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OUTLINE

Q Introduction

@ Amplitude construction with HELAC2L0OOP

@ OPP reduction at two loops, — CutTools2

@ Numerically evaluating the amplitude in d = 4 — 2¢
@ HELAC2LOOP®@work

O Summary & Outlook

— addressing conceptual and practical issues

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026



INTRODUCTION
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Fig. 3. The diphoton invariant mass distribution with cach event weighted by the
$/(5+B) value of its category. The lines represent the ftted background and signal,
and the coloured bands represent the 1 and 2 standard deviation uncertainties
in the background estimate. The inset shows the central part of the unweighted
invariant mass distribution. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this Letter.)
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INTRODUCTION

LHC LIGO EHT
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INTRODUCTION
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FCC

Future
“Circular
* Collider =~

circular accelerators with decelerating pace of expansion!
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FACTORIZATION

Factorization
Collins,Soper,Sterman’85-'89

» Calculate

» Scattering probability
> Gluon emission probability

» Measure

» Long distance interactions
» Particle decay rates

Divide et Impera

» Quantity of interest: Total interaction rate
» Convolution of short & long distance physics

OpmosXx = D /dxldxgfpl_,(xl./li)f,,‘/(xg./li) Gijsx (xaxe, p¥)
Qo ofRRITRTR, 2 TR

ije{a.g} N X X .
long distance physics short distance physics

QCD as a perturbative quantum field theory

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026



FACTORIZATION

Factorization
Collins,Soper,Sterman’85-'89

» Calculate

> Scattering probability
» Gluon emission probability

» Measure

» Long distance interactions
> Particle decay rates

Divide et Impera

» Quantity of interest: Total interaction rate

» Convolution of short & long distance physics

Tmpox = 3 /dxmxzfp..,<x].u~;)fpw./<n.;&) B (132, 12)
fovila, 17} on 02, 1)

ij€{a.g} ’ ; T .
long distance physics short distance physics

QCD as a perturbative quantum field theory
Lattlce QCD resultS — C. Alexandrou, et al. Phys. Rev. Lett. 121, 112001 (2018) [arXiv:1803.02685 [hep-lat]].
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Costas G.

Fixed-order calculations
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THE PRECISION ADVENTURE

DS recursive equations

How to avoid Feynman diagrams

— a highly subjective point of view
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LO - DYSON-SCHWINGER RECURSIVE EQUATIONS

From Feynman Diagrams to recursive equations: taming the n!
@ 1999 HELAC: The first code to calculate recursively tree-order
amplitudes for (practically) arbitrary number of particles
—A. Kanaki and C. G. Papadopoulos, Comput. Phys. Commun. 132 (2000) 306 [arXiv:hep-ph/0002082].
—F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

— F. Caravaglios and M. Moretti, Phys. Lett. B 358 (1995) 332.

PO

Unfortunately not so much on the second line !
—Integrals and Integrands
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TAMING THE BEAST ...

From Feynman graphs ... J

gg—ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

to Dyson-Schwinger recursion! Helac-Phegas J

gg—ng 2 3 4 5 6 7 8 9
# 5 15 35 70 126 210 330 495
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BEYOND TREE-ORDER

| NLO |

Don’t make integrals, make integrands !
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PERTURBATIVE QCD AT NLO

What do we need for an NLO calculation ? )

p1, P2 — P3, <oy Pm+2
oNLO = /d¢m|M,(79)|2Jm(¢) «~LO
+ / do, 2Re(MO* MY (eyy, €1r)) Im(P) < Virtual
+ /m R MO PUma(®) Real

JIm(®) jet function: Infrared safety Jymit1 — Jm
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PERTURBATIVE QCD AT NLO

What do we need for an NLO calculation ? J

p1, P2 — P3, -y Pm42

ono = [ dOR (MR + 2Re(MS M (cuv)))Jn(®)
+ / doL=*2Re(MO* MWV (euv, €1r)) Jm(®)
b DML P i (0)

IR and UV divergencies, HV or Four-Dimensional-Helicity scheme; scale
dependence ug
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PERTURBATIVE QCD AT NLO

What do we need for an NLO calculation ? )

P1, P2 — P3,---, Pm+2

ONLO = dq)me(d))

d®,,2Re(M* MD (cuv, €1r)) Im(P)

_|._
TSI

0
B 4, 1| ME) L 2 Jia (®)

QCD factorization—u g Collinear counter-terms when PDF are involved
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THE ONE LOOP PARADIGM

basis of scalar integrals: known already before NLO-R; remember this is not the case for higher orders

—G. 't Hooft and M. J. G. Veltman, Nucl. Phys. B 153 (1979) 365.
— Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751
—G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160 (1979) 151.

—Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425 (1994) 217.

_ p*d' Ni(a)
A= / Gr? 110:(@)

1c{0,1,---,m el
A= dibii +Eci1izi3j>< + 2 bi, >Q< +2a >O +R
a, b, c,d — cut-constructible part R — rational terms
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THE OLD “MASTER” FORMULA

T -1
(@) -
.A-)/— = C/ igi1ini3 /—
DoDy -+ - Dm—1 ,-0<,-12<;2<,-3 DioDj1 Diz D2
m—1
+ Z c(ipfix /7
o<ih<i» DIODI].DI2
+ b(ioil)/ S
o<ih DiODil

m—1 1
+ a( i /_
% (io) B

+ rational terms
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OPP “MASTER” FORMULA - |

General expression for the 4-dim N(q) at the integrand level in terms of DiJ

— G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:hep-ph/0609007 [hep-ph]].

m—1 m—1
Na) = > [dlonioi) +d(giionioi)] [ D
g <i1<ir<i3 i#i0,i1,02,i3
m—1
+ Z [C Iolllz)—l-C q, 101112 H D;
o<ih<ip iFio,i1, i
m—1
+ > { (ioi) + b(q; /0/1} H D;
i0<i1 i#ig,i1
+ Z[a/o +aqlo]HD

i#io
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OPP R;

d(ijkl; §
c(ijk;
b(ij;

ar

r
N
SN SN N

Costas G. Papadopoulos (INPP)

—G. Ossola, C. G. Papadopoulos and R. Pittau, JHEP 05 (2008), 004 [arXiv:0802.1876 [hep-ph]].

