

the shift above would not change the equations of motion of the theory and we could talk
then, at least in some sense of a non gravitating vacuum energy model, as we will see,
this possibility is present when we go on and discuss the Non-Riemannian Volume-Form
Formalism . Invariance under a shift of the lagrangian density we call Non Gravitating

vacuum energy.



A. a proposal for a measure of thjs sort using
A Sca‘ars and the density P i1s delined by

50 e Y AT .10 k0 A
P = " €090, 0,0 0,
in which &', 1 = 1, 2, 3, 4 are 4-scalar fields.
B. Measure ¢ built of a totally aptisyvmmetrice three index potential

The mwasure & may be constrocted also |17 from a totally antisymmetric three index

protential A, g

= A (13)
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In both cases the measures are topological
densities, i.e. total derivatives

7. Scale Invariance, avoidance of Fifth Force in Fermionic and Dust Matter Models and
Flat Potentials

Continuing with the issue of Dark matter formulated in the context of modified
measure theories but now with spontaneously broken scale invariance, we show now that

more explicitly, let us consider the action containing a non Riemannian measure ¢ which is
a total divergence and is invariant under the global scale transformations:

M . 4&"1 -
S = P8, Tig 2T ¢ 9——50, &% (20)
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where ¢ = const. It is convenient to represent the action in the following form:



Using the first order formulation, where the
metric and the connection are idependent

S —_ Sg o 5 S,:, + Sm (21)
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where the Lagrangian for the matter, as collection of particles, which provides the scale
invariance of S,; reads
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where A is an arbitrary parameter. For simplicity we consider the collection of the particles
with the same mass parameter m. We assume in addition that x;(A) do not participate
in the scale transformations (20). We will assume that dx;/dA = 0 for all particles. It is
convenient to proceed in the frame where gy = 0, [ = 1,2, 3. Then the particle density is

defined by

P(F - %i(A)) (23)

1
%)= Z w’—gmj

where g3 = det(gy) and

Sm = —m fddx[.’d} + bm/—g) n(¥) E-ﬁ-mp;"MP (24)
It turns out that when working with the new metric (¢ remains the same)
Sur = fﬂ'IJer-r{x — bg]gjm, (25)

here y = ®/,/—g, and we call this metric the Einstein frame metric, the connection
becomes Riemannian. Notice that g, is invariant under the scale transformations (20). The
transformation (25) causes the transformation of the particle density

(%) = (x + bg) "2 e 29/ Mp (%) (26)

The Lagrangian density coupled to the Measure & has to be a constant, as we have
discussed in general. Let us call this constant M

After the change of variables to the Einstein frame (25) and some simple algebra, the
gravitational equations take the standard GR form

G (Zap) = 5T/ (27)



where G, (g,p) is the Einstein tensor in the Riemannian space-time with the metric g;,.

The components of the effective energy-momentum tensor are as follows: 258
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and the function V. ¢¢(¢; {) is defined by 261
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Verr(¢:x) = (X + bg)?

The dilaton ¢ field equation in the Einstein frame is as follows 262
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In the above equations, the scalar field y is determined as a function x (¢, X, i1) by means of
the following constraint:

(be — x) (Mf‘z‘“‘“’ Mp 4+ Vl) +2V2 §.beX  x by + 2D,

— = mi
(x +bg)? X+by 2 /x+b

(33)

One should now pay attention to the interesting result that the explicit 1 dependence
involving the same form of y dependence

x_brn+zbg -
M H
E\II-FEE

appears simultaneously in the dust contribution to the pressure (through the last term in

(34)

Eq. (39)), in the effective dilaton to dust coupling (in the rh.s. of Eq. (32)) and in the rh.s.

of the constraint (44).

Let us analyze consequences of this wonderful coincidence in the case when the matter
energy density (modeled by dust) is much larger than the dilaton contribution to the dark
energy density in the space region occupied by this matter. Evidently this is the condition

under which all tests of Einstein’s GR, including the question of the fifth force, are fulfilled.

if the dust is in the normal conditions there is a possibility to provide the desirable feature
of the dust in GR: it must be -. This is realized provided that in normal conditions (n.c.) the
following equality holds with extremely high accuracy:

xX"e) 2 by, — 2bg (35)
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Remind that we have assumed by, > b,. Then ylne) 4 by > 0, and the transformation (25)
and the subsequent equations in the Einstein frame are well defined. Inserting (35) in the
last term of Eq. (38) we obtain the effective dust energy density in normal conditions

o) =2 /by — bg mit (36)

