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introduction

Higgs Gravitational wave BH Horizon
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introduction

LHC LIGO EHT
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introduction

LHC LIGO EHT
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Faint signals; Patience; Theory
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FCC

circular accelerators with decelerating pace of expansion!
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Factorization
Perturbative QCD

Factorization
Collins,Soper,Sterman’85–’89

I Calculate
I Scattering probability
I Gluon emission probability

I Measure
I Long distance interactions
I Particle decay rates

Divide et Impera

I Quantity of interest: Total interaction rate

I Convolution of short & long distance physics

σp1p2→X =
∑

i,j∈{q,g}

∫
dx1dx2 fp1,i (x1, µ

2
F )fp2,j (x2, µ

2
F )

︸ ︷︷ ︸
long distance physics

σ̂ij→X (x1x2, µ
2
F )

︸ ︷︷ ︸
short distance physics

Stefan Höche From amplitudes to experiments 7

C.G.Papadopoulos (INPP) High-energy phenomenology group Athens 2015 9 / 22
QCD as a perturbative quantum field theory
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︸ ︷︷ ︸
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σ̂ij→X (x1x2, µ
2
F )

︸ ︷︷ ︸
short distance physics

Stefan Höche From amplitudes to experiments 7

C.G.Papadopoulos (INPP) High-energy phenomenology group Athens 2015 9 / 22
QCD as a perturbative quantum field theory
Lattice QCD results: → C. Alexandrou, et al. Phys. Rev. Lett. 121, 112001 (2018) [arXiv:1803.02685 [hep-lat]].
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Fixed-order calculations
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The precision adventure

DS recursive equations

How to avoid Feynman diagrams

→ a highly subjective point of view
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LO - Dyson-Schwinger Recursive Equations

From Feynman Diagrams to recursive equations: taming the n!
1999 HELAC: The first code to calculate recursively tree-order
amplitudes for (practically) arbitrary number of particles

→A. Kanaki and C. G. Papadopoulos, Comput. Phys. Commun. 132 (2000) 306 [arXiv:hep-ph/0002082].

→F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

→ F. Caravaglios and M. Moretti, Phys. Lett. B 358 (1995) 332.

'

&

$

%HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +

Unfortunately not so much on the second line !
→Integrals and Integrands
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Taming the beast ...

From Feynman graphs ...

gg → ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

to Dyson-Schwinger recursion! Helac-Phegas

gg → ng 2 3 4 5 6 7 8 9
# 5 15 35 70 126 210 330 495

Costas G. Papadopoulos (INPP) Demokritos, June 29 – July 3, 2026 INPP-APCTP 2026 11 / 72



Beyond tree-order

NLO

Don’t make integrals, make integrands !
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =
∫

m
dΦm|M(0)

m |2Jm(Φ) ← LO

+
∫

m
dΦm2Re(M(0)∗

m M(1)
m (ϵUV , ϵIR))Jm(Φ) ← Virtual

+
∫

m+1
dΦm+1|M

(0)
m+1|

2Jm+1(Φ) ← Real

Jm(Φ) jet function: Infrared safety Jm+1 → Jm
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =
∫

m
dΦD=4

m (|M(0)
m |2 + 2Re(M(0)∗

m M(CT )
m (ϵUV )))Jm(Φ)

+
∫

m
dΦD=4

m 2Re(M(0)∗
m M(1)

m (ϵUV , ϵIR))Jm(Φ)

+
∫

m+1
dΦD=4−2ϵIR

m+1 |M(0)
m+1|

2Jm+1(Φ)

IR and UV divergencies, HV or Four-Dimensional-Helicity scheme; scale
dependence µR
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =
∫

m
dΦmJm(Φ)

+
∫

m
dΦm2Re(M(0)∗

m M(1)
m (ϵUV , ϵIR))Jm(Φ)

+
∫

m+1
dΦm+1|M

(0)
m+1|

2Jm+1(Φ)

QCD factorization−µF Collinear counter-terms when PDF are involved
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The one loop paradigm

basis of scalar integrals: known already before NLO-R; remember this is not the case for higher orders

→G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B 153 (1979) 365.

→ Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751

→G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160 (1979) 151.

→Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425 (1994) 217.

A =
∑

I⊂{0,1,··· ,m−1}

∫
µ(4−d)dd q̄

(2π)d
N̄ I(q̄)∏

i∈I
D̄i (q̄)

A =
∑

di1 i2 i3 i4 +
∑

ci1 i2 i3 +
∑

bi1 i2 +
∑

ai1 + R

a, b, c, d → cut-constructible part R → rational terms
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The old “master” formula

A →
∫ N̄(q̄)

D̄0D̄1 · · · D̄m−1
=

m−1∑
i0<i1<i2<i3

d(i0i1i2i3)
∫ 1

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2
c(i0i1i2)

∫ 1
D̄i0D̄i1D̄i2

+
m−1∑
i0<i1

b(i0i1)
∫ 1

D̄i0D̄i1

+
m−1∑

i0
a(i0)

∫ 1
D̄i0

+ rational terms
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OPP “master” formula - I

General expression for the 4-dim N(q) at the integrand level in terms of Di

→ G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:hep-ph/0609007 [hep-ph]].

N(q) =
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

] m−1∏
i ̸=i0,i1,i2,i3

Di

+
m−1∑

i0<i1<i2
[c(i0i1i2) + c̃(q; i0i1i2)]

m−1∏
i ̸=i0,i1,i2

Di

+
m−1∑
i0<i1

[
b(i0i1) + b̃(q; i0i1)

] m−1∏
i ̸=i0,i1

Di

+
m−1∑

i0
[a(i0) + ã(q; i0)]

m−1∏
i ̸=i0

Di
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OPP R1

→G. Ossola, C. G. Papadopoulos and R. Pittau, JHEP 05 (2008), 004 [arXiv:0802.1876 [hep-ph]].

