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Overview
1. Gaps-between-jets 

• I will discuss a brief historical overview of the observable, leading to the discovery of 
super-leading logs. 

• I will highlight an easily generalisable approach to computing the first super-leading log 
based on work from Forshaw, JH, 2109.03665. 

2. Jettiness 

• I will extend the calculation of the super-leading logs to Jettiness. In doing so, uncovering a 
super-super-leading log as reported in Banfi, Forshaw, JH, 2511.11799. 

• I’ll discuss some physical intuition for the super-super-leading log, from which we can see 
hints at its all orders structure.
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Back to the 90s



Gapped jet rates
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Back to the 90s

• However, theoretically controlled predictions were lacking. Quoting Bjorken: 

• The problem was two major backgrounds. Gaps could be filled by “mini-jets”, i.e. MPIs, and 
are a signature of diffractive physics Mueller, Navelet ’87  which, even now, is not yet under 
precise control (for recent progress see Lee, Schindler, Stewart 2508.10231). 



Gaps between jets
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Back to the 90s

• A step forward was made by Oderda and Sterman ’98. 

• Whilst a gap with nothing in is problematic, a gap with 
nothing above a veto ( ) was perturbatively calculable 
up to power corrections in . 

• Additionally, they proposed a simple factorisation for 
this measurement.

Qc
ΛQCD/Qc

dσ
dYdQ0

= f a(Q)f b(Q) ⊗ Tr [ ⃗H(a + b → 2jets : Q, Δy) ⊗ ⃗S2,2(Δy ln(Q/Qc))]
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Back to the 00s

• Unfortunately, we now understand that this factorisation 
misses a lot of important physics. 

• Firstly,  does not include the full 
complexity of the soft logarithms contributing to the 
gaps-between-jets distribution. It misses non-global 
logarithms (Dasgupta, Salam ’01).  

• As it is a single-log observable (at one loop), these NGLs 
are leading for this observable and the factorisation is 
invalid at any accuracy.

⃗S2,2(Δy ln(Q/Qc))

dσ
dYdQ0

= f a(Q)f b(Q) ⊗ Tr [ ⃗H(a + b → 2jets : Q, Δy) × ⃗S2,2(Δy ln(Q/Qc))]

dσNG

dYdQ0
∼ α2

s ln2(Q/Qc)

Gaps between jets
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Back to the 00s

• Unfortunately, we do now understand that this 
factorisation misses a lot of important physics. 

• Secondly, the full structure of collinear logs mixed with 
soft logs does not factorise into PDFs and 

 due to the presence of Coulomb/
Glauber phases. What’s missing are the “super-leading 
logs” from factorisation breaking (coherence violation). 
Forshaw, Kyrieleis, Seymour ’06

⃗S2,2(Δy ln(Q/Qc))

dσ
dYdQ0

= f a(Q)f b(Q) ⊗ Tr [ ⃗H(a + b → 2jets : Q, Δy) × ⃗S2,2(Δy ln(Q/Qc))]

dσCVL

dYdQ0
∼ α4

s ln5(Q/Qc)

Gaps between jets



A pause for nomenclature

8

What is leading log? What is super-leading? Unfortunately nomenclature is based on gaps-
between-jets which is single log a la Oderda and Sterman. 

• The typical starting point: 

 

 

Factorise and count loops in functions and RG evolution. 

• Super-leading (coherence violating) logs do not exponentiate and factorisation is far from 
simple. Only the second counting works consistently and easily.

ln Σ (v = e−L) = LgLL(αsL) + gNLL(αsL) + αsgNNLL(αsL) + ⋯

Σ (v = e−L) = ∑
n

CDL
n αn

s L2n + αsL∑
n

CNDL
n αn

s L2n + ⋯



A pause for nomenclature
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What is leading log? What is super-leading? Unfortunately nomenclature is based on gaps-
between-jets which is single log a la Oderda and Sterman. 

• So where do super-leading logs fit in? They are N3DL or . But, gaps-between-jets is 
has no LL piece, the leading piece is NLL ( ) and N3DL is super-leading relative to NLL. 

• How does this extend to other observables?  

‣ The  logs and factorisation breaking is often referred to as the “super-leading logs” but 
it rarely is super-leading compared to the whole expansion of an observable. 

‣ I will use two countings: relative to the double log, and factorisation breaking relative to 
DGLAP. Relative to DGLAP evolution of the initial state,  is always super-leading.