When we get only a slight deviation of from { from by, — 2b,, when the matter energy
density is many orders of magnitude larger than the dilaton contribution to the dark energy
density, we obtain an effective 5th force coupling f. For this look at the ¢-equation in the
form (32) and estimate the Yukawa type coupling constant in the r.h.s. of this equation. In
fact, using the constraint (44) and representing the particle density in the form 1 = N /v
where N is the number of particles in a volume v, one can make the following estimation for
the effective dilaton to matter coupling "constant” f defined by the Yukawa type interaction
term frng (if we were to invent an effective action whose variation with respect to ¢ would
result in Eq. (32)):

f= m x— bm+ qu m x—bm+ ?-ll-’g &  Poac o Poacl!
- Mp 2./T + b M 2/bu — bg i NM,

becomes less than the ratio of the "mass of the vacuum” in the volume occupied by the
matter to the Planck mass. The model yields this kind of "Archimedes law" without any
especial (intended for this) choice of the underlying action and without fine tuning of
the parameters. The model not only explains why all attempts to discover a scalar force
correction to Newtonian gravity were unsuccessful so far but also predicts that in the near
future there is no chance to detect such corrections in the astronomical measurements
as well as in the specially designed fifth force experiments on intermediate, short (like
millimeter) and even ultrashort (a few nanometer) ranges. This prediction is alternative to
predictions of other known models.

(37)




Ok, we have seen that when energy density of
the dust, these dust particles behaves do not

Suffer from the 5th force.

The particles also become pressureless, which means, we recover a
normal, canonical dust!, this mechanism is the opposite of the
Camelion discussed by Lucila in the course last week, here is the
coupling constant of the matter source to the scalar field what
dissappears at high density, rather that the mass of the scalar
becoming very big as the density becomes very big.

But what about the low density case, can this situation provide a
matter- dark energy transition?,

Wait for a few preliminaries, and you withh see that for a fermionic
dark matter this can be the case,



7.1. Flat potentials in the absence of matter, consequences for DE or Inflation 208

If we set To clarify what the theory is telling us only in the gravity, scalar field sector, 2

we set the dust matter momentum tensor are as follows: 300
+ by .
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and the function V,¢¢(¢; x) is defined by 303
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The dilaton ¢ field equation in the Einstein frame is as follows a4

1 X—l—b.p \/_“*‘"apﬂ . [c;+bg}Me-2WMP — (£ — bg) Vi +2Vh — 8bg(x + bg) X
V g X+ bg (x + bg)z
= (42)

In the above equations, the scalar field y is determined as a function x (¢, X, ) by means of s
the following constraint: 06



In the above equations, the scalar field y is determined as a function x(¢, X, ) by means of
the following constraint:

[bg —x) (ME_E’I‘MMP + Vl) +2Va  5.p.X
_ LA
(x +bg)? x + by

(43)

which now becomes, after some simplifications a linear equation. The simplest case,
resulting from the choice EJS = (), studied first in [2] already gives a very simple result

- 215
= e ¢/ Mp 4
(44)
which then inserted into (41), gives
B [’{,—E:HPEMP + W }2
Verr(9) = i (45)

which generalizes the effective potential used by Starobinsky for example. It also displays
an infinite flat region, that can be used for inflation, but it does not display Dark energy in
that case.



II. ATTEMPTS TO OBTAIN FERMIONIC DARK ENERGY IN THE CONTEXT
OF STANDARD FIELD THEORY

In GR the free fermion part of the action has the form S.‘}n = [d'z\/—gL 5 where Lj
is the free fermion Lagrangian density in the Einstein-Cartan space-time. Then a potential
cosmological-like term o g, Ly naively appears but the Dirac equation forces Ly to vanish.

Here we would like to give some feeling of the mechanism by which a term in the energy-
momentum tensor proportional to g, f (Y1) (where f(y)) is a function of Y1) could be
obtained in the framework of the standard (non TMT) field theories. Such a term may cause
a negative fermion contribution to the pressure and therefore might play an important role
for the total dark energy density. We give in this section two examples of models where on the

classical level the fermion contributes a term in the energy-momentum tensor proportional

to gy f (V1))



A. A model with coupling to topological density

If the action includes a topological density then the term proportional to g,Yn) can
appear in the energy-momentum tensor. As an example of a topological density we consider
here 2 = e Tr(F,5F,.) in a gauge theory.

