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Evidence for the Existence of Dark Matter
ω Galaxy rotation curves: Stars in spiral galaxies rotate w ith nearly constant
velocity well beyond the visible disk, implying the existence of a massive dark
halo.
ω Galaxy clusters: The dynamics of galaxies and the X-ray emitting intra-
cluster gas require substantially more gravitating matter than is directly ob-
served.
ω Gravitational lensing: Weak and strong lensing measurements reveal a
matter distribution extending far beyond the luminous component. The Bul-
let C luster provides particularly strong evidence that most of the gravitating
matter is non-baryonic.
ω Cosmology: Measurements of the cosmic microwave background and large-
scale structure require a cold dark matter component εDM𝜔2 = 0.12 ± 0.0012

W hat is the particle nature of Dark Matter?
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Theoretical rotation curves for a galaxy, showing the effects with dark matter
(Observed) and without dark matter (expected).

This figure illustrates the “rotation curve problem” that was discovered by astronomer
Vera Rubin. The rotation curves of every large galaxy are too flat to be created by the
luminous matter (stars, gas, and dust) in those galaxies, and so missing matter – Dark
Matter – must make up the missing mass.

This is a very popular figure that I put together in a day by building a fairly accurate
gravitational model of the Milky Way galaxy, then used the model to derive rotation
curves.

This figure was originally created for the MilkyWay@home science page, but other
versions have appeared in the Chinese “Amateur Astronomer” magazine, and
OpenStax’s University Physics (As Figure 13.32 in Chapter 13.7). The original figure has
been re-used multiple times, and is usually found in the top five results for image
searches for “Galaxy Rotation Curve” (and is often #1).

One issue with this figure is that it does not include the effects of gas. Gas would add
a rotation curve that looks like a much smaller version of the dark matter curve. This
wouldn’t effect the major point of the figure, but maybe I’ll add it in someday.
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Weak-lensing mass map of the field 8 of VST-ACCESS overlaid on the stellar mass density map (left) and the X-
ray surface brightness (right). The contours of the lensing κ -field are in units of 0 . 5 σ reconstruction error δκ ≃ 0
. 010 , above 1 σ . The resolution of the WL mass map is FWHM = 11 . 7 arcmin, as shown in the white circle of
the bottom-right. The X-ray surface brightness is derived from a curvelet analysis of XMM-Newton images
extracted in the 0.5 âĹŠ 2.5keV energy band, that have been corrected for spatially variable effective exposure
and background components. The projected mass distribution is elongated along the large-scale X-ray
filamentary structure. A main peak of the map is associated with the over-density region of member galaxies and
diffuse X-ray emission of A 3558. A possible secondary peak is associated with diffuse X-ray emission of SC
1327-312 in the east. 

Context in source publication

Context 1

... is the rms error of the shear estimate and the softening constant variance. We choose α = 0 . 4 as a typical
value of the mean rms of σ g . We next invert the smoothed shear field with the kernel (Kaiser & Squires 1993) in
Fourier space to obtain the projected mass distribution. The resulting mass map, κ , for field 08 of VST-ACCESS
is shown in Fig. 10. The mass map is elongated along the east-west direction which is parallel to the large-scale
filamentary structure. A main peak is associated with distributions of member galaxies and diffuse X-ray emission
of A 3558. Another possible clump, located E of A 3558, is likely associated with diffuse X-ray emission of the
galaxy group SC ...

Similar publications

Molecular Gas Mass Measurements of an Active, Starburst Galaxy at z ≈ 2.6 Using ALMA
Observations of the [C i], CO, and Dust Emission

Article Full-text available Dec 2024

Hao-Tse Huang · Allison W. S. Man · Federico Lelli · [...] · Nicole P. H. Nesvadba

We present new Atacama Large Millimeter/submillimeter Array (ALMA) observations of a starburst galaxy at
cosmic noon hosting a radio-loud active galactic nucleus: PKS 0529-549 at z = 2.57. To investigate the
conditions of its cold interstellar medium, we use ALMA observations that spatially resolve the [C i] fine-structure
lines, [C i] (2–1) and [C...

Echoes from the dark: Galaxy catalog incompleteness in standard siren cosmology

Article Full-text available Feb 2026

Nicola Borghi · Michele Moresco · Matteo Tagliazucchi · Giulia Cuomo

Gravitational wave observations can be combined with galaxy catalogs to constrain cosmology and test modified
gravity theories using the standard siren method. However, galaxy catalogs are intrinsically incomplete due to
observational limitations, potentially leaving host galaxies undetected, thereby weakening constraints and
potentially introducin...

Gravitational and Dark-Matter Concepts That Can Help Explain Cosmic Data

Preprint Full-text available Mar 2026

Thomas J. Buckholtz

We discuss gravitational concepts and candidate specifications for dark matter that, together, can help explain
known ratios of dark-matter effects to ordinary-matter effects and can help explain eras in the rate of expansion
of the universe. The ratios pertain to galaxies and galaxy evolution, galaxy clusters, and densities of the
universe. The ca...

Herschel far-infrared photometry of the Swift Burst Alert Telescope active galactic nuclei
sample of the local universe - III. Global star-forming properties and the lack of a
connection to nuclear activity

Article Full-text available Dec 2016

Thomas Taro Shimizu · Richard F. Mushotzky · Marcio Meléndez · [...] · Lennox L. Cowie

We combine the Herschel Space Observatory PACS and SPIRE photometry with archival WISE photometry to
construct the spectral energy distributions (SED) for over 300 local ($z < 0.05$), ultra-hard X-ray (14 - 195 keV)
selected active galactic nuclei (AGN) from the Swift Burst Alert Telescope (BAT) 58 month catalogue. Using a
simple analytical model t...

The MUSEHubbleUltra Deep Field Survey: VII. Fe ii* emission in star-forming galaxies

Article Full-text available Nov 2017

Hayley Finley · Nicolas Bouché · T. Contini · [...] · Lutz Wisotzki

Non-resonant Fe ii* (λ2365,λ2396,λ2612,λ2626) emission can potentially trace galactic winds in emission and
provide useful constraints to wind models. From the 3.15′ × 3.15′ mosaic of theHubbleUltra Deep Field (UDF)
obtained with the VLT/MUSE integral field spectrograph, we identify a statistical sample of 40 Fe ii* emitters and
50 Mg ii(λλ2796,280...
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Neutral Hydrogen in the Shapley Supercluster Core I: Environmental Effects on Gas
Content and Galaxy Evolution

Preprint Full-text available Apr 2026

L. Gwebushe · T. Venturi · P. Merluzzi · G. Busarello · J. Dawson

We study the atomic Hydrogen (HI) content of galaxies in the core of the Shapley Supercluster (SSC) at ~ 0.048,
using observations from the MeerKAT Galaxy Cluster Legacy Survey and optical data from the Shapley
Supercluster Survey (ShaSS) project. Our sample comprises 169 galaxies with HI detections in the dynamicall…
active region of Abell 3558 and SC1329-313. Following the literature, we classify galaxies into star-forming main
sequence (SFMS), transition (TZ), and red sequence (RS) populations, and examine how the HI content varies
across these populations. Galaxies on the SFMS exhibit an average HI gas fraction offset of 0.038 dex from the
gas fraction main sequence, while TZ and RS populations show depleted HI fractions of -0.034 and -0.211 dex.
HI depletion timescales span from 6 to 170 Gyr (SFMS-TZ-RS) confirming increasingly inefficient star formation
with quenching. Scaling relations between HI mass and stellar mass in the SSC are generally consistent with
field samples. The most direct signature of the dense environment of the SSC is the marked predominance of TZ
galaxies, in contrast to what is observed in the field-dominated sample of xGASS, where the population is mostly
composed of SFMS galaxies. Moreover, the SFMS and RS populations have similar size, again in contrast with
field populations. These results suggest that galaxies in the SSC are undergoing environmental quenching
through starvation or strangulation, rather than rapid gas stripping. Despite detectable HI reservoirs, many
galaxies exhibit long depletion times, indicating reduced gas accretion and inefficient star formation.
Weak-Lensing Detection of Intercluster Filaments in Three Nearby Cluster Systems

Preprint Oct 2025

Rahul Shinde · Ian Dell'Antonio

Direct detection of intercluster filaments is challenging due to their low surface density, resulting in a weak
deflection field. We present weak-lensing detections of intercluster filaments using wide-field Dark Energy
Camera (DECam) observations from the Local Volume Complete Cluster Survey (LoVoCCS). A matched-filter…
method was applied to identify filamentary structures in three nearby (𝑧 < 0…) systems centered on Abell 401,
Abell 2029, and Abell 3558. We discover two prominent filaments ( ≥ 4𝜎) in each system, with the strongest
detections (6.4𝜎 − 7.3𝜎) around Abell 401 and Abell 2029. In particular, we report the first robust weak-lensing
detections ( > 5𝜎) of the intercluster bridges connecting the cluster pairs Abell 401/399, Abell 2029/2033, Abell
2029/SIG, and Abell 3558/3556. Adopting a filament convergence model motivated by numerical simulations, we
infer the maximum convergence (𝜅0) and characteristic width (ℎc) for all six filaments, yielding 𝜅0 ∼ 0.015 − 0.053
and ℎc ∼ 0.11 − 0.45 Mpc. The performance of the matched-filter technique is validated using mock shear
catalogs and further tested on a null field around Abell 2351. We also explore the potential of using the B-mode
lensing signal of filaments to suppress cluster-induced shear contamination. These results demonstrate the
feasibility of directly mapping dark matter filaments with current and future wide-field weak-lensing datasets.

The Peculiar Mini-Halo in the Shapley Supercluster Member Abell 3558

Preprint Full-text available Jul 2025

K. S. Trehaeven · T. Venturi · O. Smirnov · G. Di Gennaro · K. Knowles

We present a multi-band study of the diffuse emission in the galaxy cluster Abell 3558, located in the core of the
Shapley Supercluster. Using new MeerKAT UHF-Band and uGMRT Band-3 observations, and published
MeerKAT L-band and ASKAP 887 MHz data, we perform a detailed analysis of the diffuse emission in the clust…
centre. We complement with XMM-Newton X-ray information for a thorough study of the connection between the
thermal and non-thermal properties of the cluster. We find that the diffuse radio emission in the cluster centre is
more extended than published earlier, with a previously undetected extension spanning 100 kpc towards the
north beyond the innermost cold front, increasing the total size of the emission to 550 kpc, and shows a clear
spatial correlation with the X-ray features. The overall radio spectrum is steep (𝛼400MHz1569MHz = 1.18 ± 0.10), with local
fluctuations which show several connections with the X-ray surface brightness, cold fronts, and residual
emission. The point-to-point correlation between the radio and X-ray surface brightness is sub-linear, and
steepens with increasing frequency. We discuss the classification of the diffuse emission considering its overall
properties, those of the ICM, and the existing scaling laws between the radio and X-ray quantities in galaxy
clusters. We conclude that it is a mini-halo, powered by turbulent (re)-acceleration induced by sloshing motions
within the cluster region delimited by the cold fronts, and it supports the picture of a known minor merger
between A\,3558 and the group SC\,1327--312 with mass ratio 5:1.

Ram-pressure stripped radio tails detected in the dynamically active environment of the
Shapley Supercluster

Preprint Full-text available Jul 2024

P. Merluzzi · T. Venturi · G. Busarello · G. Di Gennaro · B. Koribalski

We study the radio continuum emission of four galaxies experiencing ram-pressure stripping in four clusters of
the Shapley supercluster at redshift z~0.05. Multi-band (235-1367 MHz) radio data, complemented by integral-
field spectroscopy, allow us to detect and analyse in detail the non-thermal component both in the galaxy discs…
and the radio continuum tails. Three galaxies present radio continuum tails which are tens of kiloparsecs long. By
deriving the radio spectral index in the inner and outer tails and comparing our findings with the distribution of the
extraplanar ionised gas and the results of N-body/hydrodynamical simulations, we demonstrate that these tails
are caused by the ram pressure which, together with the ionised gas, sweeps the magnetic field from the galaxy
discs. We suggest that the radio continuum emission in these tails can be differently powered by (i) in situ star
formation; (ii) relativistic electrons stripped from the disc; (iii) shock excitation or a combination of them. All the
ram-pressure stripped galaxies are found in environments where cluster-cluster interactions occurred and/or are
ongoing thus strongly supporting the thesis that cluster and group collisions and mergers may locally increase
the ram pressure and trigger hydrodynamical interactions between the intracluster medium and the interstellar
medium of galaxies.

Evidence-Based Cosmology — Black Holes as Rejuvenating Systems of the Universe

Article Full-text available Sep 2023

Saeid Jafari

Evidence-based cosmology (EBC) is a cosmological model that has no theoretical presumptions. In EBC, every
element in the model has a corresponding element in physical reality that is observed and measured. The EBC is
related to the real observable universe by a bijective function of set theory. Supermassive black holes (SMBH) …
the centers of galaxies are rejuvenating systems of the universe. In the center of SMBH energy density of
superfluid space is so low that atoms become unstable and fall apart into elementary particles. SMBHs transform
old matter into fresh energy in the form of jets that are composed of elementary particles. This transformation of
old matter into fresh energy is permanent, it has no beginning and it will not have an end. Rotation of SMBHs is
rotating local superfluid space which is the physical origin of galactic rotation curves.

Evidence-Based Cosmology: Black holes as rejuvenating systems of the universe

Preprint Full-text available May 2023

Srecko Šorli · Rado Gorjup · Štefan Čelan

A bijective analysis is confirming, the expansion of universal space has never been directly observed, and this
assumption is unproven thus far. The measurement of the gravitational redshift, which was confirmed using the
Mossbauer experiment, proves only the gravitational redshift and nothing more because there is no causality…
between the gravitational redshift and hypothetical expansion. Thus, even if the universal space is assumed to
expand, the gravitational redshift cannot be assumed to be proof of the expansion. In addition, the Doppler effect
was never observed in an expanding space; thus, the claim that the cosmological redshift is partially caused by
the Doppler effect, which is caused by the expansion of space, is an unproven assumption. Furthermore, the
discovery of cosmic microwave background (CMB) radiation simply proves that the radiation is emitted by the
entire universal space, but does not prove the existence of a recombination period. In evidence-based
cosmology, every element in the model has a corresponding element in physical reality that is observed and
measured. The evidence-based cosmology model is related to the real universe by a bijective function of set
theory. Supermassive black holes in the centre of galaxies are rejuvenating systems of the universe. They rotate
their local superfluid space which is the physical origin of galactic rotation curves.

