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LECTURE 1 
Gravity beyond General Relativity



What is General Relativity?

• General Relativity is a theory where gravity is mediated by 
one tensor field         

Tensor is also the geometry of spacetime



Other Theories of Gravity 
Extra carriers of interaction

• Gravity may be mediated by a tensor field       , and/or a 
vector field      , and/or a scalar field

•  Spacetime geometry may be a combination of all: 



Other Theories of Gravity 
Extra carriers of interaction

• Gravity may be mediated by a tensor field       , and/or a 
vector field      , and/or a scalar field

•  Spacetime geometry may be a combination of all: 

Equivalence Principle violation! 



On the basis of general relativity 

It is based on Einstein equivalence principle 
 universality of free fall  
 local Lorentz invariance   
 local position invariance 

The equivalence principle takes much more importance in general relativity 

If this principle holds then gravity is a  consequence of the geometry of 
spacetime 

This principle has been a driving idea in theories of gravity from 
Newton to Einstein 

Equivalence principle 

Dynamics for metric theories 

•! Universality of free fall 
•! Local lorentz invariance 
•! Local position invariance 

Relativity  

GR in a nutshell 

Physical 

metric 

gravitational 

metric 

GR in a nutshell



Equivalence principle and test particles 

Action of a test mass: 

with 

(geodesic) 

(Newtonian limit) 

Parameter space 

Tests of general relativity on astrophysical  

scales are needed 

 - galaxy rotation curves: low acceleration 

 - acceleration: low curvature 

Dark energy:  

Solar system: 

Dark matter: 

Cosmology: 
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Newtonian limit of Equivalence 
principle and test particles

Pure geometry!



Newtonian vs. Poisson field 
Non-relativistic gravity theories

Definition of Newtonian potential :

Definition of Poisson potential :

simplest theory : Newtonian gravity 

r2�P = 4⇡GN⇢

�P = �N

mi~a = �r�N

What about Gravity from matter distribution? 



Einstein type metric : Action for           is Einstein-
Hilbert.  ( analogue of                            ) 

One can use two metrics :

Physical/Jordan matter metric : matter follows 
geodesics of            ( analogue of                       )

Metric theories of gravity

Need a relation between them (               )  
Einstein Gravity:   

Conformal relation:  

r2�P = 4⇡GN⇢

gµ⌫
gµ⌫

g̃µ⌫
g̃µ⌫

�P = �N

mi~a = �r�N

Disformal relations:  

gµ⌫ = e2�g̃µ⌫

gµ⌫ = g̃µ⌫



Modified Gravity 
Extra carriers of interaction

• Gravity may be mediated by a tensor field       , and/or a 
vector field      , and/or a scalar field

•  Spacetime geometry may be a combination of all: 

Particles do not follow the geometry of “Newtonian” potential                        



Einstein Gravity

Metric of space time

Curvature

1

16�G

Z
d4x

⇥
�gR(g) +

Z
d4x
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�gL(g,matter)
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Lovelock’s theorem (1971) :“The only second-order, local gravitational field equations 
derivable from an action containing solely the 4D metric tensor (plus related tensors) are the 
Einstein field equations with a cosmological constant.”

Wednesday, 4 June 14

General Relativity is quite unique
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LOVELOCK’S THEOREM (1971)
“The only second-order, local gravitational field equations derivable from an action 
containing solely the 4D metric tensor (plus related tensors) are the Einstein field 
equations with a cosmological constant.”

Five options:
1. Add new field content.
2. Higher dimensions.
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LOVELOCK’S THEOREM (1971)
“The only second-order, local gravitational field equations derivable from an action
containing solely the 4D metric tensor (plus related tensors) are the Einstein field 
equations with a cosmological constant.”

Five options:
1. Add new field content.
2. Higher dimensions.
3. > 2nd order derivatives in the field equations.
4. Non-locality.
5. Radically change our action principle (emergence).

? ? ? ? ? ? ?



Modified Gravity

Add new field content
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2
Zµ⌫(�, @�, ...)@µ�@⌫�� V (�) + g(�)Tµ

µ

/( ) (1 )rGMr e
r

λα −Ψ = − +

8 

Context: scalar-tensor theories and a 5th force 

Tensor field: gµν 
of General Relativity 

Scalar field: Φ 
Giving rise to a 5th force 

Action: 

5th force in the Newtonian limit: 

Varying constants  

Universal or composition dependent   WEP violation 

Properties : 

Finite range: acquires a mass through its potentiel 

Context Unscreened scalar 
fields 

Modelling the 
chameleon 

5th force and 
asymmetries 

Constraints using 
stiffness 

measurement 
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Action: 

5th force in the Newtonian limit: 

Varying constants  
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Properties : 

Finite range: acquires a mass through its potentiel 

Context Unscreened scalar 
fields 

Modelling the 
chameleon 

5th force and 
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Constraints using 
stiffness 

measurement 

Extra degrees of freedom in Scalar-Tensor Gravity 
Fifth Force

couplingSelf-interacting potential 
(bare potential)

Kinetic term
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Context: scalar-tensor theories and a 5th force 

Tensor field: gµν 
of General Relativity 

Scalar field: Φ 
Giving rise to a 5th force 

Action: 

5th force in the Newtonian limit: 

Varying constants  

Universal or composition dependent   WEP violation 

Properties : 

Finite range: acquires a mass through its potentiel 

Context Unscreened scalar 
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Modelling the 
chameleon 

5th force and 
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measurement 

Extra degrees of freedom in Scalar-Tensor Gravity 
Fifth Force

Strength 
force

Gradient of the field
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Context: scalar-tensor theories and a 5th force 

