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Manifold is a topological space which is smooth and locally like flat.

Non-orientable Manifold
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Fig 1. Manifold (Sphere)
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Fig 2. Torus (orientable) and Klien bottle (non-
orientable) 

ǁ𝑒𝛼 =
𝜕𝑥𝜇

𝜕𝑦𝛼
𝑒𝜇  

The Jacobian is define by 𝐽 = 𝑑𝑒𝑡
𝜕𝑥𝜇

𝜕𝑦𝛼  then

 if 𝐽 > 0 , the manifold 𝑀 is orientable 
 if 𝐽 < 0 , the manifold 𝑀 is non-oreintable.
 



Partition Function on the Manifold
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• Let ۧ|𝛼 ∈ ℋ    and  ൿ| ҧ𝛽 ∈ ഥℋ     Then define  ൿ|𝛼, ҧ𝛽 = ۧ|𝛼 ⊗ ൿ| ҧ𝛽  where   ൿ|𝛼, ҧ𝛽  ∈  ℋ𝑠𝑦𝑠

• Klein bottle partition function is twisted  by Ω  

• Twisting is the interchanging between holomorphic part and anti- holomorphic part.

Fig 3. Quotient space of Torus and Klien bottle 

Ω ൿ|𝛼, ҧ𝛽 = ۧ|𝛽, ത𝛼
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Spacetime Characterization
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• 3 + 1 dimension (3 space + 1time)

• Considering the point which represents  the event in the spacetime
• Spacetime interval is explain via “line elements” : 𝑑𝑠2, e.g. Minkowski spacetime  for 𝑔𝜇𝜈  of 

signature  ( -,+,+,+)

Spacetimecan be charaterized in to 3 types 
1. Timelike if 𝑑𝑠2 < 0    
2. Spacelike if 𝑑𝑠2 > 0 
3. Lightlike if 𝑑𝑠2 = 0.   

𝑑𝑠2 > 0

𝑑𝑠2 < 0

Fig 4. Light cone
Credit   https://en.wiktionary.org/wiki/light_cone

𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2
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The model of the BTZ black hole is given by

• The solution of BTZ black hole in (3 dimensions) is

𝑑𝑠2 = − 𝑟2 − 𝑟ℎ
2 𝑑𝑡2 +

𝑑𝑟2

𝑟2 − 𝑟ℎ
2 + 𝑟2𝑑𝜙2

• Extend to the interior solution : Eternal black hole
• AdS3 /CFT2 Holographic to define the partition function encoded orientation of the black hole.

BTZ Black hole solution
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S = න 𝑑3𝑥 −𝑔 𝑅 − 2Λ
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  d  s 2 = −  c 2 d  t 2 + d  x 2 + d  y 2 + d  z 2


  d  s 2 = −    (   r 2 −  r h 2 ) d  t 2 +   d  r 2   r 2 −  r h 2 +  r 2 d  𝜙 2


  S   =  ∫   d 3 x   − g  (  R − 2 Λ )