Evidence-Based Cosmology: Black holes as rejuvenating systems of the universe

Preprint Full-text available Apr 2023

Srecko Šorli · Rado Gorjup · Štefan Čelan

A bijective analysis is confirming, the expansion of universal space has never been directly observed, and this
assumption is unproven thus far. The measurement of the gravitational redshift, which was confirmed using the
Mossbauer experiment, proves only the gravitational redshift and nothing more because there is no causality…
between the gravitational redshift and hypothetical expansion. Thus, even if the universal space is assumed to
expand, the gravitational redshift cannot be assumed to be proof of the expansion. In addition, the Doppler effect
was never observed in an expanding space; thus, the claim that the cosmological redshift is partially caused by
the Doppler effect, which is caused by the expansion of space, is an unproven assumption. Furthermore, the
discovery of cosmic microwave background (CMB) radiation simply proves that the radiation is emitted by the
entire universal space, but does not prove the existence of a recombination period. In evidence-based
cosmology, every element in the model has a corresponding element in physical reality that is observed and
measured. The evidence-based cosmology model is related to the real universe by a bijective function of set
theory. Supermassive black holes in the centre of galaxies are rejuvenating systems of the universe. They rotate
their local superfluid space which is the physical origin of galactic rotation curves.

Evidence-Based Cosmology: Black holes as rejuvenating systems of the universe

Preprint Full-text available Apr 2023

Srecko Šorli · Rado Gorjup

A bijective analysis is confirming, the expansion of universal space has never been directly observed, and this
assumption is unproven thus far. The measurement of the gravitational redshift, which was confirmed using the
Mossbauer experiment, proves only the gravitational redshift and nothing more because there is no causality…
between the gravitational redshift and hypothetical expansion. Thus, even if the universal space is assumed to
expand, the gravitational redshift cannot be assumed to be proof of the expansion. In addition, the Doppler effect
was never observed in an expanding space; thus, the claim that the cosmological redshift is partially caused by
the Doppler effect, which is caused by the expansion of space, is an unproven assumption. Furthermore, the
discovery of cosmic microwave background (CMB) radiation simply proves that the radiation is emitted by the
entire universal space, but does not prove the existence of a recombination period. In evidence-based
cosmology, every element in the model has a corresponding element in physical reality that is observed and
measured. The evidence-based cosmology model is related to the real universe by a bijective function of set
theory. Supermassive black holes in the centre of galaxies are rejuvenating systems of the universe. They rotate
their local superfluid space which is the physical origin of galactic rotation curves.

Evidence-Based Cosmology and Galactic Rotation Curves

Preprint Full-text available Mar 2023

Srecko Šorli

A bijective analysis is confirming, the expansion of universal space has never been directly observed, and this
assumption is unproven thus far. The measurement of the gravitational redshift, which was confirmed using the
Mossbauer experiment, proves only the gravitational redshift and nothing more because there is no causality…
between the gravitational redshift and hypothetical expansion. Thus, even if the universal space is assumed to
expand, the gravitational redshift cannot be assumed to be proof of the expansion. In addition, the Doppler effect
was never observed in an expanding space; thus, the claim that the cosmological redshift is partially caused by
the Doppler effect, which is caused by the expansion of space, is an unproven assumption. Furthermore, the
discovery of cosmic microwave background (CMB) radiation simply proves that the radiation is emitted by the
entire universal space, but does not prove the existence of a recombination period. In evidence-based
cosmology, every element in the model has a corresponding element in physical reality that is observed and
measured. The evidence-based cosmology model is related to the real universe by a bijective function of set
theory. Supermassive black holes in the centre of galaxies are rejuvenating systems of the universe. They rotate
their local superfluid space which is the physical origin of galactic rotation curves.

A Candle in the Wind: A Radio Filament in the Core of the A3562 Galaxy Cluster

Article Full-text available Jul 2022 · ASTROPHYS J

S. Giacintucci · T. Venturi · M. Markevitch · H. Bourdin · G. Bernardi

Using a MeerKAT observation of the galaxy cluster A3562 (a member of the Shapley supercluster), we have
discovered a narrow, long and straight, very faint radio filament, which branches out at a straight angle from the
tail of a radio galaxy located in projection near the core of the cluster. The radio filament spans 200 kpc and…
aligns with a sloshing cold front seen in the X-rays, staying inside the front in projection. The radio spectral index
along the filament appears uniform (within large uncertainties) at α ≃ −1.5. We propose that the radio galaxy is
located outside the cold front but dips its tail under the front. The tangential wind that blows there may stretch the
radio plasma from the radio galaxy into a filamentary structure. Some reacceleration is needed in this scenario to
keep the radio spectrum uniform. Alternatively, the cosmic-ray electrons from that spot in the tail can spread
along the cluster magnetic field lines, straightened by that same tangential flow, via anomalously fast diffusion.
Our radio filament can provide constraints on this process. We also uncover a compact radio source at the
brightest cluster galaxy that is 2–3 orders of magnitude less luminous than those in typical cluster central
galaxies—probably an example of a brightest cluster galaxy starved of accretion fuel by gas sloshing.
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Shapley Supercluster Survey (ShaSS): Galaxy Evolution from Filaments to Cluster
Cores

Article Full-text available Jul 2014

P. Merluzzi · G. Busarello · Christopher Paul Haines · [...] · Pietro Schipani

We present an overview of a multi-wavelength survey of the Shapley supercluster (SSC; z=0.05) covering a
contiguous area of 260 h^{-2}_{70} Mpc^2 including the supercluster core. The main aim of the survey is to
quantify the influence of cluster-scale mass assembly on galaxy evolution in one of the most massive
structures in the local Universe. The...
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... ≥ 6 × 10 14 M ⊙ ) with mass ratios in the range 2 / 1 ≥ 1:4-1:5, to the more frequent accretion of
systems in the less extreme 0.03< <0.06 distributed over 150 deg 2 in the Southern Hemisphere
(Raychaudhury 1989;Einasto et al. 2001;De Filippis et al. 2005;Quintana et al. 2020), and connected by
filaments of galaxies (Quintana et al. 2000;Proust et al. 2006;Haines et al. 2018;Quintana et al. 2020).
The densest part of the SSC (its core), at ⟨ ⟩=0.048, comprises three Abell clusters and two poor clusters,
which form a continuous filamentary structure 2 degrees (∼7 Mpc) in extent filled with hot gas (Plank
Collaboration et al. 2014; Merluzzi et al. 2015) . This region of the SSC is the most affected by the ongoing
large scale collapse, and has been extensively studied in the radio band, where merging and accretion
processes are leaving major signatures from the inter-cluster to the galaxy scales. ...

... In this paper we focus on the properties of the Hi emission of galaxies in the dense core region between
A 3558 and A 3562. We used the available information from the MeerKAT Galaxy Cluster Legacy Survey
(MGCLS, Knowles et al. 2022), coupled with the redshift coverage of the SSC provided by the Shapley
Supercluster Survey project (ShaSS, Merluzzi et al. 2015) . ...

... Minor timing and frequency errors were corrected post-observation. (Merluzzi et al. 2015) . The 11
clusters within the area are identified and marked with black circles, with radii corresponding to R 200 . ...

View

... WL maps reveal the continuous structure of the SSC Core, with a prominent peak at the BCG of A3558
and secondary peaks centered at A3556 and A3562 (P. Merluzzi et al. 2015; Y. Higuchi et al. 2020;S. ...

View

... It lies at the centre of a chain of three clusters and two groups, from west to east: A 3556 -A 3558 -SC
1327-312 -SC 1329-313 -A 3562). This nearly East-West continuous structure of interacting and merging
clusters (e.g., Merluzzi et al. 2015; Haines et al. 2018) spans ∼ 3 • on the sky and is permeated by low
surface brightness X-ray gas (Ettori et al. 1997;Finoguenov et al. 2004;Planck Collaboration et al.
2014a;Merluzzi et al. 2016). ...

... The A 3558 complex was also included in a comprehensive optical/near-infrared survey of the entire
SSc, namely the Shapley Supercluster Survey (ShaSS, Merluzzi et al. 2015 Merluzzi et al. , 2016Haines
et al. 2018). In particular, to study the impact of cluster-scale mass assembly on galaxy evolution, through
optical (ugri-bands) with the ESO-VLT Survey Telescope, a weak-lensing map of the cluster core was
derived, finding that the dark matter distribution is slightly offset with respect to the X-ray emission and
optical galaxy density, attesting to the complex dynamical state of the core of the SSc (Merluzzi et al.
2015). ...

... The A 3558 complex was also included in a comprehensive optical/near-infrared survey of the entire
SSc, namely the Shapley Supercluster Survey (ShaSS, Merluzzi et al. 2015Merluzzi et al. , 2016Haines et
al. 2018). In particular, to study the impact of cluster-scale mass assembly on galaxy evolution, through
optical (ugri-bands) with the ESO-VLT Survey Telescope, a weak-lensing map of the cluster core was
derived, finding that the dark matter distribution is slightly offset with respect to the X-ray emission and
optical galaxy density, attesting to the complex dynamical state of the core of the SSc (Merluzzi et al.
2015) . ...

View

... With the collected uGMRT observations, they were able to derive the spectral structure in all the tailed
radio sources. Thanks to the new instrumentation facilities, we can now address the open issues about
the nature and origins of the radio tail in RPS galaxies and how the radio continuum emission in the tails
correlates with the emission in other (Merluzzi et al. 2015) . Abell clusters and groups are labeled by black
straight lines pointing on the X-ray centre for all systems. ...

... Venturi et al. 2000Venturi et al. , 2003Giacintucci et al. 2005Giacintucci et al. , 2022. Over the past
years, the Shapley Supercluster Survey (ShaSS Merluzzi et al. 2015)  traced the filaments feeding the
SSC, and revealed how the surrounding clusters are connected to each other and to the SSC (Merluzzi et
al. 2015;Haines et al. 2018;Higuchi et al. 2020). ...

... Venturi et al. 2000Venturi et al. , 2003Giacintucci et al. 2005Giacintucci et al. , 2022. Over the past
years, the Shapley Supercluster Survey (ShaSS Merluzzi et al. 2015) traced the filaments feeding the
SSC, and revealed how the surrounding clusters are connected to each other and to the SSC (Merluzzi et
al. 2015; Haines et al. 2018;Higuchi et al. 2020). ...

View

... In the EBC, the supercluster Laniakea is moving in the direction of the Shapley supercluster and is
moving in the direction of the Vela supercluster. The motions of these superclusters are well documented
24, 25 and are well integrated into the bijective stationary cosmology, where universal space is stationary.
In the Big Bang model, there is no observed motion of the galaxy or galaxy cluster that would be a result
of universal space expansion. ...

View

... In the SC, the supercluster Laniakea is moving in the direction of the Shapley supercluster that is
moving in the direction of the Vela supercluster. The motions of these superclusters are well documented
[23, 24] and are well integrated into the bijective stationary cosmology, where universal space is
stationary. In the Big Bang model, there is no observed motion of the galaxy or galaxy cluster that would
be a result of universal space expansion. ...

View

... In the SC, the supercluster Laniakea is moving in the direction of the Shapley supercluster that is
moving in the direction of the Vela supercluster. The motions of these superclusters are well documented
[19, 20] and are well integrated into the bijective stationary cosmology, where universal space is
stationary. In the Big Bang model, there is no observed motion of the galaxy or galaxy cluster that would
be a result of universal space expansion. ...

View

... In the SC, the supercluster Laniakea is moving in the direction of the Shapley supercluster that is
moving in the direction of the Vela supercluster. The motions of these superclusters are well documented
[18, 19] and are well integrated into the bijective stationary cosmology, where universal space is
stationary. In the Big Bang model, there is no observed motion of the galaxy or galaxy cluster that would
be a result of universal space expansion. ...

View

... In the SC, the supercluster Laniakea is moving in the direction of the Shapley supercluster that is
moving in the direction of the Vela supercluster. The motions of these superclusters are well documented
[18, 19] and are well integrated into the bijective stationary cosmology, where universal space is
stationary. In the Big Bang model, there is no observed motion of the galaxy or galaxy cluster that would
be a result of universal space expansion. ...

View

... Another feature unveiled by the MeerKAT image of A3562 is weak radio emission at the position of the
BCG. In Figure 3, we show the 1284 MHz radio contours overlaid on the VLT Survey Telescope (VST)
OmegaCAM g-band image of the galaxy from the Shapley Supercluster Survey (ShaSS; Merluzzi et al.
2015) . The radio emission consists of a compact component with 0.47 ± 0.02 mJy flux and coincident with
the optical peak and an additional structure extending ∼10 kpc southward and with a flux of 0.31 ± 0.02
mJy. ...
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Evidence for the Existence of Dark Matter
ω Galaxy rotation curves: Stars in spiral galaxies rotate w ith nearly constant
velocity well beyond the visible disk, implying the existence of a massive dark
halo.
ω Galaxy clusters: The dynamics of galaxies and the X-ray emitting intra-
cluster gas require substantially more gravitating matter than is directly ob-
served.
ω Gravitational lensing: Weak and strong lensing measurements reveal a
matter distribution extending far beyond the luminous component. The Bul-
let C luster provides particularly strong evidence that most of the gravitating
matter is non-baryonic.
ω Cosmology: Measurements of the cosmic microwave background and large-
scale structure require a cold dark matter component εDM𝜔2 = 0.12 ± 0.0012

W hat is the particle nature of Dark Matter?12 21. The Cosmological Parameters
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Figure 21.1: Confidence level contours of 68.3%, 95.4% and 99.7% in the ΩΛ–Ωm
plane from the Cosmic Microwave Background, Baryonic Acoustic Oscillations and
the Union SNe Ia set, as well as their combination (assuming w = −1). [Courtesy
of Kowalski et al. [22]]

Ωm + ΩΛ ≈ 1), the best-fit values are Ωm ≈ 0.3 and ΩΛ ≈ 0.7. Most results in the
literature are consistent with Einstein’s w = −1 cosmological constant case.

