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The Success of ACDM

® The standard model of cosmology, ACDM, has been remarkably successful.
® Accurately describes:

» Temperature fluctuations in the Cosmic Microwave Background (CMB).
» Large-scale distribution of galaxies.

e Expansion history of the Universe.

® However, it relies on two mysterious, poorly understood components:
® Dark Matter

e Dark Energy (usually interpreted as a Cosmological Constant A)
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Challenges for the Cosmological Constant

® The Cosmological Constant A drives the late-time accelerated expansion of the Universe.
® Despite its phenomenological success, it suffers from severe theoretical issues.

® Fine-Tuning Problem: Discrepancy of ~ 120 orders of magnitude between predicted
quantum vacuum energy and observed value.

® Coincidence Problem: Why are the energy densities of matter and dark energy comparable
exactly today?
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Alternative: Modified Gravity

Why modify General Relativity?

acceleration.

Modifying gravity on cosmological scales offers an alternative to Dark Energy for explaining cosmic
4D.

® General Relativity (GR) describes gravity uniquely as an interacting massless spin-2 field in
® Modifying gravity typically introduces new degrees of freedom (DoFs), although constrained
minimally modified theories provide important counterexamples.

® The simplest extension is the addition of a scalar field, leading to scalar-tensor theories.
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Linearized Gravity in GR

® Before studying modified gravity, let’s explicitly count degrees of freedom in GR.

® The inverse metric to linear order is:

® Consider a small metric perturbation h,,,, around a flat Minkowski background 7,,,.:
gul/ = Nuv + h;,wa

|hu| < 1.

g ~ g — v
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The Fierz-Pauli Action

a massless spin-2 field:

® Expanding the Einstein-Hilbert action to quadratic order in A, yields the Fierz-Pauli action for
Fierz-Pauli Action

® where h = n"h,, is the trace.
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Deriving Linearized Equations

® Varying the action with respect to h,,,, and collecting terms:

§Sep = / x| — 023, 07 + 03570 h

— (000" 0, h + 0,,h*" D, 6h)

+ (0,00 0, h; + 0,009, 5L |
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Linearized Einstein Tensor

® Integrating by parts and discarding boundary terms:

0Skp = /d“xéhu,, [Dh”” —n*0Oh+ 09,0, h*° + 09" h — 0*9,h"" — 8¥d,h""| =0
is —20GH).

® Setting it to zero gives the vacuum linearized Einstein equations.
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Counting Physical Degrees of Freedom

® This action is invariant under linearized diffeomorphisms:

hp,l/ — huu + 8p,§u + 8V§M

® The symmetric tensor h,,, has 10 independent components.
® Gauge symmetry: Eliminates 4 components.

# Equations of motion: §G° = 0 contain no second time derivatives of the dynamical spatial
metric; they act as 4 constraints.

® Result: 10 — 4(gauge) — 4(constraints) = 2 propagating degrees of freedom (helicity states of
the graviton).
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Modifying Gravity and Instabilities

Ostrogradsky’s Theorem

Any non-degenerate Lagrangian depending on second or higher-order derivatives of the fields will
lead to an unbounded Hamiltonian, causing a ghost instability.

® The presence of a ghost means the system can decay into lower and lower energy states,
radiating infinite positive energy.
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® When adding higher-derivative terms to the action, we must be very cautious.



Proof of Ostrogradsky’s Instability (1/4)

® Consider a point particle with Lagrangian L(q, q, q)
® Action: S= [dtL(q,q,q).
® Varying the action yields

6S = /dt(cS +— oL
q

g+ 6q>



Proof of Ostrogradsky’s Instability (2/4)

® Integrating by parts to isolate q:

8= /dtSq 5q+ [P1 6q + Po 64!
oL

oL doL ool
97 0g dtog ' drRrog
® Introduce independent phase-space coordinates:

Qi =q,

oL doL oL
T o dtog. % 0g
«O» «Fr» «Z>» «=H>» = VAR

® Define the conjugate momenta:



Proof of Ostrogradsky’s Instability (3/4)

® Notice that P> = P»(Q;, Qz, §)

02L

® Non-degeneracy condition: The determinant of the highest derivative Hessian is non-zero
Ty O
0g? 7

® This allows us to invert P>(q) to find g:

d:‘F(Q17027P2)
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Proof of Ostrogradsky’s Instability (4/4)

#® Construct the Hamiltonian via Legendre transformation:

H= P101 +P202—L
® The Fatal Flaw: The term P; Q-.

= P1Q + P2F(Q1, Qo, P2) — L(Q1, (o, F)
® H is strictly linear in momentum P;.

