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Gravity and NLED with nonminimal coupling

We shortly discuss a gravity and nonlinear electrodynamics with nonminimal coupling whose action

is given by
S=/\/—_g{z—iz(R—ZA)+(l—fR)Q(?)}d4x, (M)
we particularly take the form of nonlinear electrodynamics model which has been studied by Kruglov
[1]: .
G(F) = Y G )

where f3 is a positive real parameter, ¥ = {F,,, F**, and F,,,, = 8,A, — 0,A,, is the field strength
tensor of gauge field A,.
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Table: List of some nonlinear electrodynamics models

Model

Lagrangian £

Maxwell’s Limit

Novello’s Model [2]

~F + & + 162272

a— 0,y —0

Kruglov’s model A [1] ~ @Y B—0

Kruglov’s model B [3] -F + 2/3"% a—0

Kruglov’s model C [4] _Zﬁ_;;—l B—0
Ovgun’s model [5] _f;;;f a—0,8—0
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The equations of motions of gravity-NLED system are respectively given by
Gy + guvA = KTy 3)

and

V=81 = &R)(1 - BF)

F*1 =0, 4
: (1+BF)? @

We introduced the decomposition,
Tyy = Thh, + €T3 )

where T%, is the energy-momentum tensor of the matter (NLED) term and Tj,, is the
energy-momentum tensor of due to the nonminimal coupling which can be expressed as follows

1 —
T = %Fﬂpﬁ; + 8,0 G(F), 6)
1 R )
T = ((1 +f;;))* FpF) -2 (G,“, —V,V, + g,“,VZ) G(F), )
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The energy-momentum tensor of the NLED field has non-zero trace in which is different from the
standard Maxwell theory,

8 2
g M) _ _L’ (8)
(1+pF)?
and the trace of the energy momentum tensor due to nonminimal coupling is
4FR(1 - BF)
T = - —— 72 42 (R-3g"V,V,) G(F). 9
s gy 2R3V G() ©)

A non-zero trace means the electromagnetic field is no longer a passive. It acts as an active
energy-density source, enabling an energy exchange with spacetime geometry.
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We will consider the gravity-NLED system on a homogeneous and isotropic spatially flat universe
described by the Friedmann-Robertson-Walker (FRW) metric

ds? = —d? + a(1)*(dx? + dy? + d2°), (10)

where a() is the scale factor as a function of the cosmic time. Then, we add an assumption that in the
cosmic background, there exists a dominant, stochastic magnetic field. The wavelength of these
random magnetic field fluctuations is much smaller than the universe’s spacetime curvature scale.
Because the magnetic field fluctuates randomly on small scales, we perform a spatial averaging that
satisfy the following conditions:

(E) =(B) =0, (EiB)) = 0,

| (11)
(EE))=0, (BB = 532&].
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Therefore, the energy-momentum tensor in Eq. (5) can be written in the perfect fluid form,

T, = (P+P)Uva+g;sz7 (12)

where U* is the 4-velocity of the fluid rest frame, p and p are the energy density and the pressure,
respectively which given by

2B? 126B>  (a®\  24£BB(2 - BB?) (a
P 7 QepB? T 2+ BB (a_2) T Q@+ pBY (5) 4
2B?(2-7BB*) 8¢B*(2-3BB%) (a\ 4¢éB%*(6 - 5BB%) (d?
P 32+BB)  (2+pBY)? (5) 2+ pBY)? (a_z)
16¢BB(2 — BB?) (g) 8 (BB(4 - B°B*) + B>(38°B* - 168B> + 4))
(2 + B2)3 a : (2 + BB2)* ’
(14)
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The conservation of the energy-momentum tensor, V#T,,,, = 0, gives the relation

pr3cp+p) =0, (15)

Substituting equation (13) and equation (14) into equation (15) yields

. . )
(B+2Bf) [1—6_5(5’+"—2) =0, (16)
a a a
which implies,
By
B(t) = ——, 17
0= (17)

where By = B(tp) is the value of magnetic field when the scale factor a(fy) = 1.
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NLED and the Einstein Tensor coupling

We consider a modified gravitational framework in which the Einstein tensor is nonminimally
coupled to the energy—momentum tensor of matter fields. The total action of the model is given by

1
S= / V=g d“x(m(R—Z/\) + &G, T +£NL), (18)
The specific form of the NLED Lagrangian is chosen as
FevT
LNL=—B7_~+Q, (19)

where, @, B, and y are free nonlinear parameters. The specific form of action can generate general
field equations that do not contain higher-order derivatives, and thus the theory does not suffer from
ghost instabilities [6].
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Considering the (u, v) = (0,0) component of the field equations, we obtain the modified first

Friedmann equation

-2
a
- A =K (pnL + EpNm)- (20)

