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Chapter 1

FLRW metric

We have learned so far the geometry of the simple astronomical objects by using General Relativity.
It is found that some distinguished observational predictions of General Relativity are compatible
with observational data. This makes General Relativity become the one of fundamental theory of
nature. It is worthwhile to test General Relativity with cosmological objects. This can be evaluated
by considering geometry of the universe. The basic concept for applying General Relativity to describe
the evolution of the universe is main content of this chapter.

1.1 Cosmological principle
Due to the nonlinearity of the Einstein field equation, it is not easy to obtain general solutions of
this equation. So far, we have learned that it is possible to extract some solutions from this equation
by imposing reasonable symmetry to the theory. For example, the Schwarzschild solution can be
obtained by solving the Einstein field equation with static and spherical symmetry. In cosmology, the
symmetries of spacetime are provided by the cosmological principle. The cosmological principle is a
principle based on the assumption that "the universe is isotropic and homogeneous in three-space".
This principle provides a smooth or uniform universe at large scale. It is important to note that this
principle is compatible with observational data, specifically Cosmic Microwave Background (CMB)
radiation data. Therefore, this assumption (cosmological principle) provide a reasonable symmetries
to study geometry and dynamics of the universe by using General Relativity.

Since the cosmological principle provides us the symmetry only in three-dimensional space. There-
fore, one can sprite the spacetime into product space as follows

R︸︷︷︸
real
× Σ︸︷︷︸

3-space
, (1.1)

where R represents (real) time and Σ represents a homogeneous and isotropic 3-space. Therefore, the
spacetime can be treated as a series of non-interacting spacelike hypersurface labeling by universal
time parameter as shown in figure 1.1. The the 3-dimensional hypersurface which is homogeneous
and isotropic will be obeyed translational and rotational invariants respectively. This corresponds to
maximally symmetric space. This kind of space will provide us the simple way to find the general
form of the metric. We will discuss the maximally symmetric space in next subsection in detail.

1.2 Maximally symmetric space
By definition, the maximally symmetric space is a space which has number of degrees of freedom of the
metric is equal to number of isometry of the metric. Note that isometry is a symmetry of the metric
which is not necessary to be a physical symmetry. To understand clearly, let us consider n-dimensional
flat Euclidean space, Rn. This space will be described by a range-2 (n × n) symmetric metric gµν .
The number of degrees of freedom of this metric is

n(n+ 1)/2. (1.2)
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Considering the space with has rotational and translational invariants, we have

translation ⇒ n degrees of freedom
rotation ⇒ n

2
(n− 1) degrees of freedom

}
n+

n

2
(n− 1) =

n

2
(n+ 1) . (1.3)

We can see that the number of degree s of freedom of the metric is equal to the number of the isometry
of the metric. This corresponds to the maximally symmetric space. Note that, in n dimensions, we
can rotate x axis to one of the other n− 1 axes and the next axis can be rotated to other n− 2 axes,
which means all of the axes can be rotated

(n− 1) + (n− 2) + (n− 3) + . . .+ 1 =
n

2
(n− 1) ways. (1.4)

It makes our sense that the more number of isometry, the fewer functions needed to specify the
properties of the spacetime. One of important consequence of the maximally symmetric space is
that there is only one number needed to specify. This number is independent of the coordinates and
corresponds to the curvature K. Maximally symmetric space will provide the fact that Rρσµν is the
same everywhere. Since the curvature tensor depends on the metric, by using the symmetry of the
indices, one has

Rρσµν ∝ gρµgσν − gρνgσµ = K (gρµgσν − gρνgσµ) . (1.5)

Consequently, the Ricci tensor and Ricci scalar can be written as

Rσν = gρµRρσµν = gρµK (gρµgσν − gρνgσµ) ,
= K

(
δµµgσν − δµν gσµ

)
= K (n− 1) gσν , (1.6)

R = gσνRσν = gσνK (n− 1) gσν = K (n− 1) δνν = Kn (n− 1) . (1.7)

Finally, one find that the number corresponding to the space curvature can be written in terms of
Ricci scalar as follows

K =
R

n (n− 1)
. (1.8)

This is a main result follows from the maximally symmetric space. We will use this result in next
subsection in order to find the general form of the metric describing the dynamics of the universe.

