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Relativistic interactions

Quantum mechanics and Relativity are barely
compatible

e 20th century — weak coupling. Interacting quantum
field theories (gauge theories), the Standard Model.

* 21st century — strong coupling. Two problems with
no perturbative handle at all:

* soft hadronic scattering

* gravity at the Planck scale — what does 2—2
graviton scattering look like?

* The bootstrap (ideas from 60s): take the consistency
conditions as the definition of the theory, and map
the space of what is possible.
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Anti-particles, CPT, spin-statistics

forced by Lorentz invariance,
locality and unitarity

Massless spin 1 must couple to conserved

charges

Massless spin 2 must couple universally to

everything

(hierarchy problems for spin 0)

Weinberg ‘64

Weinberg — Witten

Relativistic interactions

* No local unitarity interacting massless spins>2 in flat

space

* No mixing internal / spacetime symmetries

e |s this too restrictive? Ana’s talk and co-dim

symmetries

Coleman Mandula

Dario’s talk

Anna T.’s talk



Dynamics : the S-matrix

Interactions
3
St ] t ., ﬁ,
. |in) — |out) 1 T 4
e S=1+iT 5 /
s =(pl +]92)2
e 2 — 2 :afunction 7(s,t, u) (up to t = (pl — p3)>
polarisations) i = (pl — pd)?

No local gauge-invariant observables
In quantum gravity - S-matrix.

(E,0) = (s,t,u)

This object can perhaps be S+I+uUu= Z m;
compared across approaches i=1




A

Axioms

For gapped theories, axioms on rigorous footing:

Analyticity < causality. T analytic in s at fixed t up to
cuts (and bound-state poles).

Crossing 1(s, 1) = 1(¢,s) = T(u, t) one function for all
three channels. Bros—-Epstein—-Glaser '60s

Unitarity

' $5 § SF8 = |

JEIN T \/Q TS =N
I

Theorem: in d>2, scattering requires production
Aks ‘64

2-particlex\
~ Unitarity

Analyticity

Crossing
symmetry



. - - . S/ @) / .z /\(
Unitarity in partial waves B -0 - L5

A fancy Fourier expansion that diagonalizes unitarity

massive & massless”®

T(s,f) = 167 ) (2] + 1)/,(s)P(cos(6))
J=0

S,(s)=1+1ic(s)f(s)

2 Elastic unitarit
o |S)s)|° =1, s € [4m?%; 5yp] Y —
massive

o |S/)P <1, 5 € [syps + o]

e Straightforward to check




Boundedness

(locality)

Proven: polynomial boundedness for gapped theories (60°’s, Epstein Glaser Martin)

Froissart bound: assume massive exchange and polynomial force. Comes from long distance physics
 Radius of interaction : E" ~ exp(—mr) — r ~ log(E)
L 6 ~ log(E)?

Do they same in gravity: long-distance is semi-classical, under good control (Amati Ciafaloni Veneziano,
90’s)

Using this, Haring-Zhiboedov ’22: proved | 1(s, t) | < s° (ford > 4)



Space of S-matrices

How does ACU restrict the space of possible interactions? — Bounds.

Remarks:
Go away from the lamppost

Test proposals

Test conjectures

| ocate where tensions are




Space of S-matrices

How does ACU restrict the space of possible interactions? — Bounds.
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Space of S-matrices

How does ACU restrict the space of possible interactions? — Bounds.

A remarkable fact: dynamics emerges from that question.

“Chew Frautschi” plot

Leading meson Regge trajectories

PDG 2026 masses, 1o bars; unweighted fitsto J=ay + o' M*

® p/a([=1) a'=0.84
6 - B w/f(I=0) a'=0.90
A K7™ (strange) o' =0.84

o' ~0.85-0.90 GeV 2
nearly universal slope

5 6 7
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Space of S-matrices

How does ACU restrict the space of possible interactions? -> Bounds.

A remarkable fact: dynamics emerges from that question.

2
A
o Gravity: 1T ~ 87Z'G— grows like S2. Eventually breaks Leading meson Regge trajectories
—1

Unltarlty. PDG 2026 masses, 1o bars; unweighted fitsto J=ay + o' M~

* Tree-level unitarisation in string theory by infinite exchange ® plalf=1) o'=081

of higher-spin modes 61 W w/f{I=0)a’=0.90
S2 N S2+(x’t < S2 (at t<0) A K* (strange) o' =0.84
5_
p5(2350)
e Causality constraints on graviton 3-pt coupling: make this 1(2050) - /
a theorem at weak coupling (Anna’s talk; CEMZ) I 1T

* Recent new element: polynomial boundedness forces
infinitely many trajectories (Eckner Figueroa Metayer :
PT°25) '

o' ~0.85-0.90 GeV 2
nearly universal slope

* Non-perturbatively?