For illustration let us consider a model where in addition to Ly, which includes now a
minimal coupling to gauge fields, there is also the interaction of the fermion to the scalar

field ¢ which in its turn couples to the topological density €2 (the latter is parity violating):
S = [ =gz} L2 + A Moy 2" 1
V= [V=ad's (50" bty — Gm3e + Asovnt| + [ g2’z (1)

By integrating out the ¢-field one can get (assuming that ¢ is slowly varying) the following

fermion part of the effective action

2
sy f ,f_d*r[L,+ E[WF] + f @nwd‘r. (2)
2my My
Now the fermion equation yields
A3 - Adon -
- 2 2| 4 2 op _
v Q[L:+mi{w11]+ m My =0 (3)

Varying the effective action (2) with respect to g" and using Eq.(3) we obtain the

following fermion contribution to the energy-momentum tensor proportional to g,.:

ATY™ = gu | L0 j]_qsrw—f—(w;*] 0



B. A model unth fermion selfinteraction

Another model of interest is that of a fermion with a selfinteraction in curved space-time.

The fermion part of the action we choose in the form
S = [ v=gd'z [L; + A@¥)] (5)

where Ly 1s the free fermion Lagrangian density in the Emstein-Cartan space-time; [ is a

dimensionless constant different from one; A is a coupling of the selfinteraction.

It follows from the fermion equation of motion that
Ly = —IA(v) (6)

Varying the action (5) with respect to ¢** and using Eq.(6) we obtain the following fermion

zontribution to the energy-momentum tensor proportional to g,

AT™ = (1 = DAPY) g (7)



A topological density seems to do the job, so the
introduction of a modified measure seems

Promising for the obtaining vacuum energy from fermions!

We formulate now then the generic case of fermions with a modified
measure



II. GENERAL DESCRIPTION

In this section, we will present a brief analysis of the implications of considering both the scalar field and fermion
fields. Thus, in order to describe our model, we consider that the general action can be written as [22]

1 1 afms
I — /d"we““’/“"(‘b + by/—g) [—;R(w,e) + 59""@.;&9,:}]
—/d“;l?eQaqb/M” [‘I’Vl + v —g"g] — /d"w\/—glg“’sg""Fa,‘ng
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in which the measure fields ¢, are utilized for definition of the measure ® = ¥ "ﬁea,,cda,‘ Pa0y Pp0apc03pa. Therefore,
the quantity ¥; (i = n, E neutrinos, electrons) is the general notation for the primordial fermion fields n and E:; the
variable F, 5 is defined as F,3 = 0,A3 — 03 A, and the parameters p,, and pp are the mass parameters. Bemdm we

have 6( M = §+1 W 0 s 6(” = 0+ 1 "dacd-f- ieAy; R(w, V) = e™e" Ryyan(w) is the scalar curvature; ¢ and wy
are the vierbein and spin-connection; g’“’ = ehey 7* and Ryvab(w) = Ouwyab + WhaWyeh — (B & v). The quantltle.s

Vi and V5 are constants with the dimensionality (mass)?. In addition, the constants b, k, hy,, hg are non specified
dimensionless real parameters. In relation to the parameter «, we have that it is a real parameter which is positive
and dimensionless. We will determine the relative signs of the kinetic terms and mass terms in the above lagrangian



comparing only the terms that are multiplied by the conventional measure, and since k will be determined to negative,
we will choose the corresponding coeflicients of the mass terms | like pg and p,, to be negative.
We note that the general action given by Eq. is invariant under the global scale transformations

‘?3 = 60/2‘3;‘:' Why = Why,  Pa = Aabps A = Ag,
M

$—p——L0, U, —=e 0, T 1T, det(la) = €. 2)
x

In relation to the two measure theory we have that it is a generally coordinate invariant theory, where the action

becomes [9]-[11]
S=/L1<I>d";t +/L2\/—_g'd4;c. (3)

where there are two Lagrangians Ly and Lo and two measures of integration: the standard \/—g¢ and the new one .
Here, we have that the Lagrangian L, satisfies the relation |9

BRO,Ly =0, and then Ly = M? = const. (4)

where BF = e#V%8¢c 4 00y 010ap 03 pa and since the determinant of the matrix B is proportional to the measure, it
follows that for a non singular measure we have that d,L; = 0.