D̄i = (q̄ + pi)2 −m2
i , p0 ̸= 0 ,

D̄i = Di + q̃2

m2
i → m2

i − q̃2.

d(ijkl ; q̃2) = d(ijkl) + q̃2d (2)(ijkl) + q̃4d (4)(ijkl) ,

c(ijk; q̃2) = c(ijk) + q̃2c(2)(ijk) ,

b(ij ; q̃2) = b(ij) + q̃2b(2)(ij) .
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OPP R1

d (4)(ijkl) = lim
q̃2→∞

d(ijkl ; q̃2)
q̃4 ,

c(2)(ijk) = lim
q̃2→∞

c(ijk; q̃2)
q̃2 ,

b(2)(ij) = lim
q̃2→∞

b(ij ; q̃2)
q̃2 ,

d (4)(ijkl) = d(ijkl ; 1) + d(ijkl ;−1)− 2d(ijkl)
2 ,

c(2)(ijk) = c(ijk; 1)− c(ijk) ,

b(2)(ij) = b(ij ; 1)− b(ij) .
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OPP R1

∫
dnq̄ q̃4

D̄i D̄jD̄kD̄l
= − iπ2

6 +O(ϵ) ,∫
dnq̄ q̃2

D̄i D̄jD̄k
= − iπ2

2 +O(ϵ) ,

∫
dnq̄ q̃2

D̄i D̄j
= − iπ2

2

[
m2

i + m2
j −

(pi − pj)2

3

]
+O(ϵ) .
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OPP R1

R1 = − i
96π2 d (2m−4) − i

32π2

m−1∑
i0<i1<i2

c(2)(i0i1i2)

− i
32π2

m−1∑
i0<i1

b(2)(i0i1)
(

m2
i0 + m2

i1 −
(pi0 − pi1)2

3

)
.
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OPP R2

→P. Draggiotis, M. V. Garzelli, C. G. Papadopoulos and R. Pittau, JHEP 04 (2009), 072 [arXiv:0903.0356 [hep-ph]].

→ M. V. Garzelli, I. Malamos and R. Pittau, JHEP 01 (2010), 040 [erratum: JHEP 10 (2010), 097]

N̄(q̄) = N(q) + Ñ(q̃2, q, ϵ) .

q̄ = q + q̃ ,

γ̄µ̄ = γµ + γ̃µ̃ ,

ḡ µ̄ν̄ = gµν + g̃ µ̃ν̃ .

R2 ≡
1

(2π)4

∫
dn q̄ Ñ(q̃2, q, ϵ)

D̄0D̄1 · · · D̄m−1
≡ 1

(2π)4

∫
dn q̄R2 .
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OPP R2
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OPP R2

ϵ-dimensional γ matrices freely anti-commute with four-dimensional ones:
{γµ, γ̃ν} = 0

N̄(q̄) ≡ e3
{

γ̄β̄ (/̄Q1 + me) γµ (/̄Q2 + me) γ̄β̄
}

= e3 {γβ(/Q1 + me)γµ(/Q2 + me)γβ

− ϵ (/Q1 −me)γµ(/Q2 −me) + ϵq̃2 γµ − q̃2 γβγµγβ
}

,

∫
dnq̄ q̃2

D̄0D̄1D̄2
= − iπ2

2 +O(ϵ) ,∫
dnq̄ qµqν

D̄0D̄1D̄2
= − iπ2

2ϵ
gµν +O(1) ,

gives

R2 = − ie3

8π2 γµ +O(ϵ) ,
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OPP R2

Computing 1PI contributions to R2 → R2 for any 1-loop amplitude

R2 vertices in full analogy with renormalization CT
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OPP@work

1 Determining the on-shell momenta through Di = 0 and computing all
coefficients.

2 Determining the on-shell momenta through Di = µ and µ dependence
of certain coefficients, namely R1.

3 Using new Feynman rules to compute with tree-like DS the rest of R
contribution, namely R2.

→ G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:0802.1876 [hep-ph]].

→ M. V. Garzelli, I. Malamos and R. Pittau, [arXiv:0910.3130 [hep-ph]].
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The one-loop calculation in a nutshell

The computation of pp(pp̄) → e+νeµ−ν̄µbb̄ involves up to six-point functions.
The most generic integrand has therefore the form

A(q) =
∑ N(6)

i (q)
D̄i0 D̄i1 · · · D̄i5︸ ︷︷ ︸+

N(5)
i (q)

D̄i0 D̄i1 · · · D̄i4︸ ︷︷ ︸+
N(4)

i (q)
D̄i0 D̄i1 · · · D̄i3︸ ︷︷ ︸+

N(3)
i (q)

D̄i0 D̄i1 D̄i2︸ ︷︷ ︸+ · · ·

In order to apply the OPP reduction, HELAC numerically evaluates the numerators
N6

i (q),N5
i (q), .... with the values of the loop momentum q provided by CutTools +R1.

generates all inequivalent partitions of 6,5,4,3... blobs attached to the loop, and check all
possible flavours (and colours) that can be consistently running inside
hard-cuts the loop (q is fixed) to get a n + 2 tree-like process

−→

The R2 contributions (rational terms) are calculated in the same way as the tree-order
amplitude, taking into account extra vertices

Costas G. Papadopoulos (INPP) Demokritos, June 29 – July 3, 2026 INPP-APCTP 2026 26 / 72



Perturbative QCD at NNLO

What do we need for an NNLO calculation ?

p1, p2 → p3, ..., pm+2
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Perturbative QCD at NNLO

What do we need for an NNLO calculation ?

