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Thank you for attention



Stability regions in the Double 
Pendulum Phase Space 

KITTIKAWIN K.
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What is double pendulum?

A double pendulum is a physical 
system consisting of two pendulums 
connected end to end and a second 
pendulum hangs from the tip of the 
first, which itself swings from a fixed 
pivot point.

Which is our tools to investigate the 
chaotic motion and its phase space use 
to see its behavior on each initial 
conditions.
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System Setup and Coordinate
A double pendulum consist of two rigid, massless rods.
Rod 1 of length 𝐿! carries mass 𝑚! at its tip;
Rod 2 of length 𝐿" hanged from 𝑚! and carries mass 𝑚". 
The pivot of rod 1 is fixed at the origin

Definition (Generalised coordinate). Let 𝜃!(𝑡) and 𝜃" 𝑡  
denote the angles each rod makes with the downward 
vertical, measure in radians. Then the cartisian position of 
the two masses are

⟨	𝑥!, ⟩𝑦!	 = ⟨	𝐿!𝑠𝑖𝑛𝜃!, − ⟩𝐿!𝑐𝑜𝑠𝜃!	 (1)
⟨	𝑥!, ⟩𝑦!	 = ⟨	𝑥!+𝐿"𝑠𝑖𝑛𝜃", ⟩𝑥! − 𝐿"𝑐𝑜𝑠𝜃"	 (2)

The four – dimension state vector is

𝑠 𝑡 = (𝜃!, 𝜃", ̇𝜃!, ̇𝜃")

Where ̇𝜃$ are the angular velocities

𝐿!

𝐿"

𝑚"

𝑚!

𝜃!

𝜃!

𝜃! − 𝜃"

Pivot
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Lagrangian mechanics

Kenetics and Potential Energy

The kenetics energy of each mass is 𝑇$ =
!
"
𝑚$𝑣$".

Computing 𝑣$" = 𝑥̇$" + 𝑦̇$" and simplify gives

𝑇 = 𝑇! + 𝑇" =
!
"
𝑚! +𝑚" 𝐿!𝜃̇!" +

!
"
𝑚"𝐿"𝜃̇"" +𝑚"𝐿!𝐿"𝜃̇!𝜃̇"cos 𝜃! − 𝜃"   (3)

The potential energy (taking pivot as reference height) is

𝑉 = 𝑉! + 𝑉" = − 𝑚! +𝑚" 𝑔𝐿! cos 𝜃! −𝑚"𝑔𝐿" cos 𝜃"  (4)

Euler - Lagrange Equations
The Lagrangian is ℒ = 𝑇 − 𝑉. Applying  %

%&
'ℒ
'*̇!

− 'ℒ
'*!

= 0 and solve for angular 
acceleration yields:

𝐿!

𝐿"

𝑚"

𝑚!

𝜃!

𝜃!

𝜃! − 𝜃"

Pivot
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Equa t i on s  o f  Mo t i on  (U s e  i n  s imu l a t i on s )

𝜃̈! =
−𝑔 2𝑚! +𝑚" 𝑠𝑖𝑛𝜃! −𝑚"𝑔𝑠𝑖𝑛 𝜃! − 2𝜃" − sin(𝜃! − 𝜃")𝑚"(𝐿"𝜃̇"" + 𝐿!𝜃̇!" cos(𝜃! − 𝜃"))	

𝐿!(2𝑚! +𝑚" −𝑚"cos(2 𝜃! − 𝜃" )

𝜃̈" =
2𝑠𝑖𝑛(𝜃! − 𝜃") 𝐿!𝜃̇!" 𝑚! +𝑚" + 𝑔 𝑚! +𝑚" 𝑐𝑜𝑠𝜃! +𝑚"𝐿"𝜃̇""𝑐𝑜𝑠(𝜃! − 𝜃")

𝐿"(2𝑚! +𝑚" −𝑚"cos(2 𝜃! − 𝜃" )

(5)

(6)

Remark equation (5)-(6) form a system of two coupled, nonlinear second-order ODEs. Which has been proven 
that no single closed-form function of (𝜃!#,𝜃"+, 𝑡) solves them in general numerical integration is therefore 
required

