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“La Physique ne nous donne pas seulement
'occasion de résoudre des probleémes . . ., elle nous
fait presentir la solution.” H. POINCARE.

Before I explain the title and introduce the theme of the lecture I should like
to state that my presentation will be more in the nature of a leisurely excursion
than of an organized tour. It will not be my purpose to reach a specified des-
tination at a scheduled time. Rather I should like to allow myself on many
occasions the luxury of stopping and looking around. So much effort is being
spent on streamlining mathematics and in rendering it more efficient, that a
solitary transgression against the trend could perhaps be forgiven.



Microscopic or first-principles
construction of dual holography

from quantum field theory



Nonperturbative generalization of
the Wilsonian RG theoretical framework
= Path integral reformulation of

the functional RG equation



Dual holography as

functional renormalization group

In progress -_-;;



arXiv:2511.05786v5 |hep-th] 26 Apr 2026

Dual holography as functional renormalization group

Ki-Seok Kim'?, Arpita Mitra®, Debangshu Mukherjee' and Seung-Jong Yoo!

! Department of Physics, Pohang University of Science & Technology (POSTECH), Pohang,

Gyeongsangbuk 37673, Korea. . . . .
Emergent AdS,;,; Geometry from Functional Renormalization Group in the Massless
2 Asia Pacific Center for Theoretical Physics (APCTP), Pohang, ( Critical Limit

3 Centre for Theoretical Physics € Natural Philosophy, Nakhonsat .
- . . a,
Studies, Mahidol University, Thailand Hyeon .Jung Kim®, and Ki-Seok Kim
* Department of Physics, POSTECH, Pohang, Gyeongbuk 37673, Korea
b Asia Pacific Center for Theoretical Physics (APCTP), Pohang, Gyeongbuk 37673, Korea*

(Dated: June 22, 2026)
Email: tkfkd@postech.ac.kr, arpita.mit@mahidol.ac.in, debangshum@post

We present a holographic dual description for the O(N) vector model in d-dimensional Fuclidean
space within the functional renormalization group (FRG) framework. By iterating Wilsonian renor-
malization group transformations, the extra-dimensional scale coordinate is identified as the radial
direction of an emergent (d + 1)-dimensional bulk spacetime. We construct a bidirectional holo-
graphic dictionary that maps non-perturbative fluctuations to the emergent bulk metric warping
factors. Under the massless critical configuration, the emergent gravitational vacuum reduces to an
Anti-de Sitter (AdS411) geometry, satisfying the local energy conditions.

Abstract

arXiv:2605.17209v3 [hep-th] 10 Jun 2026

We investigate the relationship between the functional renormalization group (RG) and the
dual holography framework in the path integral formulation, highlighting how each can be un-
derstood as a manifestation of the other. Rather than employing the conventional functional RG
formalism, we consider a functional RG equation for the probability distribution function, where
the RG flow is governed by a Fokker-Planck-type equation. The central idea is to reformulate
the solution of Fokker-Planck type functional RG equation in a path integral representation.
Within the semiclassical approximation, this leads to a Hamilton-Jacobi equation for an effective
renormalized on-shell action. We then examine our framework for an Einstein-Hilbert action
coupled to a scalar field. Applying standard techniques, we derive a corresponding functional
RG equation for the distribution function, where the dual holographic path integral serves as its
formal solution. By synthesizing these two perspectives, we propose a generalized dual holog-
raphy framework in which the RG flow is explicitly incorporated into the bulk effective action.
This generalization naturally introduces RG S-functions and reveals that the RG flow of the

distribution function is essentially identical to that of the functional RG equation.
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Inelastic neutron scattering (INS)
measurements as a function of
transferred energy and temperature
at zero transferred momentum:
High energy INS spectrum vs.

Low energy INS spectrum
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Fig. 4 Feynmann diagrams and the renormalization group flow diagram of coupling constants a Green functions and one-loop Feynman

diagrams for self-energies and vertex functions. b RG flows in a g- A coupling space with g° = — g*/8m* and A= A/8m* by solving the coupled S-
functions. Various fixed points (FPs) are indicated, two unstable FPs (black dots) and one stable interacting FP (red dot).
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Fig. 5 Scaling plotin hw/kgT for the dynamic spin susceptibility at
high energies, iw =4 meV. Blurred circles present the data in the
low-energy range hw = [1,4] meV, which are out of the universal
scaling behavior. Error bars represent 1 standard deviation.
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Fig. 6 Scaling plot for the dynamic spin susceptibility obtained at
low energies, fiw <5 meV. The quantity x T® with a = 0.14 is plotted
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bars represent 1 standard deviation.