αn
s L2n−3

αn
s Ln

α4
s L5

α4
s L5



A pause for nomenclature
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What is leading log? What is super-leading? Unfortunately nomenclature is based on gaps-
between-jets which is single log a la Oderda and Sterman. 

• So where do super-leading logs fit in? They are N3DL or . But, gaps-between-jets is 
has no LL piece, the leading piece is NLL ( ) and N3DL is super-leading relative to NLL. 

• How does this extend to other observables?  

‣ The  logs and factorisation breaking is often referred to as the “super-leading logs” but 
it rarely is super-leading compared to the whole expansion of an observable. 

‣ I will use two countings: relative to the double log, and factorisation breaking relative to 
DGLAP. Relative to DGLAP evolution of the initial state,  is always super-leading. 

* I’ll give a 3rd counting at the end.

αn
s L2n−3

αn
s Ln

α4
s L5

α4
s L5



Computing the super-leading Log
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Based on Forshaw, JH, 2109.03665.

dσ
dYdQ0

= f a(Q)f b(Q) ⊗ Tr [ ⃗H(a + b → 2jets : Q, Δy) ⊗ ⃗S2,2(Δy ln(Q/Qc))]

1-loop evolution 
at fixed coupling

a b

d

c



• Let’s see where the OS result breaks down. First, we manually re-instate the plus-prescription.

Computing the super-leading Log

12

Based on Forshaw, JH, 2109.03665.

Expand DGLAP evolution of 
hadron A to leading order

We have not assumed factorisation. The collinear is interleaved with the soft, the scale 
determined by the  of the collinear gluon.kT



• To illustrate the point…

Computing the super-leading Log
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Based on Forshaw, JH, 2109.03665.

No jet veto, we get the DGLAP plus-prescription back



• So, what happens when we compute this expression? 

•                                                                         and so the real emission term is “trapped”. 

• Since we can’t pull out a Casimir, the plus-prescription is broken. Expanding in , we find αs

Computing the super-leading Log
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Based on Forshaw, JH, 2109.03665.



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q
= ln θ

ln
kT

Q

ln 1/θ ≈ η = − ln tan θ/2 ≈
1
2

ln
1 − z

z

Andersson, Gustafson, 
Lonnblad, 1989

Dipole kinematics



• It is instructive to view this on the Lund plane.

ln 1/θ ≈ η = − ln tan θ/2 ≈
1
2

ln
1 − z

z

Computing the super-leading Log
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Diagrammatically

ln
kT

Q
= ln θ

Andersson, Gustafson, 
Lonnblad, 1989

Dipole kinematics



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

2αsCF

π
Y ln(Q/Q0)



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

𝒞 ( αs

π
ln(Q/Q0))

3

Y(iπ)2



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

[T2
s , Ta] ≠ 0



• It is instructive to view this on the Lund plane.

Computing the super-leading Log
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Diagrammatically

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

∼
𝒞α4

s

π
Y(iπ)2(ln(Q/Q0))5

𝒞 ∼



Gaps between jets
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Recent progress

• The “full colour” computation of exclusive jet rates with coloured initial states has received a 
lot of attention in recent years, driven by a few collaborations: 

‣ Bern-Mainz: Becher, Hager, Jaskiewicz, Martinelli, Neubert, Schwienbacher and others* 

This is the main group working on the resummation of SLLs. 

‣ Graz-Manchester: DeAngelis, Forshaw, JH, Martínez, Plätzer, Ruffa, Seymour, Torre González 

Developing “amplitude evolution”. The central goal is a numerical code which is capable of 
resumming SLLs and non-global logs. 

‣ Also work by: Hagiwara, Hatta, Ueda, Mueller, Triantafyllopoulos and others* 

Other work on the numerical resummation of non-global logs but not applied to SLLs.

*sorry to anyone whose name I’ve missed.



Super-leading logarithms
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Recent progress

• The super-leading logarithms have non-trivial colour, the space of which grows with . 

• Using an approach based in SCET and some very fiddly colour algebra, the Bern-Mainz 
collaboration demonstrated that the super-leading logarithms can be resummed 
analytically with a new iterative factorisation. 

