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Introduction and Summary

The WKB (or JWKB, Jeffrey(1924), Wentzel-Kramers—Brillouin(1926)) approximation is a
powerful tool for obtaining a global approximation to the solution of a linear differential
equation, which assume the solution has an exponential form and expand its exponent in an
asymptotic series.

In black-hole perturbation theory, the linearized field equations can often be separated into
ordinary differential equations governing the radial and angular perturbations. These equations
typically take the form of second-order linear differential equations, providing a natural starting
point for the WKB approximation.

Linear black-hole perturbation theory provides a unified framework for understanding a variety of
physical phenomena, including quasinormal modes, quasi-bound states, superradiance, greybody

factors, gravitational-wave emission, and late-time tails....

In this talk, we focus on the WKB approximation as a powerful tool for studying the phenomena
of QNMs and GBF.

2/8



nspiral

S sisce

|
T os i
2 Il
Soof ‘\ —|
Sosl 1L
&

— Wumerical elativey
Reconstructed (template)

Merger Ring-
down

Sosk

2 0.5 [ ekl serton
Soall ive velociy|

orNwa
Separation (Rs)

0.30 035 0.40

Infalling particle

Event horizon

Time (s)

.
( 4

040
Time (sec)

.’. Particle pairs Reflected
_—
[avavava VA
@ AVAVAVAVY
" Hawking - 3
radiation Hawking Transmitt
radiation

Credits: B.P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration) Phys. Rev. Lett. 116, 061102,
https://www.ligo.caltech.edu/, Al collects from Getty Images, and Class. Quantum Grav. 36 185005.

3/8



Introduction and Summary

The WKB approximation provides a convenient and powerful framework for studying black-hole
perturbations, particularly their quasinormal modes and transmission properties.
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Introduction and Summary

Highlight from the lyer and Will (1987), the third order WKB works, the Schrodinger-like form of the linear equation from the
black hole perturbation is given by

2
("— + o(u)) V(n) =0,

where ry is the tortoise coordinate, the relation between r, and the radial position r defined differently by various of linear
perturbations and spacetimes. The WKB parameters are given by

—2Q (rmax)
Q(r*)=w2— fF H Zg=7v
€ arz*Q(’*) |’—>’max
1 2 1 n
k= EBr*Q(r*)lqumax ; by = ﬂar*a(’*)l"—“’maxv

where rmax represented the radial position of the potential peak. The greybody factor (transmission probability) is given by the
following formula for the 3rd order approximation

1
T= 11 e25(w)’
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Introduction and Summary

Furthermore, for the quasinormal modes
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Here, Vém) denotes the of Bg(") Vet | r—s rmax » and the prime now denotes the derivative with respective to the tortoise
coordinate. The functions A and Q can be expressed as
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where a« =n+1/2,n=0,1,2,....
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Introduction and Summary

So, basically, whenever you obtain a new second-order ordinary differential equation from
black-hole perturbation theory—whether it comes from a GR black hole or a modified-gravity
black hole, and whatever type of perturbation you are considering—if you can cast it into a
Schrddinger-like form, identify the effective potential barrier, and determine its maximum, then
you are already in a good position to obtain semi-analytical results for greybody factors and
quasinormal modes. And then... cheers! You're one step closer to your diploma—or maybe
even your next publication.
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Thank you for your attention!!
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However... let us start again,
and take a closer look at the whole procedure, following the third-order
WKB formalism of lyer and Will (1987).
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General solution

As we mentioned, the WKB approximation defined the asymptotic solution as an exponential series, let us start with writing the
master equation and the approximation solution as

Zdzw Q) W(x) =0
e (x) + Qx)¥(x) =0,

and W(x) ~ exp [en_lsn(x)] ,

where € is the order parameter. Consider the series method for solving ODE, we may rewrite the master equation as
S 4 e (S5'00 + 255081 ()
+ @ (800 + 572(x) + 25§ (x)55(x))
+ @ (8500 + 255033 (x) + 25{(x)53(x))
+Q(x) =0,
where “prime” denote 8. Solving this expression vanish order by order, the €0 order is given by
S+ QW =0 = 5o =i [ \/Qman.

The € order is given by

’
S0 +255(08{(x) =0, = 25[(9) (+iVQ) + i% 3% =0,
1)
4 Q(x)

Following the same procedure, one may further derive the higher €” order.

1
=5 = , = S1=—;an(X)-
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General solution

For the €2 order

S7/(x) + 512(x) + 284(x)Sh(x) = 0,
1 Q”Q _ le 1 Ql
= 7;T+E?i2:\/652=0

Q// 5 0,2(77)
= S2(x) = F - / <Q3/2(") 405/2(77)) dn.