Condensed matter physics phenomenology (CMP-PH):
To understand the spectrum of quantum material

based on effective field theory

Nonperturbative RG flow
from a weak — coupling fixed point

to a strong coupling one



Towards a nonperturbative theoretical framework:

Functional Renormalization Group (FRG)
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2.4 Remarks on the path integral reformulation of the functional RG equation

Recalling the path integral construction for the formal solution of the Schrodinger equation,

we can write down the probability density at IR as follows:

PAlo(z,71R); TIR] = /Doﬁ(il?a?"Uv)eXP{ = /TIR dr’“ﬂ(dqb(ijr)aCb(maT))}PA[Cb(-fUaTUV);TUV]-

TUV
(2.35)

Here, one may easily read out the Hamiltonian kernel for the Wilsonian RG transtformation

from the functional RG equation (2.5) as
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Prlo(x,ryy ) rov] = le eXp{ — Suv|o(z, ’I’“Uv)]} is the probability density at UV, given
the field configuration ¢(x,ryy ), where the UV action is

1 dp 1 2\ pr—1,.2 int
Suvie(p,ruv)] = 5/ (QW)dCb(p:""UV)G (p) K, (p°,ruv)e(—p,ruv) + Spv[o(p, ruv))]
(2.37)

with the UV partition function,

Zpp(z,rov);ruv] = /DCb(iEaTUV) eXp{ — SUV[(b(iEaTUV)]}- (2.38)
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ABSTRACT: We apply the quantum renormalization group to construct a holographic dual
for the U(N) vector model for complex bosons defined on a lattice. The bulk geometry
becomes dynamical as the hopping amplitudes which determine connectivity of space are
promoted to quantum variables. In the large N limit, the full bulk equations of motion
for the dynamical hopping fields are numerically solved for finite systems. From finite
size scaling, we show that different phases exhibit distinct geometric features in the bulk.
In the insulating phase, the space gets fragmented into isolated islands deep inside the
bulk, exhibiting ultra-locality. In the superfluid phase, the bulk exhibits a horizon beyond
which the geometry becomes non-local. Right at the horizon, the hopping fields decay
with a universal power-law in coordinate distance between sites, while they decay in slower
power-laws with continuously varying exponents inside the horizon. At the critical point,
the bulk exhibits a local geometry whose characteristic length scale diverges asymptotically
in the IR limit.

KeyworDs: AdS-CFT Correspondence, Holography and condensed matter physics (AdS/
CMT), Spontaneous Symmetry Breaking, Renormalization Group
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ABSTRACT: We show that renormalization group flow can be viewed as a gradual wave
function collapse, where a quantum state associated with the action of field theory evolves
toward a final state that describes an IR fixed point. The process of collapse is described
by the radial evolution in the dual holographic theory. If the theory is in the same phase as
the assumed IR fixed point, the initial state is smoothly projected to the final state. If in
a different phase, the initial state undergoes a phase transition which in turn gives rise to
a horizon in the bulk geometry. We demonstrate the connection between critical behavior
and horizon in an example, by deriving the bulk metrics that emerge in various phases
of the U(N) vector model in the large N limit based on the holographic dual constructed
from quantum renormalization group. The gapped phase exhibits a geometry that smoothly
ends at a finite proper distance in the radial direction. The geometric distance in the radial
direction measures a complexity: the depth of renormalization group transformation that is
needed to project the generally entangled UV state to a direct product state in the IR. For
gapless states, entanglement persistently spreads out to larger length scales, and the initial
state can not be projected to the direct product state. The obstruction to smooth projection
at charge neutral point manifests itself as the long throat in the anti-de Sitter space. The
Poincare horizon at infinity marks the critical point which exhibits a divergent length scale
in the spread of entanglement. For the gapless states with non-zero chemical potential, the
bulk space becomes the Lifshitz geometry with the dynamical critical exponent two. The
identification of horizon as critical point may provide an explanation for the universality
of horizon. We also discuss the structure of the bulk tensor network that emerges from the

quantum renormalization group.