From the action given by Eq., we have a first order formalism that contain terms proportional to d, x, where
x = ®/y/—g. Thus, we obtain that the space-time non-Riemannian and equations of motion - non canonical.

In order to obtain the Einstein frame, we can define a new set of variables (¢ and A, remain unchanged) such that
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Note that é,,, gy, n' and E' are invariant under the scale transformations iED
In the Einstein frame the equations take the standard General Relativity form given by

- K,
G o) = STEL . (6)

with i =n, FE. (5)

in which the tensor GG, (§as) corresponds to the Einstein tensor in the Riemannian space-time with the metric g,
and the gquantity x = Srr,.'“{Mg]l with M, the Planck mass. Also, the energy-momentum tensor T¢// is defined as

p

B | i ] - =¥ i - 5 L ETr ETTrL Tl BT, TROTea T
Tl = @ u®y — =9l ﬁ@4ﬂﬁ).ﬂ + .?pul"fff{(a; x) + Tiem) + T\ ean) + TY 1 J.- (7)

pis 9 pu pu v
where the effective potential associated to scalar field and y is given by

b(Mie—20e/My V) — V,
(x +b)* '

Verrlo, x) = (8)

Besides, the quantity T;E;m;' corresponds to the canonical energy momentum tensor of the electromagnetic field and the

(ferm.can)
L

tensor T, represents the canonical energy momentum tensor for primordial fermions n’ and £’ in eurved space-

time. The quantity Tg{crm‘"mm"j denotes the noncanonical contribution of the fermions into the energy momentiumnm
tensor and it is defined as[22]

Tﬂ[_iﬂl"m:ﬂﬂﬂrﬂﬂ} — _ﬁpuﬁfi;iﬂﬂ}‘ {Q}
where A:ﬁf‘rm} is given by
AZT™ = Zo () ma ()00 + Ze(x)me()EE, 200 = X X = )

2 EYx + hi)
and Z(x) and my(x) (i = n’, E') are defined as O+ RO+ )

ml(x) =

pi(x + hy)

(x + k) (x +b)1/?’



where

) = % [.i: — 3h; = \/(k — 3h)2 + 8b(k — hy) — dkh; ] . (12)

( ferm noncan)
o

It is important to mention that the noncanonical contribution given by T of the fermions into the

energy momentum tensor produces a cosmological constant like term but it is proportional to fermion densities E:'If:
(¢ =n',E'), and this is why we will refer to it as "dynamical fermionic A term”.

The scalar field y given by y = ®/,/—g, is determined in terms of the scalar field ¢ and ﬁ: U (i =n',E") by the
following equation|22

1
(x +

b]g {{b . I] [ﬂ{dﬁ-iﬂ{ﬁﬂup + V:l] — 2'[;':,} — ﬁ&;ﬁ;‘nljl [131

In the following, we will study the inflationary stage in which we will consider the absence of fermions during this
epoch.



III. INFLATION

In this section we will analyze the inflationary era where we do not consider fermions so that Ag;"") = 0. Thus,
from Eq we find that the quantity y in terms of the scalar field becomes

III. INFLATION (14)
In this section we will analyze the inflationary era where we do not consider fermions so that Af,{;'m) = 0. Thus,
Now r Ppl acin g this from Eq. we find that the quantity y in terms of the scalar field becomes absence of

fermions results - _ 2V
X:= X0(¢) =b— ‘/1 KT M46_2a¢/L!’ : (14)

Now replacing this equation into Eq.(8) we obtain that the effective potential of the scalar field ¢ in absence of (1 5)
fermions results

[Vl 4 1\,[46—2a¢/1\-!,,]2

Ver(8) = Vess (4ix0lpy—0 = g1 4 apte=2e80) — v

(15)

e

1ok
oS
o8l
07k
06

0sf

04

1 " " 1 " " 1 i 'S " " " " 1 ‘
-8 -6 -4 -2 03k 2

FIG. 1: A schematic representation of the effective potential V' (¢) as a function of the scalar field ¢, given by Eq. . The flat region
corresponds to the inflationary phase described by Eq. . At the minimum, the mechanism of reheating, and also the production of
fermions occurs.

FIG. 1: A schematic representation of the effective potential V(¢) as a function of the scalar field ¢, given by Eq. . The flat region
corresponds to the inflationary phase described by Eq. . At the minimum, the mechanism of reheating, and also the production of
fermions occurs.