σNNLO →
∫

m
dΦm

(
2Re(M(0)∗

m M(2)
m ) +

∣∣∣M(1)
m

∣∣∣2) Jm(Φ) VV

+
∫

m+1
dΦm+1

(
2Re
(

M(0)∗
m+1M(1)

m+1

))
Jm+1(Φ) RV

+
∫

m+2
dΦm+2

∣∣∣M(0)
m+2

∣∣∣2 Jm+2(Φ) RR

RV + RR → antenna-S, colorfull-NNLO, sector-improved residue subtraction, nested
soft-collinear, local analytic sector subtraction, projection to born, qT , N-jetiness

→A. Gehrmann-De Ridder, T. Gehrmann and M. Ritzmann, JHEP 1210 (2012) 047
→ P. Bolzoni, G. Somogyi and Z. Trocsanyi, JHEP 1101 (2011) 059

→ M. Czakon and D. Heymes, Nucl. Phys. B 890 (2014) 152
→S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002

→ R. Boughezal, C. Focke, X. Liu and F. Petriello, Phys. Rev. Lett. 115 (2015) no.6, 062002
→ M. Cacciari, F. A. Dreyer, A. Karlberg, G. P. Salam and G. Zanderighi, Phys. Rev. Lett. 115, no. 8, 082002 (2015)

→ F. Caola, K. Melnikov and R. Röntsch, Eur. Phys. J. C 77, no. 4, 248 (2017)
→ L. Magnea, E. Maina, G. Pelliccioli, C. Signorile-Signorile, P. Torrielli and S. Uccirati, arXiv:1806.09570 [hep-ph].
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Perturbative QCD at NNLO

Standard approach: Qgraf → symbolic manipulation, dimensionally regularized
amplitudes, rational reconstruction → IBP: FIRE, Kira or numerical pySecDec

→ T. Peraro, [arXiv:1608.01902 [hep-ph]], [arXiv:1905.08019 [hep-ph]].

→ S. Badger, D. Chicherin, T. Gehrmann, G. Heinrich, J. M. Henn, T. Peraro, P. Wasser, Y. Zhang and S. Zoia, [arXiv:1905.03733 [hep-ph]].

→ A. V. Smirnov and M. Zeng, [arXiv:2311.02370 [hep-ph]].

→ S. Abreu, D. Chicherin, H. Ita, B. Page, V. Sotnikov, W. Tschernow and S. Zoia, [arXiv:2306.15431 [hep-ph]].

→ G. Heinrich, S. P. Jones, M. Kerner, V. Magerya, A. Olsson and J. Schlenk, [arXiv:2305.19768 [hep-ph]].

→ G. Cullen et al. [GoSam], [arXiv:1111.2034 [hep-ph]].

→ V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].

Numerical unitarity → dimensionally regularized amplitudes by gluing tree amplitudes in
different integer dimensions → Ds

→ S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, CPC 267 (2021), 108069

→ V. Sotnikov, doi:10.6094/UNIFR/151540

OpenLoops → Feynman graph → opening the loops → amplitudes in d = 4 →
coefficients of tensor integrals

→ S. Pozzorini, N. Schär and M. F. Zoller, [arXiv:2201.11615 [hep-ph]].

→ talks by Gloria Bertolotti, Nicolo Giraudo and Fabian Lange
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Amplitude construction

Amplitude construction
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Amplitude construction

Dyson-Schwinger recursive equations
→ QCD color-ordered Berends-Giele

Color flow representation
→ universal simplified treatment of gluons and quarks

Cutting (or opening) the loop(s)

Costas G. Papadopoulos (INPP) Demokritos, June 29 – July 3, 2026 INPP-APCTP 2026 30 / 72



Amplitude construction

BL1+L2+L3+LA

BL1+L2

BL1

B1

BL1+L2+L3

BL1+L2+L3+LA+LB

BL1+L2+1

B
(1)

L1+1

B
(1)

L1

B
(1)
1

B
(1)

L1+L2+2

B
(1)

L1+L2+1

Cut in k3-line

F1

F2

FL1

FL1+1
FL1+2

FL1+3

FL1+L2+1

FL1+L2+2

FL1+L2+3

FL1+L2+4

FL1+L2+L3+2

FL1+L2+L3+3

F
(1)
1 F

(1)
2

F
(1)
3

F
(1)

L2+1

F
(1)

L2+2
F

(1)

L2+3

F
(1)

L2+4

F
(1)

L1+L2+2

B
(1)

L1+2

BL1+1

2(n+1)

2n
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Amplitude construction

B
(1)

L1+1

B
(1)

L1+L2+1

B
(1)

L1

B
(1)
1

B
(1)

L1+L2+2

b
(1)

L1+L2−1

b
(1)

L1+L2

b
(1)
1

b
(1)

L1+L2+2

b
(1)

L1+L2+1

Reordering of blobs in

F
(1)
1

F
(1)

L1+L2+2

F
(1)

L2+4

F
(1)

L2+3
F

(1)

L2+2

F
(1)

L2+1

F
(1)
3

F
(1)
2

f
(1)
1 f

(1)
2

f
(1)
3

f
(1)
4

f
(1)
5

f
(1)
6

f
(1)

L1+L2+2

b
(1)

L1+L2

B
(1)

L1+2

in order for b
(1)
1

contain the particle 1
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Amplitude construction

1

2

4

8

12

2

1

4

8

16

32

12
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δ
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Amplitude construction

The "quantum" of HELAC skeleton → numerator
gg → gg , the first out of the six LC flows:

Each row(s) corresponds to an off-shell current, vector, ghost, fermion
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Amplitude construction

Remark: Skeleton knows nothing about d : it can be used in d = 4 or any
other dimension including d = 4− 2ϵ, and produce numerical and/or
analytic(symbolic) results.
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Amplitude construction
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Amplitude construction
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Amplitude construction
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Amplitude construction

→ Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, in preparation
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Integrand reduction

→ Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231
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OPP@2L with HELAC

A(L)({p}) =

G∑
g=1

(∫ L∏
i=1

[dki ]
N (k1, . . . , kL, {p})

D1 D2 · · · Dn

)
g

,

Extending the OPP approach to two loops, one can express the numerator N of a generic loop integrand in the following form:

N = P(n) +

n∑
i=1

P(n−1)
i Di +

n−1∑
i=1

n∑
j>i

P(n−2)
ij Di Dj + . . . + P(0)

12...nD1D2 . . .Dn

Focusing on the two-loop case, our goal eventually is to decompose the amplitude, A(2), in terms of a set of Feynman integrals
Fi and coefficients ci that depend only on the external kinematics,

A(2) =
∑

i

ci ({p}) Fi ,

Fi ≡ F (a1, . . . , aN ) =

∫ 2∏
i=1

[dki ]
1

Da1
1 . . .DaN

N

, ai ∈ Z .