Keyworps:  AdS-CFT Correspondence, Holography and condensed matter physics
(AdS/CMT), Renormalization Group
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Application of functional RG kernel

5 Examples: vector model

As a concrete application, we consider the D-dimensional vector model,

* 0

S=m"> " (¢7- b)) =ty (& ) + = Zcb bi)° (5.1)
() 1]

Here ¢ is complex boson field with N flavours, m is the mass of the bosons, and A is the

quartic coupling. #© is the hopping parameter, which gives the kinetic term. i, j refer

to site indices in a D-dimensional lattice. They are promoted to continuous coordinates

in continuum space. For other holographic approaches to the vector models and related
conjectures see refs. [32-46].



We write the partition function as

Z = (S§|t0), (5.2)
where
S0) = [ Dg RS g),
|t(0)> _ /qu o Tijtiy B bi—n i(¢f‘¢i)2|¢>_ (5.3)
Because Sy is real, |S(’]"> = |S(]>. In the vector model, the single-trace operators are the

bi-local operators, (¢; - ¢;) |33, 34, 39]. In |t(0)>, one might try to remove the quartic



For the generator of coarse graining transformation, we choose a Hamiltonian,

52

— ol. 5 ol. 5V1{)Ol[¢]
a0 =nh| [ atx | aty (CK O 55600 t 56 ® {CK N 555 }>0] (5:5)

where 7;, ﬁ'J are conjugate operators of @, é‘t)I with the commutation relation [q@ia, Tip| =

[g%la, ﬁ;b] = 104;0qp With all other commutators being zero. Here a,b =1,2,..., N are flavor
indices. {SO> is the ground state of HT with energy (0. This guarantees that the partition

function is independent of z in Z = <S(]’€_Zﬁ ). Multi-trace operators generated in
each infinitesimal time evolution are removed such that

e—dzﬁ’t(0)> :/Dt(l) eNZijf:j(l)(t%)tg?))dzN?—[[t*(l)jt(O)]’t(l)) (5.6)

1O — / D@Dt e Tistis#6i=NtG (s~ )-NAT(4)? | 4y,
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Here H|t*, 1] is the coherent state representation of the quantum Hamiltonian,

o[- B () -5 0y’

m

2
+ Z [ tT + tT )] tl-Lj tvlj — W Z [tthk:itij} ; (57)

ijk

where tl-Lj and t¢;; satisfy the commutation relation, [;;, tLl] = 005 tij (tlj) is an operator
that annihilates (creates) a connection between sites ¢ and j. t;;’s describe dynamical
geometry of the D-dimensional space as the distance between two points is determined by
the connectivity formed by the hopping fields. This will become clear through an explicit
derivation of metric from the hopping field in the following subsections. For finite N,
the strength of the connection is quantized. Therefore, # describes the evolution of the
quantum geometry under the RG flow. The partition function is given by

Z = lim (S |B_ZH|t(O = /Dt(z) (Solt(c0)) e N Jo~ da (80t 1)) , (5.8)

e ti; (0)=t{;)

where [ Dt(z) sums over all RG paths defined in the space of the single-trace operators.



t7; as t;j, pij. The equations of motion for ¢;; and p;; are

_ 2X 0 12X 1~ 2X\dy S
Oyti; = —2{ L — by [4)\ + me] Pii + m23 Z (tikPik + triDri)
k

m2
2\ N 1 o
+ [1 + 3 (Dii -I-ij)] tij — 2 Zk:tiktkj}a
_ 0ij 2\, B 1 o _
0.Dij = {@ + [1 + — (Dii ‘|‘pjj)] Pij = 3 Zk: (Pirtir + tm'pkj)} (5.9)
with the two boundary conditions
£:;(0) = ¢, (5.10)
1 Oln <So|??>

pii(00) = = (5.11)

g N Oty |




5.1 Zero density

2, 2)

Ty(2) = oy Bk mffzz(m%o(o) —1) —m?
—22z —2z

_ e 1—e

PCI(Z) — (]2 ‘|—52 mz




From the saddle point solution in eq. (5.21), one can compute the metric in the bulk.
In order to extract the metric, it is useful to consider fluctuations of the hopping fields

around the saddle point,

o~

tij = tij —tij, Dij = ti; — Dij- (5.22)

The quadratic action for the fluctuations is given by

52:/ { 4)\2(14——2200)?%

] SA N AN
+ Z [p@-j (3Z + 2+ wpo) tij + W(pm + Djj) (p@'jt@'j + t@'jp@'j)
ij
2 I — o~ _ o~
- m? (Pijtintr; + tixPijte; + tejDijtic) - (5:23)
ijk