In order to analyze the inflationary period, we can consider that the scalar field start from very high positive values
(¢ = +0o0), with a flat region given by

2
A 1
Vef!(¢) — 4(bV1 i v2)s

with BV > Vs. (16)

F ig@ shows the effective potential as a function of the scalar field defined by Eq.(15). For this potential, we note
that the flat region refers to the inflationary phase defined by Eq.(16|). Furthermore, at the minimum of this effective
potential, the mechanism of reheating occurs. This process involves the perturbative decay of the oscillating field ¢
at the end of the inflationary scenario, which generates the reheating of the universe[23|. In this context, various

particles, including fermions, are produced at the minimum of the effective potential. Here we have used the values;
a=1,Vy=(11/3)M,, Va = (1/3)M;, M = 0.01M, and b = 1, respectively.
Now, expanding the effective potential (15), we obtain that the next term is given by

% Vi M W, e )
C A T | e ] R an)

with bV, /2 < V5, in order to obtain a decrease of the effective potential as we move to smaller values of the scalar
field during the inflationary epoch. However, we also have that bV} > V5, then the condition on the parameter Vs
becomes bV /2 < Vo < bVA.

the other direction. In contrast, here, the high values of the scalar field will be used twice, once for inflation and then,
after reheating, the same scalar field goes back in the other direction, but now feeling a modified potential modified
by the particles created during the reheating.
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In the context of the slow roll approximation and considering a flat Friedmann-Roberson-Walker metric, we have
that the equations of motion are reduced to

Wers

s (18)

3H? = kp =~ kVepr, and 3H$ ~ —
where H = a/a denotes the Hubble parameter and the quantity a the scale factor. Here, in the absence of fermions,
we have considered Eq. @ together with the conservation of the energy-momentum tensor, defined by Eq.
Thus, under the slow roll approximation from Eq. ., we find that the scalar field in terms of the cosmologlcal
time can be written as

31 ad/M, IM.)2
o4/ My \/(Vm + Vigge—2a6/My) (end»/M,, + v Vo2 ArcSinh[e V V01/V02]) _ 4Voa(a/Mp) t+Co.  (19)

VVor V1 + €22¢/Me Wy, [V V3k
where () corresponds to an integration constant. Here the constants Vjy; and Vj» are defined as
¥i ViM4 bV,
= — o e—— i S ————— 0
4(bVy = Vo)’ and. Voo 2(bVy — Va) : 2(bVy — V) =5 )

respectively. From Eq., we note that for ¢ — oo, the solution for the scalar field in terms of time is approximated
to

Vou

[ )2
e200/My AVoala/My) i+ O,
V3V

W’h(‘-l‘(‘ C(’) = Co/\/ 001.

By introducing the slow roll parameters € and n, we have

(21)

€=

1 [61/;”/6(»]

2
and n=1[2 Veyr/062
2'\ chf K

Vers

Thus, considering that the end of inflation taken place when €(¢ = ¢.) = 1, we find the value at the end of inflation
becomes



=209 /Mp _ [Vm]
[

VQQ _ﬂﬂ_+1].

VRM,

Here ¢, denotes the value of the scalar field at the end of inflationary epoch and recalled that Vi, < 0.

Also, the number of e-folds N between two different values of the times ¢ and #,. results

N = /Hdt'vn/ Vers
(6Veff/a¢)

(22)

(23)

where t. denotes the end of the inflationary epoch. Thus, we find that the number of e—folds as a function of the

scalar field can be written as

M M.V, e206/Mp M. Vo e200e /M
N= [ =P ( e 111 + Voeo| — | —£ Lt + Voaode | | -
2ar| Voo | 20y 20y

In this context, we can determine the scalar field as a function of the number of e~ folds as

N ~ M, ProducLog|(Vii /Vas )Egumt MpVoo)]

o(N) = —

25
Voo 20 &)

in which the quantity N is defined as

N=

kM, 2a

(24)



where the scalar field at the end of inflation &, is given by Eq.(22). Besides, the ProductLog function corresponds
to the product logarithm, also called the Omega function or Lambert W function. This function is a multivalued
function, and it satisfy the converse relation of the function f(w) = we", see Ref.[24]