From Euler-Lagrange equation by solving two variables algebra we get that
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Phase plane analysis

Since our state function contains four component 𝑠 𝑡 = (𝜃', 𝜃(, ̇𝜃', ̇𝜃()	to analysis for fixed 
static point which give 𝜃̇' = 𝜔̇' = 𝜃̇( = 𝜔̇( = 0
From that we define 𝜃̇' = 𝜔'	, 𝜃̇( = 𝜔(	, 𝜔̇' = 𝑓(𝜃', 𝜃(, ̇𝜃', ̇𝜃()	 , 𝜔̇(= (𝜃', 𝜃(, ̇𝜃', ̇𝜃()	
Which automatically give 𝜃̇' = 𝜃̇( = 0

Which simplify equation of motion to

𝜃̈!+ = 𝜔̇!+ =
−𝑔 2𝑚! +𝑚" 𝑠𝑖𝑛𝜃! −𝑚"𝑔𝑠𝑖𝑛 𝜃! − 2𝜃"

𝐿!(2𝑚! +𝑚" −𝑚"cos(2 𝜃! − 𝜃" )
= 0

𝜃̈"+ = 𝜔̇"+ =
2𝑠𝑖𝑛(𝜃! − 𝜃")𝑔 𝑚! +𝑚" 𝑐𝑜𝑠𝜃!

𝐿"(2𝑚! +𝑚" −𝑚"cos(2 𝜃! − 𝜃" )
= 0

(7)

(8)

Which dependence on each numerator independence of constant parameter

𝑠𝑖𝑛 𝜃' − 𝜃( 𝑐𝑜𝑠𝜃' = 0	 or − 2𝑚' + 𝑚( 𝑠𝑖𝑛𝜃' − 𝑚(𝑠𝑖𝑛 𝜃' − 2𝜃( = 0(9) (10)



Phase plane analysis

From equation (9)-(10) case that make equation (9) true is that 𝜃' = 𝜃( or 𝜃' = 𝜃( ± 𝑛𝜋
Applies that 
Case A: substitute 𝜃' = 𝜃( in the equation 

− 2𝑚' + 𝑚( 𝑠𝑖𝑛𝜃( − 𝑚(𝑠𝑖𝑛 𝜃( − 2𝜃( = 0

Thus, result is   𝜃' = 0 and 𝜃( = 0 

Case B: substitute 𝜃' = 𝜃( ± 𝑛𝜋 or 𝜃' ± 𝑛𝜋 = 𝜃( in the equation 

− 2𝑚' + 𝑚( 𝑠𝑖𝑛𝜃' − 𝑚(𝑠𝑖𝑛 𝜃' − 2𝜃' ± 2𝑛𝜋 = 0

Thus, result is   𝜃' = 0	𝑜𝑟	𝜋	 and 𝜃( = 0	𝑜𝑟	𝜋

So it mean that all fixed point of (𝜃', 𝜃() is (0,0) , (𝜋, 0) , (0, 𝜋) , (𝜋, 𝜋) and only stable fixed 

point are (0,0) others is unstable and can be chaotic with small pertubations.



Numerical Integration: Runge – Kutta 4

To evolve forward in time the code uses the classical fourth-order Runge-Kutta (RK4) method.

Algorithm
Given 𝑠, = 𝑠 𝑡,  and step size ∆𝑡, the update 𝑠,-! 	≈ 𝑠 𝑡, + ∆𝑡  is computed as:

𝑘! = 𝑓 𝑠, , 𝑡, ,

𝑘" = 𝑓 𝑠, +
∆𝑡
2 𝑘!, 𝑡, +

∆𝑡
2 ,

𝑘. = 𝑓 𝑠, +
∆𝑡
2 𝑘", 𝑡, +

∆𝑡
2 ,

𝑘/ = 𝑓 𝑠, +	∆𝑡𝑘., 𝑡, + ∆𝑡 ,

𝑠,-! = 𝑠, +
∆&
1
𝑘! + 2𝑘" + 2𝑘. + 𝑘/ ,

Where 𝑓 𝑠, 𝑡 is the right hand side of equation (5)-(6), and the state vector contains all four components