Di:(a+pi)2_m/'2a p07é07

Di = D; + &
m,-2 — m,2 - 3.
d(ijkl) + g>d@ (ijkl) + §*d“ ki),

c(ijk) + 2P (ijk)
b(ij) + & b2(ij)
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dW(ijkl) = i
(U ) Elzinoo E]4 )
..k- ~2)
@) = fim SWKE)
c(ijk) az[}noo PP
=2
b(2)(U) = lim (Urzq ) 7

I (iji) d(ijkl; 1) + d(uk2/; —1) — 2d(ijkl) |

c@(ijk) = clijk; 1) — c(ijK),
b (i) = b(ij;1) - b(ij).
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OPP R;

m—1

i i
— d(2m—4) — C(Q)(I'oil i2)
2 2 Z
967 327 it
i mz_l 2) 2 > (P —pi )?
P 0 1
3272 ,-o<,-1b i) | miy i, ===
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—P. Draggiotis, M. V. Garzelli, C. G. Papadopoulos and R. Pittau, JHEP 04 (2009), 072 [arXiv:0903.0356 [hep-ph]].

— M. V. Garzelli, . Malamos and R. Pittau, JHEP 01 (2010), 040 [erratum: JHEP 10 (2010), 097]

N(G) = N(q) + N(&?, g, €).

g = q+aq,
Yo = Yt
gl"’y — guu_i_g—ﬁﬁ‘

1 _ KI~2, , € 1 n—
Rgzi/d”q_ _(q q_) = 4/d gRo.
m DoDy -+ Dpy  (2)
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Q1=6+p1=Q1+q
Qr=q+p2=Q2+¢

Dy = ¢*
Dy = (g+p)?
Dy = (G + p2)?

Figure 1: QED veTe™ diagram in n dimensions.
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OPP R,

e-dimensional v matrices freely anti-commute with four-dimensional ones:
{’Y;u ;?u} =0

N(q)

e {35 (R +me) 3 (R +me) 77}
= & {75(Q + me)yu(Qe + me)y”
= e(Qr — me)yu(R2 — me) + €’ Yo — 7 VB'YMV'B} )

~2 2
_ g i
ng—a = T 0,
/ 9 BoD: D, y O
2
n—= unV — _i O]_
/ q_()DlD2 26 gIJ«V+ ( )7

gives
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Computing 1Pl contributions to R, — R» for any 1-loop amplitude

R vertices in full analogy with renormalization CT
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OPPQ@QwORK

@ Determining the on-shell momenta through D; = 0 and computing all
coefficients.

@ Determining the on-shell momenta through D; = p and i dependence
of certain coefficients, namely Rj.

@ Using new Feynman rules to compute with tree-like DS the rest of R
contribution, namely R.

— G. Ossola, C. G. Papadopoulos and R. Pittau, [arXiv:0802.1876 [hep-ph]].

— M. V. Garzelli, I. Malamos and R. Pittau, [arXiv:0910.3130 [hep-ph]].
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Costas G. Papadopoulos (INPP)



THE ONE-LOOP CALCULATION IN A NUTSHELL

The computation of pp(pp) — e*ueu*DMbB involves up to six-point functions.
The most generic integrand has therefore the form

(6) (5) (4) 3)
N; N: N: N:
A=y @ M@ N N
DDy --- Dy~ DjyDiy ---D;,  Dj,Dj, ---Diy ~ Di;Djy Djy
¢ ot . e
< o o o Jopee S

~

\/O O\¥ ; <)\ = "O\ - C) """ : C(

In order to apply the OPP reduction, HELAC numerically evaluates the numerators
Nl.6(q)7 N?(q), .... with the values of the loop momentum q provided by CutTools +R;.

@ generates all inequivalent partitions of 6,5,4,3... blobs attached to the loop, and check all
possible flavours (and colours) that can be consistently running inside

@ hard-cuts the loop (q is fixed) to get a n+ 2 tree-like process
N~ b e

‘YFT_Q(‘ — OO~

—;’)},’3’0\ - TQ ON

: 't T

The R» contributions (rational terms) are calculated in the same way as the tree-order
amplitude, taking into account extra vertices
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? )

P1, P2 — P3,---, Pm+2

QSN < <
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ?

oo — dom | 2Re(MO* M, 2))+’ 1) In(®) WV

m
0)* 1

+ d®mi1 (2Re (Mr(nn)Ler(nn)Ll)> Jmi1(®) RV

m+1
© |?

n dDmiz (MO, | Jmia(®) RR

m+2

RV + RR — antenna-S, colorfull-NNLO, sector-improved residue subtraction, nested
soft-collinear, local analytic sector subtraction, projection to born, g7, N-jetiness

—A. Gehrmann-De Ridder, T. Gehrmann and M. Ritzmann, JHEP 1210 (2012) 047

— P. Bolzoni, G. Somogyi and Z. Trocsanyi, JHEP 1101 (2011) 059

— M. Czakon and D. Heymes, Nucl. Phys. B 890 (2014) 152

—S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002

— R. Boughezal, C. Focke, X. Liu and F. Petriello, Phys. Rev. Lett. 115 (2015) no.6, 062002

— M. Cacciari, F. A. Dreyer, A. Karlberg, G. P. Salam and G. Zanderighi, Phys. Rev. Lett. 115, no. 8, 082002 (2015)
— F. Caola, K. Melnikov and R. Réntsch, Eur. Phys. J. C 77, no. 4, 248 (2017)

— L. Magnea, E. Maina, G. Pelliccioli, C. Signorile-Signorile, P. Torrielli and S. Uccirati, arXiv:1806.09570 [hep-ph].
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PERTURBATIVE QCD AT NNLO

@ Standard approach: QGRAF — symbolic manipulation, dimensionally regularized
amplitudes, rational reconstruction — IBP: FIRE, Kira or numerical pySecDec
— T. Peraro, [arXiv:1608.01902 [hep-ph]], [arXiv:1905.08019 [hep-ph]].
— S. Badger, D. Chicherin, T. Gehrmann, G. Heinrich, J. M. Henn, T. Peraro, P. Wasser, Y. Zhang and S. Zoia, [arXiv:1905.03733 [hep-ph]].
— A. V. Smirnov and M. Zeng, [arXiv:2311.02370 [hep-ph]].
— S. Abreu, D. Chicherin, H. Ita, B. Page, V. Sotnikov, W. Tschernow and S. Zoia, [arXiv:2306.15431 [hep-ph]].
— G. Heinrich, S. P. Jones, M. Kerner, V. Magerya, A. Olsson and J. Schlenk, [arXiv:2305.19768 [hep-ph]].
— G. Cullen et al. [GoSam], [arXiv:1111.2034 [hep-ph]].
— V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].