Notice that D1, . . . ,DN , N > n, define an enlarged set of inverse propagators → family.

Costas G. Papadopoulos (INPP) Demokritos, June 29 – July 3, 2026 INPP-APCTP 2026 40 / 72



OPP@2L with HELAC

In contrast to the one-loop case, P(n−...)
i...

include monomials from {ki · kj , ki · pj , ki · η}, not determined by the cut
equations → ISP, not all spurious, as in the one-loop case.
Therefore, at the integral level expecting Fi with ai < 0, → stemming from all {ki · kj , ki · pj , ki · η}

We can therefore consider the projection of the numerator over the entire family of inverse propagators, allowing a universal
treatment of all numerators regardless of the structure of their denominator:

N = P(N) +

N∑
i=1

cuts︷ ︸︸ ︷
P(N−1)

i Di︸ ︷︷ ︸
level=N−1

+

N−1∑
i=1

N∑
j>i

P(N−2)
ij Di Dj + . . . + P(0)

12...N D1D2 . . .DN

Just to clarify the terminology, each term represents a level and each term within the level an individual cut.
The algorithm to solve it can be described as follows. For each cut, all the relevant on-shell conditions (cut equations) are
solved, for the eight 4-dimensional components of k1, k2 and the three µij collected in the eleven-dimensional array X⃗ .

Assuming that the set of monomials mi (i = 1, . . . ,M) parametrizing a given polynomial P is established, P =
∑M

i=1
ci mi ,

then an M × M matrix, M, is obtained by evaluating the monomials mi on the solution to the cut equations, by assigning M
random values to the free parameters of the solution, obtaining thus M instances of X⃗j , j = 1, . . . ,M, and then computing
the elements of the matrix M, as follows: Mi,j ≡ mi (X⃗j ). → Zhang, Yang, hep-ph:1205.5707
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OPP@2L with HELAC
The numerator N (X⃗ , d) can be cast in the form

N ≡ N (X⃗ , d) = N0 +
∑
i≥1

ϵ
i N (i)

ϵ ,

by expanding in powers of ϵ ≡ (4 − d)/2, where both N0 ≡ N (X⃗ , d)|d=4 and N (i)
ϵ ≡ N (i)

ϵ (X⃗), are accessible numerically
and depending on µij through X⃗ .
The master equation is then solved iteratively: first solving for P(N),

P(N) =

M∑
i=1

(
c(0)

i +
∑

ϵ
j c(j)

i

)
mi

using X⃗ and M from the top-level cut equations,

c⃗ (0) = M−1B(0) c⃗ (i) = M−1B(i)

with
B(0)

j = N0(X⃗j ) B(i)
j = N (i)

ϵ (X⃗j ).

Subsequently, the known polynomial P(N) is subtracted, and the process is repeated to solve for the remaining coefficients
P(N−1)

i (i = 1, . . . ,N) and all subsequent terms To ensure the validity of the numerical algebraic reduction, an N = N test is
performed at each iteration by comparing the left- and right-hand sides. This is done on values of the parameters on the
relevant cut, other than those used in the fitting procedure, at each stage. At the final step of the recursion, the N = N test is
performed at completely random values of X⃗ , thus ensuring that the reduction had been fully completed.
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Application of the method

→ Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231

We have addressed the solution of the integrand master equation for numerators
representative of a variety of scattering processes, ranging from four- to six-point
kinematics, including massive particles, both analytically and numerically.

For the generation of the analytic expressions required, we used the Mathematica
packages FeynArts and FeynCalc, except for the 6-particle case, which has been
generated by FORM.

→ T. Hahn, [arXiv:hep-ph/0012260 [hep-ph]].

→ J. Kublbeck, M. Bohm and A. Denner, Comput. Phys. Commun. 60 (1990), 165-180

→ V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].

→ J. Kuipers, T. Ueda, J. A. M. Vermaseren and J. Vollinga, [arXiv:1203.6543 [cs.SC]].

The procedure is as follows:
For each level and cut, solve the cut equations Di 1 = Di 2 = . . . = 0.
Fit or solve explicitly for the coefficients ci .

Perform the analysis in both d = 4 and d = 4 − 2ϵ dimensions.
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Application of the method

gg → gg .
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Application of the method

gg → ggg .
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Application of the method

gg → gggg .
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Other contributions

Penta-triangle Hexa-bubble

Non-planar double box gg → tt̄ gg → tt̄H

→ Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231
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Recapitulation

Solving cut equations
in d = 4, by parametrizing loop momenta in terms of the 8
components of 4-dimensional loop momenta
in d = 4− 2ϵ, including also µij = k [d−4]

i · k [d−4]
j , i.e. a total of 11

parameters
→ find systematically all solutions
Determine all the coefficients ci , numerically and/or analytically.

In d = 4− 2ϵ at each cut solving a full-rank linear system
In d = 4 linear system solvable but rank-deficient

Amplitude reduction d = 4−2ϵ seems preferable vs d = 4→ R1 & R2
→ J. N. Lang, S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2107.10288 [hep-ph]].

