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What are Love numbers?

1. Tidal response of an object to a perturbation (e.g., Earth-Moon system)

2. Provide information about the object’s structure

Love number: k,=b,/a, (wave with angular momentum &)

Static Love numbers are zero for black holes in General Relativity in 4D 1n asymptotically flat space

—»  Theoretically intriguing (e.g., symmetry, naturalness)

— Good probe of beyond-GR effects

Love numbers for neutron stars <«  Equation of state

Love numbers are a principal goal of gravitational-wave astronomy



Love numbers in Quantum Field Theory

Toy graviton ¢

Effective description
in terms of a
point particle

Complete description
(e.g., black hole in GR)

Compact object

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6



Love numbers in Quantum Field Theory

Toy graviton ¢

Complete description Effective description

(e.g., black hole in GR) m .terms O.f !
point particle
Compact object
1
S = 5 Jd“x, /—gg" 0,0, + de (—M + cop” + ) Effective description

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6



Love numbers in Quantum Field Theory

Toy graviton ¢

Complete description Effective description

(e.g., black hole in GR) m .terms O.f !
point particle
Compact object
1
S = 5 Jd“x, /—gg" 0,0, + de (—M + cop” + ) Effective description

|

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6



Love numbers in Quantum Field Theory

Toy graviton ¢
Complete description Effe.ctlve description
. ) in terms of a
(e.g., black hole in GR) . .

point particle

Compact object

1
S = 5 Jd“x, /—gg" 0,0, + de (—M + cop” + ) Effective description

|

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6




Love numbers in Quantum Field Theory

Toy graviton ¢
Complete description Effe.ctwe description
. <4+ in terms of a
(e.g., black hole in GR) . .

point particle

Compact object

1
S = 5 Jd“x, [—g g””dﬂgbaygb - de (—M + cogbz - ) Effective description

Graviton

Minimal couphng

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6



Love numbers in Quantum Field Theory

Toy graviton ¢
Complete description — Effefglfeiiessgglaptlon
(e.g., black hole in GR) . .
point particle
Compact object
1
S = 5 Jd“x, /—gg" 0,0, + de (—M + cop” + ) Effective description
Graviton
Minimal couphng Cp ~ k y

EFT tidal Wilson coefficients (c¢,) and Love numbers (k,) 6



The idea behind Shell Effective Field Theory

Toy graviton ¢

Complete description Effective description

. ) in terms of a
(e.g., black hole in GR) point particle
Compact object
Solved to any order in G Higher orders 1in G require
in Black Hole Perturbation Theory hard loop integrals

Designing an EFT framework that employs techniques from BHPT 7



The idea behind Shell Effective Field Theory

Toy graviton ¢

Complete description Effective description

. 4+ in terms of a
(e.g., black hole in GR) point particle
Compact object
Solved to any order in G Higher orders 1in G require
in Black Hole Perturbation Theory hard loop integrals

l

Can we bypass loop integration
by incorporating BHPT solutions?

Designing an EFT framework that employs techniques from BHPT 7
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~—

A black hole, a neutron star, a cat, ...

Point-particle description is divergent (familiar from QFT)

—>  Need to regularize

Dimensional regularization? Black-Hole-Perturbation-Theory solutions don’t exist in 4 — ¢ dimensions

(their use 1n the EFT 1s our main innovation)

Effective description with 4D cutoff-style regulator: Shell EFT

The shell 1s a 4D regularization of the point-particle description 9
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The setup of Shell EFT

, ) Black-hole exterior
Spuik = |4 Xy/—8 &" aﬂfﬂayéb
2 , dart o,
dsy = f(r)dt red€2*, r> R > Ry
J(r)
Wilson coefficients
! l Flat-space interior
v | . ¢ )
Sapel] = J y z\e/z_ —M + Z ;"” @ (- V)'D,g ds® = di* — di* — PdQ?, F<R
T v T
Time derivatives
Keldysh eftective action for dissipation
D, ~ (Vé)f <€— Angular derivatives

Goal: Solve for ¢, , and relate them to point-particle definition

Modeling any compact object in terms of a thin shell 10
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[Leaver (1986), Mano, Suzuki, Takasugi (MST) (1996)]

Renormalized angular momentum: v, — € ~ (RS a))2
| >
b ~ (Ryw)"™" g

n

N S

Coulomb wavetunctions
(They carry the r dependence)

Found recursively without integration

(Af, Bf): Characterize the compact object

Leaver/MST solutions reproduce the results of loop integration
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Perturbations around the shell