® Since P; € (—oo,+0), H is unbounded from below!
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A Concrete 4th-Order Oscillator
® Let’s look at an explicit example:

_ €. 1.5 Wj} 2
® Equation of motion is 4th order: eg® — § — w2q = 0.

® Momenta are P, =egand Py = g —eq®.

® The Hamiltonian becomes:

P2 02 w202
H=P — =
1t 2t 2
® The linear P; Q, term explicitly shows the instability without solving the differential equation.
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Evading Ostrogradsky

® The Ostrogradsky theorem assumes the highest-derivative Hessian is non-singular.
pair.

® Key Idea: We can build healthy theories by violating that assumption in a controlled way.

® [f the system is degenerate, constraints appear that can remove the extra ghost canonical
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A Degenerate Mechanical Model (1/2)

L ==

® Let’'s examine a mechanical model mimicking DHOST theories:
2

L= —

a- =, @, 1.
0 +bo g+ 56 + 56° = V(6,9)
® Replace ¢ by Q and enforce it with a Lagrange multiplier \:

2

2P 160G+ 2P+ 2P~ V(6,9) - N~ )



A Degenerate Mechanical Model (2/2)

® The kinetic matrix M for (Q, q) is:

M:(a b), detM = ac — b?
b c
® Varying Q and q gives:

(¢ 95~ (%)



The Non-Degenerate Case

® Ifac — b? #0:

® Both accelerations Q, g are fully determined.
¢ Initial data: (Q, Q, g, q, &, \).
® This yields three degrees of freedom.

® One of them is the unwanted higher-derivative (Ostrogradsky) mode.
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The Degenerate Case

® Now assume c # 0 and the degeneracy condition holds:

ac—b?>=0

® The rows of M are linearly dependent. Multiplying the second row of the EoM by b/c and
subtracting from the first cancels the accelerations!
® We are left with an algebraic relation:

b

A=Q+ =V

c

® This is the Lagrangian form of the secondary constraint; the primary one is
W1 = pg — (b/c)pg ~ 0.
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Reduced Equations of Motion

® Defining x = g+ 2¢ = g+ 2Q, the equations become:

cx+ Vy=0
b? «~ b, . :
1= 2 Ve ) o+ VagX + - Vopd + V=0
® This is a second-order system for (x, ¢).

® Four initial data suffice = exactly two degrees of freedom! The ghost is removed.
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Horndeski Gravity

® To avoid the Ostrogradsky ghost, one can construct theories whose equations of motion
remain strictly second-order, despite higher-derivative terms in the action.

® The most general scalar-tensor theory with this property is Horndeski Gravity.
® A paradigmatic building block is the Galileon term.
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The Cubic Galileon

® Consider the cubic Galileon term £3 = XO¢, where X = %VWV%.
® Let’s vary this action to show third derivatives cancel out.

5S = / d*x/=g[6XO¢ + X5(0e)]
® Using 6X = —V*¢V ,d¢ and 6(0¢) = Ooe:

6S = / d*xy/—g [~ (V" ¢V ,66)0¢ + XO4)
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Variation of the Galileon (1/2)

® Integrate by parts to isolate ¢:

/ d*x\/=g [V ,.(OpV*)5¢ + OX¢]
® The first term yields:

Vu([@¢VH¢) = (V,.00)V* ¢ + (O9)?
® Notice the dangerous third derivative (V,0¢)V*¢.



Variation of the Galileon (2/2)
® The second term expands as:

OX = -V, V¢V, V’¢ — V*¢V,V, V"

= —(V,.V,¢)? — V¢V, 0¢ — R,V ¢V ¢
® Summing both contributions, the highly dangerous term cancels perfectly:

+(V,0¢)V*¢ and

=V (V,.0¢)



The Galileon Equation of Motion

® The final equation of motion is strictly second order!

(0¢)? — (V. V,0)(V#VY¢) — RV éV” ¢ =0
theory.

Ji
® The highly non-trivial cancellation of third-derivative terms is the hallmark of Horndeski’s
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ADM Geometry in One Page (1/2)

® Foliate spacetime by spacelike hypersurfaces ;.