For example, Kowalski et al. [22] deduced from SNe Ia combined with CMB and

July 30, 2010 14:36

The SN Ia data suggested that

ΩΛ = 4
3

ΩM + 1
3
± 1

6
.

FromCMB anisotropy the total matter-energy density is Ω0 = 1.0±0.1

From various measurements ΩM = 0.35±0.1 . Hence the cosmological
constant contribution is

ΩΛ = 0.8 ± 0.2

The baryonic density is ΩB = 0.045 ± 0.001 , subtracted from the total

matter density gives the Dark Matter density

ΩDM ≃ 0.3 ± 0.1

The Hubble parameter is estimated with fairly good accuracy

h0 = 0.65 ± 0.05 =⇒

ΩDM h0
2 ≃ 0.13 ± 0.05

V.C. Spanos, Univ. of Minnesota VCMSSM 26
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Figure 1: In the left panel, we plot the contour corresponding to !3/2h
2 = 0.12 for M1/2 =

1 TeV. The shaded region is cosmologically excluded, as it corresponds to !3/2h
2
> 0.12. The

unshaded region below the contour allows for additional contributions to the DM abundance.
In the right panel, we show the corresponding contours for M1/2 = 1, 2, 5, and 10 TeV. The

points at the top of the curves indicate T
peak
reh , namely the maximum reheating temperature

consistent with the observed DM abundance for a given value of M1/2. The corresponding
values are listed in Table 2.

We have verified numerically that the analytic approximation given in Eq. (11) agrees
with the exact result obtained from Eq. (7) at the level of better than 1%. We recall
that, in the above calculations, ωcr = 3H2

0M
2
Pl denotes the critical energy density, while

H0 = 100h km s→1 Mpc→1 is the present Hubble parameter. We also use T0 = 2.7 K for the
current temperature of the cosmic microwave background. The entropy degrees of freedom
at the relevant temperatures are given by g↑s(T0) =

43
11 and g↑s(Treh) =

915
4 . The latter value

corresponds to the e”ective number of relativistic degrees of freedom in the MSSM relevant
for the determination of H(Treh).

According to the latest data from the Planck Collaboration, the observed DM abundance
in the Universe is !3/2h

2 = 0.12± 0.0012 [56]. Assuming that the thermally produced grav-
itino abundance accounts for the entirety of the observed DM, one can derive constraints
on the gravitino mass and/or the reheating temperature. As we will demonstrate, how-
ever, these constraints can be substantially relaxed in the presence of an extra scalar field
coexisting with gravitinos during the freeze-in production era.

In Fig. 1 we plot curves with fixed !3/2h
2 = 0.12 in the m3/2, Treh plane. For plotting

these curves we have used the exact numerical solution of the gravitino abundance Boltzmann
Eq. (6). As explained earlier, identical results were obtained using the approximation in
Eq. (11). As can be seen in this figure, for fixed values of M1/2 the reheating temperature
exhibits a maximum value, denoted by T

peak
reh , occurring at a particular value of the gravitino

mass m3/2. The origin of this behavior was discussed in [21] and can be understood directly
from Eq. (11).

For fixed !3/2h
2 and M1/2, Eq. (11) determines the dependence of Treh on the grav-

5



The W IMP Miracle
ω Thermal Freeze-Out
Dark matter particles are initially in thermal equilibrium w ith the Standard
Model plasma. As the Universe expands and cools, the annihilation rate drops
below the Hubble expansion rate and the DM abundance freezes out.

ω The Miracle
The observed relic abundance is reproduced for a weak-scale annihilation
cross section,

⌋𝜔𝜀⌈ ε 3 ϑ 10ϖ26 cm3 sϖ1,
which is naturally obtained for particles w ith masses of order 100 GeVϖ1 TeV
and electroweak interactions.

ω Experimental Consequences
The same interactions responsible for freeze-out imply



The W IMP Miracle
ω Thermal Freeze-Out
Dark matter particles are initially in thermal equilibrium w ith the Standard
Model plasma. As the Universe expands and cools, the annihilation rate drops
below the Hubble expansion rate and the DM abundance freezes out.

ω The Miracle
The observed relic abundance is reproduced for a weak-scale annihilation
cross section,

⌋𝜔𝜀⌈ ε 3 ϑ 10ϖ26 cm3 sϖ1,
which is naturally obtained for particles w ith masses of order 100 GeVϖ1 TeV
and electroweak interactions.

ω Experimental Consequences
The same interactions responsible for freeze-out imply

• production at colliders,

• direct detection through scattering w ith nuclei,

• indirect detection through annihilation products.

No convincing signal has been observed so far.



Freeze-In Dark Matter
ω Basic Idea
Dark matter particles interact so feebly w ith the Standard Model that they never attain ther-
mal equilibrium in the early Universe.

ω Production Mechanism
The DM abundance is gradually built up through rare scatterings and particle decays in the
thermal plasma,

SM + SM ⋛ DM + DM, SM ⋛ DM +⋜
until the interaction rate becomes negligible.

ω Freeze-In Condition
εint 𝜔 𝜀 ,

throughout the thermal history of the Universe.

ω Characteristics

• Extremely feeble interactions.

• No thermal equilibrium.

• Naturally evades collider, direct- and indirect-detection constraints.

Prominent examples: axions and gravitinos.



This Work
ω Gravitino freeze-in dark matter.

ω Thermal production a � er reheating.

ω Peak reheating temperature:
𝜔 peak
reh

ω Introduce an additional scalar component 𝜀.

ω Can entropy dilution increase 𝜔 peak
reh ?

Main result:

𝜔 peak,𝜀
reh 𝜗 𝜔 peak

reh

for matter-like 𝜀.

ft



Importantly, notice that the DM is non-relativistic—this will end up playing an important role

in predicting observational signatures. We can further refine our estimates of the expected DM

velocity by taking advantage of the fact that the DM density and velocity are related through

the gravitational potential. As a result, once the density distribution is set, there is an associated

velocity distribution that makes the theory self-consistent. In particular, an isotropic halo in steady

state with an inverse-square density distribution has a Maxwellian velocity distribution. Deriving

this explicitly requires knowledge of the Boltzmann equation and Jeans Theorem, so let us take a

moment to review these important concepts.

1.2 The Boltzmann Equation & Jeans Theorem

The Boltzmann equation describes the evolution of the phase-space density f(x,v) of a DM particle

in the halo. This gives the probability f(x,v) d
3
x d

3
v of finding the particle in some volume d

3
x d

3
v.

Conservation of probability dictates that

Z
f(x,v) d

3
x d

3
v = 1 .

The Boltzmann equation states that

L[f ] = C[f ] , (1.1)

where L and C are the Liouville and collision operators, respectively. The most general form for

the Liouville operator is

L[f ] = p
↵ @f

@x↵
� �↵

�� p
�

p
� @f

@p↵
, (1.2)

where �↵
�� is the a�ne connection. In the non-relativistic limit, (1.2) simplifies to

Lnr[f ] =
@f

@t
+ ẋ

@f

@x
+ v̇

@f

@v
.

The collision operator C[f ] includes interactions between DM and other particles (including itself)

that may alter the phase-space density. This operator can take a complicated form, depending on

the allowed interactions of the particles. To model the phase-space distribution of DM in the Milky

Way today, however, we can work with a simple form of the Boltzmann equation because the DM

in the halo is non-relativistic and collisionless, so

@f

@t
+ ẋ

@f

@x
+ v̇

@f

@v
= 0 . (1.3)

The collisionless Boltzmann equation has only a restricted set of solutions for f(x,v). Jeans

Theorem states that a steady-state solution to (1.3) can only be a function of the phase-space
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observed.

Warm DM can potentially explain some inconsistencies between CDM simulations and obser-

vations on galactic scales. The three most often-cited challenges are: (1) The Missing Satellites

Problem where N-body simulations predict more satellite galaxies in orbit around the Milky Way

than are actually observed. (2) The Cusp/Core Controversy where some data from dwarf galaxies

point to a shallow central slope of the density profile, not recovered in DM-only N-body simula-

tions. (3) The Too Big to Fail Problem in which we do not observe dwarf galaxies that are as large

as the ones found in simulations. Warm DM can help to resolve the first two of these challenges, in

particular, because its longer free-streaming length (relative to CDM) washes out structure on these

scales. Debate continues as to whether these challenges can be resolved with full hydrodynamic

N-body simulations that properly include the feedback from baryonic processes [30].

2.2 Freeze Out

For the remainder of this section, we will delve more deeply into the CDM scenario, specifically. To

calculate the DM number density today, we follow the evolution of the inelastic scattering process

with time using the Boltzmann equation (1.1). This application of the Boltzmann equation requires

the covariant form of the Liouville operator, which can be written as

L[f ] = E
@f

@t
�

ȧ

a
|p|

2 @f

@E
.

Using (2.1),

g

Z
L[f ]

d
3
p

(2⇡)3
=

1

a3

d

dt

�
na

3
�

=
dn

dt
+ 3 H n , (2.2)

where H = ȧ/a is the expansion rate of the Universe and a is the scale factor. When there are no

number-changing DM interactions (that is, when C[f ] = 0), then (2.2) shows simply that na
3 is

constant in time.

However, the evolution of the DM number density is non-trivial if the collision term exists. To

see this explicitly, consider interactions of the form 1+2 $ 3+4 [58]. The collision term for particle

1 is then

g1

Z
C[f1]

d
3
p1

(2⇡)3
= �

X

spins

Z ⇥
f1f2(1 ± f3)(1 ± f4)|M12!34|

2
� f3f4(1 ± f1)(1 ± f2)|M34!12|

2
⇤

⇥(2⇡)4�4(p1 + p2 � p3 � p4) d⇧1 d⇧2 d⇧3 d⇧4 , (2.3)

where gi and fi are the spin degrees of freedom and phase-space densities, respectively, for particle i,

and Mx!y is the matrix element for the reaction x ! y. Factors of the form (1±f) represent Pauli

blocking and Bose enhancement; the minus sign applies to fermions and the plus sign to bosons.

These terms encapsulate the fact that it is easier(harder) for a boson(fermion) to transition to a

13

state that already contains a boson(fermion). The last line of (2.3) includes a delta function that

enforces energy and momentum conservation, and the phase-space integration factors

d⇧i =
d

3
pi

(2⇡)3 2Ei
.

In its current form, (2.3) is quite complicated; however, it reduces to a more manageable form

after making the following assumptions:

1. Kinetic equilibrium is maintained and so the phase-space distributions take on the Fermi-

Dirac or Bose-Einstein forms.

2. The temperature of each species satisfies Ti ⌧ Ei � µi, where µi is its chemical potential, so

that they follow the Maxwell-Boltzmann distribution. In this case, the statistical mechanical

factors in the calculation can be ignored and (1 ± f) ⇠ 1.

3. The Standard Model particles in the interaction are in thermal equilibrium with the photon

bath.

Using the standard definition relating the cross section to the matrix element, we get

X

spins

Z
|Mij!kl|

2
⇥ (2⇡)4�4(pi + pj � pk � pl) d⇧k d⇧l = 4 gigj�ij

q
(pi · pj)2 � (mimj)2 ,

where �ij is the cross section for the scattering process. Substituting this back into the collision

term gives

g1

Z
C[f1]

d
3
p1

(2⇡)3
= �

Z
{(�vMøl)12 dn1dn2 � (�vMøl)34 dn3dn4} ,

where the Møller velocity is defined as

(vMøl)ij =

p
(pi · pj)2 � (mi mj)2

Ei Ej

for the ij ! kl process. Because �vMøl varies slowly with changes in the number density of the

initial and final-state particles, it can be factored out of the integrand to give

ṅ1 + 3Hn1 = �h�vMøli12n1n2 + h�vMøli34n3n4 . (2.4)

Note that the velocity that is used in the cross-section average is not the relative velocity, vrel, of

the incoming particles. This is important, as (vMøl)ij ninj is Lorentz invariant, whereas vrelninj

is not. From this point forward, we will simply write the Møller velocity as vMøl ! v to simplify

notation.

Let us now return to the specific inelastic process illustrated in Fig. 4. In this case, particles 1
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Freeze out mechanism

  

Thermal freeze-out

Andreas Goudelis p.14

Given the complexity of the problem, we try to find interesting limits. Assume that particle 
χ possesses substantial interactions with the thermal bath. Then: 

e.g. Gondolo, Gelmini, Nucl. Phys. B (1991)
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ṅ1 + 3Hn1 = �h�vMøli12n1n2 + h�vMøli34n3n4 . (2.4)

Note that the velocity that is used in the cross-section average is not the relative velocity, vrel, of

the incoming particles. This is important, as (vMøl)ij ninj is Lorentz invariant, whereas vrelninj

is not. From this point forward, we will simply write the Møller velocity as vMøl ! v to simplify

notation.

Let us now return to the specific inelastic process illustrated in Fig. 4. In this case, particles 1
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and 2 are identical with number density n, and particles 3 and 4 are Standard Model particles in

thermal equilibrium with the photon bath. When the DM is also in equilibrium with the Standard

Model final states, then detailed balance dictates that

h�vi12 n
2
eq = h�vi34 n

eq
3 n

eq
4 ,

which can be used to rewrite the second term of (2.4) in terms of the DM number density and the

cross section for the forward reaction. The Boltzmann equation reduces to

ṅ + 3Hn = h�vi
�
n

2
eq � n

2
�

, (2.5)

where h�vi = h�vi12. The DM number density, n, decreases with the expansion of the Universe

(in addition to any number-changing e↵ects from the collision term) and it is useful to scale out

this e↵ect by defining the quantity Y = n/s, where s is the total entropy density of the Universe.

Substituting this into (2.5) and using the fact that sa
3 is constant to get the relation that ṡ = �3sH,

yields
dY

dt
= h�vis
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�
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dY

dx
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H(m)
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Y

2
� Y

2
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�
. (2.6)

This equation is written in terms of the usual time variable as well as a rescaled time variable

x = m/T , where m is the mass of the DM. Note that dx/dt = H(x)x, because T / 1/a (i.e.,

the photon temperature is inversely proportional to its wavelength, which scales as a). If DM

production occurs during radiation domination, then H(x) = H(m)/x
2. The precise definition of

H(m) is not necessary for our purposes here—see [59] for further discussion.