Equations of motion: =0, r#R 8 =8n0r—R)+ g, 0R~—r) d=¢T0(r—R)+ P OR —r)

Solution:
Flat-space interior O = g i1 Z W, (r)P,(cos 0) w; (1) = Ay j(@F)
4

Continuity of ¢: Finite scalar charge on the shell &% = w?/f(R) Af JA@DR) = W;(R) = y,(R)

Discontinuous derivative: Scalar charge distributed on the shell

¢ = 8(r = R) f(R)e™™" )" P,(cos 0)(dy} — 0,u77)
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The contribution on the shell from the discontinuity of the bulk solutions
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Sample results
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Hidden simplicity in black-hole Love numbers
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The dynamical Love number for a black hole

for £ = O through O (G9)

Power-law divergencies removed

5830/81

Fo = dinwRZ — %'m.qu3 (8 log (I; ) + 11) + éz’ww3R§ ( —88 log (];S) + 872 — 25)

Tw RY Rg Rs
— 12 — | — 2212801 4224 —
3640 (69 0(3 — 63360 log ( R ) 80 log ( R > - 02 7583)
imw® RS Rg Rg Rg

S 4 2
— d7™ — 1507201 211207~ 1 — 1652321 12672
1320 (387r 50720 log (R)-I- 0rr? og<R> 6523 og(R)+ 6720¢3

+ 3688072 + 71417)

3 7rw6R§
21772800

(—174182400(5 + 106444807* + 253209600 log® (%) + 1911047040 log? ( %)

Rg
R
Rs
R

Rs

— 5064192007 log ( :

) + 1101382800 log ( ) — 878169600¢3

—638668800(3 log ( ) — 2775897607% — 936497323)

z'7rw7Rg
+
1360800

R
(1 15207 + 39916800¢5 — 97944000 log” (IZ ) + 158256007 log* ( RS )

— 43360807 — 264464760 log* (’; ) + 4435207 log (}; ) + 796269607 log (%’)

R
— 13305600723 + 49764960(3 + 189907200(3 log ( RS )

+25605367 log (R

R ) + 229454757 + 58628869)

mw® R2

+ Bs
438939648000

(—351 1517184000, — 30628233216000(; log <§) — 12875563008000¢5 log ( %)

— 136581761433600(3 log (R

R ) + 7898204160000 log* (

Rs 3 [ Rs
ﬁ) + 107694565171200 log (§>

— 315928166400007% log? (R

IE ) + 164490996579840 log? (RS)

R
Rs Rs
R R
— 32042594304000¢5 + 12875563008000¢3 + 2041882214400072(3

— 24046102886400(3 + 340623360007° + 27530890598407

+10209411072007* log ( ) — 568705019904007° log( ) + 37129417113607"

—123148321363200 log ( I;S) + 2165341072007) + O(RYY) 18



Sample results

The dynamical Love number for a black hole

for £ = 0 through © (G9)

Power-law divergencies removed

5830/81

Fo :@ng o %mqug@log (I; ) - 11) %zww3R4 ( —88 log (RS) @"2 25)

7rw4Rg 7 Rsg Rs
_ 12 — | — 2212801 4224072 — 7
2610 _, 5 — 63360 log ( R) 80 log ( T ) + O 583)
imw® RS (13 4 2 [ Bs Iis Ks
— — 1507201 21120721 — 1652321 12672
1320 50720 log (R>+ 0rr? og(R) 6523 og(R)+ 67203
+ 3688072 + 71417)
7rw6Rg AV 4 Rs Rg
— (17418240( 106444 2532 log? [ == 1911047040 log? | ==
1772300 ( 00Cs + 106444807 + 253209600 log ( R) + 1911047040 log ( R)

Rg
R
Rs
R

Rs

— 5064192007 log ( B

) + 1101382800 log ( ) — 878169600¢3

—638668800(3 log ( ) — 2775897607% — 936497323)

imw RS (7.5 6 Rg Rg
1 1152( 1 — 97944000 log® 1582 ]
+ 1360800 + 39916800¢; — 97944000 log ( B ) + 158256007 log ( R)

— 43360807 — 264464760 log” (IZ ) + 4435207 log (1122 ) + 796269607 log (I;S)

R
— 1330560072 (3 + 497649605 + 189907200(3 log ( RS )
+25605367 log (

mw® R3 (
+
438939648000 \

) + 229454757 + 58628869)

C7 30628233216000(; log? (%) — 12875563008000¢5 log ( %)

— 136581761433600(3 log (R

R ) + 7898204160000 log* (E

5 ) + 107694565171200 log® ( @)

