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Effective theories

— tool to exploit large separation of scales

eg.
> motion of planets without caring about animals

> motion of animals without caring about atoms
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> motion of animals without caring about atoms

> Example of Effective Field Theory (EFT):
dynamics of strong interactions below the confinement scale in terms of
composite particles rather quarks and gluons
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EFT of quantum gravity

— exploits the separation between observable microscopic scales and the Planck scale
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General relativity as an effective field theory: The leading quantum corrections
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I describe the treatment of gravity as a quantum effective field theory. This allows a natural
separation of the (known) low energy quantum effects from the (unknown) high energy contributions.

Within this framework, gravity is a well-behaved field theory at ordinary epergies. In
studying the class of quantum corrections at low energy, the dominant effects at large distance can

be isolated, as these are due to the p ion of the less particles (including gravitons) of

the theory and are ifested in the local and/or lyti ibutions to vertex i

and propagators. These leading quantum corrections are free and y
of gravity. The hodology is ill d by a calculation of the leading

quantum corrections to the gravitational interaction of two heavy masses.
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I describe the treatment of gravity as a quantum effective field theory. This allows a natural
separation of the (known) low energy quantum effects from the (unknown) high energy contributions.

Within this framework, gravity is a well-behaved field theory at ordinary epergies. In
studying the class of quantum corrections at low energy, the dominant effects at large distance can

be isolated, as these are due to the p ion of the less particles (including gravitons) of

the theory and are ifested in the local and/or lyti ibutions to vertex i

and propagators. These leading quantum corrections are parameter-free and represent necessary
of gravity. The hodology is ill d by a calculation of the leading

quantum corrections to the gravitational interaction of two heavy masses.
Wait! Isn’t quantum gravity a problem?

“quantum gravity problem”
find a mathematically consistent quantum theory of gravity which is valid at all
energies and in agreement with all experimental and observational data




Wait! Isn’t general relativity non renormalizable?

Infinite (1) corrections involving higher-curvature invariants (not present in the
Einstein-Hilbert action) are generated at 2-loops [Goroff, Sagnotti (1985,1986)]

And matter does it already at 1-loop [Utiyama, DeWitt (1962)]:

- N 4
/ 7 b \ > Oquad = fd T/ _gfquad
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https://inspirehep.net/literature/213907
https://inspirehep.net/literature/216624
https://inspirehep.net/literature/9132

Phenomenological Lagrangian for quantum gravity

Donoghue noted that “non-renormalizable theories are actually just as renormalizable
as renormalizable theories as long as we include all interactions allowed by
symmetries” (quote from Weinberg's book on quantum field theory)

_ 1 co ct c3 ct
—Zog = —-CC+ M3, (——R+ Ve R?+ —2-R,, R" + Nz R®+ M—iRwR“”R+
— P Pl Pl Pl

v
~ 2.4 x 10'8GeV

*> Includes all (infinite) terms compatible with the invariance under general
coordinate transformations in the gravity and matter sector too



Phenomenological Lagrangian for quantum gravity

Donoghue noted that “non-renormalizable theories are actually just as renormalizable
as renormalizable theories as long as we include all interactions allowed by
symmetries” (quote from Weinberg's book on quantum field theory)

— 1 c2 ct Cc3 ct
—Zog = —-CC+ M3, (—5R+ Ve R%+ M2 Ry RMY + Nz R®+ M—iRwR“”R+
— P Pl Pl Pl

~ 2.4 x 10'8GeV

*> Includes all (infinite) terms compatible with the invariance under general
coordinate transformations in the gravity and matter sector too
> one treats perturbatively
> the extra terms in addition to the Einstein-Hilbert, the CC, the standard matter terms
> the infinite interactions of hy, = Mpi(guv — Nuv)
So all these infinite terms do not lead to extra d.o.f. besides the massless spin-2
graviton and the matter d.o.f.