@ Numerical unitarity — dimensionally regularized amplitudes by gluing tree amplitudes in
different integer dimensions — Ds
— S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, CPC 267 (2021), 108069
— V. Sotnikov, doi:10.6094/UNIFR/151540

@ OpenlLoops — Feynman graph — opening the loops — amplitudes in d = 4 —
coefficients of tensor integrals
— S. Pozzorini, N. Schar and M. F. Zoller, [arXiv:2201.11615 [hep-ph]].

— talks by Gloria Bertolotti, Nicolo Giraudo and Fabian Lange
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AMPLITUDE CONSTRUCTION

Amplitude construction
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AMPLITUDE CONSTRUCTION

e Dyson-Schwinger recursive equations
— QCD color-ordered Berends-Giele

o Color flow representation
— universal simplified treatment of gluons and quarks

e Cutting (or opening) the loop(s)

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026



AMPLITUDE CONSTRUCTION

BLy+LotLg+la

B
BrytLotLy+La+Llp Lot
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AMPLITUDE CONSTRUCTION

o
bryiny 1

)
ey LyitLy

()
LytLat1

(1) 1)
BlitLg+2 biitrote
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AMPLITUDE CONSTRUCTION

a6

is i

jith  Cp — N2g5035i151
with  Cp = N25R65367101)
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AMPLITUDE CONSTRUCTION

The "quantum" of HELAC skeleton — numerator
gg — gg, the first out of the six LC flows:

INFO NUM 113 of 580 6

INFO
INFO 4 80 35 9 1 1 16 35 5 64 35 7 ] ] ] ] 1 2 ] ]
INFO 4 88 35 10 1 1 8 35 4 80 35 9 ] ] ] ] 1 1 ] ]
INFO 4 92 35 11 1 1 4 35 3 88 35 10 ] ] ] ] 1 1 ] ]
INFO 4 124 35 12 1 1 32 35 6 92 35 11 ] 0 0 0 1 2 0 0
INFO 4 126 35 13 1 1 2 35 2 124 35 12 ] ] ] ] 1 1 ] ]
INFO 4 254 35 14 1 1 128 35 8 126 35 13 ] ] ] ] 1 2 ] ]
INFO 7 1 36 1 2 4 8 35 35 35 35 35 35 35 ] ] ] ] 6 9

12492 __ 4
4~/126 \32 | 88

128 8
6

64 80

Each row(s) corresponds to an off-shell current, vector, ghost, fermion

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026 34 /72



AMPLITUDE CONSTRUCTION

INFO NUM 101 of 580 8
INFO
INFO 4 80 35 9 1 1 16 35 5 64 35 7 ] ] ] ] 1 1 ] ]
INFO 4 12 35 10 1 1 4 35 3 8 35 4 2] 2] 2] 2] 1 1 2] 2]
INFO 4 92 35 11 1 2 12 35 10 80 35 9 ] ] ] ] 1 2 ] ]
INFO 5 92 35 11 2 2 4 35 3 8 35 4 80 35 9 ] 1 1 ] ]
INFO 4 124 35 12 1 1 32 35 6 92 35 11 2] 2] 2] 2] 1 1 2] 2]
INFO 4 252 35 13 1 1 128 35 8 124 35 12 ] ] ] ] 1 1 ] ]
INFO 4 254 35 14 1 2 2 35 2 252 35 13 ] ] ] ] 1 1 ] ]
INFO 5 254 35 14 2 2 2 35 2 128 35 8 124 35 12 2] 1 5 2] 2]
INFO 5 1 6 3 12 35 35 35 35 35 ] ] ] ] ] ] ] ] 4 9
124 124
) 32 92 327 92
! ‘
P
AN
80 80
64 64
124 124
327 92 327 92
2 4 2 <4
1 \re Cg 1 s 8
80 80
64 64

Remark: Skeleton knows nothing about d: it can be used in d = 4 or any
other dimension including d = 4 — 2¢, and produce numerical and/or
analytic(symbolic) results.
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AMPLITUDE CONSTRUCTION

A Skeleton Results

Table 1: Summary of the skeleton structures for the QCD corrections to several four-
particle SM processes at two loops in full color. The second column specifies the flavors of
the particles circulating in the loops. The third column reports the time required to generate
the corresponding skeleton. The final column lists the mumber of individual contributions
(numerators) entering the amplitude. All results were obtained using a single CPU core on
a personal laptop equipped with an Intel i5 processor and 24GB of RAM.

99— 99 {9.9.q,¢,¢} 326s | 74872
99 = q4q {9.9.q,¢,¢} 1225 | 11336
99—+ Hg {9.9,3:t,t,¢,@ 43s 3816
qq — Hg {9.9,3:t,t,¢,@ 12s 392
99— HH 9.0.0.t. 1,6, 22s | 1424
97—~ HH 9:4,4,t,1,¢,C 4s 152
99— tt 9.0.0.t,1,6,0 176s | 13120
qq — 9.4,0,1,1,¢,€] 20s 1916
99— 97 9.0.0.t,1,6,0 67s | 7632
94— g7 9.4,4,1,1,¢,¢] 29s | 2932
99 =7y 9,0,4:t,6,,¢ 285 | 2848
99 = 90,4, t,%,0,¢ 8s 1104
99 = Hy 30s | 1424
97— Hy 5s 176
99— Zg 9,4,3,t,t,¢,C 65 s 7632
9q— Zg 9,4,3,t,t,¢,C 21s 2932
99— 22 9.9.0.t, 16,0 33s | 2848
a—2ZZ 9:4,4,t,1, ¢, 8s 1104
99— ZH 9.0.0.t,1,6,0 24s | 1424
94— ZH 9.4,0,1,1,¢,€) 5s 176
ud > gW* [ {guuddttcecy| 19s | 2372
99 = WHW— | {g,u,u,d,d,t,t,ce} | 27s | 1424
wii — WW~— | {g,u,u,d,d,t,%,¢,¢ 5s 540
ud — HW+ 9,u,1,d,d,t,1,¢,¢ 2s 24
99 = Zv {9.4,q,t,t,c,c} 3ls 2848

Continued on next page
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AMPLITUDE CONSTRUCTION

91 7y {g.0.0tted) | 8s | 104
ud =AW | {guddtlee | ds | 600
ud > ZW* | (guwiddtted) | 4s | 60

‘Table 2: Summary of the skeleton structures for the QCD corrections to some five-particle
SM processes at two loops in full color. The structure of the columns is identical to that in
table 1, and all results were obtained using the same personal laptop.