For the €3 order

S5’ (x) + 25(x)S5(x) + 25 (x)S5(x) = 0,

id Q// 5 le Ql i Q// 5 le
= Fo— — - L= £2ivVess £ (=) (= --—=])=o,
8dx \ Q32 4 @5/2 Q 8 \ Q32 4Q5/2
1 x d 1 Q" 5 Q7 1 [Q7(x)  5Q%(x)
=>S3(X):—/— — —— — ——— | | dn = — - - .
16 dn |\ V/Q(n) Q3/2 4 @52 16 | Q2(x) 4 Q3(x)
These shall be the general solutions for the WKB approximation. Considering the asymptotic behavior of the leading term
So(x) ~ £idx as x — oo and Q(x) ~ @2, therefore the upper sign of Sn(x) represented the outgoing (to spacial infinity)
solution, and the lower sign represented the ingoing solution (left moving). On the other hand, Sp(x) ~ Fikx as x — —oo

and Q(x) ~ k2, therefore, the upper sign of S,(x) represented the outgoing wave (to the black hole event horizon) and the
lower sign represented the ingoing solution (right moving).
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General solution

The general WKB solution is valid everywhere except near the classical turning points. In
black-hole perturbation theory, the effective potential typically has the barrier structure shown in
the plot. Since w? is generally an unknown quantity that we need to determine, the physical
setup typically involves zero to two turning points. However, Region I, the region between the
two turning points, requires further analysis. To handle this region, we expand the equation
around xp (or (r«)o in the plot), the position of the maximum of the effective potential.
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A general image for Q(x) = w? — Vg (x). lyer and Will (1987) PRD 35, 3621.
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Interior solution

As we mentioned, the WKB fail around the classical turning points, as such we need to do a further analysis around the region

between the classical turning points. An further expansion around the position of the potential peak shall be imposed, the Q(z)
and the corresponding radial equation can be written as

1
Qz) = @+ 5 o(;’z2 + - o’”z3 + —o(‘)) + o Lo+ o072

and
2

lll+k(zo+z + b2 + 2t + d2® +fz)lU:0,
d22

where z = x — xp, and
k=705, 20'=-2Q0/Q5 ,
b=505'/Q5, ¢=%Q5"/Q5 ,
=w00"/05, f=wQ"/Q0 -

One notice that the ODE in this region will approach the ODE of parabolic cylinder function D, (t) and D_,, _1(it) if we do a
further transformation as

. 1
t= (4I<)1/4e7""/42/51/2 , v+ 5 = —ik!/? 2/25
_ 1 : 1 .
b= —bak) VA4 s = Ze(ak) T2 /2,
4 4
o1 ; 1 ;
d= ;d(4k)_3/4e3'"/4 =~ ;f(4k)_1e’",

and the radial equation become

d 1 1, 127 3/25
—V+ v+ - ——t° —€ bt — eat* — /231° — SRS w=o0.
dt? 2 4

The leading order be exactly the parabolic cylinder function. 15/28



Interior solution

To handle the higher € order, we assume the solution W ~ f(t)D,, (g(t)), putting in the radial equation one have

f [gzbu(g) + (nu + % - %tZ)Du(g)]

b (e 1) Do) + (—fE0+ S 16D+ F4 Q) Dule) =0,

The first line vanish because of the parabolic cylinder function, the D, (g) tern vanish by solving f = g—l/z, the above
equation become an ODE as

1 1 1 3
v4 - -2 4+ Z _Z — Q(t) =0.
&°( > g%) 2g/g /& (t)

Setting
g(t) = t+"2Aan(t) | An(t) = 3 a0
7

where sum over i for the cases n + 1 — 2/ > 0, and solving Ap(t) by tracking € order by order. One found that we need to
rewrite one of the definition as v + % = —ikl/zzg/k — eA — €2Q, or the terms proportional to t° will not vanish for Ay(t)
and Ag(t) respectively.
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Interior solution

The interior solution be obtained

=1(3c—7b )+ (v+3)A6c—30b2) ,
Q= —(v+$)(1155b*—918b % +67¢ >+ 190bd —25f) — (v+ +)*(28205 * — 18005 2¢ + 68¢ > +280bd — 201 ) .
A (D=2b(v+++1+1Y),
A =(v4+)3c— b N4+ 1523,
Ay()= (52D 3 —216bc +48d) + +(v+ )2 b 3 —784bc + 5°d)
+ a5 (v 3 )EEE 3 —234be +32d) 2 + +( b — Tbe +2d)tt
Ay =[(—%Lp 44+ 2 p % —3e2—60bd +10f)
+(V—|—L)2( 277034Jb + mez__ 77_ _ 5276bd+10f)]t
WS P4y WP Vg2 SSEg L SFydy(_ WEps, Wpi g2 Mpg Ly

+(v4 )=

~g ~V[AD (g(t))+BD _,_(ig()] .
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Exterior solution

The “Exterior” here means the overlap region with region Il in the region | and IIl. Where outside the classical turning points
that WKB general solutions valid. However it closed to the classical turning, we still need to consider Q(z), but rewrite it
around the classical turning point as

Q(z)=k[— 724224 b(2 —Z ) telzt—Z 4H—d(zs—i5)+f(z“—f")]
Z=tzg—Thzo*+ +(5b%—4c)zp> — &

1(2b3—3bc +d)zo* + 135 (2316* —504b%c +224bd + 112c2—641)z° ,
together Q(z) with the WKB general solutions, one may obtained