The EFT of gravity captures the low-energy effects of all UV completions of general
relativity below a maximal energy (curvature) scale above which it breaks down

(cutoff):
A = min(Mpy, Mpy/ 2G=R/cmax)




Expected cutoff values

For typical UV completions one expects A ~ Mp;, but much lower values may be well
motivated, e.g. by Higgs naturalness
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Expected cutoff values

For typical UV completions one expects A ~ Mp;, but much lower values may be well
motivated, e.g. by Higgs naturalness

non—perturbative

(Einstein) gravitational
interactions increase with energy

Idea (softened gravity):

consider theories where the increase Einstein gravity -,

of the gravitational coupling — small A"~ « Softened gravity
stops at some Ag < Mp;. AN

Agecn Mw Ag Mp, - Energy

The gravitational contribution to the Higgs mass is

G AL

(4m)?

Requiring My, ~ My, — Ag $ 101 GeV [Giudice, Isidori, Salvio, Strumia (2014)]

5Mg N

In a softened-gravity UV completion A ~ Ag

Possible examples: quadratic gravity [Stelle (1979); Salvio (2019)] or string theories
with low string scale [Antoniadis (1990)]


https://arxiv.org/abs/1412.2769
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.16.953
https://arxiv.org/abs/2012.11608
https://inspirehep.net/literature/297524

Can we apply the EFT during the whole history of the universe?

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern Dark Ages Development of
375,000 yrs. Galaxies, Planets, etc.

Inflation

Quantu
Fluctuations

1st Stars
about 400 million yrs.

Big Bang Expansion

13.77 billion years

https://science.nasa.gov/mission/wmap/wmap-overview/


https://science.nasa.gov/mission/wmap/wmap-overview/

Inflation

[Starobinsky (1980); Guth (1981); Linde (1982); Albrecht and Steinhardt (1982)]

i 0 &

What it can solve: horizon, flatness, monopole problems

»

To solve these problems inflation, quantified by the scale factor a(t), should last
enough — lower bounds on

= number of e-foldings
a(tin) )


https://www.sciencedirect.com/science/article/pii/037026938090670X
http://journals.aps.org/prd/abstract/10.1103/PhysRevD.23.347
http://www.sciencedirect.com/science/article/pii/0370269382912199
http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.48.1220

Inflation

[Starobinsky (1980); Guth (1981); Linde (1982); Albrecht and Steinhardt (1982)]

i BE B E

What it can solve: horizon, flatness, monopole problems

To solve these problems inflation, quantified by the scale factor a(t), should last
enough — lower bounds on

n(a(tend)

a(tin)

) = number of e-foldings

How it is implemented (slow-roll inflation):

> we assume a scalar field ¢ (the inflaton)
> at some early time the potential energy density is large, but quite flat ...

> — the Hubble constant changes slowly — nearly exponential expansion


https://www.sciencedirect.com/science/article/pii/037026938090670X
http://journals.aps.org/prd/abstract/10.1103/PhysRevD.23.347
http://www.sciencedirect.com/science/article/pii/0370269382912199
http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.48.1220

Leading low-energy effective action for inflation

.. 72
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where Kj; is a field metric (K is a positive-definite matrix)

This is the most general two-derivative effective action involving g,,, and ¢
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where K; is a field metric (K is a positive-definite matrix)

This is the most general two-derivative effective action involving g,,, and ¢:

A “non-minimal coupling” /=g f(¢)R can be reabsorbed in a redefinition of K;; and
U through a Weyl transformation of the metric.

> “Jordan frame”: original field variables, where \/=gf(¢)R is present

> “Einstein frame”: new field variables, where the action is St



Leading low-energy effective action for inflation

s,:fd%ﬁ[

where K; is a field metric (K is a positive-definite matrix)

” 72
Kz]z(d’) 8M¢i8u¢j _ U(¢) _ %R]

This is the most general two-derivative effective action involving g,,, and ¢:
A “non-minimal coupling” /=g f(¢)R can be reabsorbed in a redefinition of K;; and
U through a Weyl transformation of the metric.