R

— 315928166400007 log? (R

T ) + 164490996579840 log? (RS)

R
Rs RS
R R
— 32042594304000(5 + 12875563008000(2 + 2041882214400072(s

— 24046102886400(3 + 340623360007° + 27530890598407

+10209411072007* log ( ) — 568705019904007 log ( ) + 37129417113607"

—123148321363200 log ( I;‘; ) + 2165341072007) + O(RYY) 18



Sample results

The dynamical Love number for a black hole
for £ = O through O (G9)

Power-law divergencies removed

5830/81

Zimw® Ré
6

21125 2 log
+ 3688072 + 71417)
mw® RS P AV O o 4 Rs Rs
- f (1064448( 2532 log3 [ == 1911047040 log2 [ =5

Rs

— 5064192007 log (IZ ) + 1101382800 log ( N

) — 878169600¢3

) — 27758976072 — 936497323)

z7rw7R8 .

00Cs — 97944000 log® (if’) + 1582560072 log? (?)

(I; ) + 7962696072 log (};{S)

—{(1330560072C; + 497649603 + 189907200C; log (I;;)

+25605367 log (

mw® R3 (
+
438939648000 \

) + 229454757 + 58628869)

(2875563008000¢; log (%)
3 (Lis
) +107694565171200 log ( §>

D¢ — 30628233216000; log? (’;S)

Rg
R
Rs
R

R
— 136581761433600(3 log ( ) + 7898204160000 log* ( s

R

— 315928166400007> log? < ) +164490996579840 log” (RS)

R
Rs
R
2 +2041882214400072(3

+10209411072007* log - 568705019904007r log ( ) + 3712941711360

— 32042594304000¢5
— 24046102886400¢3

—123148321363200 log (}; ) + 2165341072007) + O(RYY) 18



Sample results

The dynamical Love number for a black hole
for £ = O through O (G9)

Power-law divergencies removed

L | LY ]

—~628/27 ) 5830/81.

Zimw® Ré
6

Rs

- 150720 h)g (

+36880r% + 71417)

i

R

21772800

Trramng (-QTs2

D +Ganitishnt (om0 (78) + 1911047040 log? ( % )

Rs

Rs
—(506419200°* log ( T ) + 1101382800 log ( :

) — 878169600¢3

) — 27758976072 — 936497323)

z7rw7R8 .

%) 4 15825600'r* log” (I;S)

_ 433608004 — 264464760 log? (ll?;) (143520 log (1:2 ) + 796269607 log (lzs)

//’ - 7 R
_330560 w23 + 497649605 + (18990720013 log ( - )

+25605367 log ( ) + 229454757 + 58628869)

N 438939648000

8 129 e

mw® RY ( (12875563008000¢; log ( %)
3 [ Rs
) + 107694565171200 log (§>

D¢, —30628233216000(; log? (%)

Rg
R

R
— 136581761433600(3 log ( ) (7898204160000 log (—S

R

—(315928166400007? log? < ) +164490996579840 log” (RS)

R

- 568705019904007r log ( I;S

2 4+02041882214400072(3

4m10209411072007Alog

) + 3712941711360

— 32042594304000¢5
— 24046102886400¢3

—123148321363200 log (}; ) + 2165341072007) + O(RYY) 18



Outlook



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

20



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

Gravity 1n the 1in-in formalism has enlarged symmetries: Diff; X Ditt,

[DK, Perrone (in progress)]

20



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

Gravity 1n the 1in-in formalism has enlarged symmetries: Diff; X Ditt,

[DK, Perrone (in progress)]

Two-body observables:

20



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

Gravity 1n the 1in-in formalism has enlarged symmetries: Diff; X Ditt,

[DK, Perrone (in progress)]

Two-body observables:

Constructed solution ¢ =¢ 0(r—R)+ ¢~ O(R —r)

gives toy-graviton propagator in Schwarzschild background .

20



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

Gravity 1n the 1in-in formalism has enlarged symmetries: Diff; X Ditt,

[DK, Perrone (in progress)]

Two-body observables:

Constructed solution ¢ =¢ 0(r—R)+ ¢~ O(R —r)

gives toy-graviton propagator in Schwarzschild background .

—»  Basis for curved-space QFT framework for two-body observables

20



Future directions

Adding spin: Graviton Love numbers for a Schwarzschild/Kerr black hole

Gravity 1n the 1in-in formalism has enlarged symmetries: Diff; X Ditt,

[DK, Perrone (in progress)]

Two-body observables:

Constructed solution ¢ =¢ 0(r—R)+ ¢~ O(R —r)

gives toy-graviton propagator in Schwarzschild background .