3

a2

;
35425 A= —Kz(pNL + _gpNM). Q1)
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B2e—732/2

PNL= BB 1 2a) .
_ 2B (8a2+(—36a2 —28aB)B* + (8a2y> — 20a8y)B*
pNM_(ﬂB2+20/)3 p Y Y Y
2B~ B (2
+ (8aBy? - B*y)B® + 282y BY | + ———— = |x

Bapy™ = B7y) By ) B+ 200 \ @

+ (12a2 —120%yB® + (~12aBy - 38%)B" - 3/32736). 23)

Bze—yBZ/z
= 2% (20— (4ay+3B)B> -2 B4). 24
i 3(ﬁ32+2a)2( a — (4ay +3B)B* ~ 2By (24)
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2t (22
PNM (

=3B T2 —2) X ( —56a° + (~108a°B — 24a>y)B* + (—34ap* + 16a°y* — 4a*By)B*
3 (04 a

+ (38° +240%By* + 14aB*y)B® + (12a8%y% + 58°y)B® + 2,8372B'°)

2Be 3 (4
+ —
3(BB% +2a)* (

+ (-20°8y + 84a%y)B° + (=360 + 66°7)B" - 65°y*B")

-) X ( - 960> + (960°B + 2400°y) B> + (72a8* — 48a°y? + 264a°By)B*
a

207178 3 3
+ —BZ( _160° + (208028 + 232a°y) B>
3(BB% +2a)*

+ (=84aB% — 152a°y? + 440°By)B* + (16a°y> — 180a°By? — 34aB%y)B°
+ 240’y - 66057 + BB + (12087 —TF'y)B +26°y°B")
2B2e~37E (a
3(BB? + 2a)*
+ (68 + 4822 By* — 8a8%y)B® + (24a8%y* + 48%y)B® + 4,83y231°)

2Be 7P’
+ —_—
3(BB2 + 2a)*

+ (=240 By? + 22a8%y)B° + (—12a8%y? + By)B® - 283y%B'°). (25)

) X ( —16a° + (~120a°B — 96a>y)B* + (—44aB* + 32a°y? - 80a’By)B*

a

Bx ( — 160> + (480°B + 72a°y)B* + (28a8> — 16a°y* + 762> By)B*
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Accordingly, we define the effective energy density and pressure as

Peft = PNL + EPNM,  Peft = PNL + EDNum - (26)

With these definitions, the modified Friedmann equations formally retain the same structure as in
standard cosmology, despite the presence of nonminimal couplings. By applying the covariant
derivative to the field equations and invoking the identity V¥ G, = 0, the conservation equation for
the effective energy—momentum tensor is obtained as

v (T}fj“ + gT},’XW) -0. 27)

On a homogeneous and isotropic FRW background, the spatial components of the above conservation
equation are identically satisfied. The remaining temporal component yields the continuity equation
for the effective cosmic fluid

Peft + 3(peft +pcﬁ)(g) =0. (28)
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Substituting the expressions for pefr, pe and peg into the above equation, we obtain a more detailed
form of the energy-momentum conservation equation

. a\\(a a*
(B + ZB(—)) (— + _2)X
a a a
- 3B%(—16a’y — 16ap) + 3B*(4a’y* — 8aBy) + 12aBy*B® + 387y*B%\\| _ 0. (2
—8a? + B2(4a?y — 4ap) + 4aByB* + B2yBO o

The energy—momentum conservation equation admits a particularly simple solution
. a
B+ZB(—) =0. (30)
a

Solving Eq. (30), the magnetic field evolves with the scale factor as

By

B=-2,
a2

€1V
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back to: Gravity and NLED with nonminimal coupling

We have the first and second Friedmann equations are given by

aZ KZptotal
@ _ Kpoa 32
a? 3 (32)
a K>
- = __(Ptotal + 3[7total) s (33)
a 6

respectively, we define pioral = peff + pa denotes the total energy density with,

24*Bj(24* + BBY)
(2a* + BB})? — 4¢x*a*B}(6a* — 5BB2)’
(24" + BB;)* A

) A 35
oA (2a* + BB})? — 4¢k*a* B} (6a* — 5BBY) «* Y

Peff (34)
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and pioal = Peft + pa denotes the total pressure with

- 24*B} | (2a* - 1BB})(2a* + BBY)? — 4ék*a* B} (587 B, + 68a*BB] — 12a°)
€ )
3 [(2a* + BB2) — 4&k2a* B2 (6a* — 58B2)]°
(36)
A 3(2a* + BB2)* — 4¢k*a* B2 (58°B}
oy = _3_2(2a4+530)2 ( BBy —4¢ 0 (58
K