Let us take stock of where we stand: We have an expression that describes the evolution of Y

as the Universe cools. Y is the DM number density, rescaled to remove the e↵ects of the Universe’s

expansion. Therefore, the changes in Y encoded in the Boltzmann equation arise purely from

interactions of the DM with states that are in thermal equilibrium with the photon bath. The

evolution of Y is governed by the velocity-averaged cross section:
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�v e
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e�E1/T e�E2/T d3p1 d3p2
. (2.7)

Eq. (2.7) can be further simplified by redefinition of the integration variables [58], and the final

result is
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8m4TK
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2 (m/T )

Z 1

4m2
�(s̃ � 4m

2)
p

s̃ K1(
p

s̃/T ) ds
non-rel.
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3

2
b1x

�1 + · · · (2.8)

where Ki are modified Bessel functions of the i
th order and s̃ = 2m

2 + 2E1E2 � 2p1 · p2. The

cross section can be expanded in x in the non-relativistic limit with coe�cients b0,1, as shown. The
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Figure 6: An illustration of the DM number density Y as a function of x. Before freeze-out
(x < xf ), the density tracks the equilibrium expectation (dashed black). After freeze-out, the
density remains nearly constant as a function of time, as indicated by the solid black line. Figure
courtesy of S. Mishra Sharma.

case where b0 dominates is referred to as s-wave annihilation. The case where the second term

dominates is called p-wave annihilation.

There is no analytic solution for equations that take the form of (2.6), so one must rely on

numerical solutions for exact results. However, we can consider the behavior of the solutions in

limiting cases to build intuition for how the DM number density evolves with time. Remember

that the evolution depends on how the annihilation rate compares with the expansion rate. When

� � H, then the annihilation process is very e�cient and equilibrium can be maintained between

the DM and photon bath. However, when � ⌧ H, the DM particles can no longer find each other

fast enough compared to the expansion rate, and thus fall out of equilibrium, as illustrated in Fig. 6.

Said another way,

Y (x . xf ) ' Yeq(x) and Y (x & xf ) ' Yeq(xf ) ,

where xf is the freeze-out time. For CDM, Y (x) decreases exponentially before freeze-out. After

freeze-out, however, the abundance is larger than what its equilibrium value would have been if

freeze-out had not occurred (as Yeq is decreasing, Yeq(xf ) > Yeq(x > xf ) trivially). Therefore, (2.6)

becomes
dY

dx
' �

�

xn+2
Y

2 , where � =
h�vi0s0

H(m)
.

Note that the x dependence has been pulled out of the cross section and entropy to define �. That

is, h�vi = h�vi0 x
�n and s = s0 x

�3.4 Taking n = 0 as an example, we can solve for the DM

4We are assuming that either s- or p-wave annihilation dominate, which is oftentimes true. More precisely, though,
the thermally averaged cross section is a series in x, as shown in (2.8).
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The other side of the spectrum: freeze-in

Andreas Goudelis

Freeze-in production of dark matter is based on two basic premises

· Dark matter interacts very weakly with the thermal bath.

· It has a negligible initial abundance:  (1 ± f
χ
) ~ 1 .

Then, we are allowed to only consider ξ
A
 = 0 terms in the Boltzmann equation, i.e. just DM 

production terms. In particular :

· Dark matter could be (pair-) produced from decays of a heavier particle.

· Dark matter could be (pair-) produced from annihilations of bath particles.
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Freeze-in through scattering

Andreas Goudelis

Finally, dark matter could be produced directly from 2  2 processes, annihilations of →

Standard Model (or other bath) particles: 1 + 2  X + χ→

· In the special case of DM pair-production, we can get a fairly simple expression for the 
collision term : 

which we can promptly replace in the general yield expression.

· For DM production in association with a bath particle, applying a correction factor

to the integrand reproduces the full result within an accuracy of O(2%).

p.23

G. Bélanger, F. Boudjema, A. G., 
A. Pukhov, B. Zaldivar arXiv:1801.03509
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Freeze-in: schematic result

Andreas Goudelis

Number density evolution for feeble DM-SM interactions

1

Physically:

2

Starting from a negligible initial 
density, DM produced from 
decays/annihilations of other 
particles.

DM production disfavoured, 
abundance “freezes-in”.

A new mechanism for dark matter production
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The setup of the calculation

The Braaten-Yuan prescription   

Hard part is calculated from squared matrix elements 

7

FIG. 3. The cosmologically accepted 3� regions for the gravitino thermal abundance, for various values of the m1/2 between
750 GeV and 4 TeV. The trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7.
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T
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where ⇢cr = 3H2
0M

2
P is the critical energy density. H0 = 100h km/(sMpc) is the Hubble constant and T0 = 2.725K

the cosmic microwave background temperature today. The entropy degrees of freedom at the associated temperatures
are g⇤s(T0) = 43/11 and g⇤s(Treh) = 915/4. The last number equals to the e↵ective energy degrees of freedom for
H(Treh) in the MSSM too. Fig. 3 illustrates the 3� regions resulting from (19), for various values of m1/2. In this
figure the trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7, as previously. As before,
gauge coupling unification is assumed, as well as a universal gaugino mass m1/2 at the GUT scale.

For large gravitino mass the reheating temperature is m1/2 independent, as the characteristic factor m2
�N

/(3m2
3/2)

becomes negligible for m1/2 ⌧ m3/2. Assuming that m1/2 & 750 GeV, as it is suggested by the recent LHC
data [52, 53] on gluino searches, from Fig. 3 we infer that for maximum Treh ' 109 GeV the corresponding gravitino
mass is m3/2 ' 550 GeV. Allowing for a reheating temperature an order of magnitude smaller, Treh ' 108 GeV, for
the same gravitino mass, m1/2 can go up to 3� 4 TeV.

Conclusions.– In this Letter we have calculated the gravitino thermal abundance, using the full one-loop thermally
corrected gravitino self-energy. Having rectified the main analytical formulae for the gravitino production rate, we
have computed it numerically without approximation. We o↵er a simple and useful parametrization of our final result.
In the context of minimal supergravity models, assuming gaugino mass unification, we have updated the bounds on
the reheating temperature for certain gravitino masses. In particular, saturating the current LHC gluino mass limit
mg̃ & 2100 GeV, we find that a maximum reheating temperature Treh ' 109 GeV is compatible to a gravitino mass
m3/2 ' 500� 600 GeV.

It should be noted that, trying to constrain the reheating temperature by applying the cosmological data on gravitino
DM scenarios, illuminates us whether thermal leptogenesis is a possible mechanism for generating baryon asymmetry
or not. Successful thermal leptogenesis requires high temperature, Treh & 2 ⇥ 109 GeV [54–56], which is marginally
bigger than the maximum reheating temperature obtained in our model using the lowest m1/2 mass demonstrated
in the recent LHC data [52, 53]. In any case, there are many alternative models for baryogenesis. In addition, as it
has been pointed out before, the thermal gravitino abundance is in general a part of the whole DM density and the
inclusion of other components will a↵ect the phenomenological analysis.

� = �|hard + �|soft (20)

|M(a b ! c eG)|2 (21)

Soft part is calculated from Imaginary part of the  gravitino self-energy 
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where is calculated in the Hard Thermal Loop (HTL) approx 

The condition is not satisfied in the whole temperature range
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Beyond the HTL approx

Calculate the full 1-loop gravitino self-energy beyond 
HTL approximation

Calculate the so-called subtracted part of the |M|2  [Rychkov, 

Strumia (2007)]

The subtracted part of the squared  amplitude is this that cannot

be part of the gravitino self-energy 
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This process is named F in Table 1 in [? ].
There are three Feynman diagrams, with a g propagator in the s-channel (1), t-channel (2) and u-channel (3), all
connected by crossing symmetries. Here one has to be careful because M2 gets an additional minus sign from the
fermionic statistics.

M1 = � gs

4MPs
fabcv̄(k2)�µu(k1)ū(p1)�

⇢[/k1 + /k2, �
µ]v⇢(p2) , (27)

M2 =
gs

4MPt
fabcū(p1)�µu(k1)v̄(k2)�

⇢[/p1 � /k1, �
µ]v⇢(p2) , (28)

M3 = � gs

4MPu
fabcū(p1)�µu(k2)v̄(k1)�

⇢[/k2 � /p1, �
µ]v⇢(p2) . (29)

3. Amplitudes for gg ! g̃ eG

gaµ

gbν

g̃c

˜Gρ

gcλ
+

gaµ g̃c

˜Gρgbν

g̃b + g̃a

gaµ

gbν
˜Gρ

g̃c

+

˜Gρ
gbν

gaµ g̃c

FIG. 4. Feynman graphs for the process gg ! g̃ eG .

This process is named A in Table 1 in [? ].
There are four Feynman diagrams, (1): with the four-point interaction, (2): with a g propagator in the s-channel,
(3): a g̃ propagator in the t-channel, and (4): a g̃ propagator in the u-channel,

M1 = � gs

4MP

fabcū(p1)�
⇢[�µ

, �
⌫ ]v⇢(p2)✏µ(k1)✏⌫(k2) . (30)

M2 =
gs

4MPs
fabcV

µ⌫�(k1, k2,�k1�k2)ū(p1)�
⇢[/k1 + /k2, ��]v⇢(p2)✏µ(k1)✏⌫(k2) , (31)

M3 =
gs

4MP

fabc

t�m
2

g̃

ū(p1)�
µ(/k2 � /p2 +mg̃)�

⇢[/k2, �
⌫ ]v⇢(p2)✏µ(k1)✏⌫(k2) , (32)

M4 = � gs

4MP

fabc

u�m
2

g̃

ū(p1)�
⌫(/k1 � /p2 +mg̃)�

⇢[/k1, �
µ]v⇢(p2)✏µ(k1)✏⌫(k2) . (33)

ηa

η̄b

g̃c

˜Gρ

gcµ
+

η̄b

gcµ

ηa g̃c

˜Gρ

FIG. 5. Feynman graphs with FP-ghosts in the ⇠ = 1 gauge for the process A.

For the ⇠ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the gluon. There are two
graphs possible,

M⌘ =
gs

4MP

fabcū(p1)�
⇢[/k1 + /k2, /k2]v⇢(p2) , (34)

related to 

which is part of 

3

processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form

� =
1

(2⇡)8

Z
d3pa

2Ea

d3pb

2Eb

d3pc

2Ec

d3peG
2EeG

|M|2 fa fb (1± fc)

⇥ �
4(Pa + Pb � Pc � PeG) ,

(6)
where the fi stands for the usual Bose and Fermi statis-
tical densities

fB|F =
1

e
E
T ⌥ 1

. (7)

In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].

The contribution of the processes A and B, for each
gauge group, can be read from Table I as

|MA,sub|2+|MB,sub|2 =
g
2
N

M
2
P

 
1 +

m
2
�N

3m2
3/2

!
CN (�s+2t) .

(8)
In (8) a factor 1/2 is already included for the process A
due to the 2 identical incoming particles. Substituting
(8) in (6), the subtracted rate is obtained as

�sub =
T

6

M
2
P

3X

N=1

g
2
N

 
1 +

m
2
�N

3m2
3/2

!
CN

�
�Cs

BBF + 2 Ct
BFB

�
.

(9)

The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for

G~ G~K

QP

g~

g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can
be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<
µ⌫(K) propagators as [21,

26]

⇧<(P ) =
1

16M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z
d4K

(2⇡)4
Tr
⇥
/P [ /K, �

µ] ⇤S<(Q)[ /K, �
⌫ ] ⇤D<

µ⌫(K)
⇤
, (10)

where

⇤
S
<(Q) =

fF (q0)

2
[(�0 � � · q/q) ⇢+(Q) + (�0 + � · q/q) ⇢�(Q)] ,

⇤
D

<
µ⌫(K) = fB(k0)


⇧T

µ⌫ ⇢T (K) +⇧L
µ⌫

k
2

K2
⇢L(K) + ⇠

KµK⌫

K4

�
, (11)

with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To

where thick lines denote resumed thermal propagators 
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the

=

X:

(D-graph)

2

TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
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The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m
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�N
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3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum
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X

i=±3/2
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µ  

(i)
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2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =
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a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,
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Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
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The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m
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where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum
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where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C
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respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
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case, we use resummed thermal propagators for the gauge
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that D�graph describes both the scattering amplitudes
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The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
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II. The setup

As the gravitino is the superpartner of the graviton, its interactions are suppressed by the inverse of the reduced
Planck mass MP = (8⇡G)�1/2. Hence, the dominant contributions to its production, in leading order of the gauge
group couplings, are processes of the form a b ! c eG, where eG stands for gravitino and a, b, c can be three superpartners
or one superpartner and two SM particles. The possible processes and the corresponding squared amplitudes in SU(3)c
are given in Table I, where for their denotation by the letters A to J we follow the “historical” notation of [? ]. In
SU(3)c the particles a, b and c could be gluons g, gluinos g̃, quarks q or/and squarks q̃. Analogous processes
happen in SU(2)L or U(1)Y , where the gaugino mass mg̃ ⌘ M3 becomes M2 or M1, respectively. In the factor
YN ⌘ 1 + m
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), where m�N = {M1,M2,M3} and m3/2 is the gravitino mass, the unity is related to the

3/2 gravitino components and the rest to the 1/2 goldstino part. For the calculation of the spin 3/2 part in the
amplitudes, following [? ], we have employed the gravitino polarization sum
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where  µ is the gravitino spinor and P its momentum. As in [? ], for the goldstino 1/2 part the non-derivative
approach is used [? ? ]. The result for the full squared amplitude has been proved to be the same, either in the
derivative or the non-derivative approach [? ].
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the group structure constants and generators, respectively. Processes A, B and F are not present in U(1)Y because
C1 = 0. The masses for the particles a, b and c are assumed to be zero. In the third column of Table I we present for
each process the square of the full amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form

� =
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(2⇡)8

Z
d3pa

2Ea

d3pb

2Eb

d3pc

2Ec

d3peG
2EeG

|M|2 fa fb (1± fc)

⇥ �
4(Pa + Pb � Pc � PeG) ,

(6)
where the fi stands for the usual Bose and Fermi statis-
tical densities

fB|F =
1

e
E
T ⌥ 1

. (7)

In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].