Figure 1.1: Non-interacting hypersurface parametized by universal time parameter.
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1.3 Friedmann-Lemaitre-Robertson-Walker metric
Considering the homogeneous and isotropic hypersurface, the general form of the line element can be
written as

dσ2 = gijdx
idxj . (1.9)

In order to illustrate the form of the metric, one may consider a triangle of three points in this space.
For isotropy, the triangle must be the same for all time. From this argument, one finds that each
hypersurface will be different only by an overall factor dσ22 = S2(xk, t)dσ21 = S2(xk, t)gijdx

idxj . For
homogeneity, it will be satisfied only if the overall factor is independent of the coordinates xk. Then
the most general form of the homogeneous and isotropic hypersurface can be written as

dσ2 = S2(t)γijdx
idxj , (1.10)

where hij is a component of the metric in the original hypersurface depending only on spatial coor-
dinates xk.The coordinates xk are the comoving coordinates, while the observers in these coordinates
will not see any dynamics of the objects, called comoving observers. Therefore, the most general form
of the metric in this spacetime can be written as

ds2 = −dt2 + S2(t)γijdx
idxj , (1.11)

where the term proportional to dtdxi disappears due to the requirement of a non-interacting hyper-
surface. Now we are in the position to find the form of the metric hij . Let us consider the subspace
defined as follows

dσ2 = γijdx
idxj = e2Bdr2 + r2

(
dθ2 + sin2 θdϕ2

)
, (1.12)

where we have used the coordinate transformation to eliminate the other function. Note that for
isotropy one finds that there are only two independent functions to specify the metric. However, from
the general coordinate invariance, we can use a coordinate transformation to eliminate one of them.
By using the properties of the maximally symmetric space as discussed in the previous subsection,
one has

Rµν = K (n− 1) gµν = −2Kgµν ,

Rrr =
2

r
B′ = 2Ke2B, (1.13)

Rθθ = −e−2B
(
1− rB′)− 1 = 2Kr2. (1.14)

We leave detail calculation for Γijk and Rij in the Exercise. From the Eq. (1.13) one has

B′ = Kre2B,ˆ
e−2BdB = K

ˆ
rdr,

e−2B = −Kr2 + C, (1.15)

where C is an integration constant. Substitute the Eq. (1.15) into the Eq. (1.14) we have

e−2B
(
1− rB′)− 1 = −2Kr2,

e−2B
(
1− r2Ke2B

)
− 1 = −2Kr2,

e−2B − r2K − 1 = −2Kr2,
−���Kr2 + C −���r2K − 1 = −���

2Kr2,

C = 1. (1.16)

Thus, one has

e−2B = 1−Kr2, (1.17)
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and the line element in Eq. (1.11) will then be

ds2 = −dt2 + S2(t)

[
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdϕ2

)]
. (1.18)

To classify the geometry of this spacetime, one can consider the value of the curvature K. One finds
that the geometry of the spacetime can be distinguished by the sign of the curvature K > 0, K < 0,
and K = 0. To see explicitly, one may redefine the curvature in terms of the dimensionless one as
follows

k =
K

|K|
, r̄ = |K|

1
2 r, R2(t) =

S2(t)

|K|
. (1.19)

Therefore, the line element in Eq. (1.18) can be expressed as

ds2 = −dt2 +R2(t)

[
dr̄2

1− kr̄2
+ r̄2

(
dθ2 + sin2 θdϕ2

)]
, (1.20)

where the curvature of the maximally symmetric space can be classified very simply as

k = −1 → open,
k = 0 → flat, (1.21)
k = 1 → closed.

It is important to note that the metric explicitly obeys the rotational invariance. This is also by
construction of the metric we have used. For the translational invariance, it is a hidden symmetry.
One cannot see it explicitly from the metric. However, we can see that one can choose the origin of the
radial coordinate completely arbitrarily. Therefore, it means that the metric contains a translational
invariance.