¢ — 140a*BB2 + 84a8)l
2
[(2a* + BBY)? — 4¢k*a*B%(6a* — 5BB2)|

(37)
Taking the limit for early evolution, a(f) — 0, and the limit for late evolution, a(f) — co, we obtain

lim t) = lim =0,
a([)_)opeff() olim peit

li =— i =——, 38
a0 2 ansoPr T T %)
li (n= 1 0 li A li A (39)
1m = 1m =V, 1m = — m =——.
a(t)—oo Peft t)—»oopeﬂr a(t)—»oop 2 u(t)—)oopA K2

SHEAP 2026



Now, we could consider a case where the universe as consisting of two-component matters with the
equation of state:

Protal = Peff + PA = WeffPeff T WAPA = Wiotal Ptotal » (40)

We introduce the dimensional parameters x, y and A, defined as x = a 2/ ﬁBg) i/ 4, y = ék*/B and
A = BA/K2, so that the above equation becomes:

1 (=) (x* + 1)3 = 29x*(5 + 34x* - 3x8)
et 34+ 1) &+ 1)5 — 2743 - 5) : @10
1 3(x* + D% = 2yx*(5 = 70x* + 2124%)
AT T3 ) @+ 1) -2y (3¢ = 5) (42)
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Figure: The evolution of the equation of state parameters wef, W, and wiora versus scale factor x = a (2 / ,BBS) N
for y = 0.13. The value of wyoy (dashed blue line) and w (solid red line) approach —1 at x — 0 and x — oo. It
is shown that the nonminimal coupling model with a cosmological constant plays a crucial role in the universe’s
early and late-time evolution, compared to the model with nonminimal coupling and nonlinear electrodynamics
alone (solid black line). It also influenced the evolution of w (solid red line) as indicated by the fluctuations.
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The Evolution of the Universe

Making use of Egs. (34), (35) and (31) to the first Friedmann equation yields

@ _ 1 2k%a*B}(2a* + BBY) + A(2a* + BBY)? )
a? 3 (2a* + BB2)’ — 4ék2a* B} (6a* — 58B2)

We define a dimensionless parameters, b = (vBBo)/ V2 and introduce a re-scaled time variable,
7 = (kt|Bo|)/ V6, then we can write the Eq. 43 as

(44)

dx _x At + D)+ At +1)3
dr b

- (A +1)3 =294 (3x* -5) °
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The Eq. (44) cannot be solved exactly, therefore we will take the approximation and numerical
solution of Eq. (44). The approximation to the exact solution can be calculated using the Taylor
expansion series around A — 0 and y — 0. Hence, we obtain

1 1 5x —3x° (1+x%)3—
—dr = |[—= +x|+ - Aldx, 45
pe" [(x3 x) (1 +x4)2y 2x7 " 43)

Integrating the equation with the initial value x(0) = 1, we obtain,
4 2 4 8 _ 12
Xt =1 2x 1 Vs 1+0x" —0x° —x'7\ —

=b|——— +|———+carctanx’ -1 - = |y + Al . 46
’ 2.2 (x4 L Ty 8)7 ( 126 ) ] (46)
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We expand the scale factor x(7) as x(7) =~ xo(7) + le(T)K + x1,(7)y, where xo(7) is the exact
solution for A = v =0, and the XK and xp, are the first order expansion coefficients associated with
A and y, respectively.

= T3 (r VTP
A

x(1) = +
Vb 3b3Ve2 + b2
V72 2
. b(T+ T +b) g 8b arctan | 2 2+ b2
%2 S S | DY
16V72 + b2 Vi2 4+ 12 b

(47)

In the early evolution, 7 — 0, this model could explain the inflation of the universe. Meanwhile, at the
late stage of the evolution, T — oo, the solution (47) becomes x — +/27/b (l +A72/ (3b2))
corresponding to the late-time acceleration.
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b = 2.67e-50, v = 0.05, A = 6.13e-99 b=0.07, v =0.13, A = 0.02

! !
[ 59 [
2.54 | |
! !
! 41 !
2.01 ! !
! !
! 31 !
8 | 8 |
1.5 H H
’ ! !
i 24 i
|
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0.5 i I L i . N
approximation | approximation
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T x10~14 T
(@ (b)

Figure: Plot x vs. 7 as a approximation and numerical solution of Eq. (44) for the choice of values (a)
¥y =0.05b=267x10" A =6.13x10"%, and (b) y = 0.13, b = 0.07, A = 0.02.
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We can express the first Friedmann equation (32) in the form of a Hamiltonian as:
H = %az + Uesr(a) = 0, (48)
where the effective potential Ueg(a) is given by:
1 | 2«*a*Bj(2a* + BB}) + A(2a* + BB})*

Ueii(a) = —— : (49)