99990 | (9.2.2,0.5) | 214915 | 1617600
99— atg | {g.0.q.00k | 98Tis | 236360
99 vitg | (9,041,007 | 14375 s | 270004
975ty | (9.0.0.0.E.c.5) | 11815 | 36236
99~ ggIT AN 21955 | 61192
47 5 a9 T.tte) | 1061 | 6508
99— 1T 2 TTiSs | 12036
41 > iH \T.0hed) | 21ds | 672

99— HHg [ 1153s | 20680

91 HHg a.ttech| 197s 1996

99— HHH 318

ag = I s
99~ 997
94— 997
99 1ty
99—y 27
99— 1y 16535
41— av7 6 s
99 7y 3145
91— s

99— oy | 12835

915 9Hy | (g.9.0.60.07) | 2665

99— oy 2 s

ai 2 vy | {gaathent| 9%s

99— Iy 2 1935

aq - HiTy atted | Tis

99— Zgg 0% s

41— Zag 18305
99— HZ 1803 5
w0z 2is | 161

Continued on next page
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AMPLITUDE CONSTRUCTION

99— ZZg | {g.q.9.t.T.c.c} | 16205 41360
[ 725 {oeantos 05 | st |

Table 3: Summary of the skeleton structures for the QCD corrections to a six-particle and.
some five-particle SM processes at two loops in full color.

99— 227 (g.0.2tted) | 307s 16032
9= 2727 {s.9.9.t...c.c} 165 | 7064
90> ZHg {g.a.atted) | 12005 20872
4i— ZHg (@.0.0.0bee) | 20s | 262
99 »HZZ {9,0.@.1,%, 0,2} 201s 8016
91 HZZ (g.0.2.thed) | 925 | 176
99— HHZ {9,0.0.t,7,c.c} 186s 8016

(a.athed) | 695 896

{o.wud dtfec) | 1592s | 45508
AT

99— gW W | {g.uuddLlec) | 14295 | 20680
wi > VW= | {g,u,0,dyd,t,tec) | 2945 | 5040
ud — gHW+ gouu,d,dtlec) | 318s | 8468
wd = I | {guuddtlec) | 37s 200
Wi s AW [ {gmiddiied | s | 8
Wl = W W-W= | {guuddtlec) | Sls | 2140
99 2y (o020 hed) | 10195 1360
w2 (0.0.0.00e0 | 3905 | 1781
99+ ZHy (0.2t ted) | 21s 8016
49— ZHy (g.0.0.6tec | 89s | 176
wd W | (g mddtiec) | 2395 9860
wd—AHW' | {gu i ddtted | ths | 21
wd—gZW= | {g.uw i dd.tlee) | 2ls | 9560
wd > ZHW* | {g,mid,dtted) | 4ds | %4
99— 771 @.0.0.06ec) | 2555 | 16032
a1 Zvy (p.0.0thec) | 140s 7064
99 277 (g.a.attes) | 275 16032
41— ZZy {9.0.q.t,F,c.c} 1465 7064
wd W A dtted) | 705 | 3000
wi—2ZW* | {guuddttec | T0s | 3040
ud > ZyWT ddtEed) | 105 | 3040
99 =W W= | {guwaddtlec | 151s | 4054

Continued on neat page
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AMPLITUDE CONSTRUCTION

un — AW 71s | 2410
99— ZWTW— ) 167s | 4054
i — ZWW- | {g,u,0,d,d,1, 705 | 2410

97— 1Y {9,0,0,1,5,¢,¢ 1172's | 40976

Table 4: Summary of the skeleton structures for the QCD corrections to selected SM
processes at two loops in the leading-color approximation.

qq — 999 {9.9.q,c.2} 612s 6348
99— 999 | {9.0.4.c.¢} | 6730s | 47280
q7 — ttH 9,0,0,t,t,¢,C 20s 276
99— tiH | {g.0.0,0,5,¢,¢) | 104s | 1198
@ = vy | {9,90,@t,t, ¢, ¢ 239 s 3316
99 — ttqq | {9.0,0,,5,¢,¢} | 35465 | 10872
90— 9999 | {9.9.q,c,¢} | 340985 | 77616
99— 9999 | {9.4.9,c,} | 24783 5 | 667440

v

— Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, in preparation
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Integrand reduction

— Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231
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OPP@2L witH HELAC

G

A=Y H[dk] Ll

g=1

s ki, {p})

Dn

g
Extending the OPP approach to two loops, one can express the numerator A of a generic loop integrand in the following form:

n

n—1 n
— p(n § (n—=1) . § § (n=2) . p. (0)
N =P P; D; + P DiDj+ ...+ P}y DiDy...Dy

i=1 =1 j>i

Focusing on the two-loop case, our goal eventually is to decompose the amplitude, .A(Q), in terms of a set of Feynman integrals
F; and coefficients ¢; that depend only on the external kinematics,

AP =N e

i

2
1
F;EF(al,H.,aN):/l I[dk,»]m, aj €EL.
i=1

Notice that Dy, ..., Dy, N > n, define an enlarged set of inverse propagators — family.
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OPP@2L witH HELAC

@ In contrast to the one-loop case, P,.(ni"') include monomials from {k; - kjs ki - pj, ki - n}, not determined by the cut
equations — ISP, not all spurious, as’in the one-loop case.
@ Therefore, at the integral level expecting F; with a; < 0, — stemming from all {k; - kj, ki - pj, ki - n}
We can therefore consider the projection of the numerator over the entire family of inverse propagators, allowing a universal
treatment of all numerators regardless of the structure of their denominator:

cuts
N A N—1 N
N =pM 4 Z PN Up, 4 Z Z PN DD+ + P DDy Dy
i=1 =1 j>i
level=N—1

Just to clarify the terminology, each term represents a level and each term within the level an individual cut.
The algorithm to solve it can be described as follows. For each cut, all the relevant on-shell conditions (cut equations) are

solved, for the eight 4-dimensional components of ki, kp and the three j; collected in the eleven-dimensional array X.

Assuming that the set of monomials m; (i = 1, ..., M) parametrizing a given polynomial P is established, P = Z 1 cimi,
i=

then an M X M matrix, M, is obtained by evaluating the monomials m; on the solution to the cut equations, by assigning M

random values to the free parameters of the solution, obtaining thus M instances of Xj, j =1,..., M, and then computing

the elements of the matrix M, as follows: M; ; = m;(X;). — Zhang, Yang, hep-ph:1205.5707
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OPP@2L witH HELAC

The numerator NV (X, d) can be cast in the form

N = N(X,d) = Ny + E N

i>1

by expanding in powers of € = (4 — d)/2, where both Ny = N(X, d)|4—4 and ./\/’e(i) = Nﬁ’)()?) are accessible numerically
and depending on pj; through X.