Here p;; 1s the conjugate momentum of f@-j. The action includes terms that are quadratic



The equations of motion for ¢;;,p;; are

s~

8\ 2 . . 4\
0, +2+—p tii — —= (tipte: + trit; —t;i(pii +pii) (5.24
( + 2+t mQPO(Z)) I 2 ( klkj + Tkj k‘) + m2 i(Pii + Djj) ( )

6N N\ AN
+0i; [—8)\ (1 + @PO(Z)) Pii + 3 (Dire (tite + i) + tin(Par + Pri)) | =0,
8\ . AN . 2, - - . .
(—32 + 2+ _QPO(Z))pij + —pij(Pii + Pjj) — —5 (pz’ktjk + Prjtei + teilPry + tjk-pz'k) = 0.
m m m
(5.25)

Once the equation of motion for p;; is solved, the equations for f@-j in general include second
order derivatives in z due to the quadratic kinetic term in eq. (5.23). However, we don’t



5.1.1 Gapped state

2m?

A gzzaz T 462 B grv 9,0, gl ol gA(mv xla Z) =0, (533)
1 ——p— 19 %%
m
where ¢°* = m?A(2)72, g0 = ¢!t = ... = ¢P~ P71 = B(2). eq. (5.33) describes the bi-

local field that propagates diffusively with the diffusion coefficient Dy ~ 1/m in a curved
space |47| with the metric,

1 ’ dz? 5\ ° 2
ds? = ( - 2) — + ((—) +e,22) > datdat (5.34)
1 -+ (—ez) m m =0




5.1.2 Gapless states

infinitely sharp, and T,(z) becomes non-analytic at ¢ = 0. In other words, z — oo and
g — 0 limits do not commute. If one takes the small ¢ limit first at a large but finite z,
one obtains

T,(2) = To(2) — e**¢* + (¢)° + ... (5.38)

m2

The coefficients of the ¢ dependent terms grow indefinitely with increasing z. This implies
that ¢;; becomes non-local in the large z limit as can be seen by setting § = 0 in eq. (5.30).

the hopping field satisfy the same equation in eq. (5.33). With § = 0, eq. (5.34) is reduced
to the AdSp.1 metric,

dz? .
ds®* = — + e %* Z dxtdaxt. (5.39)
pn=0

m2

The curvature length scale of the bulk space is 1/m. Higher derivative terms in eq. (5.33)



5.2 Finite density

Now we consider the case with a non-zero chemical potential. In the D-dimensional Eu-
clidean lattice, we pick one of the direction to be an imaginary time. A chemical potential
enters in the hopping field as an imaginary gauge potential along the Euclidean time di-
rection. With a chemical potential u, the hopping field is modified as

T,(0) = To(0) — (g0 — ip)* — |41 (5.40)

at the UV boundary, where ¢ = (q1,q2,...,qp_1) represents the (D — 1)-dimensional
momentum. The hopping field in the bulk becomes

2

Ty(2) 2

A 6% + (qo — ip)* + |1
m2

(1—e=22) ((qo — ip)? + |q]% + 62) + m2e—2%"
(5.41)

+m’+ —5e ¥ (m?po(0)—1)—m?

m?2

If 6 > u, the gap remains non-zero, and the system is in the insulating state. The
behaviour of #;; in the bulk is essentially the same as the one in the insulating state at zero



To extract the metric in the bulk, we again consider fluctuations around the saddle
point, f@-j = t;; — ti;. With a non-zero chemical potential, ¢;; is no longer identical to
tji. Since the anti-symmetric component is not decoupled from the symmetric component,
eq. (5.26) does not hold. However, eq. (5.25) is still simplified in the large | — j| limit, where
only the first two terms are important. The continuum field defined by t(x, z, 2) = €?*t;;(2)

satisfies
272 21,2 - /
m20, — . - — . o , ~ | t(z,z,2)=0
-2, (2m/90080 + gaﬁaaa,g) -, (2M\/90080+gaﬁaaaﬁ)
(5.43)
in the large |z — z'| limit, where g% = %, gl = ¢22 = ... = gP~LD-1 = ¢22 and

a, runs from 1 to D — 1. Therefore the fluctuation fields propagate in the Lifshitz
background [54-56] whose metric is given by
o d2 —4z(7..0\2 —22 72
ds” = — +e “(dx")" +e Tdr. (5.44)
m
The geometry is invariant under the anisotropic scaling with the dynamical critical expo-
nent 2,

z—z+s 10—, T st (5.45)

The non-locality of the hopping amplitude in the large z limit gives rise to the horizon
at z = o0.