Becher, Neubert, Shao 	 2107.01212, Philipp Böer, Hager, Neubert, Stillger, Xu 2307.11089, 2311.18811, 2405.05305, 2407.01691 Becher, 
Hager, Jaskiewicz, Neubert, Schwienbacher 2408.10308, Becher, Hager, Martinelli, Neubert, Schwienbacher 2411.12742 

• The key point is that          contains both initial and final state low scale physics, including 
PDFs which must be evaluated at , not the hard scale!

αs

Q0



Recent progress

Super-leading logarithms

• Recently Becher, Hager, Martinelli, Neubert, Schwienbacher, Stillger 2411.12742 performed an initial pheno 
study: 

• Despite appearing first at 4-loops, effects can be as large as 10% to 15% for large gaps!
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Part 2 - jettiness
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Background

What is jettiness?

• Jettiness is a class of observables introduced by Stewart, Tackmann, Waalewijn 1004.2489. 

• Broadly, the n-jettiness ( ) is defined so that in the limit  an event contains just  
collimated coloured jets. 

• They’re recursively IRC safe and can be computed with exceptional precision (absent 
Coulomb/Glauber modes). Alioli et al, 2312.06496 

• Jettiness is used for precision QCD but, due to its simplicity, it also is used for: 

‣ Selection cuts to isolate processes with  jets. This is particularly important for “missing 
neutrals” searches (i.e. BSM, dark matter). Lindert et al. 1705.04664 

‣ Phase-space slicing for NNLO matching (Geneva collaboration)

τn τn → 0 n

n
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The definition of one-jettiness

What is jettiness?

The one-jettiness at the LHC: 

 

 

There are a few topologies that can contribute but, for concreteness, I will focus on just 

 

τX
1 = ∑

i∈X

1
Q

min(na ⋅ pi , nb ⋅ pi , n1 ⋅ pi)

dσ
dτ1

= ∑
X

∫ dσpp→X δ (τ1 − τX
1 )

p(q)p(g) → Z + q

27



dσ(τ1)
dxadxbdB

= ∑
n

dσ(0)

dxadxbdB
1
n! (−

αs

π
(2CF + CA)

1
2

L2 + ⋯)
n

=
dσ(0)

dxadxbdB
exp (−

αs

π
(2CF + CA)

1
2

L2 + ⋯)

ln
kT

Q

ln 1/θ ≈ η = − ln tan θ/2

Leading-log resummation

The Lund plane for jettiness
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ln τ1 = ln θ + ln
kT

Q



The partonic result should be convoluted against PDFs 

 
d σ

dτ1dB
= ∫

1

0
dxa ∫

1

0
dxb f a

A(xa, μF) f b
B(xb, μF)

d ̂σab(μF)
dxadxb dτ1 dB

Collinear logs without Coulomb/Glauber phases

The Lund plane for jettiness
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ln
kT

Q

ln 1/θ ≈ η

ln τ1 = ln θ + ln
kT

Q

ln τ 1/2
1

From the Lund plane, we should fix  
so that the DGLAP evolution of the PDFs 
captures all the logs from the initial state. 

The collinear scale is the geometric mean 
between the hard and soft scale.

μF = τ1/2Q



The complete leading power result  Stewart, Tackmann, Waalewijn 2010: 

The full result…

The jettiness factorised
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ln 1/θ ≈ η

ln
kT

Q
ln τ1 = ln θ + ln

kT

Q

ln τ 1/2
1



Grow the gap to induce a collinear scale…

From gaps-between-jets to jettiness
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Could we get a similar scale hierarchy in gaps between jets?

ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

∼ 𝒞 ( αs

π )
4

Y(iπ)2(ln(Q/Q0))5



Grow the gap… until it is a log 

Consequently, factorisation 
breaking is now  ! 

Crucially, nothing changes in the 
colour structure to protect GBJs 
from this log. 

α4
s L6
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ln
kT

Q

ln 1/θ ≈ η

ln Q0/Q

∼ 𝒞 ( αs

π )
4

(iπ)2(ln(Q/Q0))6

1
2

ln Q0/Q

From gaps-between-jets to jettiness
Could we get a similar scale hierarchy in gaps between jets?



This looks just like our distorted 
version of gaps-between-jets but 
with a diagonal boundary. 

An  will be present unless the 
colour factor vanishes… 

α4
s L6
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ln τ1

ln
kT

Q

ln 1/θ ≈ η

ln τ1

From gaps-between-jets to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

∼ 𝒞 ( αs

π )
4

(iπ)2(ln 1/τ1)6

???