→ C. Duhr and P. Thakkar, [arXiv:2310.14551 [hep-ph]].

→ H. Zhang, PoS LL2022 (2022), 072

→ S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2001.11388 [hep-ph]].

→ J. N. Lang, S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2007.03713 [hep-ph]].
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The amplitude in d = 4− 2ϵ

→ Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, in preparation
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

Amplitude reduction in d = 4− 2ϵ requires reconstructing numerically the
dimensionally regulated numerator N .

Numerical Unitarity: gluing tree amplitudes in different integer
dimensions → Ds > 4

→ W. T. Giele, Z. Kunszt and K. Melnikov, [arXiv:0801.2237 [hep-ph]].

→ S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page and M. Zeng, [arXiv:1703.05273 [hep-ph]].

→ S. Abreu, F. Febres Cordero, H. Ita, B. Page and V. Sotnikov, [arXiv:1809.09067 [hep-ph]].

→ S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, [arXiv:2009.11957 [hep-ph]].

→ V. Sotnikov, doi:10.6094/UNIFR/151540

Introducing extra particles and Feynman rules;
→ only µ not d − 4 terms?

→R. A. Fazio, P. Mastrolia, E. Mirabella and W. J. Torres Bobadilla, [arXiv:1404.4783 [hep-ph]].

→ R. Pittau, [arXiv:1111.4965 [hep-ph]].
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

Calculating the dimensionally regulated numerators with HELAC in the ’t
Hooft-Veltman (HV) scheme.

k̄i = ki + k̃i , γ̄µ = γµ + γ̃µ, ḡµν = gµν + g̃µν

ε̄i = εi + ε̃i

µij = k̃i · k̃j = /̃ki /̃kj

d − 4 = g̃µν g̃µν = γ̃µγ̃µ
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

At one loop q = k1, and for pure YM

HELAC aficionados:
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

The problem that we are addressing can be formulated as follows: find a method to reconstruct
the (d − 4)-dimensional part of a recursive current (computed either analytically or numerically)
knowing its d = 4 component. Schematically:

J(N) → J(N) = J(N) + E [ J(N) ] ,

where E[·] is a formal operator which generates all d − 4 and µ ≡ q̃2 terms associated with an
input quantity in d = 4.

E [ q2 X ] = µX ,

E [
∑
λ

(ελ · ωλ) X ] = (d − 4) X ,

E [
∑
λ

(ελ · q) (ωλ · q) X ] = µX .
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

E [ J(N)α ] ≡ C (N)
q q̃α + C (N)

ε ε̃α + J(N)α
εq (ε̃ · q̃) + C (N)

εq,q (ε̃ · q̃) q̃α

+ J(N)α
µ + (d − 4) J(N)α

d−4 .

L(ni ) = 0 if the current does not belong to a loop propagator ;
L(ni ) = 1 if the current belongs to a loop propagator ;
L(ni ) = 2 if ni = 2n+1 (loop endpoint) .
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP
For a 3-gluon vertex:

C(n1+n2)
q = θ(L(n1)) C(n1)

q J(n2) ·
(

2 p(n1) + p(n2)
)

− θ(L(n2)) C(n2)
q J(n1) ·

(
p(n1) + 2 p(n2)

)
+
(
θ(L(n2)) − θ(L(n1))

)
J(n1) · J(n2)

C(n1+n2)
ε = θ(L(n1)) C(n1)

ε J(n2) ·
(

2 p(n1) + p(n2)
)

− θ(L(n2)) C(n2)
ε J(n1) ·

(
p(n1) + 2 p(n2)

)
J(n1+n2) α

εq = θ(L(n1))
(

V α
g1g2→g [J(n1)

εq , J(n2)] − J(n1) α
(

C(n1)
ε + µ C(n1)

εq,q

))
+ θ(L(n2))

(
V α

g1g2→g [J(n1)
, J(n2)

εq ] + J(n2) α
(

C(n2)
ε + µ C(n2)

εq,q

))
C(n1+n2)

εq,q = θ(L(n1))
(

J(n1)
εq · J(n2) + C(n1)

εq,q J(n2) ·
(

2 p(n1) + p(n2)
))

+ θ(L(n2))
(

J(n1) · J(n2)
εq − C(n2)

εq,q J(n1) ·
(

p(n1) + 2 p(n2)
))

J(n1+n2) α
µ = θ(L(n1))

(
−µ C(n1)

q J(n2) α
)

+ θ(L(n2))
(
µ C(n2)

q J(n1) α
)

+ θ(L(n1)) θ(L(n2) − 1)
(

2µ C(n1)
q J(n2) α + µ J(n1) α

εq + µ C(n1)
εq,q

(
p(n2) − p(n1)

)α)
+ θ(L(n1) − 1) θ(L(n2))

(
−2µ C(n2)

q J(n1) α − µ J(n2) α
εq + µ C(n2)

εq,q

(
p(n2) − p(n1)

)α)
J(n1+n2) α

(d−4) = θ(L(n1)) θ(L(n2) − 1)
(

C(n1)
ε

(
p(n2) − p(n1)

)α)
+ θ(L(n1) − 1) θ(L(n2))

(
C(n2)

ε

(
p(n2) − p(n1)

)α)
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

Similar equations hold for a 4-gluon vertex, whereas the current associated to a ghost can be
parametrized

E [ J(N)
ghost ] ≡ C (N)

εq (ε̃ · q̃) + J(N)
µ + (d − 4) J(N)

d−4

along with its own recursive equations stemming from gluon-ghost vertices.

The recursive equations described so far have been implemented in a new version of the
one-loop framework, HELAC1LOOP_DDIM.
We have validated the numerical implementation of the recursive equations at one loop
against analytic results from FeynCalc and in-house codes based on Mathematica and
FORM.

→ V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].