—»  Basis for curved-space QFT framework for two-body observables

[Alrashed, DK, Solon (in preparation)]

20



New results for dynamical Love numbers
« New results to O (G9)

* No integration needed

Summary

New method (Shell EFT) that employs

the all-orders-in-G solutions to Black Hole Perturbation Theory

New structure for black-hole Love numbers
* Conjecture to all orders in G
 Resummation of the perturbative series

Amplitudes

21



Summary

New method (Shell EFT) that employs
the all-orders-in-G solutions to Black Hole Perturbation Theory

New structure for black-hole Love numbers
* Conjecture to all orders in G
 Resummation of the perturbative series

New results for dynamical Love numbers
« New results to O (G9)

* No integration needed

Amplitudes

New avenue for analytical calculations of high-order-in-G two-body observables ——

21



Summary

New method (Shell EFT) that employs
the all-orders-in-G solutions to Black Hole Perturbation Theory

New structure for black-hole Love numbers
* Conjecture to all orders in G
 Resummation of the perturbative series

New results for dynamical Love numbers
« New results to O (G9)

* No integration needed

Amplitudes

New avenue for analytical calculations of high-order-in-G two-body observables ——

Current state-of-the-art for the two-body observables: G

[Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch (2024), +Nega (2026)]
[Bern, Herrmann, Roiban, Ruf, Smirnov, Smith, Zeng (2025)]

[Dlapa, Kalin, Liu, Porto (2025)] oY



Summary

New method (Shell EFT) that employs
the all-orders-in-G solutions to Black Hole Perturbation Theory

New structure for black-hole Love numbers
* Conjecture to all orders in G
 Resummation of the perturbative series

New results for dynamical Love numbers
« New results to O (G9)

* No integration needed

Amplitudes

New avenue for analytical calculations of high-order-in-G two-body observables ——

Current state-of-the-art for the two-body observables: G Target for next-gen. observatories: G’

[Driesse, Jakobsen, Mogull, Plefka, Sauer, Usovitsch (2024), +Nega (2026)]
[Bern, Herrmann, Roiban, Ruf, Smirnov, Smith, Zeng (2025)]
[Dlapa, Kalin, Liu, Porto (2025)]

|[Buonanno, Khalil, O'Connell, Roiban, Solon, Zeng (2022)]

21






Backup Shdes



In-in formalism for dissipative dynamics

[Schwinger (1961), Keldysh (1964)]

Doubling of the fields: $p - P & @

Clgsesltical Fluctuation
In-in effective action (allows for dissipation): Sinin = Jd4x\/—g @ EoM [¢]

1
Conservative example:  Sg, = > [d4x1 /—88"0,0,0p — — Jd4X\/ —gpl1d

Dissipative example: [df(p d.¢) or [d3y\/;_/ @ V)P

24



Intuition about the shell

(Shell) J pD,p ~ J V({)CD V<f>¢ (Worldline)
Shell WL
- .| dn . 5
Intuition from flat space:  @(2,0)(2,0) = }QHI}) J4— ¢ (1,RA) ¢ (1, RA)
— U
[ dn ) ) 3 [(dn - )
}elil(l) | 4—ﬂ Q (t, Rn) D¢ (t, Rn) = —}el_r)r(l) R | an Q (t, Rn) Vo (t, Rn)
= — lim e ( lo + RAA - Vo +@(R2)>V2<¢| + R - Vo +@(R2))
T T Ro02R2 ) 4 \PIO 7o Q\"o ’
PN GICZN0) PR 3 [dn ) )
¢ = R H( o +iG+ D) =lim = | = (ol + Ri- Volo)a-Vely = (Vo V)l
Ven=—2n

From the shell to the worldline 25



The source of the background metric

d*y\ [y ¢
~ £.n " .
SShellzj M+Z 21 Q(MV) Dbﬂ¢ M=aR<3)+ﬁ
£.n '

2
R?2

Ricci scalar of induced metric y : R =

R3 (RS<2—3 f(R)>+2R(—1+\/f(R)>> -
a = = — <1+@(RS/R)>
8G(R — Ry) >
Re+2R (-1+\fB®) v g M =M+ 0 (Rs/R)
p= = -2 (1+0(RyR))
4Gr/FR) 3 R
Ry=1_2
fiR)=1-=3

The junction conditions yield the source of the background metric
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Theorists from LIGO-Virgo-KAGRA are interested 1n the results from Scattering Amplitudes
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Theorists from LIGO-Virgo-KAGRA are interested 1n the results from Scattering Amplitudes