The master equation is then solved iteratively: first solving for P(N),

M

PN = E (c,(o) + E & c.(j)) mj

i=1
using X and M from the top-level cut equations,
2 — 150 e = a0

with

B = M%) B = D).

Subsequently, the known polynomial PN s subtracted, and the process is repeated to solve for the remaining coefficients
P.(N R (i=1,...,N) and all subsequent terms To ensure the validity of the numerical algebraic reduction, an N = N test is
performed at each |terat|on by comparing the left- and right-hand sides. This is done on values of the parameters on the

relevant cut, other than those used in the fitting procedure, at each stage. At the final step of the recursion, the N = N test is

performed at completely random values of X, thus ensuring that the reduction had been fully completed.
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APPLICATION OF THE METHOD

— Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231

@ We have addressed the solution of the integrand master equation for numerators
representative of a variety of scattering processes, ranging from four- to six-point
kinematics, including massive particles, both analytically and numerically.

@ For the generation of the analytic expressions required, we used the Mathematica
packages FeynArts and FeynCalc, except for the 6-particle case, which has been
generated by FORM.

— T. Hahn, [arXiv:hep-ph/0012260 [hep-ph]].

— J. Kublbeck, M. Bohm and A. Denner, Comput. Phys. Commun. 60 (1990), 165-180
— V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].

— J. Kuipers, T. Ueda, J. A. M. Vermaseren and J. Vollinga, [arXiv:1203.6543 [cs.SC]].

@ The procedure is as follows:
@ For each level and cut, solve the cut equations Dj; = Djp = ... =0.

@ Fit or solve explicitly for the coefficients c;.

@ Perform the analysis in both d = 4 and d = 4 — 2¢ dimensions.
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APPLICATION OF THE METHOD
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APPLICATION OF THE METHOD

88 — 888-
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APPLICATION OF THE METHOD

88 — 8888-
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OTHER CONTRIBUTIONS

Penta-triangle Hexa-bubble

Non-planar double box gg — tt gg — ttH

; (| RO RIR
i <
<

— Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, hep-ph: 2506.07231

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026 47 /72



RECAPITULATION

@ Solving cut equations
in d = 4, by parametrizing loop momenta in terms of the 8

components of 4-dimensional loop momenta
in d =4 — 2¢, including also pj; = k,-[d_4] . k}d_4], i.e. a total of 11
parameters
— find systematically all solutions
e Determine all the coefficients ¢;, numerically and/or analytically.

e In d =4 — 2¢ at each cut solving a full-rank linear system
o In d = 4 linear system solvable but rank-deficient

o Amplitude reduction d = 4 — 2¢ seems preferablevs d =4 — R; & R»

— J. N. Lang, S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2107.10288 [hep-ph]].
— C. Duhr and P. Thakkar, [arXiv:2310.14551 [hep-ph]].

— H. Zhang, PoS LL2022 (2022), 072

— S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2001.11388 [hep-ph]].

— J. N. Lang, S. Pozzorini, H. Zhang and M. F. Zoller, [arXiv:2007.03713 [hep-ph]].

INPP-APCTP 2026 48 /72
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The amplitude in d = 4 — 2¢

— Bevilacqua Giuseppe, Canko Dhimiter, Papadopoulos Costas and Spourdalakis Aris, in preparation

Demokritos, June 2 July 3, 2026
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

Amplitude reduction in d = 4 — 2¢ requires reconstructing numerically the
dimensionally regulated numerator .

@ Numerical Unitarity: gluing tree amplitudes in different integer
dimensions — Ds > 4

— W. T. Giele, Z. Kunszt and K. Melnikov, [arXiv:0801.2237 [hep-ph]].
—+'S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page and M. Zeng, [arXiv:1703.05273 [hep-ph]]
— S. Abreu, F. Febres Cordero, H. Ita, B. Page and V. Sotnikov, [arXiv:1809.09067 [hep-ph]].

— S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, [arXiv:2009.11957 [hep-ph]].

— V. Sotnikov, doi:10.6094/UNIFR/151540

@ Introducing extra particles and Feynman rules;
— only p not d — 4 terms?

—R. A. Fazio, P. Mastrolia, E. Mirabella and W. J. Torres Bobadilla, [arXiv:1404.4783 [hep-ph]]

— R. Pittau, [arXiv:1111.4965 [hep-ph]].

50 /72
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

Calculating the dimensionally regulated numerators with HELAC in the 't
Hooft-Veltman (HV) scheme.

ki=kithk, 3 =9"+5" g"=g"+5"
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

At one loop g = ki, and for pure YM

HELAC aficionados:

@, &

Figure 6: Sketch of recursive computation of the one-loop numerator for a representative
g9 — gg topology. The recursion starts from current J1e) (particle 2") and flows towards
J). Intermediate currents f)\%), j;\n), j)\ao), j/(\sz) are computed along the recursion.
Current jiw) marks the loop start point, while current .7;32) marks the loop end point. The

numerator is obtained as N = 3, (ﬂ;ﬂ) : J,(\l))-
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

The problem that we are addressing can be formulated as follows: find a method to reconstruct

the (d — 4)-dimensional part of a recursive current (computed either analytically or numerically)
knowing its d = 4 component. Schematically:

JN) L JIN) — (N 4 gy,

where £[] is a formal operator which generates all d — 4 and p = §? terms associated with an
input quantity in d = 4.