Banfi et al, 1001.4082
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Generalising our method to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

Generalise the observable
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ln τ1 = μF

ln
kT

Q

ln 1/θ ≈ η

ln τ1

From gaps-between-jets to jettiness
Could we get a  in jettiness?α4

s L6

On the Lund plane: 

• We integrate loops over the 
vetoed region. 

• We integrate real emissions over 
the accepted regions above the 
factorisation scale. 

Corrections to                are 
suppressed by  since it requires two 
emissions into the green region.

αs
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Generalising our method to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

Put in one-jettiness

I’m just interested in the CVL so I’ve dropped the virtual term which does not contribute. 

Lower case colour charges are on the 3-parton state. Capital on the 4 parton state.
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Generalising our method to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

Let’s look to the Sudakov operator:

Put in one-jettiness, two core integrals

Simplifies the Sudakov greatly
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Generalising our method to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

Physical picture of the colour structure:
ln 1/θ ≈ η

ln
kT

Q

ln τ1
k1

k2

q

k
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Generalising our method to jettiness
Based on Forshaw, JH, 2109.03665 and Banfi, Forshaw, JH, 2511.11799

Expand and get the bottom line result:
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Independently verified
T. Becher, P. Hager, M. Neubert, D. Schwienbacher, arXiv:2603.12383



What does this mean?
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How does this not cancel?

ln 1/θ ≈ ηln
kT

Q

Whilst there is a double log, it (grey region) is not 
associated with a collinear pole/boundary. It is a 
log enhanced soft phase-space volume. It can 
therefore have complicated colour.

Compare the Lund plane for the super-
super leading log against our intuition.

ln 1/θ ≈ η

ln
kT

Q

ln τ1



What does this mean?
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Log counting

ln 1/θ ≈ η

ln
kT

Q

ln τ1

We’re talking about areas on the Lund plane -> 
these are double logs.  

They are computable at fixed coupling with 
only the soft-collinear singularities of one-loop 
kernels. This is just DL resummation? 

 

 

All orders this is . It is double log 
resummation with two large logs!

ln sij − iπ ≡ ln(−sij)

α4
s ln(τ1)6(iπ)2 ↦ α4

s ln(τ1)6ln(−τ1)2 ↦ α4
s L8

±

αn
s L2n

±



A similar result
QCD Transverse-Energy Flow
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The all-orders structure of jettiness?
Based on speculation (and work to come)

Physical picture of the colour structure:

ln
kT

Q

ln 1/θ ≈ η

ln τ1k1

k2
q

kk′￼
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The all-orders structure of jettiness?
Based on speculation (and work to come)

A hierarchy of challenge to do the CVL leading resummation?

GBJs Collinear must be 
resummed

Colour space grows 
indefinitely with soft 

multiplicity

Single soft is 
enough

Two Coloumb/Glauber needed  
(resummation achieved 

anyway)
SLL NDL

n-Jettiness Collinear must be 
resummed

Colour space is 
n+4 parton-like

Soft must be 
resummed

Two Coloumb/Glauber 
needed SSLL DL

rIRC safe Collinear must be 
resummed

Colour space is 
finite

Soft only must be 
resummed if forward 

suppressed

Two Coloumb/Glauber 
needed 

SSLL if 
forward 

suppressed

DL    if 
forward 

suppressed

QCD 
Transverse-
Energy Flow

Collinear must be 
resummed

Colour space grows 
indefinitely with soft 

multiplicity

Soft must be 
resummed

Two Coloumb/Glauber 
needed SSLL DL

±

±

±

±



Conclusions
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• One-jettiness contains a super-super leading log. 

 

• The log doesn’t touch the low scale pole structure, so PDFs can still be defined but must be 
at the soft scale, not the collinear scale. 

• Resummation of these logs might be tough but possible. Unlike GBJs, where only a single 
soft needs to be considered, here arbitrary softs are required. However, the colour space 
remains finite. 

• Numerical codes may also provide a route out, CVolver - Forshaw, Plätzer et al, Deductor - Nagy, 

Soper…

dσ(τ1)CVL

dxadxbdB
∼ N2

c ( αs

π )
4

(iπ)2(ln τ1)6 f a(xa, τ1Q)f b(xb, τ1Q)