In order to obtain the geometric properties of FLRW metric, let us consider the line element of
the three-dimensional hypersurface as follows

dσ2 =
dr̄2

1− kr̄2
+ r̄2

(
dθ2 + sin2 θdϕ2

)
. (1.22)

By using the coordinate transformation such that

dχ =
dr̄√

1− kr̄2
, (1.23)

the line element in Eq. (1.22) can be written as

dσ2 = dχ2 + S2(χ)
(
dθ2 + sin2 θdϕ2

)
, (1.24)

where S can be classified according to different kinds of curvature as

S2(χ) = sinh2 χ for k = −1, (1.25)
S2(χ) = χ2 for k = 0, (1.26)
S2(χ) = sin2 χ for k = 1. (1.27)

By embedding these three-dimensional surfaces into four-dimensional Euclidean space, one finds that
for k = 1 the surface is the three-dimensional sphere, for k = 0 the surface is flat, and for k = −1 the
surface is a hyperboloid. This is the reason why we call closed, flat, and open geometry for k = 1,
k = 0, and k = −1, respectively. We leave the explicit calculations for this embedding procedure in
the exercise.

From Eq. (1.20), the radial coordinate r̄ is dimensionless, and the scale factor S has the dimension
of length. It is convenient to consider the scale factor dimensionless since it determines the how much
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the three-surface will be magnified. Conventionally, most of cosmologists redefine the radial coordinate
r̄, the scale factor and the curvature as follows

a(t) =
R(t)

R0
, r = R0r̄, κ =

k

R2
0

. (1.28)

Therefore, the line element in Eq. (1.20) can be written in terms of new variables as

ds2 = −dt2 + a2(t)

[
dr2

1− κr2
+ r2

(
dθ2 + sin2 θdϕ2

)]
, (1.29)

The metric corresponding to this line element is commonly used in cosmology and the Friedmann-
Lemaître-Robertson-Walker (FLRW) metric is usually referred to as this metric. It is important to
note that the curvature κ is now dimensionful and can be chosen as an arbitrary number. The geometry
of the spacetime can be classified by κ > 0, κ = 0 and κ < 0. However, it is convenient to choose
this number as κ = 1, κ = 0 and κ = −1 for closed, flat and open geometry of the three-dimensional
hypersurface.

1.4 Exercise
1. From the line element dσ2 = γijdx

idxj = e2Bdr2+r2
(
dθ2 + sin2 θdϕ2

)
, find non-zero components

of Γijk and Rij .

2. By embedding the three-dimensional hypersurface dσ2 = dr2

1−k r2 + r2
(
dθ2 + sin2 θdϕ2

)
into four-

dimensional Euclidean space, show that for k = 1, k = 0 and k = −1 the geometry of the space
corresponds to a sphere, flat and hyperboloid, respectively.
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Chapter 2

Background evolution

In order to study the dynamics of the universe, one has to use the Einstein field equation with FLRW
metric. In the left-hand side of the Einstein equation, there is only one function to determine, which
is the scale factor a(t), and only one number, which is the curvature κ. The scale factor will provide
us the evolution behavior of the universe, and the curvature will provide us the geometry of the three-
dimensional hypersurface. For the right-hand side of the Einstein equation, one needs to find the form
of the fluid to satisfy the homogeneity and isotropy of the universe.

2.1 Perfect fluid
The perfect fluid is the fluid without viscosity and heat transfer between its elements in its rest frame.
Since there is no heat transfer, the components T 0i will vanish. This satisfies the same requirement
for the metric, where g0i = 0. Moreover, no viscosity leads to no shear between elements of the fluid,
so that the components T ij , (i ̸= j) vanish. This also satisfies the same requirement for the metric
where gij = 0 for i ̸= j. As a result, for the perfect fluid there are two functions to determine, which
are the energy density, ρ, and the pressure, p, of the fluid. Note that the pressure p serves as the the
pressure in every direction, satisfying the isotropic condition. Moreover, to satisfy the homogeneity
and isotropy, one has to require that the energy density and pressure must be independent of the
spatial coordinates, so that one obtains ρ = ρ(t) and p = p(t). As a result, the EMT can be written
in the matrix form as

Tµν =


ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 . (2.1)

Note that this form of the EMT is valid only in its rest frame. One needs a covariant form of the
EMT in order to use it in the field equation. Let us find this covariant form by using the Lorentz
transformation with the Lorentz matrix as

Λij = δij +
γ − 1

v2
vivj , Λi0 = γvi, Λ0

0 = γ. (2.2)

By applying these to the energy-momentum tensor above, one obtains

T ij = pδij + vi vjγ2(ρ+ p), (2.3)
T 0i = viγ2(ρ+ p), (2.4)
T 00 = (γ − 1)p+ γ2ρ. (2.5)

Note that calculation details are left in the exercise. By using the form of the 4-velocity as