The contribution of the processes A and B, for each
gauge group, can be read from Table I as

|MA,sub|2+|MB,sub|2 =
g
2
N

M
2
P
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m
2
�N

3m2
3/2

!
CN (�s+2t) .

(8)
In (8) a factor 1/2 is already included for the process A
due to the 2 identical incoming particles. Substituting
(8) in (6), the subtracted rate is obtained as

�sub =
T

6

M
2
P

3X

N=1

g
2
N

 
1 +

m
2
�N

3m2
3/2

!
CN

�
�Cs

BBF + 2 Ct
BFB

�
.

(9)

The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for

G~ G~K

QP

g~

g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can
be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<
µ⌫(K) propagators as [21,

26]
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1
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To
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In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].
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In (8) a factor 1/2 is already included for the process A
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The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for

G~ G~K

QP

g~

g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can
be expressed in terms of the thermally resummed gaugino
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
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missing. In contrast we are using the correct Feynman
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the
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compute the production rate related to the D�graph �D, we will use its definition [39]
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where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.
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where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-
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The solid curves represent in order, the total rate (black) given
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rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the
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FIG. 9. The D�graph contribution divided by Y3 T
6/M2

P for the SU(3)c gauge group. The upper dashed curve is the cont-pole
contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.

VI. The D�graph contribution

As it has been discussed above, Eq. (3) describes the relation between the D�graph and the sum of the
squared amplitudes for the s, t, and u channels. In the D�graph contribution we will implement the resummed
thermal corrections to the gauge boson and gaugino propagators 3. Although in Fig. 1 the gluino-gluon ther-
mal loop is displayed, the contributions of all the gauge groups have been included in our analysis. The mo-
mentum flow used to calculate the D�graph can be depicted in Fig. 1. That is eG(P ) ! g(K) + g̃(Q), with
P = (p, p, 0, 0) , K = (k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0), where ✓k,q are the polar angles of
the corresponding 3-momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<
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(K) propagators as [? ? ]
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with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]

�D =

Z
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2p0(2⇡)3
⇧<(p) (78)

and after appropriate manipulations we obtain
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3 Like in [? ] using the gravitino polarization sum (1), we nullify the corresponding quark-squark D�graph.
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mal loop is displayed, the contributions of all the gauge groups have been included in our analysis. The mo-
mentum flow used to calculate the D�graph can be depicted in Fig. 1. That is eG(P ) ! g(K) + g̃(Q), with
P = (p, p, 0, 0) , K = (k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0), where ✓k,q are the polar angles of
the corresponding 3-momenta k,q in spherical coordinates.
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with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]
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3 Like in [? ] using the gravitino polarization sum (1), we nullify the corresponding quark-squark D�graph.
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P for the SU(3)c gauge group. The upper dashed curve is the cont-pole
contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form
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(6)
where the fi stands for the usual Bose and Fermi statis-
tical densities

fB|F =
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e
E
T ⌥ 1

. (7)

In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].

The contribution of the processes A and B, for each
gauge group, can be read from Table I as
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In (8) a factor 1/2 is already included for the process A
due to the 2 identical incoming particles. Substituting
(8) in (6), the subtracted rate is obtained as

�sub =
T

6

M
2
P

3X

N=1

g
2
N

 
1 +

m
2
�N

3m2
3/2

!
CN

�
�Cs

BBF + 2 Ct
BFB

�
.

(9)

The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for

G~ G~K
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g~

g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To
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contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.
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with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]

�D =

Z
d3p

2p0(2⇡)3
⇧<(p) (78)

and after appropriate manipulations we obtain

�D =
1

4(2⇡)5M2

P

3X

N=1

nN

 
1 +

m
2

�N

3m2

3/2

!Z 1

0

dp

Z 1

�1
dk0

Z 1

0

dk

Z
k+p

|k�p|
dq k fB(k0) fF (q0)

⇥
h
⇢L(K) ⇢�(Q) (p� q)2

�
(p+ q)2 � k

2
�
+ ⇢L(K) ⇢+(Q) (p+ q)2

�
k
2 � (p� q)2

�

3 Like in [? ] using the gravitino polarization sum (1), we nullify the corresponding quark-squark D�graph.

13

+ ⇢T (K) ⇢�(Q)
�
k
2 � (p� q)2

�⇣
(1 + k

2

0
/k

2
��
k
2 + (p+ q)2

�
� 4k0(p+ q)

⌘

+ ⇢T (K) ⇢+(Q)
�
(p+ q)2 � k

2
�⇣

(1 + k
2

0
/k

2)
�
k
2 + (p� q)2

�
� 4k0(p� q)

⌘i
, (79)

where q0 = p� k0 .

The spectral functions ⇢L,T (K) for the longitudinal and transverse gauge boson are defined as [? ? ]

⇢L,T (K) = 2⇡
n
ZL,T (k)

h
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and these for the fermions, with positive and negative energy, are
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At the HTL approximation the corresponding residua are
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Substituting (80),(81) into (79) we obtain three contributions for �D: (I) terms that are proportional to ⇢
cont

L,T
⇢
cont

±
that will be called cont-cont, (II) terms proportional either to ⇢L,T or to ⇢

cont

± that will be called pole-cont and (III)
terms not involving any ⇢

cont called pole-pole part.
The thermally corrected one-loop self-energy for gauge bosons, scalars and fermions that we have used in calculating

these spectral functions, can be found in [? ? ? ? ? ? ]. Comparing (79) with the corresponding analytical result
given in Eqs. (4.6) and (4.7) in [? ], one can notice that they di↵er on the overall factor and on the number of
independent phase-space integrations. Our analytical result has been checked using various frames for the momenta
flow into the loop.

VII. Strumia section 4.1 revisited

As basis we use [? ]. The referenced equations are written as e.g. S(4.5).

The four momenta are defined as eG(P ) ! g(K) + g̃(Q) with

P = (p, pcp, psp, 0) , K = (k0, k, 0, 0) , Q = (q0, qcq, qsq, 0) , (83)

using the short notation e.g. cp ⌘ cos ✓p. We already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, P 2 = 0, p0 = p. We have 7 variables, p, k, q, k0, q0, cp and cq, and three non-trivial
equations due to the overall momentum conservation, P i = K

i +Q
i
, i = 0, 1, 2. Thus, we are left with 4 independent

variables. We choose the basis k0, k, q0, and q. The other 3 ones are:

p = k0 + q0 (84)

cp =
p
2 � q

2 + k
2

2kp
, (85)

cq =
p
2 � q

2 � k
2

2kq
(86)

still using later for convenience p instead of k0 + q0.

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless case we need the Feynman
rules for the two vertices. From (35) and (36) of [? ] we write the gluon-gluino-gravitino interaction,

L = � i
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Obeying the equivalence theorem, these lagrangians can also be written as (see e. g. (A.19) and (A.14) in [? ]),

1
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1p
6meGMP
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� . (88)
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where q0 = p� k0 .
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that will be called cont-cont, (II) terms proportional either to ⇢L,T or to ⇢

cont

± that will be called pole-cont and (III)
terms not involving any ⇢

cont called pole-pole part.
The thermally corrected one-loop self-energy for gauge bosons, scalars and fermions that we have used in calculating

these spectral functions, can be found in [? ? ? ? ? ? ]. Comparing (79) with the corresponding analytical result
given in Eqs. (4.6) and (4.7) in [? ], one can notice that they di↵er on the overall factor and on the number of
independent phase-space integrations. Our analytical result has been checked using various frames for the momenta
flow into the loop.

VII. Strumia section 4.1 revisited

As basis we use [? ]. The referenced equations are written as e.g. S(4.5).

The four momenta are defined as eG(P ) ! g(K) + g̃(Q) with

P = (p, pcp, psp, 0) , K = (k0, k, 0, 0) , Q = (q0, qcq, qsq, 0) , (83)

using the short notation e.g. cp ⌘ cos ✓p. We already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, P 2 = 0, p0 = p. We have 7 variables, p, k, q, k0, q0, cp and cq, and three non-trivial
equations due to the overall momentum conservation, P i = K
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i
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variables. We choose the basis k0, k, q0, and q. The other 3 ones are:
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still using later for convenience p instead of k0 + q0.

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless case we need the Feynman
rules for the two vertices. From (35) and (36) of [? ] we write the gluon-gluino-gravitino interaction,
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Obeying the equivalence theorem, these lagrangians can also be written as (see e. g. (A.19) and (A.14) in [? ]),
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where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]
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where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].
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where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
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TABLE III. The values of the constants cN and kN that parametrize our result (193) for the subtracted and the D�graph
part. Each line corresponds to the particular gauge group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
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FIG. 11. The gravitino production rates divided by YN T 6/M2
P. The solid curves represent in order, the total rate (black)

given by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green) rates given by (193) and the top Yukawa rate (purple) given
by (192). The upper dashed curve is the total production rate obtained in [? ]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with that in [? ].

IX. The parameterization of the result

Following [? ] we parametrize the results (9) and (79) using the gauge couplings g1, g2 and g3 . Thus
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where the constants cN and kN depend on the gauge group and their values are given in Table III. In Fig. 11 we
summarize our numerical results for the gravitino production rates divided by YN T

6
/M

2

P
. Especially, for the case of

the top Yukawa contribution, in YN the m2

�N
has to be replaced by A

2

t
. The colored solid curves represent the SU(3)c

(red), SU(2)L (blue) and U(1)Y (green) rates given by (193) and the top Yukawa rate (purple) given by (192), while
the black solid curve is the total result given by (5). The dashed black curve corresponds to the total result from [?
]. For the sake of comparison, we have also chosen �t = 0.7.

Despite the analytical and numerical discrepancies with [? ], it is interesting that our result for the total gravitino
production rate is only 5 � 11% smaller than that in [? ]. Being unable to explain this quantitively in details, we
assume that the aforementioned di↵erences have opposing e↵ects on the total result. For convenience, in Fig. 11
universal gauge coupling unification is assumed at the grand unification (GUT) scale ⇠ 2⇥ 1016 GeV, but certainly
the result in (193) can be used independently of this assumption. Eq. (193) along with the numbers in Table III is
the main result of this paper.

X. The Gravitino abundance

The Boltzmann equation for the gravitino number density n3/2 is

ṅ3/2 + 3Hn3/2 = �3/2 , (194)

Result and cosmological consequences 
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Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +

A
2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus

�sub+�D =
3⇣(3)

16⇡3

T
6

M
2
P

3X

N=1

cN g
2
N

 
1 +

m
2
�N

3m2
3/2

!
ln

✓
kN

gN

◆
,

(15)
where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
duction rates divided by YN T

6
/M

2
P. Especially, for the

case of the top Yukawa contribution, in YN the m
2
�N

has
to be replaced by A

2
t . The colored solid curves repre-

sent the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple)
given by (14), while the black solid curve is the total re-

4

compute the production rate related to the D�graph �D, we will use its definition [39]

�D =

Z
d3p

2p0(2⇡)3
⇧<(p) (12)

and after appropriate manipulations [40] we obtain

�D =
1

4(2⇡)5M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z 1

0
dp

Z 1

�1
dk0

Z 1

0
dk

Z k+p

|k�p|
dq k fB(k0) fF (q0)

⇥
h
⇢L(K) ⇢�(Q) (p� q)2

�
(p+ q)2 � k

2
�
+ ⇢L(K) ⇢+(Q) (p+ q)2

�
k
2 � (p� q)2

�

+ ⇢T (K) ⇢�(Q)
�
k
2 � (p� q)2

�⇣
(1 + k

2
0/k

2
��
k
2 + (p+ q)2

�
� 4k0(p+ q)

⌘

+ ⇢T (K) ⇢+(Q)
�
(p+ q)2 � k

2
�⇣

(1 + k
2
0/k

2)
�
k
2 + (p� q)2

�
� 4k0(p� q)

⌘i
, (13)

where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +

A
2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus

�sub+�D =
3⇣(3)

16⇡3

T
6

M
2
P

3X

N=1

cN g
2
N

 
1 +

m
2
�N

3m2
3/2

!
ln

✓
kN

gN

◆
,

(15)
where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
duction rates divided by YN T

6
/M

2
P. Especially, for the

case of the top Yukawa contribution, in YN the m
2
�N

has
to be replaced by A

2
t . The colored solid curves repre-

sent the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple)
given by (14), while the black solid curve is the total re-

4

compute the production rate related to the D�graph �D, we will use its definition [39]

�D =

Z
d3p

2p0(2⇡)3
⇧<(p) (12)

and after appropriate manipulations [40] we obtain

�D =
1

4(2⇡)5M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z 1

0
dp

Z 1

�1
dk0

Z 1

0
dk

Z k+p

|k�p|
dq k fB(k0) fF (q0)

⇥
h
⇢L(K) ⇢�(Q) (p� q)2

�
(p+ q)2 � k

2
�
+ ⇢L(K) ⇢+(Q) (p+ q)2

�
k
2 � (p� q)2

�

+ ⇢T (K) ⇢�(Q)
�
k
2 � (p� q)2

�⇣
(1 + k

2
0/k

2
��
k
2 + (p+ q)2

�
� 4k0(p+ q)

⌘

+ ⇢T (K) ⇢+(Q)
�
(p+ q)2 � k

2
�⇣

(1 + k
2
0/k

2)
�
k
2 + (p� q)2

�
� 4k0(p� q)

⌘i
, (13)

where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +

A
2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus

�sub+�D =
3⇣(3)

16⇡3

T
6

M
2
P

3X

N=1

cN g
2
N

 
1 +

m
2
�N

3m2
3/2

!
ln

✓
kN

gN

◆
,

(15)
where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
duction rates divided by YN T

6
/M

2
P. Especially, for the

case of the top Yukawa contribution, in YN the m
2
�N

has
to be replaced by A

2
t . The colored solid curves repre-

sent the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple)
given by (14), while the black solid curve is the total re-