El@X]=pX,

E1Y (en-wa)X]=(d-4)X,
A

S[Z(sxq)(m-q)X]:uX.
A
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

g™y = Mg+ Ve 1+ P g) + e a)a
R (- R W

L) = 0 if the current does not belong to a loop propagator;
1(ni)

1 if the current belongs to a loop propagator;
L) = 2 if n; = 21 (loop endpoint) .
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

For a 3-gluon vertex:

C‘(?"1+"2) = p(Lim))y C‘g"l) J(m2) (2 plm) | p(nz)) — o(Lm)) CS"Z) () . (p(n1) + 2p(n2))
+ (G(L("2)) _ 9(L("1))) () 4(n2)
C£"1+"2) — o(Llm))y Cg"l) J(m2) (2 plm) | p(nz))

— o) €))L (5r0) 1 202

0 (A (12
(L)) (V;;g e [l ':72)] 4 ) e (Cé"Z) +HC£22,27))
C£Z1q+"2 9(,_("1) (_/ m) . 4(m) + C("l) J(m2) (2p("1)+P("2)))
L(nz)) (J J("Z) _ Ci’;z}; J(m) . (p("1) +2p('72)))

e e () s )
+ o) e(L(”z) =) (20 S g D gl (62— p0) )
Lot — 1y ( ZMC(n2) (n) e _ ng'?)a +MC£'Z72,27 (p(nz) _ p(nl))a)
Smtm) e o(L(m)yg(Llm) _ (C n) ( ) ("1))a)

(-2
+g(Llm) — Cé"’Z ( p(”l))a)
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

Similar equations hold for a 4-gluon vertex, whereas the current associated to a ghost can be
parametrized

S[Jé,}\ilc))st] = Cég’) (-3) + JISN) +(d—4) J,SA_I)4

along with its own recursive equations stemming from gluon-ghost vertices.

@ The recursive equations described so far have been implemented in a new version of the
one-loop framework, HELAC1LOOP_DDIM.

@ We have validated the numerical implementation of the recursive equations at one loop
against analytic results from FeynCalc and in-house codes based on Mathematica and
FORM.

— V. Shtabovenko, R. Mertig and F. Orellana, [arXiv:2312.14089 [hep-ph]].
— J. Kuipers, T. Ueda, J. A. M. Vermaseren and J. Vollinga, [arXiv:1203.6543 [cs.SC]].

@ Moreover, we have tested that the results obtained from the new version (no Ry, no R
terms), regarding gg — gg and gg — ggg one-loop amplitudes, are in complete
agreement with those provided by the existing HELAC-1L0OP.

— A. van Hameren, C. G. Papadopoulos and R. Pittau, [arXiv:0903.4665 [hep-ph]]
— G. Bevilacqua, M. Czakon, M. V. Garzelli, A. van Hameren, A. Kardos, C. G. Papadopoulos, R. Pittau and M. Worek, “HELAC-NLO,”
[arXiv:1110.1499 [hep-ph]].
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

120 \QQ00¢

[2m+3)
[2"+2)
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

The origin of evanescent terms for the two-loop case can be tracked down to the following relations:

Elgi-q)) X]=p; X,

S[Z(qi'sk,x)(qj'wk,x)xl = py X,
A

SIZ(EM cwpa) X1 = (d— 4 X,
A

ELY ey - w1n) (e2n, - w2x,) XT = (@ = 9)X.

A1,A2

ELY iy -wan) (e2n, - wiag) X1 = (0= )X,

A1, A

ELY (e 22 (@13, - w2x,) X] = (@ = 4)X

A1sA2
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

gy = E c“"’a,"+§ cMer 4+ g

i=1 i=1
2
(N) o (N) o
+ E Seiai E &) + Joyg (@2 @)
ij=1
2
Na - = N e s
+ Jél)sz (&1 &) + E ngz,gij (&1 - @)(&2 - &)
ij=1
2 2
N i N N
+ E Ci,%-,qk(fr'qj)qf + E Cg;gj,sk(‘sf'qj)gka
ij k=1 i ki

2
N N N
+ CL(A,Q)% 0 (@2 - @) 8 + E Cél.)EZ,q,.(ﬂ‘Ez)qfl
i=1
2

N ~ - - -\
+ E ) o G - aag

i, k=1
(N) o
+ S E(d—4 (d Hom

(M) & ontains all pjj-dependent terms at O((d — 4)9), while J((;Vl

a m —
where J), Bm denotes O((d — 4)™) contributions. Let us

note that also the latter contributions may contain p;-dependent terms.
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

N N) (~ N
ELUGT =)l @) + oY

Let us note that, at two loops, ghost topologies can accommodate gluon propagators in the

loop. This implies that the coefficient CE(I’.\QI. can be non-zero, and p; terms can be generated

along the recursion. Still no O(d — 4) terms can be generated at any stage of the recursion.
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

When full QCD is taken into account, the most general (d — 4)-dimensional structure of a
vector current JIN) @ 3t one loop, reads:

g™y = Mg+ Ve 1+ P ) + e a)ae
C,5°

S 4 (d—a s M

+ o+
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AMPLITUDES IN d =4 — 2¢ wiTH HELAC2LOOP

Similarly, for a fermionic current J(N) one has:

e = gl + 2l + @l + @ el + @ aavl,
SO T
+ I @M,

A= (7(8)% (P48 + m) #16 (P32 + m) ’YBJ(I)) (7(2)73 (Peo + m) ’YaJ(A))
o+ (d—4) (7(8) (—P43 + m) #16 (_sz + m) J(l)) (j(z) (—PGO + m) J(4))
+(d =) (=) (07160 (79 (=0 + m) S)

2 60 e~ 4
N) N N N) o N N
J\(Iec)tor - C‘S )7 Cé )7 J¢(7£) I C<(7-s),q7 C'(Y ) ” | 32 %
(N) (V) ) ) e ?B\ \
errmion - ’l/)q ’ 5 ’ ’¢'q €1 ¥q-e,q w’Y » ¥,q 1 16

where the blue quantities enter when a fermion is cut — 4 (possibly in conjunction with ;7)

— implementation for one (L = 1) and two loops (L = 2) — up to (d — 4) terms
Comment on R, terms: integral vs integrand level

— G. Ossola, C. G. Papadopoulos and Ri-Pittau, [arXiv:0802:1876 [hep-ph]].
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

Given the process under consideration (i.e. gg — gg), generate the skeleton from HELAC2LOOP

@ Generate the families

For instance, for g(p1)g(p2) — g(p3)g(pa). pi all incoming, one of the six LC families is:

Ly = ki, Ly =k +p1, L3=ki+p1+p2,
Ly = ki + ko, Ls = ko, Le = ko — p1 — p2 — p3,

Li=k —p1—p2, lLg=kx—p1, Lo=ki+p1+p2+p3

Costas G. Papadopoulos (INPP)
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

@ For each family run BasisDet and get the terms appearing in the master integrand

equation:
cuts
N A N—1 N
N =pM 4 E PN, 4 E E PN DD ... N=09
i=1 =1 j>i
level=N —1
P(s) _ 2 3 4
1 =¢cg,1,1 + cg,1,2(k1 - p1) + ¢ 1,3(k - p1)” + cg1,a(k1 - p1)” + cg,1,5(ke - p1)

+ (k- m)lcg,1,6 + ¢8,1,7(ks - p1) + ca,1,8(ks - 1) + cg,1,0(ks - p1)°]