> “Jordan frame”: original field variables, where \/=gf(¢)R is present

> “Einstein frame”: new field variables, where the action is St

Goal: understand if/when higher-derivative corrections (suppressed by A) give sizable
contributions



Near homogeneity and isotropy

The universe appears very homogeneous and isotropic on large scales, up to small
fluctuations

Temperature map of the cosmic microwave background (CMB):

source: Nasa website (Planck data)

— adopt a homogeneous and isotropic (FLRW) metric in first approximation and add
small corrections

10


https://science.nasa.gov/photojournal/best-map-ever-of-the-universe/?utm_source=chatgpt.com

Inflationary fields

ds* = a(n)® {(1 +2®(&,n)) dn® - 2Vi(&,n) dndz’ — [(1 - 29(&,1))di; + hij(#,n)] da*dz’ }

t o di’
= f (conformal time)
to a(t’)

small corrections parameterized by scalar (®, ¥), vector V; and tensor h;j, in
conformal Newtonian gauge

8;Vi =0, hgj = hys, hi; =0, Oihij =0

' (E,m) > ¢'(m) +¢'(3,m)

homogeneous small
isotropic correction

11



Inflationary fields

ds* = a(n)® {(1 +2®(&,n)) dn® - 2Vi(&,n) dndz’ — [(1 - 29(&,1))di; + hij(#,n)] da*dz’ }

t o di’
= f (conformal time)
to a(t’)

small corrections parameterized by scalar (®, ¥), vector V; and tensor h;j, in
conformal Newtonian gauge

8;Vi =0, hgj = hys, hi; =0, dihij =0

' (E,m) > ¢'(m) +¢'(3,m)

homogeneous small
isotropic correction

small corrections —> linearized equations —> use of spatial Fourier transform (Z < q)

> q:
> G/a: “physical momentum” (inflation stretches wavelengths)

“co-moving momentum”

11



A possible issue: the sub-horizon limit ¢/a > H
Follow the inflationary history in reverse, a — 0

During inflation the Hubble rate H is nearly constant

a lda 1 1a 1 da
H=z=-=z-—=-H=——= — —
a adt a aa a?dn
Qualitative plot of the evolution of g/a during inflation:
Mp,
A < breakdown of EFT
e}
o0
g
H H < when observable quantities are reconstructed
(horizon exit ¢/a = H)
T
80 70 60 50 40

Number of e-foldings before the end of inflation

12
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The sub-horizon limit g/a > H is used to determine the Hilbert space and the
amplitude of quantum fluctuations
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A possible issue: the sub-horizon limit ¢/a > H
Follow the inflationary history in reverse, a — 0

During inflation the Hubble rate H is nearly constant

I @ lda 1_ 1 a’ 1 da
a adt a aa a2dn
Qualitative plot of the evolution of g/a during inflation:
Mp,
A < breakdown of EFT
=
o0
g
d H < when observable quantities are reconstructed
(horizon exit ¢/a = H)
T
80 70 60 50 40

Number of e-foldings before the end of inflation
The sub-horizon limit g/a > H is used to determine the Hilbert space and the

amplitude of quantum fluctuations, if conceptually needed the validity of the EFT is
limited!! — Relative uncertainty increases from (H/A)? up to (q/(aA))?

12



Recipe to avoid the sub-horizon limit ¢/a > H
> Express the annihilation operators a; as functionals of the fields
at an arbitrary time 7).

> The fields are quantized via canonical equal-arbitrary-time commutators at 7

> The canonical commutators are non-homogeneous operator relations, one then
fixes the amplitude of quantum fluctuations and find the usual commutation

relations [a;,a;] =0 and [ai,a;] = d;;, which determine the Hilbert space

13
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Tensor perturbations are the easiest non-trivial case
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> Express the annihilation operators a; as functionals of the fields
at an arbitrary time 7).