On the other hand, the power spectrum Ppg of the curvature perturbations, in the context of the slow roll approxi-

mation becomes|25]
’ 2 >
ppe [ (21wt Vers (26)
02 2w 1272 (6chf/8¢)2 i

and the scalar spectral index n; results |25]

ng — 1= —6¢+ 27, (27)
and the tensor to scalar ratio r is defined as |25]
V g 2
gt [__0 ess/ ‘)¢] . (28)
K Veff
From Eq we find that the scalar power spectrum results

3
Pp ~ ky 224/ Mp [Vm + Vg e-?m:s/,\-l,,] ‘ (29)

where the constant k, is defined as

KSA'IPQ

s
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Also, we determine that the scalar spectral index in terms of the scalar field from Eq.(27) results

40|V

kM2 ] (|Voa| + 2Vore®*#/Mr) (Vo + Vige?@#/Mr) 2, (30)
1
p

From Eq.(2%) we find that the tensor to scalar ratio r as a function of the scalar field becomes

r=rge 12¢/Mp (1) 4 Vipe?@®/Mp)=2, (31)
where the constant ry is defined as
. 3227V
T T RMZ

In particular assuming the value of the parameter o = 1 together with the cosmological parameters P = 2.2 x 1079
and n, = 0.968 at N =60 (see [26]), then nmumerically we obtain that the parameters V5 and Vga result

Vo1 =~ 4,034 x 1l]_'1j'1f;,’? and |Vopa| =5, 286 x IU_SMI’,’, (32)

respectively. In addition, using these values, we find that from these values the tensor to scalar ratio r at N = 60,
becomes r =~ (0.01299,



In relation to the original parameters, we note that by substituting the constraints given by Eq.(32) into Eq. (20),
we find that the parameter M, obtained from the condition @I), can be expressed in terms of the parameters V; and
b as follows:

6.3 x 1073V, i
Mz(",j ‘) , (33)

125V 1

with the condition b > 125V; to ensure a real solution for the parameter M. Besides, we note that for the special

situation in which the ratio /125V] > 1, the parameter M becomes M =~ Vll/ 2p-1/4, Additionally, we find that the
equation for V5 in terms of V; and b is given by

Vy ~ bV; — 625V, (34)

Here we need to consider that b > 625V; to obtain a positive value of the parameter V5. Thus, this condition on
the parameter b is more strong that the condition b > 125V] obtained from Eq.(33) to find a real solution of the
parameter M. As before, here we have considered Eqs.(20) and (32), respectively. In addition, we note that for the
case in which the parameter V; < 1, we have that Vo ~ bVj.

After of the inflationary stage, the scalar field oscillates above the minimum of the effective potential and during
this process occurs the particles production and in particular the fermions. In particular, we will look at the effect of
the fermions as they get diluted and how they affect the dark energy in the late universe.

In the following, we will analyze the effect of the fermions as dark energy and dark matter.




IV. DARK ENERGY FROM FERMIONS

In this section we will study the accelerated expansion of the present universe produced from the effective potential
associated to the fermions generated during the inflationary stage.

For dust, the neutrino has zero momenta, and then we have #'n’ = u'u where u corresponds to the large component
of the Dirac spinor n’. From the space components of the 4-current é7’v*n" equal zero and assuming the 4-current

conservation we have i'n’ = ulu = %"3”—‘ where a = a(t) as before is the scale factor. Thus, from Eq. ll we have

(b—x) [Mie2¢/M 1 Vil —2Vy  (x—x"M)x =) const
(x + )32 - (x + k)2 EN= g%

(35)

We note that there is a solution where the decaying fermion contribution ufu ~ %’-}‘—‘ is not trivial to the right

hand side of Eq.. In this sense, to generate the dark energy from the fermions, we can consider the asymptotic
behavior y — —k in such a way that (y + k)~? x @”, then the r.h.s. of became a constant. We note that the
described regime denotes a very unexpected state of the primordial fermions.

To obtain the total effective potential U.f¢(@) in terms of the scalar field associated with fermions during the
current universe, we have the following

erm) VQ —le k : - My,
Ueps =Vers — A ™ = = oM e /My L O (x+k). (36)

Here we have utilized Eqs.@[) and together with y — —k. Notice that this vacuum energy can be very small if
—k is very big.