𝑠 𝑡 = (𝜃!, 𝜃", ̇𝜃!, ̇𝜃")

 

(11)

(12)

(13)

(14)
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Numerical Integration: Result from Runge – Kutta 4
Now we be able to simulate phase portrait , trajectory , angles over time

Phase space of theta1 vs theta2

Trajectory Graph of theta1 , theta 2 vs time

Phase space of omega 1 ,2 vs theta 1,2



Numerical Integration: Result from Runge – Kutta 4
From numerical result we could confirm our phase analysis and create simulation to 
determine it chaotic beheviors or create an animation to compared it to experimental result 
or to confirm the assumption such as the conservation of energy and its loss from 
simulation error.

Simulation using python code Energy analysis and error from simulation



Create The Chaos map to find its island of stability

from our simulation each initial condition give different result even slight pertubation could 
give another result, but The chaos map give us the answer to “For every possible pair of 
starting angle 𝜃'), 𝜃() , How long does the pendulum stay ordered before going chaotic?”  
The answer, would be encoded as colour for each pixel, produce 2-D image whose patterns 
reveal the geometric structure of chaos in the double pendulum’s phase space

Phase Space and State Vectors

Definition The phase space of double pendulum chaos map is 
Ω = −𝜋, 𝜋 (	×	ℝ(,

With point              𝑠 = 	 (𝜃', 𝜃(, ̇𝜃', ̇𝜃()
 The equation of motion define a flow vector 
𝜙* ∶ 	Ω	 → Ω  such that 𝑠 𝑡 = 𝜙* 𝑠)  is the state at time 𝑡 
given initial state 𝑠). 
The chaos map plot only varies the angular components of 𝑠). 



Create The Chaos map to find its island of stability

Sensitive Dependence on Initial condition
Define Consider a map 𝐹: 𝑋 → 𝑋 on matric space (𝑋, 𝑑) exhibit sensitive dependence on initial 
conditions if there exist 𝛿 > 0 such that for every 𝑥 ∈ 𝑋 and every neighborhood 𝑈 ∋ 𝑥, there exist 𝑦 ∈
𝑈 and 𝑛 ≥ 0 with  𝑑 𝐹, 𝑥 , 𝐹, 𝑦 > 𝛿 or in plain language: no matter how precisely you specify the 
initial angle eventually produces a completely different motion.

How we define “Chaos”

Define Consider a map 𝐹: 𝑋 → 𝑋 on matric space (𝑋, 𝑑) exhibit sensitive dependence on initial 
conditions if there exist 𝛿 > 0 such that for every 𝑥 ∈ 𝑋 and every neighborhood 𝑈 ∋ 𝑥, there exist 𝑦 ∈
𝑈 and 𝑛 ≥ 0 with  𝑑 𝐹, 𝑥 , 𝐹, 𝑦 > 𝛿 or in plain language: no matter how precisely you specify the 
initial angle eventually produces a completely different motion.

(i) Transitive: it has a dense orbit (there exists 𝑥 ∈ 𝑋 such that {𝐹, 𝑥 ∶ 𝑛 ≥ 0} = 𝑋);

(ii) Sensitive: it has sensitive dependence on initial condition

(iii)Dense periodic orbits: the set of periodic points of 𝐹 is dense in 𝑋 

These were called Devaney’s Definition, Which are central idea for Chaotic dynamical systems 



Create The Chaos map to find its island of stability
Bank et al. (1992) proved that conditions (i) and (iii) together imply condition (ii), so sensitivity is actually 
consequence of transitivity and dense periodic orbits. Nevertheless, sensitivity is most physically meaningful 
property and is the one we measure by coding.

To show how sensitivity looks like we simulate the twin divergence of double pendulum using small different 
in initial condition it could gave total different results in long simulation time (called Butterfly effect).



A Measurable Proxy for Chaos
Verify Devaney’s definition requires analysising the entire orbit structure, which is computationally intractable 
for a continuous system. 
Instead, we use practical proxy: the time until a qualitative change in behaviour occurs

Defining the Flip
We say arm 𝑖 has flipped at time 𝑡 if 𝜃$(𝑡) > 	𝜋. A flip correspoonds to the arm passing over the pivot point

Remark In the continuous system angles are taken modulo 2𝜋, so 𝜃$ > 	𝜋 is the equivalent to the arm 
having rotated past the straight-up position, In the numerical integration we do not wrap angles; the 
condition 𝜃$ > 	𝜋 therefore fires as soon as either arm crosses vertical for the first time.