4

compute the production rate related to the D�graph �D, we will use its definition [39]

�D =

Z
d3p

2p0(2⇡)3
⇧<(p) (12)

and after appropriate manipulations [40] we obtain

�D =
1

4(2⇡)5M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z 1

0
dp

Z 1

�1
dk0

Z 1

0
dk

Z k+p

|k�p|
dq k fB(k0) fF (q0)

⇥
h
⇢L(K) ⇢�(Q) (p� q)2

�
(p+ q)2 � k

2
�
+ ⇢L(K) ⇢+(Q) (p+ q)2

�
k
2 � (p� q)2

�

+ ⇢T (K) ⇢�(Q)
�
k
2 � (p� q)2

�⇣
(1 + k

2
0/k

2
��
k
2 + (p+ q)2

�
� 4k0(p+ q)

⌘

+ ⇢T (K) ⇢+(Q)
�
(p+ q)2 � k

2
�⇣

(1 + k
2
0/k

2)
�
k
2 + (p� q)2

�
� 4k0(p� q)

⌘i
, (13)

where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +

A
2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus

�sub+�D =
3⇣(3)

16⇡3

T
6

M
2
P

3X

N=1

cN g
2
N

 
1 +

m
2
�N

3m2
3/2

!
ln

✓
kN

gN

◆
,

(15)
where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
duction rates divided by YN T

6
/M

2
P. Especially, for the

case of the top Yukawa contribution, in YN the m
2
�N

has
to be replaced by A

2
t . The colored solid curves repre-

sent the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple)
given by (14), while the black solid curve is the total re-

4

compute the production rate related to the D�graph �D, we will use its definition [39]

�D =

Z
d3p

2p0(2⇡)3
⇧<(p) (12)

and after appropriate manipulations [40] we obtain

�D =
1

4(2⇡)5M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z 1

0
dp

Z 1

�1
dk0

Z 1

0
dk

Z k+p

|k�p|
dq k fB(k0) fF (q0)

⇥
h
⇢L(K) ⇢�(Q) (p� q)2

�
(p+ q)2 � k

2
�
+ ⇢L(K) ⇢+(Q) (p+ q)2

�
k
2 � (p� q)2

�

+ ⇢T (K) ⇢�(Q)
�
k
2 � (p� q)2

�⇣
(1 + k

2
0/k

2
��
k
2 + (p+ q)2

�
� 4k0(p+ q)

⌘

+ ⇢T (K) ⇢+(Q)
�
(p+ q)2 � k

2
�⇣

(1 + k
2
0/k

2)
�
k
2 + (p� q)2

�
� 4k0(p� q)

⌘i
, (13)

where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +

A
2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus

�sub+�D =
3⇣(3)

16⇡3

T
6

M
2
P

3X

N=1

cN g
2
N

 
1 +

m
2
�N

3m2
3/2

!
ln

✓
kN

gN

◆
,

(15)
where the constants cN and kN depend on the gauge
group and their values are given in Table II. In Fig. 2 we
summarize our numerical results for the gravitino pro-
duction rates divided by YN T

6
/M

2
P. Especially, for the

case of the top Yukawa contribution, in YN the m
2
�N

has
to be replaced by A

2
t . The colored solid curves repre-

sent the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple)
given by (14), while the black solid curve is the total re-

  [Rychkov, Strumia (2007)]



Gravitino abundance

26

FIG. 12. The cosmologically accepted 3� regions for the gravitino thermal abundance, for various values of the m1/2 between
750 GeV and 4 TeV. The trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7.
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2. Substituting (195) into (194) we obtain that the gravitino abundance for T ⌧ Treh is given
by [? ]

Y3/2(T ) '
�3/2(Treh)

H(Treh) nrad(Treh)

g⇤s(T )

g⇤s(Treh)
, (196)

where g⇤s are the e↵ective entropy degrees of freedom in the Minimal Supersymmetric SM. In [? ] it was assumed
that the inflaton decay is instantaneous as is the thermalization of the Universe.

Following the latest data from the Planck Satellite, the cosmological accepted value for the DM density in the
Universe is ⌦DMh

2 = 0.1198± 0.0012 [? ]. Assuming that the thermal gravitino abundance amounts to the observed
DM, we obtain that
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where ⇢cr = 3H2
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P
is the critical energy density. H0 = 100h km/(sMpc) is the Hubble constant and T0 = 2.725K

the cosmic microwave background temperature today. The entropy degrees of freedom at the associated temperatures
are g⇤s(T0) = 43/11 and g⇤s(Treh) = 915/4. The last number equals to the e↵ective energy degrees of freedom for
H(Treh) in the Minimal Supersymmetric SM too. Fig. 12 illustrates the 3� regions resulting from (197), for various
values of m1/2. In this figure the trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7, as
previously. As before, gauge coupling unification it is assumed, as well as a universal gaugino mass m1/2 at the GUT
scale.

For large gravitino mass the reheating temperature is m1/2 independent, as the characteristic factor m2

�N
/(3m2

3/2
)

becomes negligible for m1/2 ⌧ m3/2. Assuming that m1/2 & 750 GeV, as it is suggested by the recent LHC data [?
? ] on gluino searches, from Fig. 12 we infer that for maximum Treh ' 109 GeV the corresponding gravitino mass
is m3/2 ' 550 GeV. Allowing for a reheating temperature an order of magnitude smaller, Treh ' 108 GeV, for the
same gravitino mass, m1/2 can go up to 3� 4 TeV.
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Thermal Production of Gravitinos
ω Thermal production rate
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ω Two contributions

• Transverse spin-3/2 gravitino
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ω Approximate relic abundance
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ω The transition from Goldstino to transverse production is responsible for the appearance
of the peak reheating temperature, 𝜑 peak

reh .

The paper is organized as follows. In Section 2, we briefly review the conventional freeze-
in production of gravitino DM. In Section 3, we introduce the nonstandard cosmological
framework containing an extra scalar and derive the corresponding gravitino abundance.
In Section 4, we present our numerical results, with particular emphasis on the dilution
factor and the shifted reheating-temperature peak T

peak,ω
reh . We also identify the regions of

parameter space in which a substantial dilution of the gravitino abundance can be achieved.
Finally, in Section 5, we summarize our conclusions and discuss possible directions for future
work.

2 Gravitino DM and reheating temperature

In this section we will review the conventional gravitino thermal production details. The
key ingredient for calculating the gravitino abundance Y3/2 is the production rate ω3/2. For
this we will use the results from [20]. In the following, for the sake of simplicity, we retain
only the dominant contribution associated with the soft supersymmetry (SUSY) breaking
gaugino masses, neglecting the contribution from the trilinear top-quark coupling parameter,
At, since its e!ect is numerically subdominant [20–22].

Following the parametrization of the ω3/2 as in [21] we have

ω3/2 =
T
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M
2
P

3ε(3)
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cN g
2
N

(
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M
2
N

3m2
3/2
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ln

(
kN

gN

)
, (1)

where the factors cN , kN are taken from Table 1 and the sum runs over the three Standard
Model (SM) gauge groups.

SM group cN kN

U(1)Y 35.56 0.85

SU(2)L 35.33 1.38

SU(3)c 29.40 3.07

Table 1: The values of the constants cN , kN that parametrize the ω3/2 in Eq. (1), as given
in [21]. Each value corresponds to a particular SM gauge group, U(1)Y, SU(2)L, and SU(3)c.

Here, we assume a unified gauge coupling, gGUT =
√
ϑ/6, at the Grand Unified (GUT)

scale. We also parametrize the gaugino masses as MN = M1/2 g
2
N/g

2
GUT, where the gauge

couplings gN are evaluated at the relevant energy scale, identified here with the temperature.
The running of the gauge couplings with the energy scale is assumed to follow that of the
Minimal Supersymmetric Standard Model (MSSM).

In order to obtain the thermal gravitino abundance one has to solve the Boltzmann
equation for the gravitino number density n3/2

dn3/2

dt
+ 3Hn3/2 = ω3/2 , (2)

3



Figure 1: In the left panel, we plot the contour corresponding to !3/2h
2 = 0.12 for M1/2 =

1 TeV. The shaded region is cosmologically excluded, as it corresponds to !3/2h
2
> 0.12. The

unshaded region below the contour allows for additional contributions to the DM abundance.
In the right panel, we show the corresponding contours for M1/2 = 1, 2, 5, and 10 TeV. The

points at the top of the curves indicate T
peak
reh , namely the maximum reheating temperature

consistent with the observed DM abundance for a given value of M1/2. The corresponding
values are listed in Table 2.

We have verified numerically that the analytic approximation given in Eq. (11) agrees
with the exact result obtained from Eq. (7) at the level of better than 1%. We recall
that, in the above calculations, ωcr = 3H2

0M
2
Pl denotes the critical energy density, while

H0 = 100h km s→1 Mpc→1 is the present Hubble parameter. We also use T0 = 2.7 K for the
current temperature of the cosmic microwave background. The entropy degrees of freedom
at the relevant temperatures are given by g↑s(T0) =

43
11 and g↑s(Treh) =

915
4 . The latter value

corresponds to the e”ective number of relativistic degrees of freedom in the MSSM relevant
for the determination of H(Treh).

According to the latest data from the Planck Collaboration, the observed DM abundance
in the Universe is !3/2h

2 = 0.12± 0.0012 [56]. Assuming that the thermally produced grav-
itino abundance accounts for the entirety of the observed DM, one can derive constraints
on the gravitino mass and/or the reheating temperature. As we will demonstrate, how-
ever, these constraints can be substantially relaxed in the presence of an extra scalar field
coexisting with gravitinos during the freeze-in production era.

In Fig. 1 we plot curves with fixed !3/2h
2 = 0.12 in the m3/2, Treh plane. For plotting

these curves we have used the exact numerical solution of the gravitino abundance Boltzmann
Eq. (6). As explained earlier, identical results were obtained using the approximation in
Eq. (11). As can be seen in this figure, for fixed values of M1/2 the reheating temperature
exhibits a maximum value, denoted by T

peak
reh , occurring at a particular value of the gravitino

mass m3/2. The origin of this behavior was discussed in [21] and can be understood directly
from Eq. (11).

For fixed !3/2h
2 and M1/2, Eq. (11) determines the dependence of Treh on the grav-
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M1/2 ( TeV) m3/2 ( GeV) T
peak
reh ( GeV)

1 771 1.05→ 109

2 1596 5.10→ 108

5 4065 1.96→ 108

10 8124 9.51→ 107

Table 2: The m3/2 and T
peak
reh values for various M1/2 cases, assuming complete gravitino

DM, that is !3/2h
2 = 0.12. These peak values correspond in cases in Fig. 1. We will be

using M1/2 = 1, 2, 5, 10 TeV, as benchmark values in our phenomenological analysis.

itino mass. In the regime M1/2 ↭ 3 TeV, m3/2 ↭ 1 TeV, the contribution proportional to
M

2
N/3m

2
3/2 dominates the gravitino production rate. In this region, increasing m3/2 sup-

presses the goldstino-enhanced contribution, and therefore larger values of Treh are required
in order to reproduce the observed DM abundance. As a result, Treh increases with increasing
m3/2.

For su”ciently large gravitino masses, however, the term M
2
N/(3m

2
3/2) becomes subdom-

inant compared to unity. In this regime, the transverse spin-3/2 gravitino modes dominate
the production process, and Eq. (11) implies an approximately inverse dependence of Treh

on m3/2. Consequently, Treh starts decreasing as m3/2 increases further. The transition
between these two regimes gives rise to the peak structure observed in Fig. 1. For larger
values of M1/2, the ratio M

2
N/(3m

2
3/2) remains dominant over a broader range of gravitino

masses. In this case, the peak gradually disappears and the reheating temperature becomes
approximately proportional to m3/2.

The features discussed above are displayed in Fig. 1. In the left panel, we show the contour
defined by !3/2h

2 = 0.12 for the representative case M1/2 = 1 TeV. The region above the
curve corresponds to an overproduction of gravitino DM and is therefore cosmologically
excluded. By contrast, the region below the contour remains phenomenologically viable,
since it allows for either partial gravitino DM or additional non-gravitino contributions to
the total DM abundance. The highest point along the contour identifies T peak

reh , namely the
largest reheating temperature compatible with the observed gravitino relic abundance for
the chosen value of M1/2.

The right panel illustrates the evolution of the !3/2h
2 = 0.12 contour as the universal

gaugino mass increases. In particular, we present the cases M1/2 = 1, 2, 5, and 10 TeV,
emphasizing the gradual shift of T peak

reh toward lower values as M1/2 increases. As discussed
previously, the benchmark value M1/2 = 1 TeV lies only a few hundred GeV above the
current lower bounds from ATLAS Collaboration and CMS Collaboration searches [38, 39].
On the other hand, within the framework of the Constrained Minimal Supersymmetric Stan-
dard Model (CMSSM), values as large as M1/2 = 10 TeV may be favored, particularly for
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Motivation
ω Gravitino Freeze-In
The reheating temperature compatible w ith ε3/2𝜔2 = 0.12 exhibits a maximum, 𝜀 peak

reh .

ω Collider Constraints
Increasing lower bounds on the gluino mass imply

𝜗1/2 ⋛ ⋜ 𝜀 peak
reh ⋝ .

ω Thermal Leptogenesis
Successful thermal leptogenesis typically requires

𝜀reh 𝜛 2 ϑ 109 GeV.

ω Tension
Future collider bounds may further reduce 𝜀 peak

reh , increasing the tension between thermal
gravitino production and thermal leptogenesis.

Can a non-standard cosmological history relax this
bound?



A n Additional Scalar Component
ω Possible Origin
Additional scalar � elds arise naturally in supergravity and string-inspired models.
Examples include

• moduli,

• � at directions,

• saxions,

• hidden-sector scalars.

ω Model-Independent Description
Rather than specifying the microscopic origin, we describe the scalar phenomenologically
through

⌋𝜔𝜀, ε𝜀, 𝜗𝜀⌈
where

• 𝜔𝜀 : equation-of-state parameter,

• ω𝜔 : decay w idth,

• 𝜀𝜔 = 𝜗𝜔/𝜗𝜛|𝜚reh : initial abundance.