→ J. Kuipers, T. Ueda, J. A. M. Vermaseren and J. Vollinga, [arXiv:1203.6543 [cs.SC]].

Moreover, we have tested that the results obtained from the new version (no R1, no R2
terms), regarding gg → gg and gg → ggg one-loop amplitudes, are in complete
agreement with those provided by the existing HELAC-1LOOP.

→ A. van Hameren, C. G. Papadopoulos and R. Pittau, [arXiv:0903.4665 [hep-ph]].

→ G. Bevilacqua, M. Czakon, M. V. Garzelli, A. van Hameren, A. Kardos, C. G. Papadopoulos, R. Pittau and M. Worek, “HELAC-NLO,”

[arXiv:1110.1499 [hep-ph]].
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

The origin of evanescent terms for the two-loop case can be tracked down to the following relations:

E [ (qi · qj ) X ] = µij X ,

E [
∑

λ

(qi · εk, λ) (qj · ωk, λ) X ] = µij X ,

E [
∑

λ

(εi, λ · ωi, λ) X ] = (d − 4) X ,

E [
∑
λ1,λ2

(ε1,λ1 · ω1,λ1 ) (ε2,λ2 · ω2,λ2 ) X ] = (d − 4) X ,

E [
∑
λ1,λ2

(ε1,λ1 · ω2,λ2 ) (ε2,λ2 · ω1,λ1 ) X ] = (d − 4) X ,

E [
∑
λ1,λ2

(ε1,λ1 · ε2,λ2 ) (ω1,λ1 · ω2,λ2 ) X ] = (d − 4) X
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

E [ J(N) α ] ≡

2∑
i=1

C(N)
qi q̃α

i +

2∑
i=1

C(N)
εi

ε̃
α
i + C(N)

ω2
ω̃

α
2

+

2∑
i,j=1

J(N) α
εi qj (ε̃i · q̃j ) + J(N) α

ω2q2 (ω̃2 · q̃2)

+ J(N) α
ε1ε2

(ε̃1 · ε̃2) +

2∑
i,j=1

J(N) α
ε1qi ε2qj (ε̃1 · q̃i )(ε̃2 · q̃j )

+

2∑
i,j,k=1

C(N)
εi qj ,qk

(ε̃i · q̃j ) q̃α
k +

2∑
i,j,k ̸=i

C(N)
εi qj ,εk

(ε̃i · q̃j ) ε̃
α
k

+ C(N)
ω2q2,q2 (ω̃2 · q̃2) q̃α

2 +

2∑
i=1

C(N)
ε1ε2,qi (ε̃1 · ε̃2) q̃α

i

+

2∑
i,j,k=1

C(N)
εi qj ,εk

(ε̃1 · q̃i )(ε̃2 · q̃j )q̃
α
k

+ J(N) α
µ +

∑
m

(d − 4)m J(N) α

(d−4),m

where J(N) α
µ contains all µij -dependent terms at O((d − 4)0), while J(N) α

(d−4),m denotes O((d − 4)m) contributions. Let us
note that also the latter contributions may contain µij -dependent terms.

Costas G. Papadopoulos (INPP) Demokritos, June 29 – July 3, 2026 INPP-APCTP 2026 59 / 72



Amplitudes in d = 4− 2ϵ with HELAC2LOOP

E [ J(N)
ghost ] ≡

2∑
i=1

C (N)
εi qi (ε̃i · q̃i ) + J(N)

µ

Let us note that, at two loops, ghost topologies can accommodate gluon propagators in the
loop. This implies that the coefficient C (N)

εi qi can be non-zero, and µij terms can be generated
along the recursion. Still no O(d − 4) terms can be generated at any stage of the recursion.
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP

When full QCD is taken into account, the most general (d − 4)-dimensional structure of a
vector current J(N)α, at one loop, reads:

E [ J(N)α ] ≡ C (N)
q q̃α + C (N)

ε ε̃α + J(N)α
εq (ε̃ · q̃) + C (N)

εq,q (ε̃ · q̃) q̃α

+ Cγ γ̃α

+ J(N)α
µ + (d − 4) J(N)α

d−4 .
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Amplitudes in d = 4− 2ϵ with HELAC2LOOP
Similarly, for a fermionic current J(N) one has:

E [ J(N) ] ≡ /̃q ψ(N)
q + /̃ε ψ

(N)
ε + /̃q/̃ε ψ(N)

q/ε
+ (q̃ · ε̃)ψ(N)

εq + (q̃ · ε̃) /̃q ψ(N)
εq,q

+ ψ
(N)
γ + /̃q ψ(N)

γ,q

+ J(N)
µ + (d − 4) J(N)

d−4 ,

A =
(

J(8)
γa
(
/P48 + m

)
/ε16

(
/P32 + m

)
γβJ(1)

)(
J(2)

γ
β
(
/P60 + m

)
γ

αJ(4)
)

= . . . + (d − 4)
(

J(8)
(

−/P48 + m
)
/ε16

(
−/P32 + m

)
J(1)
)(

J(2)
(

−/P60 + m
)

J(4)
)

+ (d − 4)
(

−q̃2
)(

J(8)
/ε16J(1)

)(
J(2)
(

−/P60 + m
)

J(4)
)

J(N)α
vector → C (N)

q ,C (N)
ε , J(N)α

q·ε ,C (N)
q·ε,q ,C

(N)
γ

J(N)
fermion → ψ

(N)
q , ψ

(N)
ε , ψ

(N)
q·ε , ψ

(N)
q·ε,q , ψ

(N)
γ , ψ

(N)
γ,q

where the blue quantities enter when a fermion is cut → γ̃ (possibly in conjunction with /̃q).
→ implementation for one (L = 1) and two loops (L = 2) → up to (d − 4)L terms

Comment on R2 terms: integral vs integrand level
→ G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:0802.1876 [hep-ph]].
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HELAC2LOOP@work: families, bases, sectors