Tensor field: gµν 
of General Relativity 

Scalar field: Φ 
Giving rise to a 5th force 

Action: 

5th force in the Newtonian limit: 

Varying constants  

Universal or composition dependent   WEP violation 

Properties : 

Finite range: acquires a mass through its potentiel 

Context Unscreened scalar 
fields 

Modelling the 
chameleon 

5th force and 
asymmetries 

Constraints using 
stiffness 

measurement 

Extra degrees of freedom in Scalar-Tensor Gravity 
Fifth Force

- Coupling Strength
- Range

- Activation epoch /environment



Gradient of scalar field 
(Newtonian potential example)

What is the acceleration of a 
test particle?Matter sources a potential 

Equation of motion for Poisson field

r2�P = 4⇡GN⇢
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!P → ↑M

r
Assuming: spherical symmetry, quasi-static:

M



Newtonian Equivalence principle 



Gradient of scalar field 
(Newtonian potential example)

What is the acceleration of a 
test particle?Matter sources a potential 

Equation of motion for Poisson field

r2�P = 4⇡GN⇢
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Fifth force potential / scalar field

Conformally Coupled
Matter fields

Bare Potential

∇2φ = V,φ −
∑ βi

MPl
e4βiφ/MP lgµν

(i)T
(i)
µν

S =
∫

d4x
√
−g

[
M2

Pl

2
R− 1

2
(∂φ)2 − V (φ)

]
−

∫
d4x
√
−gLm(ψ(i), g(i)

µν)

g(i)
µν = e2βiφ/MP lgµν
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V (ω) =
1

2
m2ω2
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Solutions near massive objects

• Assumptions:

• Flat


• Static


• Spherical Symmetry


• Homogeneous density 

Equation of motion:

Boundary Conditions:

ρc

φ = φ∞

r

φ = φc

dφ

dr
= 0 at r = 0

φ→ φ∞ as r →∞

d2φ

dr2
+

2
r

dφ

dr
= V,φ +

β

MPl
ρ(r)eβφ/MP l

ρc ρ∞



Scalar field Profile: Yukawa solution
φ = φ∞

φ = φc

rρc

ρ∞

φ(r) ≈ φ∞ − β
4πMP l

Me−m∞r

r



Fifth force between particles

ß1 ß2

p, e, n p, e, n

m

Yukawa

Not independent of nature of 1 or 2 (EP Violating)!
Does not vary as 1/r2

!Fφ = Gm1m2∇β1β2e−mr

r

λ =
!

mc
V (r) = −G

m1m2

r
(1 + β1β2e

−r/λ)
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ω

Newtonian 
potential-



Newtonian Gravity

Newtonian Gravity

V (r) = −G
m1m2

r

!F (r) = −G m̄1m2
r2 r̂

!a1 = −Gm2
r2 r̂

Independent of nature of m1


(Equivalence Principle)

Varies as 1/r2

r
m1 m2

Scalar-tensor Gravity

Not independent of 1 or 2!

Does not vary as 1/r2

Evidence for either points out to a 
new fundamental force in nature!

V (r) = −G
m1m2

r
(1 + α12e

−r/λ)

F (r) = −G(r)
m1m2

r2
r̂

G(r) = G[1 + α12e
−r/λ(1 + r/λ)]

!F (r) = −G m̄1m2
r2 r̂ = m̄1!a1



Laboratory tests  
Robustly confirm the predictions of General Relativity

Equivalence Principle:
All bodies fall in gravitational field with same 
acceleration regardless of mass or internal 
structure



Solar System 
 General Relativity performs flawlessly

Conclusion of experimental tests in the Parametrized Post-Newtonian formalism
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Long et al. (2004)

V (r) = − m1m2

8πM2
Pl

[1 + α
e−r/λ

r
]

Bounds on Fields Coupled to Matter

<latexit sha1_base64="I1Bx4vqhqF+1rNyj0ENVk5naAnk="></latexit>

ω → 1/MPl ↑ 10→4m

Modified Gravity either: 
 1) strong coupling and very short range  

2) very weak coupling and long range



Range and Strength of Fifth Force

/( ) (1 )rGMr e
r

λα −Ψ = − +

range
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Veff (ω) = Vbare(ω) + Interactions(A(ω))

<latexit sha1_base64="SZF/RufQn/RAEP6xffQyBUmppEc=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoiCURqW6EUjcuK9gHNCFMJpN26OTBzEQsIR/hxl9x40IRty7c+TdO0i609cDA4ZxzuXOPGzMqpGF8a6Wl5ZXVtfJ6ZWNza3tH393riijhmHRwxCLed5EgjIakI6lkpB9zggKXkZ47vs793j3hgkbhnZzExA7QMKQ+xUgqydFPrFb0AK14ROEVPIWWzxFOva6TEt/Parl+nKVeEcgcvWrUjQJwkZgzUgUztB39y/IinAQklJghIQamEUs7RVxSzEhWsRJBYoTHaEgGioYoIMJOi6MyeKQUD/oRVy+UsFB/T6QoEGISuCoZIDkS814u/ucNEulf2ikN40SSEE8X+QmDMoJ5Q9CjnGDJJoogzKn6K8QjpHqRqseKKsGcP3mRdM/qZqPeuD2vNluzOsrgAByCGjDBBWiCG9AGHYDBI3gGr+BNe9JetHftYxotabOZffAH2ucPG6CdqQ==</latexit>

↭ω = →dVeff (ω)

dω

Strength