Given The Flip-Time function by initial angles (𝜃!+, 𝜃"+) and zero intitial verocities , the flip time is 

𝑇23$4 𝜃!+, 𝜃"+ = inf{	𝑡 ≥ 0 ∶ 𝜃! 𝑡 > 	𝜋	𝑜𝑟 𝜃" 𝑡 > 	𝜋	}

If neither arm ever flips within the observation window 0, 𝑇567 , we set 𝑇23$4 = 𝑇567 .

• Large 𝑇$%&' (Bright pixel): the pendulum oscillates near equilbrium for long time, indicating a “stable” or slowly 
chaotic region

• Small 𝑇$%&' (Dark pixel): the pendulum quickly enters a spinning regime, indicating chaos at that initial condition.

Phy s i c a l  i n tu i t i o n

(16)



The Chaos Map as a Function
Formal Definition
Definition Chaos Map. Fix 𝑁 ∈ 𝑁, maximum steps 𝑀 ∈ 𝑁 and time step ∆𝑡 > 0 
Define the grid

𝐺8 = {(𝜃!
$ , 𝜃"

9 : 𝜃:
5 = −𝜋 + ";5

8
, 𝑖, 𝑗 ∈ {0,1, … , 𝑁 − 1}

The chaos map 𝐶 ∶ 𝐺8 → 0,1, … ,𝑀  is

𝐶 𝜃!+, 𝜃"+ = min 	𝑛 ∈ 𝑁 ∶ 𝜃! 𝑛∆𝑡 > 	𝜋	 𝑜𝑟 𝜃" 𝑛∆𝑡 > 	𝜋 ,

Where the minimum is taken to be 𝑀 if no flip occurs before step 𝑀.
The integer 𝐶 𝜃!#, 𝜃"#  is mapped to a colour via perceptually-motivated scheme. Let 𝑟 = 𝐶/𝑀 ∈ 0,1  to be normalised 
flip time. The RGB colour is

𝐶𝑜𝑙𝑜𝑟 𝑟 =

dark	blue(#0a0a64 ) → purple #5314b7 	 𝑟 ∈ [0, 0.5)
𝑎

purple(#5314b7) → orange(#d85a30)	 r ∈ [0.5, 0.75)
𝑎

orange(#d85a30) → yellow(#ffd700)	 𝑟 ∈ [0.75, 1]

Interpolated linearly within each band. The four anchor colours correspond to the physical regime: 
 stable(yellow) → slowly unstable(orange) → transitional(purple) → rapidly chaotic(dark blue).
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Visual Diagram of The method

Choose (𝜃!#, 𝜃"#) 
for each pixel

Run RK4 
simulation

Check flip: 
𝜃& > 	𝜋 

Record step n 
as 𝐶

Set 𝐶 = 𝑀 (no 
flip case) 

Map 𝐶 to colourWrite data to 
pixel on map no flip

Choose next (𝜃!#, 𝜃"#) 



𝑚!/𝑚" = 2 𝑚!/𝑚" = 0.5

𝐿!/𝐿" = 2 𝐿!/𝐿" = 0.5

𝑚!/𝑚" = 1 𝐿!/𝐿" = 1



𝑚!/𝑚" = 2 𝑚!/𝑚" = 0.5

𝐿!/𝐿" = 2 𝐿!/𝐿" = 0.5

𝑚!/𝑚" = 1 𝐿!/𝐿" = 1
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What i’m currently in?
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Dark matter freeze out

What would it be for big bounce model ?

fundamentally changes the freeze-out problem

Contracting > High density > Bounce > Expansion

Bounce mechanism may produce or redistribute entropy

Under what conditions can a Big Bounce cosmology 
produce the observed dark-matter relic abundance while 

remaining consistent with cosmological constraints?
I don't know if this is possible or not, but can we discuss it? 👉👈

Loop Quantum GravityModified GravityPerturbation Theory