> The fields are quantized via canonical equal-arbitrary-time commutators at 7

> The canonical commutators are non-homogeneous operator relations, one then
fixes the amplitude of quantum fluctuations and find the usual commutation
relations [a;,a;] =0 and [ai,a;] = d;;, which determine the Hilbert space
Vector perturbations satisfy the linearized equations V2V; = 9;0;V; = 0 and are
therefore not generated

Tensor perturbations are the easiest non-trivial case

Scalar perturbations are the most intricate, featuring field mixings and second-class
constraints, which we handle using Dirac brackets
> using the conformal Newtonian gauge directly in the action one
reproduces the full Einstein equations only by imposing

Cl = H\p + 3a2Kij¢,ig0j =0

> Requiring C1 =0 at any time leads to the secondary constraint
2

C2 = HIlg—¢" T, +2a> M3, @2\1176a2]\7412>l(H27’H')\Pfa4U7iapi+%Kmquﬁ'mqﬁ'"apj =0

13



Tensor perturbations

polarization
tensor

3 P
(;33 I N ei(@) ha(dm)

A=+2
for ¢ along the third axis the ef‘j((j) are given by

hij (53,77) =

+2 +2 _ _+2 _ +2 _ _+2 -2 _ (42
il = -3 = 1/2 €13 =e31 =4/2, e3i=ej3 =0, e = ()"

mo@m= ¥ [ Gl @ ha) €7 0@ @) hm < @)

dasycal annihilation

solution operators
annihilation operators ( )
expressed as functionals —> bx(q) = —q f d3x e 4% hij (Z,m) 877
of the fields hqanh* (n)

Canonical (non-vanishing) commutators (no constraints in this sector)
[Ax (@), T (Rym) ] = dxnr 6P (G- )

GQ(U)Azﬁl
4(2m)3

[hx@m), w(&m)] =

(@)
4i(2m)3
a2(ﬁ)ﬂzgl

H)\ (67 77) =

S 83 (G- k)



Scalar perturbations
PEm= Y [ da[eh et ar@) + ey ol @)]
r=1

. N . PR . PR
W@ m = 3 [ da[i, (me'T@a, @) + TjHme "7l (9)]
r=1
Defining £4r = {‘P;w ..A,@(ZIVT,H(%T, ...,Hé\’;}, in momentum space

€4(q) = €Ly o (@) + €50 ol (=)

annihilation operators expressed

N e%d el (=
as functionals of the fields — ar(q) = g, (1)82;€7 (9)

Q is an arbitrary real, antisymmetric, non-degenerate matrix
Choosing 2 appropriately and using the canonical commutators one finds

[ar(@), 01 ()] = 61 and [ar(@), s (R)] = 0

15
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Scalar perturbations
PEm= Y [ da[eh et ar@) + ey ol @)]
r=1

. N . PR . P
W@ m = 3 [ da[i, (me'T@a, @) + TjHme "7l (9)]
r=1
Defining £4r = {‘P;w ..A,@(ZIVT,H(%T, ...,Hé\’;}, in momentum space

€4(q) = €Ly o (@) + €50 ol (=)

annihilation operators expressed
as functionals of the fields —

o (§) = 1650 (1)Q4567 (§) J

Q is an arbitrary real, antisymmetric, non-degenerate matrix
Choosing 2 appropriately and using the canonical commutators one finds

[ar (@), 0l (B)] = 6rs and [ar (@), s ()] = 0

|

no need to take the sub-horizon limit to determine the Hilbert space and the
amplitude of quantum fluctuations
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Scalar perturbations
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€4(q) = €Ly o (@) + €50 ol (=)

annihilation operators expressed oS e G
as functionals of the fields —> ar(q) = igr (1)€:;€7 (9)

Q is an arbitrary real, antisymmetric, non-degenerate matrix
Choosing 2 appropriately and using the canonical commutators one finds
[ar (@), 0l ()] = 6rs and [ar (@), as(F)] =0

|

no need to take the sub-horizon limit to determine the Hilbert space and the
amplitude of quantum fluctuations

—> Neglecting higher-derivative terms in the EFT produce an uncertainty ~ (H/A)?
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Scalar perturbations
PEm= Y [ da[eh et ar@) + ey ol @)]
r=1