So~ ik {322+ $b2 + 55 (de —b)z*+ 55 (b7 —dbe +8d)z
— i (5b*—24b% +32bd + 16¢ —641)2° +
Yt tbz— (367 —de)z? + % (5b°— 12bc +8d)z + -
24072 — (367 —dbe)z?+ -+ ]
+2552"

+z%(tbz™

— bz ™"+ 55 (7962 —28¢) +

5 (3563 —28bc +24d)z+ -+ ]
—%bzz"+ e

)+ [z~ = e bz T 5 (1707 4 de)z 7
(3224 302 4 307+ ez 5

-]
(1563~ 12bc +16d)2°+ - -
ek

In(2z/2)} ,
VA=V bz + 55 (5b% —8c)z? — 55 (15b° —dbe +32d)z° +
Mgz i ggbz (97 —8e)+ - 142 (gbz T E—gbz T
+ o (457 8z 724 -+ 1),
Sy~ TF ik {327 = $bz ™ 4 45 (b —20)+ 5 (3563 —92bc + T2d)z — 57 24 5bZ 7!
+Z 2 bz T 4 5 (T5b2—68c)z 724 < ]
—[+(7b—120)+
Sy~k [ =gzt bz~

4 S —4 45 -3
2z~ bz

- JIn(2z/2)) ,
(302 —4c)z 724 -+ ]
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Exterior solution

Therefore, the exterior solution can be written as
W(x) ~ exp [e"_IS,,(x)] .
Some tricks in working on the equations in previous page:

The integration of S, divergence around the classical turning point, therefor a two times
integration by parts will let the integration numerically workable, which means

i z QII 5 QIZ ,
Sz(x) = :F§‘/2 <Q3/2 —ZQS/Q)dZ.
i 5Ql z Q// z 1 z Qill / “12
7 (0 il (&) o).

5 Q' Q1/2
The coefficients before In(2z/Z) need to converge to v + 1/2 until the corresponding € order, or

the leading order will change.
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Matching procedure

Therefore, leading order terms that contribute by the third order approximation, the exterior and interior solutions can be
written as

Y~[Zle —ik' 22227 1¢1/2) = (v 1) g )= v+ 1 /Agimtv+ 1) /4R
+Zbe® 4 [ 2 ak) e IR 18 /eke ™S, 222,
Y~ [Zil.llle —ik'/zzz/Zs( 2 /€2y~ (g )~ v D Apimv 1) /4
+ZULe® Pz /€1 ak) e TR T4 /Eke ™S, 2 <~z ,
¢~Aeik'/222/26(2/61/2)\/(4k)v/4€—im//4

—ik1/2;2 — _ —i
+Be ik z/ZE(z/el/Z) 1v+1)(4k) (v+1)/4, 11r(v+l)/4’ 2>z,

¥~ |4 +B—————(2”I)‘l(/::—;:m S RV S P A I
4 [Bedimtv+12_ 4 (2;2“%;’” oK\ g /1 2) = V(g )=k D/ T DA g
-V
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Matching procedure

One may matching them and obtained the result

. iR2 iV
m iTv iR“e'™" /27 /
Zout — € rv+1 Zout
zim R—2\2x _elmv z! ’

in

R v+ D) e [ (+ )& (o g)*] |

where

23/28



Remark

24/28



Remark

The quasinormal modes solution be defined by the following equations

. ip2 iy
n iTv iR“e V2r ]
Zout — € r(v+1) Zout
Z.I” R72\/27r _ei7ru Zl ’
in NER in

and 1

v+ 5= —ik*222 [2e — eN — Q.
Where the QNMs boundary condition is purely outgoing wave to the spacial infinity and purely
outgoing (incoming) wave to the event horizon. (Note that we follow the description of lyer and

Will (1987) work.) Therefore, if we set Z!/ =0, and v be positive integer n, then Z! =0
because ['(—n) — co. Setting € = 1 and recalling

5 w? — Vy
z5 = 27‘/” s
— Yo

one can solve the QNMs from the first few formula of this presentation.
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Remark

For the greybody factor, we can take Zi’,:’ = 0 also, but not consider v as integer, and we have

m / iR2e/™V \/21r J

ity
Zout = &7 Zout rv+1) in>
RV, inv 5l
- r(—v) out in®
Then we have i
L) Zow _ T(=v)

Zyy = ————2;, = _—
out T R=2\/3x " zZl T R2V2x

Note that we use the formula [(—v)l(v + 1) = — ;= in the process of simplification. The greybody factor

2
T = Zéﬁt/zi’n ,and v + % be purely imaginary number for real w, one may observe from
1 L1722 2
V+E = —ik ' z5 /2 — eN — €°Q.

With the purely imaginary v + %, we may check R* = e~ im(w+1/2)/2R=1 44 \F(—nu)|2 = — g7y - Together all, we have

; 1
T =@+ ™/ 5(w) = in(v + >
Therefore, one obtain the general formula for the greybody factor through WKB method as in the beginning of this presentation.
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Thank you again for your attention!!
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However...
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