® The metric is split into lapse N, shift N/, and induced metric hj:

ds® = —N2dt? + hy(dx’ + N'dt)(dx! + N dt)
® The extrinsic curvature is:

Kij = 21,\, (hu — DiN; — D,-N,-)
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ADM Geometry in One Page (2/2)

® Using the Gauss-Codazzi relation, the Ricci scalar decomposes:

V=—g¥R=NVh (<3>R + KK — K2) + boundary
® The Einstein-Hilbert canonical momentum is:

; 2 , ;
= Lmzﬁ(,(,, — Khiy
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Degrees of Freedom Count in GR

® The general formula for configuration-space DoF is:

y
Ngot = =
dof 2 (
where F and S are the number of first- and second-class constraints.
® In GR, h; has 6 components = 12-dimensional phase space.

#® Hamiltonian and 3 momentum constraints are first class (F = 4, S = 0).
® N&%:%(12—2x4):2.

Noi — 2F — S)
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Normal/Spatial Split: Why X = —A2 + A2

® Define Q, = V,6, A. = n"Q,,and A, = h,”Q,.
h =68," +n,n" — Q,=—An,+A,
® Since " = —1 and n*A,, =0,

X=Q,Q=-A+AA.

® The minus sign is the norm of the timelike normal; the cross term vanishes by projection.
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From ¢, to the Two Velocities

® The identity V[, Q,; = 0 eliminates 2\,- as an independent velocity.
® Keeping only time derivatives in the full 3 + 1 decomposition gives

n,n,
(v(u Qu))kin = £

N

~——

A+ [=Aby by + 20,0, OB K;
A;Lu

A

® Hence the only independent velocities are A, and Kj, with Kj > h;/(2N).
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The Universal Kinetic Block

® Inserting MA, + AK into a term quadratic in VQ produces the three possible contractions
Lkin = AAE 4F QB’UA>k ,‘(,'/' 4F Kij’kl"(,'ij/

® F(¢, X)R shifts B and K after Gauss—Codazzi, but introduces no new kind of velocity.
® This is the field-theory analogue of the degenerate mechanical model
Lyin ~ a02 == 2qu = qu.
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The Null-Vector Test

JCiokl

A BY Vo
My, = (Bij ) ; My, (Vk/ =0.
Testing for Degeneracy
The pair (v, V) is a kernel vector, not a new field:

VoA + BijV,'j =0
voB! + KKV =0
primary constraint.

® Contracting the canonical momenta with the same pair cancels all velocities: this is the

® DHOST requires it for every foliation; U-DHOST only on the scalar foliation.
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A Reusable Diagnostic Protocol (1/2)

® When analyzing a modified-gravity action, use this ordered protocol:
@® Choose a foliation and list every variable carrying a normal time derivative.

@® Compute the Hessian before using background equations or fixing a gauge.
® Find null vectors and translate them into primary constraints.
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A Reusable Diagnostic Protocol (2/2)

® Protocol continued:

® Count DoFs using Nuot = 3(Non — 2F — S).

@® Preserve primary constraints in time. Classify resulting constraints by Poisson brackets.

® Only then expand about FLRW and test ghosts, gradients, and strong-coupling limits.
strong coupling, not a healthy theory.

® Pitfall: Evaluating the Hessian only on FLRW may reveal "accidental” degeneracy signaling
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Maple Practice / Computational Strategy

Using Computer Algebra for Gravity

The constraints analysis can be heavily computational. A common practice is using software like
Maple or Mathematica to:

® Construct the complicated kinetic matrix /C7:4.

® Symbolically compute the determinant to find degeneracy conditions (e.g., ac — b?> = 0).

® Compute Poisson brackets of constraints to find secondary constraints.

® Suggestion: Implement the toy mechanical model in Maple and verify that the determinant of
M vanishes when ac = b°.
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Exercise 1: Complete the Dirac Count

Problem Statement

For the degenerate mechanical model, compute the Poisson bracket of the primary constraint
Vi = pg — 2pg ~ 0 with the canonical Hamiltonian.

® Show that it reproduces the Lagrangian constraint A = Q + %Vq.

® Under what condition on V4 does the constraint pair cease to be independent?
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Exercise 2: GR in Extended Phase Space

Problem Statement
Repeat the GR count while including (N, N') and their four conjugate momenta.
® Identify the eight first-class constraints.

® Verify that the answer is still 2.

® Hint: Phase space is 20-dimensional (12 from metric +8 from lapse/shift).
® Primary constraints: my ~ 0, 7; =~ 0.
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Summary

® Modified Gravity is motivated by cosmological puzzles but introduces dangerous DoFs.

® Ostrogradsky’s Theorem forbids non-degenerate higher-derivative theories due to ghost
instabilities.

#® Degeneracy (as seen in Horndeski and DHOST theories) provides constraints that eliminate
these ghosts.

® Counting requires a careful constraint analysis (primary/secondary, first/second class).
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