. N . PR . P
m@m= X [ el (e a@ v 15 e al ()]

Defining £4r = {‘P;w ..A,@(ZIVT,H(%T, ...,Hé\’;}, in momentum space

€4(q) = €Ly o (@) + €50 ol (=)

annihilation operators expressed oS e G
as functionals of the fields —> ar(q) = igr (1)€:;€7 (9)

Q is an arbitrary real, antisymmetric, non-degenerate matrix
Choosing 2 appropriately and using the canonical commutators one finds
[ar (@), 0l ()] = 6rs and [ar (@), as(F)] =0

|

no need to take the sub-horizon limit to determine the Hilbert space and the
amplitude of quantum fluctuations
—> Neglecting higher-derivative terms in the EFT produce an uncertainty ~ (H/A)?
[Planck (2018)] gives H < 2.5-107° Mp; ~ 6.1- 103 GeV
— for A > 6.1-103 GeV the uncertainty is small 15
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Scalar canonical commutators
Determined by Dirac brackets: [A1, A2] =i{A1,A2}p

The non-vanishing ones are

{¢'(@). Ty ()}, = 6 6P (@-79)- 2z, 100" G(@ - )
3K 1415 I
{¥(2),0s(9)}p = ng‘jl ¢7G (2 ~9)
- _ P I
{¢ ($)7‘1’(y)}D = WG(QC—CU),
(I,(2), e (D)}, = 80°K;¢"760) (@ - g) - 90> K¢ (H® - H)G(@ - 1),
G(z-9y 15 1 m m
{O(2), (9 }yp = %(3HKij¢J+a2U,i_§Kmn,i¢ o )7
3 1 m gIn u
W@ Mgy @)y = GGl y)[(a Ui = 5 Ko™ K "
_(a U mn]¢,m¢,n)K ¢,l:|
where

16



Slow-roll inflation

17



Slow-roll inflation: estimating the EFT uncertainty

Single inflaton y (canonically normalized)

The amplitude of quantum fluctuations along x(t) is encoded in [Planck (2018)]

M3, (1 2
ASzUi/EmZ.LlO’g, where e= —£L 1dU
242 M$, 2 \U dx

Since H? » U[/(3M3,)

H 2 MZ MQ
(—) ~ 812 A € Pl o1.7-1077¢ =21
A A2 A2

Neglecting higher-derivative terms is better than the slow-roll approximation if

_ M2 d2
A >4.1-10"* min 1, < Mpy, where 7= —m—g
[7] U dx

18
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Slow-roll inflation: estimating the EFT uncertainty

Single inflaton y (canonically normalized)

The amplitude of quantum fluctuations along x(t) is encoded in [Planck (2018)]

M3, (1 2
ASzUi/EmZ.LlO’g, where e= —£L 1dU
242 M$, 2 \U dx

Since H? » U[/(3M3,)

H 2 MZ MQ
(—) ~ 812 A € Pl o1.7-1077¢ =21
A A2 A2

Neglecting higher-derivative terms is better than the slow-roll approximation if
- M3, i?U
A241-10%min|1,, /5 | ¥py, where n= —FLE =
Inl U dx
Multi inflatons ¢°
The amplitude of quantum fluctuations along ¢*(t) is still encoded in

2H?

A~
7r2rM}2:,l7

(where r is the tensor-to-scalar ratio)

H\? o« AL g
(—) v Ay =Pl y10.1078r 2L
A 2 A2 A2 18
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Models

19



Some relevant slow-roll models

Starobinsky scalar ¢g (canonically normalized)

U(ps) = % (1 _ e—2¢s/\/6MPl)2
The Higgs field ¢y [Bezrukov, Shaposhnikov (2007)]

Q2 (¢p) +6£2¢% /M3,
Q4(om)

AH Y
404 (¢m)’

U(omr) = Kpu(on)=

Natural inflaton ¢ (a pseudo-Nambu Godstone boson)
[Freese, Frieman, Olinto (1990); Salvio, Sciusco (2024)]