+ (ka - m)°[es 1,10 + ¢8,1,11(k1 - p1) + o112k - p1)°]

+ (k1 - 71)3[68,1,13 + cg,1,1a(ks - p1)] + c8,1,15(ks - m)*

+ (k2 - m)[es,1,16 + c8,1,17(k1 * p1) + cg,1,18(k1 - p)* + cg,1,19(k1 - 1)l

+ (k1 - m)(ka2 - m)[eg,1,20 + c8,1,21(k1 - p1) + cg,1,22(k1 - p1)?] + (ke - )P (ko - n)lcs,1,23 + cg,1,24(k1 - p1)]
+cg,1,25(ke - m)3(ka - m) + (ke - m)°[cs,1,26 + c8,1,27(k1 - p1) + ca,1,28(k1 - p1)°]

+ (k1 - m)(k2 - m)°les, 1,20 + c8,1,30(kt - p1)] + ca,1,31(k1 - 1) (ke - )

+ (k2 - m)®[es 1,32 + c8,1,33(k1 - p)] + c8,1,34(k1 - m)(ka - m)* + cg,1,35 (k2 - 0)°*

— this step is done outside HELAC2LOOP and then implemented in
CutTools2(basisdetmonomials.f90).
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

@ Run maptofamily to get the kimap, i.e. the loop momentum running through the cut
particle, gyni2(= gea). Notice that gon(= qie) is always ki + ko.
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

INFO NUM 113 of 580 6

INFO
INFO 4 80 35 9 1 1 16 35 5 64 35 7 o e ] ] 1 2 ] ]
INFO & 88 35 10 1 1 8 35 & 80 35 9 o e ] ] 1 1 ] ]
INFO 4 92 35 11 1 1 4 35 3 88 35 10 ] ] ] ] 1 1 ] ]
INFO 4 124 35 12 1 1 32 35 6 92 35 11 o e ] ] 1 2 ] ]
INFO 4 126 35 13 1 1 2 35 2 124 35 12 ] e ] ] 1 1 ] ]
INFO 4 254 35 14 1 1 128 35 8 126 35 13 o e ] ] 1 2 [ ]
INFO 7 1 36 1 2 4 8 35 35 35 35 35 35 35 ] ] ] e 6 9

Numerators: 113, 114, 115, 393, 394, 517,518

; 124 92 4
1—/126 \32 | 88

1za§y16 8

5 80

Ly, q16 = k1 + k; = Ly, Ggo = ky = L5, Ggg =
kz —P123 = Le,qoz =k = P12 = L7, Ga26 = k1 +p1 =
Lz, Gi2s = by + prz = Ls|

— sector all numerators
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

INFO NUM 168 of 580 6

INFO
INFO 4 96 35 9 1 1 32 35 6 b4 35 7 14 ] ] ] 1 2 ] ]
INFO 4 104 35 10 1 1 8 35 4 96 35 9 e ] ] ] 1 1 ] ]
INFO 4 108 35 11 1 1 4 35 3 104 35 10 e [ 0 [} 1 1 0 [}
INFO 4 110 35 12 1 1 2 35 2 108 35 11 e ] ] ] 1 1 ] ]
INFO 4 126 35 13 1 1 16 35 5 110 35 12 e ] ] ] 1 2 ] ]
INFO 4 254 35 14 1 1 128 35 8 126 35 13 4 ] ] o 1 2 ] o
INFO 7 1 24 2 4 8 1 35 35 35 35 35 35 35 ] ] e ] 6 9

Numerators: 168, 169, 170, 415, 416, 539, 540

o6 64 128
8
4— 104 \32

108
116 126

=
110

Q10 = ki + D1 = L2, G108 = k1 + P12 = L3, G104 = k1 + P12z = Lo, Gos =
ky =Ly, G126 = ky = P1 = Lg, G128 = =k = —Ls, Ges = kz = L5, q16 =
ky+k, =1L,

* — sector all numerators
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HELAC2LOOP@WORK: FAMILIES, BASES, SECTORS

@ In this way we get all the sectors (the denominator structures) and the numerators
belonging to a given sector: Npym = 580, Nsec = 102.

For instance, sector 1 is {1,1,3,4,5} — L%L3L4L5 and the numerators belonging to it are:
1,2, 3, 4, 5, 6, 209, 210, 211, 271, 272, 273, 333, 334, 335, 336, 417, 418, 437, 438, 457,
458, 459, 460, 541, 542, 561, 562.

— run maptofamily before calling CutTools2.

@ All the steps above are "structural": performed once and for all, no-dependence on
external kinematical data (external momenta and helicities).

@ Then generate kinematical data, call cutfit(CutTools2) for the sum of all numerators
belonging to each sector and update the reduction coefficients c(level,icut,icoef)

@ This concludes the reduction procedure
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HELAC2LOOP@woRK: IBP TABLES

@ Using data from monomials basis and sector, identify all integrals F. For instance, the
term multiplying cg 1,2, k1 - p1, for the sector {1,2,3,4,5,6,7}, gives rise to:

1 1
7§F(717 1’ 1717 1’ 17170’ 0) + EF(Ozo’ 17171’ 171707 0)

@ Using an IBP reducer, express all F in terms of Master Integrals (MI), m;.
@ Next step is to formally expand the Ml in €. They look like

0
_ o
mj = mj j45€

j=—4

Notice that an m;; may contribute to more than one orders in € in the final result, due to
the € dependence in the IBP coefficients.

@ Expressing the amplitude, A = Z/\/',/H DJ(.f) in terms of IBP tables, specific to the
family not to the process, requires performing the following summation

integrand reduction MI coefficients

E (C/eve/,icut,icoef) X (msector,Ievel,icut,icoef,mr‘, mij,ieps)

so to get for all Ml components and orders in ¢, the numerical value of the amplitude
given the color flow, the helicity assignment and the external momenta.
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HELAC2LOOP@woRK: IBP TABLES

1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5

(10.8800400234819183325212648550935952, ~1.004080562473657018182012682310678560E-0023)
(2457.96226329490609985808242303176809, —4 . 039708160319141800953799796252419705E-0023)
(9587.17187073302728277608462259703866, ~1.178357517675036863103977166003989240E-0022)
(29445.3973800252684601866393856299770, -2.972912475621931786499600278314702155E-0022)
(81416.7376267798433286975379985294713, ~6.897191608570867248803844568600558813E-0022)