Given the process under consideration (i.e. gg → gg), generate the skeleton from HELAC2LOOP

Generate the families

For instance, for g(p1)g(p2) → g(p3)g(p4), pi all incoming, one of the six LC families is:

L1 = k1, L2 = k1 + p1, L3 = k1 + p1 + p2,

L4 = k1 + k2, L5 = k2, L6 = k2 − p1 − p2 − p3,

L7 = k2 − p1 − p2, L8 = k2 − p1, L9 = k1 + p1 + p2 + p3
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HELAC2LOOP@work: families, bases, sectors
For each family run BasisDet and get the terms appearing in the master integrand
equation:

N = P(N) +

N∑
i=1

cuts︷ ︸︸ ︷
P(N−1)

i Di︸ ︷︷ ︸
level=N−1

+

N−1∑
i=1

N∑
j>i

P(N−2)
ij Di Dj + . . . N = 9

P(8)
1 =c8,1,1 + c8,1,2(k1 · p1) + c8,1,3(k1 · p1)2 + c8,1,4(k1 · p1)3 + c8,1,5(k1 · p1)4

+ (k1 · η)[c8,1,6 + c8,1,7(k1 · p1) + c8,1,8(k1 · p1)2 + c8,1,9(k1 · p1)3]

+ (k1 · η)2[c8,1,10 + c8,1,11(k1 · p1) + c8,1,12(k1 · p1)2]

+ (k1 · η)3[c8,1,13 + c8,1,14(k1 · p1)] + c8,1,15(k1 · η)4

+ (k2 · η)[c8,1,16 + c8,1,17(k1 · p1) + c8,1,18(k1 · p1)2 + c8,1,19(k1 · p1)3]

+ (k1 · η)(k2 · η)[c8,1,20 + c8,1,21(k1 · p1) + c8,1,22(k1 · p1)2] + (k1 · η)2(k2 · η)[c8,1,23 + c8,1,24(k1 · p1)]

+ c8,1,25(k1 · η)3(k2 · η) + (k2 · η)2[c8,1,26 + c8,1,27(k1 · p1) + c8,1,28(k1 · p1)2]

+ (k1 · η)(k2 · η)2[c8,1,29 + c8,1,30(k1 · p1)] + c8,1,31(k1 · η)2(k2 · η)2

+ (k2 · η)3[c8,1,32 + c8,1,33(k1 · p1)] + c8,1,34(k1 · η)(k2 · η)3 + c8,1,35(k2 · η)4

→ this step is done outside HELAC2LOOP and then implemented in
CutTools2(basisdetmonomials.f90).
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HELAC2LOOP@work: families, bases, sectors

Run maptofamily to get the k1map, i.e. the loop momentum running through the cut
particle, q2n+2 (= q64). Notice that q2n (= q16) is always k1 + k2.
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HELAC2LOOP@work: families, bases, sectors

→ sector all numerators
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HELAC2LOOP@work: families, bases, sectors

→ sector all numerators
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HELAC2LOOP@work: families, bases, sectors

In this way we get all the sectors (the denominator structures) and the numerators
belonging to a given sector: Nnum = 580, Nsec = 102.

For instance, sector 1 is {1, 1, 3, 4, 5} → L2
1L3L4L5 and the numerators belonging to it are:

1,2, 3, 4, 5, 6, 209, 210, 211, 271, 272, 273, 333, 334, 335, 336, 417, 418, 437, 438, 457,
458, 459, 460, 541, 542, 561, 562.
→ run maptofamily before calling CutTools2.

All the steps above are "structural": performed once and for all, no-dependence on
external kinematical data (external momenta and helicities).

Then generate kinematical data, call cutfit(CutTools2) for the sum of all numerators
belonging to each sector and update the reduction coefficients c(level,icut,icoef)

This concludes the reduction procedure
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HELAC2LOOP@work: IBP tables
Using data from monomials basis and sector, identify all integrals F . For instance, the
term multiplying c8,1,2, k1 · p1, for the sector {1, 2, 3, 4, 5, 6, 7}, gives rise to:

−
1
2

F (−1, 1, 1, 1, 1, 1, 1, 0, 0) +
1
2

F (0, 0, 1, 1, 1, 1, 1, 0, 0)

Using an IBP reducer, express all F in terms of Master Integrals (MI), mi .
Next step is to formally expand the MI in ϵ. They look like

mi =
0∑

j=−4

mi,j+5ϵ
j

Notice that an mi,j may contribute to more than one orders in ϵ in the final result, due to
the ϵ dependence in the IBP coefficients.
Expressing the amplitude, A =

∑
Ni/
∏

D(i)
j in terms of IBP tables, specific to the

family not to the process, requires performing the following summation

∑ integrand reduction︷ ︸︸ ︷
(clevel,icut,icoef ) ×

MI coefficients︷ ︸︸ ︷
(msector,level,icut,icoef ,mi,mij,ieps)

so to get for all MI components and orders in ϵ, the numerical value of the amplitude
given the color flow, the helicity assignment and the external momenta.
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HELAC2LOOP@work: IBP tables
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HELAC2LOOP@work: Validation

Skeleton generation tested against Qgraph and FeynArts-FeynCalc → in progress

Numerator validation either against results from FeynArts-FeynCalc or in-house
Mathematica and FORM codes
skeleton → analytic expression → checking against HELAC2LOOP numerical evaluation

CutTools2
Solving and fitting numerically all reduction coefficients → N = N test, per cut and
globally

In-house Mathematica code to generate IBP tables
basis monomials → Feynman Integrals and through IBP → Master Integral coefficients

Reading/implementing IBP tables in HELAC2LOOP

HELAC2LOOP final step: numerical evaluation of two-loop amplitude expanded in ϵ

validation against known results, for instance Caravel → in progress
→ S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, [arXiv:2009.11957 [hep-ph]].
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Summary & Outlook