* Similar questions in hadronic physics. 0 1 2 3 4 5 6

 Now is a perfect time to revisit these problems
Camanho—Edelstein—Maldacena—Zhiboedov 1407.5597
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Bound from inside and outside

* Primal. Build explicit amplitudes satisfying ACU

* Dual. Linear functionals that certify "no such amplitude exists": aims to rigorous exclusion
(Guerrieri, Sever 2021; Anna’s talk)

 Positivity. Dispersive/positivity bounds are the dual problem with unitarity linearised, Im 7" > 0. Full
non-linear unitarity, | S;| < 1, is strictly stronger — and non-perturbative. (Anna’s talk)
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primal

» Simplify unitarity to [ .S,(s) \2 <1

The convex way

(%)

| - 5 5 l+a p
Equivalent to a semi-definite problem a“ + /- <1 < >0

p l1l—-a

 Use SDPB — good for arbitrary precision

* Impose (*) on an ansatz with A+C:

N
i 1,k
T(s, 1) ~ Z a; i S tu ~
i.j.k

gives explicit amplitudes with ACU and partial waves S ;(s) = Z &i,j,ksi

. Constraints discretized on grids, spin cut-off: | S,(s;) < 1forJ=0,..., Jinax @nd S; € (So, - -5 Sgpig)
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Numerical bootstrap: the convex way

Example
Result:

What is the space of analytic functions f(z) with
| f(2)| < Tonjz=1. 8

N .
Choose ansatz: fy (z) = Z a; z'

i=0 | | |
Impose constraints | f(e'%)| < 1, 0, = 2—; 0

Choose observables:
Max/Minimize e.g. o, @,
Send N to infinity.

17



Simple example in d=4

. Massive, identical scalars. Simple observables : T(sy, ty), 0-T(s, t,) ‘sto' Min / max values ?

18



Simple example in d=4

. Massive, identical scalars. Simple observables : T(sy, ty), 0-T(s, t,) \S:SO. Min / max values ?

Almond c2[c0]

d=3.+1, fae=16, Ninax=20 (232 @'S), Sax=300, improv={TH, SPC}
15 [ [ [ [ { [ [ [ [ [ [ [ [ {
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Paulos—Penedones—Toledo—van Rees—-Vieira - Chen—Fitzpatrick—Karateev - Elias Miré—Guerrieri—Gumus

- Gumus—Metayer—PT



part lli
TWO a.p p I I Cat I 0 n S : Guerrieri Penedones Vieira, +Murali, 2021, 2022

quantum gravity 9 10 11
-ttt

gapped QFT 4 45 5 12

Gumus Metayer PT 2026



Gravity, non perturbatively

QG amplitudes, 3 regimes:

* Setting. Maximal supersymmetry, d=9,70,11: every
2—2 amplitude of the graviton multiplet is a fixed
polarisation factor times one function T(s,t,u). Born i

 Low energy is known:

1 - S (s b)
T=87ZGNS4< | az/”163+...> - o
Stu Eikonal £ ZZK — €

le.dAers
* the graviton pole, then a — the R* coefficient. Known
in string/M-theory. 6\ : ri
Strong gravity ° = @ « o
* Which a admit any UV completion? v \ Sy

PR—

Guerrieri—Penedones—Vieilra 01
Guerrieri—-Murali—Penedones—Vieira



Where is string/M theory?

 Linearised unitarity : @ > 0. Full non-linear
luded litude found licit unit ‘ . . .
o ey g S I ey A unitarity: string and M-theory sit at the
i - boundar
d=09 + ® type Il (min over moduli) y
* In 11d the gap between the bound and M-
— Ain/3 . .
d =10 + o YPeBatT=E" theory is ~2%:; the residual gap <
inelasticity ? invisible to an elastic ansatz.
d=11 }|. M-theory
I * The extremal amplitudes: strongly coupled
completion with infinite tower of resonances

0.00 005 010 015 0.0 0.25  0.30

m .
a (coefficient of R* in units of £) odes

... A strongly coupled string theory

Bootstrap lower bound on the R4 coefficient vs. the actual string/M-theory amplitude?
value minimised over moduli. Guerrieri-Murali-Penedones-Vieira '22
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Emergent dynamics
Strongly coupled resonances

. - m{p
* From extremal amplitude, extract physical “FFi+ J | A ,
data: i o - IR | e
* Resonances = zero of partial waves in | ' e
complex plane |S,(s*)| =0 s A
:RS(S) 0.3 y - - . ; - . 1.0 - . 1.5 .

* Scattering lengths, phase shifts, etc.

Unitarity already close to
saturated here

* UV: not completely controlled.