V(on) « _2F(¢n) +3ME, (35 - (#n))?
Faoy)’ NN 2F2 (o)

where V(¢n) = A% [L+cos(én/f)], F(pn)=1l+a [1 +cos(¢TN)],
e.g. f=6Mp; and a=0.2

U(on) =

Hilltop, ¢, (canonically normalized) [Boubekeur, Lyth (2005); Salvio (2019)]

U(¢p) = — cosh™ [ ———— | | v* - 6M p; tanh” | ———— , e.g.v=243M
(on) 4 \/EMPZ Pl \/EMPZ Pl

) Q*(¢pn) = 1+€¢%; | M3,

20


https://arxiv.org/abs/0710.3755
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.65.3233
https://arxiv.org/abs/2311.00741
https://arxiv.org/abs/hep-ph/0502047
https://arxiv.org/abs/1907.00983

EFT and slow-roll uncertainties for these models

-0.012
00025 >+,
TN -
¥ 0.0020 ~ gy, & 001
5 S-Sty 5
- LU, 2
15} < 15
g £
0.0015 Tl s
5 R 5 -0016
o ‘ o
o 2 Y 2 S
= 00010 (H/A)? = 1.7-107 "€ (Mpi/A) i
z 2 -0018
2 5
“ 00005 v
- Starobinsky/Higgs inflation
o Al e ST TR TR T TR TR TR T T T -0.020
Hilltop inflation b .
0.0000
50 55 60 65 70 50 55 60 65 70

Number of e—folds N,

Left: The relative size (H/A)? of the corrections due to higher-derivative terms in the

EFT is given in terms of €

Number of e—folds N,

Right: the second slow-roll parameter m), which is significantly larger than e for these
models, so neglecting higher-derivative terms is better than the slow-roll

Az4.1-107%, /ﬁ Mp;
n

approximation if
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Open question: what is the inflationary quantum state?

Such state is usually chosen to be the vacuum, but other choices remain possible

22


https://arxiv.org/abs/hep-th/0303103
https://arxiv.org/abs/hep-ph/0508070

Open question: what is the inflationary quantum state?

Such state is usually chosen to be the vacuum, but other choices remain possible
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Such state is usually chosen to be the vacuum, but other choices remain possible

[Armendariz-Picon, Lim (2003)] considered a generic pure state and found corrections
proportional to a large power of H/A, i.e. highly suppressed if H «< A

Another possibility: the inflationary state is a thermal distribution of particles
[Bhattacharya, Mohanty, Rangarajan (2005)]
> the predictions can significantly change in this case,

> But an initial inflationary period is generically used as a dynamical origin of the
cosmological plasma and, if so, precede the generation of temperature
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Open question: what is the inflationary quantum state?

Such state is usually chosen to be the vacuum, but other choices remain possible

[Armendariz-Picon, Lim (2003)] considered a generic pure state and found corrections
proportional to a large power of H/A, i.e. highly suppressed if H «< A

Another possibility: the inflationary state is a thermal distribution of particles
[Bhattacharya, Mohanty, Rangarajan (2005)]
> the predictions can significantly change in this case,

> But an initial inflationary period is generically used as a dynamical origin of the
cosmological plasma and, if so, precede the generation of temperature

Perhaps a consistent UV-complete theory of quantum gravity will determine the
quantum state at the beginning
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Conclusions

v

v

v

EFTs are useful tools to exploit large separation of scales
Quantum gravity can be formulated as an EFT at energies < A < Mp;
Inflation, “the beginning”, is the most critical era for the validity of this EFT

We can determine the Hilbert space and amplitude of quantum inflationary
fluctuations considering only times from horizon crossing ¢/a = H on
(avoiding the dangerous sub-horizon limit, g/a > H)

The uncertainty of the inflationary EFT is of order (H/A)? which is smaller than
the slow-roll uncertainty for

A2 4.1-10"% min (1, |E) Mpy,
n

Can we determine the quantum inflationary state?
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