Some remarks

* Black hole geometry has not been derived yet. Cardy formula is not

checked out explicitly in this case.

« Unfortunately, the resulting physics (phase diagram, correlation
functions, critical exponents, and etc.) are given by mean-field types

(i.,e., N > o) essentially, and thus, no gains practically speaking.

« We need to develop a nonperturbative theoretical framework, of

course.



Beyond the mean-field theory



2.5 Nonperturbative generalization

As seen in the previous section, it is disappointing to have just a mean-field theory result
in this dual holographic construction. Certainly, we need to improve the RG scheme in the
microscopic derivation. In this section, we propose a self-consistent RG scheme, introducing
an auxiliary field into the holographic dual effective field theory and performing the RG
transformation in a self-consistent way. An idea is to replace the Hamiltonian kernel in

Prlg(p,s71R), X(D, TIR); TIR] = /Dé(p,TUV)DZ(PaTUV) T [X(p, 7))

exp { = [ (5 001 D)) PALO o) S iy

(2.49)



Explicit FRG derivation



II. DERIVATION OF THE PATH INTEGRAL FORMULATION FOR THE FUNCTIONAL RG
ANALYSIS

In this section, we present explicit derivation of the path integral formulation for the functional RG analysis. We
start from an O(N) vector model,

N 5 N u N N
2~ [ Dou@esn| - [ ddx{; (0ua(@)) mt Y o) + W;%(m);cﬁé(@")”- (1)

Here, o and 3 are flavor indexes for the O(N) symmetry, which run from 1 to N.

Z = /D(ba(m)D(p(x) exp [— /ddx{(ba(;t:)( — (92 +m* — 2(,0(33))(;5&(;17) + % Q(I)H

This is our starting point for the RG transformation.



To investigate the scale-dependent behavior of the theory, we implement the Wilsonian
RG transformation. The matter field ¢ (x) is decomposed into low-energy and high-energy
modes. By performing a Gaussian integration over the high-energy fluctuations within an
energy window scaled by the RG interval dz, we obtain the following effective action for

the low-energy modes:

— [ Dou@Dela)exp [~ [ ate{oata)(- 02 +m® — ip(@))ule) + 5@
+2ad%m( 02 +m? — ip(x ))}] (2.3)



Next, we address the scale-dependent evolution of the collective sector. The field ¢(x)
is replaced with an initial configuration cp(o) (z), and its corresponding fluctuations are
introduced. Integrating out the high-energy collective modes and shifting the field via

#D(@) = pV(2) - pO(2) yield:
Dou(2) DV @D @) exp [~ [ da{ou(e)( = 5+ m? = iV (@))du(a) + 5o (a)
toage 5 (PU@ = 0@ {3 +as(@)?(~ 8+ m? =i @)} (¢ @) - ¢V @)

zad,% ( — 02+ m? —ip® (3;)) 1@'(¢<1>(3;) G (:{:)) + 2adzg In ( — 0% +m? - ?:cp@)(g;)) H (2.4)

where 3 serves as the control parameter for the RG flow of the collective field. The
quadratic term in (c,o(l) — c,o(o)) contains the inverse of the Random Phase Approximation
(RPA) propagator, which includes the one-loop level RG corrections [30, 31, 32]. This
recursive structure defines the step-by-step evolution for the continuous bulk dynamics.




LL 2( ? )}
d%x alx
7 = /D%(SU)DQO(J?, z) exp [ 5

( ))2) (0.0(.2))
4+ m* —ip(x, 2

( + afe? ( 0;, +

dz { 3 o(x

N/ dz/ 17

2?’99(33:2))}:|:
Q B 34””1

)) ( @(mz))+§hl( o

( 82+m —ip(x, 2

—m:2



Based on this derivation, the holographic dual effective field theory is defined as:

7 = /qua(:z:)Dcp(:z:,z) exp [— /dd:c{aﬁa(:v)@l(:v,zf)gba(x) + %9@2(:{:,0)}

Zf 4 (26)
—N/ dz/d xﬁbulk},
0
where the bulk Lagrangian density Ly, 1S given by:
Loutr = % (9:(w,2)) D™ (2, 2) (9(x, 2)) — iz G(x, 2) (Dap(, 2)) + 5 MG~ (2, 2). (2.7)

( — 83 +m? —iyp(x, z))G(:z:, 2) = 6WW(x),

(l + aB?G3(x, z))D(:z:, 2) = 6@ (2).

u



3. Summary of equation of motion

5'3{D1($, 2) (5’;@(& z)) } = 1afBG(x, 2).

azf(fo($: Zf) — 36(1 + E)D($? Zf)G($! Zf):

0,0(x, 2)] =0 = %D($? 0)p(x,0) 4+ iefD(x,0)G(x,0).