(e. ,0. )
(10.8800400234818873124137754649730578, ~1. 7409676634164E-0023)
(2457.96226329490609985808242303176690, ~4.039708160319141777563003046095619380E-0023)
(9587.17187073302922419129125655360787, —1.178357517675036866959112707565753035E-0022)
(29445.3973800252629311594711703652609, ~2.972912475621931771481350131521661471E-0022)

(0. ,0. )

(0. ,0. )
(10.8800400234818873124137754649766847, -1.004080562473657019826452302592779282E-0023)
(2457.96226329490671813520827469823249, —4.039708160319141794618240644793417592E-0023)
(9587.17187073302739896308724623278965, ~1.178357517675036861217275615183064691E-0022)

(0. ,0. )

(0. ,0. )

(e. ,0. )
(10.8800400234820325082435989712320043, —1.004080562473657020385178834715824950E-0023)
(2457.96226329490618905580304511885628, ~4.039708160319141773592219891374753837E-0023)

(0. ,0. )
(0. ,0. )
(0. /0. )

(0. ,0. )
(10.8800400234819183325212648550920946, -1.004080562473657018183608142127416653E-0023)
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HELAC2LOOPQ@QWORK: VALIDATION

@ Skeleton generation tested against Qgraph and FeynArts-FeynCalc — in progress

@ Numerator validation either against results from FeynArts-FeynCalc or in-house
Mathematica and FORM codes
skeleton — analytic expression — checking against HELAC2LOOP numerical evaluation

@ CutTools2
Solving and fitting numerically all reduction coefficients — N = N test, per cut and
globally

@ In-house Mathematica code to generate IBP tables
basis monomials — Feynman Integrals and through IBP — Master Integral coefficients

@ Reading/implementing IBP tables in HELAC2LOOP

@ HELAC2LOOP final step: numerical evaluation of two-loop amplitude expanded in €

validation against known results, for instance Caravel — in progress
— S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page, E. Pascual, M. S. Ruf and V. Sotnikov, [arXiv:2009.11957 [hep-ph]].
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SUMMARY & OUTLOOK

Current:
@ Integrand construction @2L — solved and implemented
@ Cut equations @2L: determining on-shell loop momenta — solved and implemented
@ Integrand basis construction and fitting @2L — solved and implemented
@ Numerical evaluation of the numerators in d = 4 — 2¢

@ solved and implemented for 1 loop, all gluon amplitudes

@ solved and implemented for 2 loop, all gluon amplitudes

@ for 1 and 2 loops, external fermions — in progress

@ |IBP reduction tables, and if available MI numerical evaluation, solved and partially
implemented (2 — 2)

Costas G. Papadopoulos (INPP) Demokritos, June 29 — July 3, 2026 INPP-APCTP 2026 65 /72



SUMMARY & OUTLOOK

Near future:

@ Assessing performance and search for optimizations

@ Applications for 2 — 3 processes and beyond

Next-to-near future: automated 2-loop amplitude numerical evaluation framework
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BACKUP SLIDES

Backup slides
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INTEGRAL RELATIONS FOR ISP

2
3 [—st(s + t)kf + t2(ky - p1)? + 2tky - p1 (s + t)ke - po — sky - p3) + ((s + t)ke - po + sky - P3)2]
(d —3)(d — 1)s2t2(s + t)?

(k) —

2
3 [—St(s + )3 + t2(kp - p1)? + 2thy - py (s + thka - p2 — sky - p3) + ((s + t)ka - P2 + sky - P3)2]

(d—3)(d — D)s2e2(s + 1)

(ko) —

1

(k- 1) (ke - m)? Py vcreT Y {2( = st(s + )k - ko + st(ky - p2) (ko - p1) + (ki - p2)(ka - P1)

— st(ky - p3)(ka - 1) + (s + £)2 (k1 - p2)(ka - p2) + s(s + t)(k1 - p3)(ka - po)
+ (s + )(ks - p2)(ka - p3) + 5> (k1 - p3)(ka - p3)
+t(ky - p1)(t(ka - p1) + (s + t)ko - pp — sko - p:"))2

+ ( — st(s + )k + t2(ky - p1)° + 2tky - pi((s + ks - p2 — sky - p3)

(s + t)ky - pp + sky - p3)2) x ( — st(s + )k + 2(ky - p1)?

2
+ 2tky - p1((s + t)ka - p2 — ska - p3) + ((s + t)ka - p2 + ska - p3) ):|
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INTEGRAL RELATIONS FOR ISP

3 [fst(s + 0K + 2 (kg - p1)? + 2tky - p1((s + t)ky - P2 — sky - ps) + ((s + t)ky - p2 + sk - P3)2]

3
(k1 - m) (k2 - m) — (d — 3)(d — 1)s2£2(s + t)2

X ( — st(s + ks - ko + st(ky - p2)(ka - p1) + 2 (ki - p2)(ko - p1) — st(ky - p3)(k2 - p1)
+ (s + )% (k- p2)(ka - p2) + s(s + t)(ky - p3)(ka - p2) + s(s + )(ky - p2)(k2 - p3)

+ 52 (ky - p3)(ka - p3) + tlky - pr)(t(ke - p1) + (s + t)ko - p2 — sko - P3))

3 [*St(s + 0)K3 + t2(kp - p1)? + 2thy - p1((s + t)ka - P2 — ska - p3) + ((s + t)ka - p2 + sky - Ps)z]
(d — 3)(d — 1)s2t2(s + t)?

(k1 m)(k2 - m)® —

X ( — st(s + ks - ko + st(ky - p2)(ke - p1) + 2 (ki - p2)(ko - p1) — st(ky - p3)(k2 - p1)
+ (s + 07 (ki - p2)(ka - p2) + s(s + t) (k1 - p3)(ka - p2) + s(s + D)k - p2)(k2 - p3)

+ (ke - p3)(ka - p3) + t(ky - pr)(t(ke - p1) + (s + t)ko - po — ska - Ps))
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HELAC COLOR TREATMENT

Colour flow or colour connection representation

31:’27 ’k ai ’1:’2» ’k
MJ tij — MJ1 25k

’1 125 . .
.117_/27 26’017_/1 IO‘27J2 6lak,_[kAO' — nl

gluons, ghosts — (i,/), quark — (i,0), anti-quark — (0, j), other — (0,0)
> AiCooAs

= R Y S m(o,0’)
Coor = Z 5101711 5!02 J2 v -5lok Jk 5101 N} 5105 g2 510;( g = N¢
{it 4}
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HELAC COLOR TREATMENT

Colour-flow Feynman rules
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