Question: How do these parameters a � ect ε𝜔 and 𝜚 peak,𝜔
reh ?ff

f

f



Boltzmann Equations
ω Three-component cosmological system

𝜔𝜀𝜗 = ε3(1 + 𝜛𝜗)𝜚 𝜀𝜗 ε ϑ𝜗 𝜀𝜗 ,
𝜔𝜀𝜍 = ε4𝜚 𝜀𝜍 + ϑ𝜗 𝜀𝜗 ,

𝜔𝜀3/2 = ε3𝜚 𝜀3/2 + 𝜑3/2 𝛻3/2(𝜕 ) .

ω Expansion rate

𝜚 2 = 1
3ℵ2

ℶ
⌋𝜀𝜗 + 𝜀𝜍⌈ .

ω Initial conditions
A t 𝜕 = 𝜕reh,

𝜀𝜗 = ℷ𝜗 𝜀𝜍, 𝜀3/2 = 0.

ω Numerical integration from 𝜕reh down to 𝜕 ϖ 10ε4 GeV.



Figure 2: The curves of fixed !3/2h
2 = 0.12 in the m3/2, T

max
reh plane in the presence of ω

component, for rω = 10→3, wω = 0.1 and ”ω = 10→12 GeV.

The final value of the evolution variable, Nfinal, is not fixed beforehand but is instead
determined dynamically during the numerical integration. At each integration step, the
temperature is reconstructed from the radiation energy density according to

εR(N) =
ϑ
2

30
g↑(T )T

4
. (20)

The integration is terminated once the condition T (Nfinal) = Tfinal is satisfied, where Tfinal

is chosen su#ciently small, typically Tfinal → 10→4 GeV, so that gravitino production has
e$ectively ceased and the entropy injection from ω decays has been completed.

We note that in the standard radiation-dominated case, assuming constant relativistic
degrees of freedom, one has T → a

→1, and therefore

N ↑ ln

(
Treh

T

)
, (21)

and consequently

N
(RD)
final ↑ ln

(
Treh

Tfinal

)
. (22)

In the presence of the additional ω component, however, this relation is modified due both
to the altered expansion rate and to the entropy injection associated with ω decays. Con-
sequently, the relation between temperature and scale factor departs from the standard
radiation-dominated behavior, and the value of Nfinal must be determined numerically, as
done throughout our analysis.

After the numerical integration, the final gravitino yield is computed as

Y
ω
3/2 =

n3/2

s
=

ε3/2

m3/2 s(T )
. (23)

9

M1/2 ( TeV) m3/2 ( GeV) T
peak,ω
reh ( GeV) !ω

1 675 2.51→ 1011 187.6

2 1472 3.11→ 1010 49.6

5 3856 1.97→ 109 8.7

10 7777 2.76→ 108 2.6

Table 3: The m3/2 and Treh peak values for various M1/2 cases, assuming ”3/2h
2 = 0.12, in

in the presence of ω component, using rω = 10→3, wω = 0.1 and #ω = 10→12 GeV. These
peak values correspond in cases in Fig. 2. We give also the dilution factor !ω for these cases
defined as ”3/2/”

ω
3/2 at the position of the new peak.

The relic density is then

”ω
3/2h

2 = 2.742→ 108
(
m3/2

GeV

)
Y

ω
3/2 . (24)

For comparison, we also compute the standard radiation-dominated result ”3/2h
2, that

correspond to the result presented in Eq. (10)2. This way one can define the dilution factor
due to the presence of ω

!ω =
”3/2

”ω
3/2

. (25)

A value !ω > 1 corresponds to a suppression of the gravitino abundance relative to the
standard cosmological scenario, whereas !ω < 1 corresponds to an enhancement.

As a first step toward presenting our results in the presence of the additional ω component,
we construct the analogue of Fig. 1. In Fig. 2, we plot the contours corresponding to
fixed ”3/2h

2 = 0.12 in the (m3/2, Treh) plane, obtained by solving the gravitino Boltzmann
equation in the nonstandard cosmological background described above. For illustration, we
choose the representative values rω = 10→3, wω = 0.1, #ω = 10→12 GeV, and consider the
benchmark cases M1/2 = 1, 2, 5 and 10 TeV. We observe that, for M1/2 = 1 TeV, the
peak reheating temperature is enhanced by nearly two orders of magnitude relative to the
standard radiation-dominated scenario. The enhancement becomes progressively smaller for
larger values of M1/2.

In Table 3, we list the corresponding peak values, denoted by T
peak,ω
reh , for the benchmark

choices of M1/2. Comparison with Table 2 clearly illustrates the enhancement of the peak
reheating temperatures induced by the presence of the ω component. In the last column, we
also provide the corresponding dilution factor, !ω, calculated from Eq. (25).

2In the following, we reserve the symbols Y3/2 and !3/2h
2 for the gravitino yield and the corresponding

DM relic abundance calculated in the standard radiation-dominated scenario discussed in Section 2. By
contrast, the quantities Y ω

3/2 and !ω
3/2h

2 will denote the corresponding quantities calculated in the presence
of the additional ω component.

10



Understanding the Dilution
ω Dilution factor

ε𝜔 ⋛
𝜀3/2
𝜀 𝜔
3/2

.

ω Matter-like scalar (𝜗𝜔 = 0)

𝜛𝜔
𝜛𝜚

ϑ 𝜍𝜔
𝜑reh
𝜑

, 𝜑dom ϑ 𝜍𝜔𝜑reh.

ω Decay temperature

𝜑𝜔 ϖ
⌋
ϱ𝜔𝛻𝜕 .

ω Scaling estimate

ε𝜔 ς
𝜑dom
𝜑𝜔

ς
𝜍𝜔𝜑reh
𝜑𝜔

.

ω Consequence

𝜔 peak,𝜀
reh ω ε𝜀 𝜔

peak
reh .



Physical Interpretation
ω Increasing 𝜔𝜀 ⋛ earlier 𝜀 domination ⋛ larger ε𝜀

ω Decreasing ϑ𝜀 ⋛ later decay ⋛ larger ε𝜀.

ω Equation of state

• 𝜗𝜀 < 1/3 : matter redshi � s slower than radiation ⋛ dilution.

• 𝜗𝜀 > 1/3 : component redshi � s faster than radiation ⋛ enhancement.

The numerical results follow directly from these simple
scaling arguments

ft

ft



Figure 3: The dilution factor !ω is shown for wω = 0, 0.1, 1/3, and 1, in the (”ω, rω) plane.
In each panel, we present contours of log!ω. In all cases, we fix the universal gaugino mass
to M1/2 = 1 TeV and the dilution factor is calculated at the T

peak
reh , for m3/2 = 771 GeV as

in Table 2. Solid contours correspond to positive values, while dashed contours correspond
to negative ones.

ues of ”ω correspond to longer-lived scalar configurations, allowing ω to remain cosmologically
relevant for an extended period. This increases the possibility of a transient ω-dominated era
and consequently enhances the entropy released during the decay process, leading to stronger
dilution of the gravitino abundance. Conversely, su#ciently large values of ”ω imply an early
decay of ω, reducing its impact on the thermal history of the Universe.

Finally, the parameter rω determines the initial importance of the scalar component rela-
tive to radiation at reheating. Larger values of rω imply that ω becomes dynamically relevant
earlier in the cosmological evolution, thereby amplifying both its e$ect on the expansion rate
and the resulting entropy production. One therefore expects the dilution factor to increase
with increasing rω.

These simple scaling arguments qualitatively explain the numerical behavior observed in

12



Figure 4: The curves of fixed !3/2h
2 = 0.12 in the m3/2, T

max
reh plane using the exact numerical

solution of the gravitino abundance Boltzmann equation in the non-standard background,
using the values of rω, wω and ”ω as displayed in the figures.

For a fixed relic density, this suppression can be compensated by increasing the reheating
temperature, suggesting the approximate scaling

T
peak,ω
reh → #ω T

peak
reh , (31)

up to corrections associated with the modified expansion rate during gravitino production.
In the following, Eqs. (30) and (31) will serve as useful guides for interpreting the numerical
results and understanding the dependence of the shifted peak reheating temperature T

peak,ω
reh

on the parameters of the ω-sector.
In Table 4, we summarize the values of the gravitino mass m3/2, the shifted peak reheat-

ing temperature T
peak,ω
reh , and the corresponding dilution factor #ω for several benchmark

choices of M1/2, under the assumption that gravitinos account for the total DM abundance,
!3/2h

2 = 0.12. Two representative cosmological scenarios are compared. The first corre-
sponds to a near matter-dominated scalar component with wω = 0.1 and ”ω = 10→16 GeV,
while the second corresponds to a kination-dominated configuration with wω = 1 and

15

wω = 0.1, !ω = 10→16GeV wω = 1, !ω = 10→12GeV

M1/2(TeV) m3/2(GeV) T peak,ω
reh (GeV) ”ω m3/2 (GeV) T peak,ω

reh (GeV) ”ω

1 645 1.45→ 1015 8.80→ 105 763 3.64→ 108 3.40→ 10→1

2 1441 1.84→ 1014 2.37→ 105 1584 1.77→ 108 3.40→ 10→1

5 3826 1.22→ 1013 4.20→ 104 3896 6.77→ 107 3.39→ 10→1

10 7748 1.58→ 1012 1.14→ 104 7931 3.27→ 107 3.38→ 10→1

Table 4: The values of m3/2, the peak reheating temperature T
peak,ω
reh , and the dilution factor

!ω for various choices of M1/2, assuming complete gravitino DM, ”3/2h
2 = 0.12, in the

modified cosmological background. We compare two representative cases: a near matter-
like component with wω = 0.1 and #ω = 10→16 GeV, and a kination-dominated component
with wω = 1 and #ω = 10→12 GeV, both for rω = 10→3. The dilution factor is defined as
!ω ↑ ”3/2/”

ω
3/2 evaluated at the position of the shifted reheating peak.

dilution factor defined in Eq. (25),

!ω =
Y3/2

Y
ω
3/2

, (26)

provides a direct measure of the suppression of the gravitino abundance. Assuming that the
decay occurs when H ↓ #ω, the corresponding decay temperature is approximately

Tω ↓

(
90

ω2g↑(Tω)

)1/4 √
#ωMP . (27)

For a matter-like scalar component, wω = 0, the ratio of scalar to radiation energy densities
evolves as

εω

εR
↓ rω

Treh

T
, (28)

prior to the decay of ϑ. Consequently, the scalar component starts to dominate the energy
density at the temperature

Tdom ↓ rω Treh. (29)

If a period of ϑ domination is realized, one expects the dilution factor to scale parametrically
as

!ω ↔
Tdom

Tω
↔

rωTreh

Tω
. (30)

Equation (30) explains the main trends observed in our numerical analysis. The dilution
increases with the initial abundance rω and decreases with the decay temperature Tω, or
equivalently with increasing decay width #ω, since Tω ↗

√
#ω. As a result, larger values

of rω and smaller values of #ω lead to a stronger suppression of the gravitino abundance.

14



Figure 5: The dilution factor at the shifted reheating peak, !ω (left panels), and the corre-
sponding peak reheating temperature, T peak,ω

reh (right panels), shown in the (”ω, rω) plane for
M1/2 = 1 TeV. The three rows correspond to wω = 0.1, wω = 1/3, and wω = 1, respectively.

In the shaded regions we get T peak,ω
reh > 1016 GeV.
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Summary
ω We studied gravitino freeze-in dark matter in the presence of an additional scalar compo-
nent 𝜔.

ω The non-standard cosmological evolution is characterized by three phenomenological pa-
rameters:

(𝜀𝜔, ε𝜔, 𝜗𝜔).

ω For 𝜀𝜔 < 1/3, entropy production dilutes the gravitino abundance, allow ing substantially
larger values of 𝜛 peak,𝜔

reh .

ω For 𝜀𝜔 ⋛ 1/3, the gravitino abundance is enhanced (ϑ𝜔 < 1), leading to smaller values of
𝜛 peak,𝜔
reh .

ω Matter-like con � gurations can increase the allowed reheating temperature by several orders
of magnitude.

ω The gravitino upper bound on 𝜛reh is therefore signi � cantly relaxed, alleviating its tension
w ith high-scale baryogenesis scenarios.

Thank you for your attention!

f
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where H is the Hubble constant. The gravitino abundance Y3/2 is defined as

Y3/2 =
n3/2

s
, (3)

where we have used for the entropy density s = (2ω2
/45)g→sT 3. Substituting Y3/2 into (2) we

get the Boltzmann equation for Y3/2

dY3/2

dt
=

ε3/2

s
. (4)

Using the entropy conservation relation

d(g→sT 3
a
3)

dt
= 0 , (5)

where g→s are the e!ective entropy degrees of freedom and a the scale factor, we can trade
time with temperature in Eq. (4) as

dY3/2

dT
= →

ε3/2

H T s

[
1 +

T

3

d ln g→s
dT

]
. (6)

By integrating Eq. (6) from Treh down to temperature T and assuming that inflaton decay
and thermalization are instantaneous and simultaneous at Treh, one gets

Y3/2(T ) = Y3/2(Treh)→

∫ T

Treh

dϑ
ε3/2(ϑ)

H(ϑ) s(ϑ) ϑ

[
1 +

ϑ

3

d ln g→s(ϑ)

dϑ

]
. (7)

Furthermore, applying the standard freeze-in scenario assuming negligible initial gravitino
abundance at Treh, Y3/2(Treh) ↑ 0, and ignoring a weak temperature dependence of the
integrand in the r.h.s. of Eq. (7), we get that the gravitino abundance in the limit T ↓ Treh

reads as

Y3/2(T ) →↔
T↑Treh

ε3/2(Treh)

H(Treh) s(Treh)
. (8)

Moreover, using the definitions

”3/2 =
ϖ3/2

ϖcr
, ϖ3/2 = n3/2m3/2 , (9)

and the Eqs (3) and (8), one gets ”3/2h
2 as

”3/2h
2 =

ϖ3/2(t0)h2

ϖcr
=

m3/2Y3/2(T0)s(T0)h2

ϖcr
↑ 1.33↗ 1024

m3/2ε3/2(Treh)

T
5
reh

. (10)

Finally, using Eq. (1), one obtains the following convenient approximate expression for eval-
uating ”3/2h

2

”3/2h
2
↑ 0.016

(
m3/2

1 TeV

)
Treh

1010 GeV

3∑

N=1

cN g
2
N

(
1 +

M
2
N

3m2
3/2

)
ln

(
kN

gN

)
. (11)
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moderate values of tanω → 10, once various direct and indirect phenomenological constraints
are taken into account [57].