FRG formulation



M =N [ 4 { S ) e o O B P M ¥ S ALl P R I ek )}

5 8 SV (]
d d Pol. Pol. A
fMd "fMd ’ (CA (’“’y)6¢<x>6¢<y>+6¢<x>{CA ) 550) })0

5lnA0 =InA

’0

2 €I, 2 T, 2Z)| = d$ — 5 A 5 5 €Xr., <2

g Plete 2000 2 = N [ ) = 850Dl )+ el )
5 5 5 ‘

_Q(S(IJI’(LI??Z)G($?Z)5(23($,Z) + 5¢($?Z)qﬁ(:€,z) > Plo(x, 2), o(x, 2)].

/

Plp(a.2), 00z, 2)] = [ Do(0)Do(w.0)exp { — [ dubtng }Plo(x.0). 6z 0)]

0



Hra = N/ ddsc{ — Bl (z,w)D(z, w),(x,w) + (2, w)e(x, w) — ally(x, w)G(z, w)ly(x, w) + g (z, w)qﬁ(m,w)}

Plo(x,0), ¢(x,0)] = exp [— N/ dd:z:{qﬁ(:ﬂ, 0)G(z,0)p(x,0) + ;L@z(m, O)H

1 1
7 = /DH@(m,z)Dtp(m,z)exp [ N/ddz{ +2€oz InG~'(z,25) — %1/ InG ' (z,0) + 2—<,02(33,0)}
u

—N/OZf dz/ddm{ﬁﬂ{p(x, z2)D(z, z)ll,(x, z) — il (x, 2) (8299@, z)) -+ %ln Gz, z)}} .



Normal modes

99('1::' Z) — (pC('fEa Z) _|_599($3 Z)

—8Z{D1(513, 2) ((5’2;5(;:’(33j z)) } = —afG*(z, 2)0p(x, 2)

( — c‘ﬁ +m® — ip.(, z))(}'(az:j 2) = 6D (),

(- +aBeG(z,2)) D(x, 2) = 69(x),



How can we reconstruct the corresponding geometry

from both single-particle and two-particle spectra?
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7 = /Dqﬁa(m) ex { - SUV[qbﬂ.(If);gfy(m)]} (2.1)
and the effective action is

Suv(¢a(2): g0, ()]

_ f A" \/G54 9 (0u60)(Ds6a) + mP6% + ERpoR | o GhoRl b

Z = Z\ /Dso(ff-a 2)Dgpy(z, 2) exp { — Suv[guw (2,0), o(2,0)] — Sirlguw (2, 25), (2, 2f)]

~ Spuklgu (2, 2), ¢, 2)] . 9o e & guo T (2.4)

e—dex JB %d’éd)fg = [ Do e—dex 9B (% 2—i<P¢gx)



0
0 20O 60, g =g W 601 Pa— Pu + 500

0
[ D6p - p2¢2% > 0D,  [D8guy > T2 = gpyr [ DSy = Verf[0©®, g

Heat kernel calculation

o® 5Ok 89, g% ~lgD 80, b > Po+ 50

1
[ D8p - ¢2p% = 0@, [D8gu, =T = 9%, [ D8by = Verslo®, gt

Heat kernel calculation

Just doing Gaussian integral
in the presence of general background fields

k1 & ggf,_l) for every RG step (k)
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Z = [ Dga(@)exp { - Suv(sa(a);

g ()]}

and the effective action is

Suv[da(z): gh, ()]

- ] AP /a5 0 (0,00)(0,60) + m262 + ERpo?