Current:

Integrand construction @2L → solved and implemented

Cut equations @2L: determining on-shell loop momenta → solved and implemented

Integrand basis construction and fitting @2L → solved and implemented

Numerical evaluation of the numerators in d = 4 − 2ϵ

solved and implemented for 1 loop, all gluon amplitudes

solved and implemented for 2 loop, all gluon amplitudes

for 1 and 2 loops, external fermions → in progress

IBP reduction tables, and if available MI numerical evaluation, solved and partially
implemented (2 → 2)
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Summary & Outlook

Near future:

Assessing performance and search for optimizations

Applications for 2 → 3 processes and beyond

Next-to-near future: automated 2-loop amplitude numerical evaluation framework
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Integral relations for ISP

(k1 · η)4 →
3
[

−st(s + t)k2
1 + t2(k1 · p1)2 + 2tk1 · p1 ((s + t)k1 · p2 − sk1 · p3) + ((s + t)k1 · p2 + sk1 · p3)2

]2

(d − 3)(d − 1)s2t2(s + t)2

(k2 · η)4 →
3
[

−st(s + t)k2
2 + t2(k2 · p1)2 + 2tk2 · p1 ((s + t)k2 · p2 − sk2 · p3) + ((s + t)k2 · p2 + sk2 · p3)2

]2

(d − 3)(d − 1)s2t2(s + t)2

(k1 · η)2(k2 · η)2 →
1

(d − 3)(d − 1)s2t2(s + t)2

[
2
(

− st(s + t)k1 · k2 + st(k1 · p2)(k2 · p1) + t2(k1 · p2)(k2 · p1)

− st(k1 · p3)(k2 · p1) + (s + t)2(k1 · p2)(k2 · p2) + s(s + t)(k1 · p3)(k2 · p2)

+ s(s + t)(k1 · p2)(k2 · p3) + s2(k1 · p3)(k2 · p3)

+ t(k1 · p1)(t(k2 · p1) + (s + t)k2 · p2 − sk2 · p3)
)2

+
(

− st(s + t)k2
1 + t2(k1 · p1)2 + 2tk1 · p1((s + t)k1 · p2 − sk1 · p3)

+ ((s + t)k1 · p2 + sk1 · p3)2
)

×
(

− st(s + t)k2
2 + t2(k2 · p1)2

+ 2tk2 · p1((s + t)k2 · p2 − sk2 · p3) + ((s + t)k2 · p2 + sk2 · p3)2
)]
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Integral relations for ISP

(k1 · η)3(k2 · η) →
3
[

−st(s + t)k2
1 + t2(k1 · p1)2 + 2tk1 · p1((s + t)k1 · p2 − sk1 · p3) + ((s + t)k1 · p2 + sk1 · p3)2

]
(d − 3)(d − 1)s2t2(s + t)2

×
(

− st(s + t)k1 · k2 + st(k1 · p2)(k2 · p1) + t2(k1 · p2)(k2 · p1) − st(k1 · p3)(k2 · p1)

+ (s + t)2(k1 · p2)(k2 · p2) + s(s + t)(k1 · p3)(k2 · p2) + s(s + t)(k1 · p2)(k2 · p3)

+ s2(k1 · p3)(k2 · p3) + t(k1 · p1)(t(k2 · p1) + (s + t)k2 · p2 − sk2 · p3)
)

(k1 · η)(k2 · η)3 →
3
[

−st(s + t)k2
2 + t2(k2 · p1)2 + 2tk2 · p1((s + t)k2 · p2 − sk2 · p3) + ((s + t)k2 · p2 + sk2 · p3)2

]
(d − 3)(d − 1)s2t2(s + t)2

×
(

− st(s + t)k1 · k2 + st(k1 · p2)(k2 · p1) + t2(k1 · p2)(k2 · p1) − st(k1 · p3)(k2 · p1)

+ (s + t)2(k1 · p2)(k2 · p2) + s(s + t)(k1 · p3)(k2 · p2) + s(s + t)(k1 · p2)(k2 · p3)

+ s2(k1 · p3)(k2 · p3) + t(k1 · p1)(t(k2 · p1) + (s + t)k2 · p2 − sk2 · p3)
)
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HELAC Color treatment

Colour flow or colour connection representation

Ma1,i2,...,ik
j2,...,jk ta1

i1j1 →M
i1,i2,...,ik
j1,j2,...,jk

Mi1,i2,...,ik
j1,j2,...,jk =

∑
σ

δiσ1 ,j1δiσ2 ,j2 . . . δiσk ,jk Aσ → n!

gluons, ghosts → (i , j), quark → (i , 0), anti-quark → (0, j), other → (0, 0)∑
σ,σ′

A∗
σCσ,σ′Aσ′

Cσ,σ′ ≡
∑

{i},{j}
δiσ1 ,j1δiσ2 ,j2 . . . δiσk ,jk δiσ′

1
,j1δiσ′

2
,j2 . . . δiσ′

k
,jk = Nm(σ,σ′)

c
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HELAC Color treatment

Colour-flow Feynman rules

a b

c

p1 p2

p3

i1 j1 i2
j2

i3j3

i1j1 i2
j2

i3j3

a b

j1 i1 j2
i2

i4 j4 i3 j3

j1i1 j2
i2

j3
i3j4

i4

j1
i1 j2

i2

j3
i3j4i4

j1
i1 j2

i2

j3
i3j4i4

i1
j1

i4
j4

j3
i3

j2
i2 j1

i1 j2
i2

i3j3
j4

i4

cd

a b

c

p1 p2

p3

i1
j1 i2

j2

i3j3

i1
j1 i2

j2

i3j3

i j

µ, a

p1 p2

p3

j1i1

i2j2

j1i1

j2 i2
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