We note from this total effective potential U.;; we have a modified flat region for positive large ¢ associated to
dark energy at the present given by

Vo — kV;

(e e

Uepp(d = o0) =Upg ~



More exact version of the above equations
36, 37, for any value of the scalar field is

The remarkable result consists 1n the [act that

r i 2o/ | r 2
'r"l:“][u'-'r] - {,l;;.-a.”llrm} _ ['[t'! + k) (i] + M'e mi'l!,,) - gl-_-‘
eff eff — 4(b - k)? [b(V; + Mie 206/My) _ V)

= (. (G1)

where the conditions (34) and (38) have been used. This means that the universe with
the gas of uniformly distributed non-relativistic neutrinos in the CLEP staie is energetically

more preferable than the one in the absence of fermions case.



Which means that after the reheating the
vacuum energy has been lowered

* This is a consistency condition, since the difference of vacuum
energies has been used for Dark Matter production, etc.



n addition, we can define the density parameter associated to the dark energy Qpr = kppr/3H 2 ~ gU., rr/3H 2
[hus, evaluating the parameter {155 at the present time ie., 1pp . we find

A Vg—kl’r]_
() s . a8
DEq m&(tb—mﬂ) (38)

By considering that the Hubble parameter at the present time, M) = 1[]"']'11”‘;.. we obtain the constraint

Va— kWi, -122 Mjf “

where we have used that at the present the parameter 2pg, = 0.7,

where we have used that at the present the parameter e = (L.7.

Besides, for very large values of k& and considering Eq.(37), we can obtain an approximation for the parameter £
and it becomes of order

V
k| ~ —— ~ 109, (40)
Upe

Here, we have assumed that V) ~ Ve, b ~ (1), and, from Eq.(32) Vg ~ Vi ~ 'II'I'"MJ;". obtained during the
infationary epoch, together with the value of the dark energy at the present epoch, Upg ~ l[]‘”"‘ﬂi‘;.



V. DARK MATTER FROM FERMIONS

In this section, we will analyze the dark matter associated with the high-density fermions (localized) in our present
universe generated during the inflationary epoch.
From the constraint equation given by Eq.(13)), the right hand size is proportional to the fermions densities. In this

context, Af{;‘:m) given by Eq(Eb becomes very large unless the coefficient Z; defined by Eq.(|11)) goes to zero. Thus,

to obtain the coefficient Z; — 0, we need to consider that y — x{'L where \(1')2 are defined by Eq.(12).
By considering that in the studied regime masses (11)) of the non-relativistic primordial fermions are very large,

we can neglect their kinetic energy. Thus, after averaging on the microscopic contribution to the energy-momentum

tensor T ™ we can written [22]

hn,—k ; c
b— k)72 + R)a®

< T > o 2 8300 (41)

where ¢ is a constant. In order to obtain that the coeflicient Z; — 0 and considering only the neutrinos ( ¢ = n’), in
which x — x{, and then we have that the canonical energy momentum tensor for fermions n’ results



< .T{n can) > ecosm.av, > Euﬁu ! n — . 42
u S O A T+ B)ad - ad (42)

Here we note that there are two cases for the canonical energy momentum associated to the coefhicients XT:E (solutions)
defined by Eq.(12).
I ¥
Thus, for the first solution y} from Eq we find that < T;ﬂ} can) = eosmay. DECOINES

’ _ hn —k .
< T{n can) > eosm.av. = (}"‘5{] - .

1
i Tl {b . k]lf2”n{x¥' + }.1}(7,3 X ;_;,_3' {43]

In the case when consider the second solution for the coethcient ng we have that the canonical energy momentum
tensor for fermions is given by

r h- —_ k i ].
(n',can} ~ g0 0 Tn 2 L _
< T#I-" }E{JSHI.HU-_ Epdp {b _ k]lf’? Hn {xgﬂ + j{)ﬂ'ﬂ o aa . {44'J
In this context, we consider the energy density related to dark matter to be defined as ppyy =< T{](,»T ean)(1) -

+ < T,_-EE can)(2) > cosm.av.- 10 this sense, we find that the energy density associated to dark matter for large-k can be
written as

hy — k e Co 1
3

Y ————————in 7 + 7
ST NEa (R RN ) I

(45)



Defining the density parameter related to the dark matter Qpyr = kppar/3H?, then we find that at the present
time the density parameter becomes

hn S kt Cl C2 ] )
Q Mo = v . '" ' ; ' 4()
PMo = S Ha (b — k)1 2H [(x’f +0 T 6F R v

where we have used that scale factor at present ag = 1. Now considering the density parameter {2pys, > 0.3 and the
Hubble parameter in the present Hj, ~ 10~%'M,,, we have

52 3H30D}\!0 o~ (10—122]‘[3) (47)

C2
== ~
K

hn—k ; [ (45 + ]
b=k 72" (G +8) " O +k) K

here we have utilized the value of k given by Eq.(40).