For completeness, Table 2 summarizes the corresponding values of m3/2 and T
peak
reh for

several representative choices of M1/2, under the assumption that gravitinos account for the
entire DM abundance, !3/2h

2 = 0.12. These parameter points coincide with the maxima
appearing in Fig. 1. In the phenomenological analysis that follows, we will employ as bench-
mark choices the values M1/2 = 1, 2, 5, and 10 TeV. All these points are indicated at the
maxima of the curves in Fig. 1. In the following analysis, they will be used as benchmark
points to investigate the e”ects induced by the presence of the additional ε component,
namely the dilution or enhancement of the gravitino abundance.

3 Gravitino freeze-in in the presence of ω

We extend the standard radiation-dominated treatment of thermal gravitino production by
introducing an additional energy component, ϑω. Within supergravity and string-inspired
frameworks, the appearance of extra scalar degrees of freedom during the thermal history
of the Universe is quite natural. More generally, ε may represent any long-lived scalar
condensate whose energy density becomes cosmologically relevant after reheating and before
the onset of the standard radiation-dominated era. Depending on its equation of state and
decay properties, this component can modify the expansion history of the Universe, generate
entropy production, and consequently a”ect the freeze-in production of gravitinos.

This work does not address the microscopic origins or dynamical nature of ε. We there-
fore model it phenomenologically as a decaying fluid characterized by an equation-of-state
parameter wω, a decay width #ω, and an initial energy density ϑω(Treh). Accordingly, the
cosmological framework considered here consists of three components: radiation, gravitinos,
and the scalar component ε.

Since no specific scalar potential V (ε) is assumed, we do not impose the relation

wω =
Pω

ϑω
=

ε̇
2
/2↑ V (ε)

ε̇2/2 + V (ε)
. (12)

Instead, wω is treated as a free phenomenological parameter. In particular, we consider the
range 0 ↓ wω ↓ 1, interpolating between matter-like behavior (wω = 0) and a kination-
dominated phase (wω = 1), while also paying special attention to the radiation-like case,
wω = 1/3.

The cosmological evolution of the system is governed by

ϑ̇ω = ↑3(1 + wω)H ϑω ↑ #ω ϑω ,

ϑ̇R = ↑4H ϑR + #ω ϑω ,

ϑ̇3/2 = ↑3H ϑ3/2 +m3/2 ϖ3/2(T ) , (13)
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where the Hubble parameter is determined through

H
2 =

1

3M2
P

(ωω + ωR) . (14)

Since throughout the evolution one has ω3/2 → ωω, ωR, the gravitino contribution to the total
energy density can safely be neglected in the Friedmann equation. The thermal gravitino
production rate ε3/2(T ), is given by Eq. (1).

The radiation energy density and entropy density are related to the temperature through

ωR(T ) =
ϑ
2

30
g→(T )T

4 (15)

and

s(T ) =
2ϑ2

45
g→s(T )T

3
, (16)

respectively.
Because the decay of ϖ continuously injects entropy into the thermal bath, the use of

cosmic time or temperature as the independent evolution variable is not particularly con-
venient. Instead, it is advantageous to parametrize the evolution in terms of the number
of e-folds, N = ln a, where a denotes the scale factor. Therefore in terms of N , Eqs. (13)
become

dωω

dN
= ↑3(1 + wω)ωω ↑

!ω

H
ωω,

dωR

dN
= ↑4ωR +

!ω

H
ωω,

dω3/2

dN
= ↑3ω3/2 +

m3/2ε3/2(T )

H
. (17)

The numerical evolution starts at N = 0, corresponding to the reheating temperature
Treh. The initial conditions are chosen as

ωR(0) =
ϑ
2

30
g→(Treh)T

4
reh ,

ωω(0) = rω ωR(0) ,

ω3/2(0) = 0 , (18)

where the parameter

rω ↓
ωω

ωR

∣∣∣∣
T=T reh

(19)

measures the initial abundance of the scalar component relative to radiation at reheating.
The system is then evolved numerically from Treh down to the present temperature T0.
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Figure 2: The curves of fixed !3/2h
2 = 0.12 in the m3/2, T

max
reh plane in the presence of ω

component, for rω = 10→3, wω = 0.1 and ”ω = 10→12 GeV.

The final value of the evolution variable, Nfinal, is not fixed beforehand but is instead
determined dynamically during the numerical integration. At each integration step, the
temperature is reconstructed from the radiation energy density according to

εR(N) =
ϑ
2

30
g↑(T )T

4
. (20)

The integration is terminated once the condition T (Nfinal) = Tfinal is satisfied, where Tfinal

is chosen su#ciently small, typically Tfinal → 10→4 GeV, so that gravitino production has
e$ectively ceased and the entropy injection from ω decays has been completed.

We note that in the standard radiation-dominated case, assuming constant relativistic
degrees of freedom, one has T → a

→1, and therefore

N ↑ ln

(
Treh

T

)
, (21)

and consequently

N
(RD)
final ↑ ln

(
Treh

Tfinal

)
. (22)

In the presence of the additional ω component, however, this relation is modified due both
to the altered expansion rate and to the entropy injection associated with ω decays. Con-
sequently, the relation between temperature and scale factor departs from the standard
radiation-dominated behavior, and the value of Nfinal must be determined numerically, as
done throughout our analysis.

After the numerical integration, the final gravitino yield is computed as

Y
ω
3/2 =

n3/2

s
=

ε3/2

m3/2 s(T )
. (23)
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M1/2 ( TeV) m3/2 ( GeV) T
peak,ω
reh ( GeV) !ω

1 675 2.51→ 1011 187.6

2 1472 3.11→ 1010 49.6

5 3856 1.97→ 109 8.7

10 7777 2.76→ 108 2.6

Table 3: The m3/2 and Treh peak values for various M1/2 cases, assuming ”3/2h
2 = 0.12, in

in the presence of ω component, using rω = 10→3, wω = 0.1 and #ω = 10→12 GeV. These
peak values correspond in cases in Fig. 2. We give also the dilution factor !ω for these cases
defined as ”3/2/”

ω
3/2 at the position of the new peak.

The relic density is then

”ω
3/2h

2 = 2.742→ 108
(
m3/2

GeV

)
Y

ω
3/2 . (24)

For comparison, we also compute the standard radiation-dominated result ”3/2h
2, that

correspond to the result presented in Eq. (10)2. This way one can define the dilution factor
due to the presence of ω

!ω =
”3/2

”ω
3/2

. (25)

A value !ω > 1 corresponds to a suppression of the gravitino abundance relative to the
standard cosmological scenario, whereas !ω < 1 corresponds to an enhancement.

As a first step toward presenting our results in the presence of the additional ω component,
we construct the analogue of Fig. 1. In Fig. 2, we plot the contours corresponding to
fixed ”3/2h

2 = 0.12 in the (m3/2, Treh) plane, obtained by solving the gravitino Boltzmann
equation in the nonstandard cosmological background described above. For illustration, we
choose the representative values rω = 10→3, wω = 0.1, #ω = 10→12 GeV, and consider the
benchmark cases M1/2 = 1, 2, 5 and 10 TeV. We observe that, for M1/2 = 1 TeV, the
peak reheating temperature is enhanced by nearly two orders of magnitude relative to the
standard radiation-dominated scenario. The enhancement becomes progressively smaller for
larger values of M1/2.

In Table 3, we list the corresponding peak values, denoted by T
peak,ω
reh , for the benchmark

choices of M1/2. Comparison with Table 2 clearly illustrates the enhancement of the peak
reheating temperatures induced by the presence of the ω component. In the last column, we
also provide the corresponding dilution factor, !ω, calculated from Eq. (25).

2In the following, we reserve the symbols Y3/2 and !3/2h
2 for the gravitino yield and the corresponding

DM relic abundance calculated in the standard radiation-dominated scenario discussed in Section 2. By
contrast, the quantities Y ω

3/2 and !ω
3/2h

2 will denote the corresponding quantities calculated in the presence
of the additional ω component.
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wω = 0.1, !ω = 10→16GeV wω = 1, !ω = 10→12GeV

M1/2(TeV) m3/2(GeV) T peak,ω
reh (GeV) ”ω m3/2 (GeV) T peak,ω

reh (GeV) ”ω

1 645 1.45→ 1015 8.80→ 105 763 3.64→ 108 3.40→ 10→1

2 1441 1.84→ 1014 2.37→ 105 1584 1.77→ 108 3.40→ 10→1

5 3826 1.22→ 1013 4.20→ 104 3896 6.77→ 107 3.39→ 10→1

10 7748 1.58→ 1012 1.14→ 104 7931 3.27→ 107 3.38→ 10→1

Table 4: The values of m3/2, the peak reheating temperature T
peak,ω
reh , and the dilution factor

!ω for various choices of M1/2, assuming complete gravitino DM, ”3/2h
2 = 0.12, in the

modified cosmological background. We compare two representative cases: a near matter-
like component with wω = 0.1 and #ω = 10→16 GeV, and a kination-dominated component
with wω = 1 and #ω = 10→12 GeV, both for rω = 10→3. The dilution factor is defined as
!ω ↑ ”3/2/”

ω
3/2 evaluated at the position of the shifted reheating peak.

dilution factor defined in Eq. (25),

!ω =
Y3/2

Y
ω
3/2

, (26)

provides a direct measure of the suppression of the gravitino abundance. Assuming that the
decay occurs when H ↓ #ω, the corresponding decay temperature is approximately

Tω ↓

(
90

ω2g↑(Tω)

)1/4 √
#ωMP . (27)

For a matter-like scalar component, wω = 0, the ratio of scalar to radiation energy densities
evolves as

εω

εR
↓ rω

Treh

T
, (28)

prior to the decay of ϑ. Consequently, the scalar component starts to dominate the energy
density at the temperature

Tdom ↓ rω Treh. (29)

If a period of ϑ domination is realized, one expects the dilution factor to scale parametrically
as

!ω ↔
Tdom

Tω
↔

rωTreh

Tω
. (30)

Equation (30) explains the main trends observed in our numerical analysis. The dilution
increases with the initial abundance rω and decreases with the decay temperature Tω, or
equivalently with increasing decay width #ω, since Tω ↗

√
#ω. As a result, larger values

of rω and smaller values of #ω lead to a stronger suppression of the gravitino abundance.
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Figure 4: The curves of fixed !3/2h
2 = 0.12 in the m3/2, T

max
reh plane using the exact numerical

solution of the gravitino abundance Boltzmann equation in the non-standard background,
using the values of rω, wω and ”ω as displayed in the figures.

For a fixed relic density, this suppression can be compensated by increasing the reheating
temperature, suggesting the approximate scaling

T
peak,ω
reh → #ω T

peak
reh , (31)

up to corrections associated with the modified expansion rate during gravitino production.
In the following, Eqs. (30) and (31) will serve as useful guides for interpreting the numerical
results and understanding the dependence of the shifted peak reheating temperature T

peak,ω
reh

on the parameters of the ω-sector.
In Table 4, we summarize the values of the gravitino mass m3/2, the shifted peak reheat-

ing temperature T
peak,ω
reh , and the corresponding dilution factor #ω for several benchmark

choices of M1/2, under the assumption that gravitinos account for the total DM abundance,
!3/2h

2 = 0.12. Two representative cosmological scenarios are compared. The first corre-
sponds to a near matter-dominated scalar component with wω = 0.1 and ”ω = 10→16 GeV,
while the second corresponds to a kination-dominated configuration with wω = 1 and
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2 The calculation

2.1 Gravitino interactions within the MSSM

Our starting point is the Lagrangian that describes the gravitino interactions in the MSSM

[28],

L(α)

G̃, int
= →

i√
2MP

[
D(α)

µ φ→iG̃νγ
µγνχi

L →D(α)
µ φiχi

Lγ
νγµG̃ν

]

→
i

8MP
G̃µ[γ

ν , γρ]γµλ(α) aF (α) a
νρ , (3)

with the covariant derivative given by

D(α)
µ φi = ∂µφ

i + igαA
(α) a
µ T (α)

a, ij φ
j , (4)

and the field strength tensor F (α) a
µν reads

F (α) a
µν = ∂µA

(α) a
ν → ∂νA

(α) a
µ → gαf

(α) abcA(α) b
µ A(α) c

ν . (5)

The index α corresponds to the three groups U(1)Y , SU(2)L, and SU(3)c with a up to

1, 3, 8, respectively, and i = 1, 2, 3. φi,χj, Aa, and λa are the scalar, spin 1/2, gauge and

gaugino fields of the MSSM, respectively, as given in the Tables 1 and 2 in [28].

We write the four polarisation states of the gravitino field in the momentum space in

terms of spin-1 and spin-1/2 components as

ψµ(k,
3

2
) = u(k,

1

2
) εµ(k, 1) ,

ψµ(k,
1

2
) =

√
1

3
u(k,→

1

2
) εµ(k, 1) +

√
2

3
u(k,

1

2
) εµ(k, 0)

ψµ(k,→
1

2
) =

√
1

3
u(k,

1

2
) εµ(k,→1) +

√
2

3
u(k,→

1

2
) εµ(k, 0)

ψµ(k,→
3

2
) = u(k,→

1

2
) εµ(k,→1) , (6)

with k being the spatial part of the four momentum kµ = (k0, |k|e), and e the unit vector

in the flight direction of the gravitino.

From the field equation for the spin-3/2 particle, the so called Rarita-Schwinger equa-

tion [29], we get three equations in momentum space, which we have to fulfill by the right

choice of the spin-1 and spin-1/2 field components [30],

γµψµ(k,λ) = 0 , (7)

kµψµ(k,λ) = 0 , (8)

(/k →mG̃)ψµ(k,λ) = 0 , (9)
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