Next steps:

other d

include/obtain black-hole entropic suppression terms 5 ,(s) ~ e ~%1-)) 2 Chaotic phase shifts ?

control gravitational radiation



Beyond susy: scattering across dimensions ourworx
Identical scalars
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Beyond susy: scattering across dimensions ourworx
Identical scalars

Almond c2[c0]

d=3.+1, fae=16, Ninax=20 (232 @'S), Sax=300, improv={TH, SPC}
15 [ [ [ [ { [ [ [ [ [ [ [ [ { [ [ [ [
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Beyond susy: scattering across dimensions ourworx
Identical scalars

Almond c2[c0]
d=3.+1, I1ax=16, Npax=20 (232 a's), Spax=300, improv={TH, SPC}
15 [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [
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d appears everywhere 05 - \ -
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Beyond susy: scattering across dimensions ourworx
Identical scalars

Almond c2[c0]
d=3.+1, lax=16, Nipax=20 (232 a's), Smayx=300, improv={TH, SPC}
1.5 e T e
Remember:
1o ]
I \ |
d appears everywhere 05 - \ -
analytically « %
© .66
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explore space of d’s ! 05 I
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Beyond susy: scattering across dimensions ourworx
Identical scalars

Remember:

d appears everywhere

analytically

explore space of d’s !

what physics to expect ?

c2

1.5

1.0

0.5

0.0

-0.5

-1.0

Almond c2[c0]

d=3.+1, =16, Ninay=20 (232 @'S), Smax=300, improv={TH, SPC}

I [ I I I I

. Froissart tip

I [ I I I I

l | l l l l

-20

1

0 20

Gumus Metayer PT - Correia Georgeoudis Guerrieri

! CD /ike Do local, non-gravitational
theories ;
L 1l FTs exist in higher d 7
QCD like | Q g
theories 66
| asymptotic
freedom
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Beyond susy: scattering across dimensions
d=4

29



Beyond susy: scattering across dimensions
d=4.5

541, hnax=16, Nipax=20 (232 @'S), Smax=300, improv={TH, subTH, SPC}
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Beyond susy: scattering across dimensions

41, hax=16, Niax=20 (232 @'S), Smax=300, improv={TH, subTH, ftTH, SPC}
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Beyond susy: scattering across dimensions
d=5.5
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Beyond susy: scattering across dimensions
d=6
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Beyond susy: scattering across dimensions
d=6.5

541, hnax=16, Nipax=20 (232 @'S), Smax=300, improv={TH, subTH, SPC}
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Beyond susy: scattering across dimensions
d=7

Almond c2[c0]
d=6.+1, [12x=16, Npnax=20 (232 a's), Snax=300, improv={TH, subTH, ftTH, SPC}

2.93
> ./'7

e




Beyond susy: scattering across dimensions
d=7.5

541, hnax=16, Nipax=20 (232 @'S), Smax=300, improv={TH, subTH, SPC}
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Beyond susy: scattering across dimensions
d=8
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Beyond susy: scattering across dimensions
d=8

Almond c2[c0]
d=7.+1, l1ax=16, Npax=20 (232 a's), Syax=300, improv={TH, subTH, SPC}

/)

. preliminary
region
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c2

Extremal spaces

1.5

Almond c2[c0]

1.0 -

0.5

0.0

-1.0
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Extremal bounds
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Extremal bounds
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Extremal bounds
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Sharp kinksatd=5and d =7

How to explain?
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Extremal bounds

603—
50f
30?—
20}

10}

Sharp kinks atd=5and d =7

How to explain?

30 -
20 -

10 |-

................. e
Q.
Q.
2
%
>
77
T T

No microscopic origin, but clear amplitude structure (threshold effects)
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The Achilles heel: particle production
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The Achilles heel: particle production

* Primal bootstrap amplitudes saturate unitarity, |S/|=1: Example from our 2026 paper
the space we bound is a superset, and _
1.0} ]
 AKs tension 08l 1
* A non-perturbative handle on inelasticity : PT, 06L ]
Zhiboedov, +Leflot, Gumus 2021, 23, 24, 26 "
. . . L 0.4 :
» Rigorous construction, solves elastic unitarity exactly ; Re $y(s)
« Modern approach with machine learning A :
* Roughly, solve full non-linear equation with dynamical o 100 VI 106 0F
particle production (fixed by IR constraints) 5
s/m
scattering = scattering”2 + production Decaying amplitude (asympt. free)

Growing amplitude? Gravity? 45



Conclusion

 Map out space of possible non-perturbatively
consistent interactions

* Open problem: treat inelasticity

* Now is a perfect time to revisit these
questions (humerics and concepts)

* Large d phases ?

 Go to d=4 — problem of soft radiation &
charges (Ana’s and Anna’s talks)

* Energy-Energy correlators are IR safe
observables (but loose parts of crossing)

Moult—Zhu

Chicherin—Korchemsky—Sokatchev—Zhiboedov
Energy correlators in four—dimensional
gravity

46