By assuming that the parameter k is very large and the mass parameter p,, negative, we find that the constraint
given by Eq. @D is reduced to

K

c 10—621"12
|ttn | [7‘ + 02] ~ (—”) : (48)

Here we have used that for large-k, the first solution of Eq.(12) corresponds to x} — k and the second solution
x4 — 0. In addition, we have considered the valor of k found in Eq(@




VI. DISCUSSION ON POSSIBLE FURTHER DEVELOPMENTS

In this paper we have discussed a unified picture of inflation and the late DE and DM period of the universe based
on a scalar field together with the creation of fermions that in a model with a dilaton field and spontaneously broken
scale invariance in the context of a Two Measures Theory.

During the inflationary stage the scalar field produces the accelerated expansion of the universe before the production
of exotic fermions. In inflation we have found different constraints related to the effective potential of the scalar field
in absence of fermions from the observational parameters.

In the case of the late universe, the fermions, when diluted can have exotic behavior and can substantially modified
the scalar field potential, reducing the very large inflation to the very low DE in the late universe. In order to describe
the late universe, we have considered that after reheating the scalar field retraces its trajectory in field space but now
the scalar field potential can be drastically modified by the effect of the fermions. From the noncanonical contribution
of the fermions associated to the energy momentum tensor we have obtained a part of the dark energy responsible of
the present accelerated universe. The other contribution to the dark energy is related to the scalar field contribution
which is also modified by the fermions because of the solution of the constraint equation given by Eq.. We have
considered that the present dark energy with its very small value in comparison to the inflationary phase which can
be adjusted by choosing appropriately the parameter space of couplings of the Riemannian and non Riemannian
measures to the fermions.

To generate the dark matter we have considered the canonical contribution of fermions related to energy momentum
tensor. In these clumped regions, we have that the matter is more dense. For the dark matter we have assumed two
solutions associated to the constraint y — \;"2 that contributes to the energy density of the dark matter pp . In the
limit in which the parameter k is very large, we have obtained a constraint on the mass parameter and the coefficients
¢y and ¢o from the present density parameter Qpay,, see Eq..

Of course in the future, there are many issues to be studied, for example, what are these fermions?, may be sterile
neutrinos?. How this theory works for structure formation?. Since the final value of the DE takes some time as the
universe needs to expand so that the asymptotic value of the DE sets in, does this evolution of the DE helps to explain
the Hy tension through some kind of Early DE scenario?.



Appendix A: Connection in the original and Einstein frames

In this appendix, we show the dependence of the spin connection w:" on e}, x, ¥ and ¥. Thus, varying the Eq.(1)
with respect to w:"' and considering

R(V,w) = —d—ﬁf"“'”snhw:;rﬁﬁ:.:{w} (A1)
we find
e g abea | (X + blel, Doely + %r;rr; (x,;. + ;—Lﬂ|)] + ;;."r-_q{], + k)P e gped Wy M0 = 0, (A2)
in which
Dyegs = Bueas + wf eas. (Ad3)
The solution of Eq. (A2) can be written as
Wit = wit(e) + K3'e, W, W) + K3(x,9), (Ad)
where
wi'(e) = ede™ {3} — e™B,el, (As)
and it corresponds to the Riemannian part of the spin-connection. Besides, the quantity
Ko (e, ¥, W) = g’;—:i.knn,.emhﬁqw. (A6)

dencted the fermionic contribution that differs from the standard expression [27] by the lactor :—;*E Also, the
parameter K3y, @) is defined as

wab - 1 ik , b
.ﬂﬂ_ t_x.ﬂﬂ L m (R_E + E!ﬁ'lu) {P:P'h — I'-.'Hl?“ﬂ}.. {A.T}

and it corresponds to the non-Riemannian part of the spin-connection obtained by specific features of TMT.
In the Einstein frame, we determine that the variables defined by Eq.(5). the spin-connection read

Wt = WH(@) + G enbane T, (A8)

which is equivalent to the spin-connection of the Einstein-Cartan space-time[27] with the vierbein €5~ In the solution
of this paper, the last term given by Eq.(AS) is zero.
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