A
2N

w

7
N T ).

Z = Zx [ De(@,2)Dgun (. 2) exp { = Suvlgyu (2,0, ¢(,0)] = Sirlgpu (2, 21), 9l 2¢)

— SBulk[guy(-T': z),(z, 2)] }

o, 2)

SBulk[guv (2, 2)

Y < ¢62Z & gy T (2.4)

Heat kernel calculation

}:N/szdz/d‘omﬁg(m,z)
C

2 g (2,2)[0

(0:0"(2,2) — g

(@

2)][0vp(z, 2)] + CeR(z, 2)[p(a, 2))?

=

' R ' 2
(2,2) (0, 0 Goar g (2, 2), (2, 2)]) , "7 (2. z})

_I_

(R(m, z) — Qﬂ) .

RG — improved

SIR[Q#V(ma Zf): 50[333 Zf)]

N/dDIE g(x, zf)

¥

Ginzburg — Landau theory
on emergent curved spacetime
with an extradimension

0" (@, 2) Oup (@, 2p)][Bpipla. 2p)] + C{ R(, 2p) [l 2



Eq. of the scalar (density) field

ds* = q,,dz* + gupdatdx”.

0. (Vag=0:50(@,2)) + —0.(V5g" dudipla, 2) ) = m?p (. 2)0p(x, 2)

1
Vi NG

8Z{Dl($, 2) (825@(:5, z))} + 3ﬁ5<,0($, 2) = affG4(x, 2)0p(x, 2).






d 92D(z,2) 3d  [0.D(z,2)]? d—2 _,
B8 29@—1) Dls) A@-1) D(.2f 2d-1)° a“a”D(m’% 2)
d—2 6" [9,D(x,2)][0,D(x,2) |
-1 D(z, =) ’
_0:0,D(x,2)  3d—4 [0.D(x,2)][0,D(, 2)]
R, 2) = 2]%(:1:,2’) - 4(d—1) D(:U,ZASQ ’ (3:30)
B d—2 0,D(x,2)||0,D(x,z2)] 0,0 83D(£E,Z) [8ZD(.CE,Z)]2
B(0:2) == @=T) D, o) * 5~ 1>[D<x,z>2 7 Dy (3.31)

6P°0,0,D(x, z) o 10,D(x, 2)] [05D(x, Z)]]
D(x, z) D(z,2)? |



_d _2d-3 o 7d _3d—4 2
_de(a:,z) -1 9;D(x, z) — (d— 1)D($az) -1 [0, D(x, z)]

D(Q’: Z)_jiié'm/@ 8 D(QS‘ Z) d—l— 2 2d—3 (332)
’ i ) . — ==
d— 1 -1 w2 TroTo.Dle,2)l 19, Diz, 2)].

R(x, 2)




1

Einstein Eq. Rap(2,2) = 5 gab(2, 2) R(2, 2) = Tap(2, 2)
1 5d —6 0,D(z,z)0"D(z, z) d [0,D(z,2)]
Tez(w,2) = 50,07 D@, 2) + oy D(z. 2) T8d—1) D%z.2)
(3.34)
T, - 0.0,D(x,2) 3d—4 0.D(z,2)0,D(z, z)j (3.35)

2D(x, z) 4(d —1) D?(z, z)

d—2 0,D(x,z)0,D(z,2) o [ d—2 O\D(x, ;5) 0D (z, 2)
4(d —1) D?(z, 2) 8(d —1) D?(x, z)
10%D(x, 2) N 7d—8 [0,D(x, z)]2]
2 D2(z,2)  8(d—1) D3(z,2) |

Tz, z) =—
(3.36)




Approximate solution
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Figure 1. Numeric calculation of the collective mode ¢ and Green function G for massless and
m = 2 under the parameters « = § = u =1, and z; = 10.
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Energy—condition functions

Local Energy Conditions: Gapless Phase (m = 0)
Local Energy Conditions: Gapped Phase (m = 2)
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Discussion

To properly describe black hole physics and the associated horizon thermodynamics from first principles, it is neces-
sary to solve the full radial evolution without this approximation, fully incorporating the scale-dependent behavior of
the interaction propagator D(x, z) defined in Eq. (9). Since the full propagator D(z, z) contains non-linear feedback
from the matter-field fluctuations via G?(x, z), a complete numerical or semi-analytic treatment of the full non-linear
system is expected to provide a continuous backreaction that can properly stabilize a thermal horizon. We leave the
explicit construction of the fully backreacted finite-temperature geometry for future investigation.

—0,9 D (x,2)(0.0(x,2) ) } =iaBG(x, 2).



From multi-particle spectra to black hole geometry