6 | (2a* + BB})? — 4¢ék%a* B} (6a* — 5BB}

To explore the system further, we can reformulate the equation into two coupled first-order differential
equations:

dx dy  0W(x)
P = ox (50)
where y = aV6/(kByVb) and the potential function W (x) is:
W) = OUer(x) _ 1 X0+ 1) + A2t +1)3 _ 651)
KzB(z) 262 | (x* +1)3 = 2924 (3x* - 5)

SHEAP 2026



0 —

The non-trivial critical points satisfy the following polynomial equation:

—A = x*3+6A - 10yA) — x3(8 + 15A + 10y + 48yA)
—2x'2(3 + 10A + 18y + 54yA) — x'°(15A — 6y + 32yA)
+220(1 = 6A + 18yA) — Ax**.

(52)
Amax ~ 0.0547 — 0.0353y + (0.0732 + 0.0279y) tan(1.214vy). (53)
The positive real roots are given by:
1
16 33
X A+ —(4+7), (54)

@ 4

33 (—\i

Xy = —§A4 + (A) ! .

(55)
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[b =007, 7 =013 A = 002]

b=0.07, y=0.13, A = 0.02

—20 =

T - S

= Critical Point 2 ‘é

P ~

= —30 ©
—401

Critical Point 1

0.0 0j5 1.‘(] 1:5 2‘,0 2‘,-5 31[) 315 4.0 ‘
T T
(a) (b)

Figure: The plot of (a) effective potential W (x) and (b) the phase portrait correspond to critical point 1 and 2 for
the choice b = 0.07,y = 0.13, and A = 0.02.

SHEAP 2026




[<% 1.00 1

Non-two positive roots region Two positive roots region

0.00 T T T T T T
0.00 025 050 075 1.00 125 1.50 1.75 2.00

Figure: The plot represents the region in the A vs. y parameter space where two positive roots exist and where
non-two positive roots are present. The boundary between these regions is of particular interest as it helps in
understanding the behavior of the model under different conditions.




The inflation phase takes place within the range x(0) = 1 to x; = x;. Using Eq. (46), we determine
the duration of inflation in conformal time (7;), as follows:

=

1 44 5 Vg )]
—+ — I+ —+ =] (56)
Vi ot ( 2V3 24
After the inflationary phase concludes, the universe begins to decelerate. Deceleration occurs within

the range x; < x < x4, where x; = x; and x; = x». Therefore, the duration of deceleration in conformal
time (1) is given by the following:

szb[-iJr > —Zﬁ—ﬂx+%y(—10\/§+n). (57)

V3 12VA 9V3
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In terms of cosmic time, we obtain:

bV6 44 5 .7
o~ e =+ 2, 58
t KB()[\/_ 9\/_ ( +2\/§+24)] (58)
bV6 | 1 T M
wox o [__+12\/_ 2\/X——A+—y( 10V3+7) . (59)

The duration of the inflation and deceleration periods depend on the values of b, y, and A. By
utilizing the inflation duration #; ~ 10732 s and the deceleration duration 7; ~ 2 x 10'7 s, we can
derive theoretical estimates for the parameters b, y, and A. Given that these parameters are small but,
nevertheless, nonzero and positive, the appropriate values for these parameters are

b~107, v = 107!, and A ~ 107, We obtain the best-fit values:

b=(2.67+0.5)x10° 5 =(50+33)x1072, and A=(6.13+29)x10"". (60)
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Using the best-fit values of the model parameters, we derive the following cosmological parameters:
the nonlinear electrodynamics parameter 8 = 1.56 x 10~ m - s> /GeV, the nonminimal coupling
parameter & = 2.39 x 1075 s2, the current magnetic field By = 3.03 x 108 GeVl/z/ml/z/s, and the
cosmological constant A = 1.28 x 1073 s72. Remarkably, this value of A aligns well with earlier
measurements by the High-Z Supernova Team and the Supernova Cosmology Project, which
provided direct evidence of a non-zero cosmological constant, with A ~ 10~'%? in Planck units which
gives A = 2.03 x 1073572,
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The deceleration parameter is

2 4(67° + 116773 +3b%*7) — b2
g ~ -1+ L (67 ! T)A+ 55 [16(72—b2)+b7r\/72+b2
V12 + b2 3b? (‘1'2+b2)3/2 4(t% + b?)

T+ V12 + b2

—4N72 + b2 (—Zb + 7 + barctan 5 v. 61)

|

In the limit 7 — oo, Eq. (61) simplifies to ¢ — -Sb—fK, while for 7 — 0, we find ¢ — —1 — 2y. These
results demonstrate that our model effectively describes both the early-time inflationary phase, driven
by the nonlinear electrodynamic field, and the late-time accelerated expansion, governed by the
cosmological constant.
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