U0 =
dt

dτ
= γ, U i =

dxi

dτ
= γvi. (2.6)
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The components of the EMT above can be written as

Tµν = (ρ+ p)Uµ Uν + pηµν . (2.7)

Now, we already have the form of the perfect fluid, which can be expressed in any frame. However,
this form can be used only in the flat spacetime. We need to express it in a more general form that
includes curved spacetime. This can be generalized by replacing ηµν with the general metric tensor
gµν and remembering that the indices can be raised or lowered by using gµν . As a result, the generally
covariant form of the EMT for the perfect fluid can be expressed as

Tµν = (ρ+ p)Uµ Uν + pgµν . (2.8)

2.2 Friedmann equation dynamics of the universe
We already know the general form of both the metric tensor and EMT. Now, we will perform calcula-
tions to find the exact solutions. In order to solve for the solution, let us find the components of the
Einstein tensor first. By using the FLRW metric in Eq. (1.29) and the definition of the connection,
each component of the connection can be calculated, such as

Γ0
ij =

1

2
g00 (���∂ig0j +���∂jg0i − ∂0gij) , (2.9)

=
1

2
(−1)

(
−∂t(a2γij)

)
, (2.10)

= γijaȧ =
ȧ

a
a2γij = Hgij , (2.11)

where dot denote the derivative with respect to the coordinate t and H = ȧ/a is the Hubble parameter.
Other non-zero components can be calculated in the same way and then left for the student to perform
for the exercise. The results can be expressed as

Γi0j = Hδij , Γ1
11 =

κr

1− κr2
, Γ1

22 = −r(1− κr2), Γ1
33 = sin2 θ Γ1

22,

Γ2
33 = − sin θ cos θ, Γ2

12 = Γ2
21 = Γ3

13 = Γ3
31 =

1

r
, Γ3

23 = Γ3
32 = cot θ. (2.12)

By using these components of the connection and the definition of the Ricci tensor, the non-zero
components of the Ricci tensor and the Ricci scalar can be written as

R00 = −3(Ḣ +H2), (2.13)

Rij =

(
Ḣ + 3H2 +

2κ

a2

)
gij , (2.14)

R = gµνRµν = g00R00 + gijRij = 6
(
Ḣ + 2H2 +

κ

a2

)
. (2.15)

Consequently, the non-zero components of the Einstein tensor can be written as

G0
0 = −3

(
H2 +

κ

a2

)
, (2.16)

Gij = −
(
2Ḣ + 3H2 +

κ

a2

)
δij . (2.17)

The non-zero components of EMT can be expressed as T 0
0 = −ρ, T ij = pδij . Now we have all components

of ones in both sides of the Einstein equation. By putting these into the Einstein equation, one obtains
(0, 0) and (i, j) components respectively as

3
(
H2 +

κ

a2

)
= 8πGρ, (2.18)

−
(
2Ḣ + 3H2 +

κ

a2

)
= 8πGp. (2.19)
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Now, we have two equations and three variables, a, ρ, p. It might not be possible to solve the exact
solutions for them. However, we actually have one more equation, coming from the conservation of
the EMT, as follows

∇µTµν = ∂µT
µ
ν + ΓµµρT

ρ
ν − ΓρµνT

µ
ρ = 0,

∇µTµ0 = ∂µT
µ
0 + ΓµµρT

ρ
0 − Γρµ0T

µ
ρ ,

= ∂0T
0
0 + Γii0T

0
0 − Γij0T

j
i ,

= −ρ̇− 3Hρ−Hδijp δ
j
i ,

= −(ρ̇+ 3H(ρ+ p)) = 0,

ρ̇+ 3H(ρ+ p) = 0. (2.20)

Now we have 3 equations and 3 variables to solve. It seems like we can use these equations to
completely solve for the solutions. However, one finds that only two of them are independent. Actually,
one can show that ∂t(2.18)+ 3H(( 2.18) + (2.19)) = 0 gives Eq. (2.20). In order to solve the equations
exactly, one has to impose one more condition. It is convenient to impose the condition between ρ
and p to characterize the properties of the perfect fluid. The well-known condition is the "equation of
state",

p = wρ, (2.21)

where w is the equation of state parameter. Substituting this into continuity equation Eq. (2.20), and
then solving ρ in terms of a, one obtains

ρ = ρ0a
−3(1+w), (2.22)

where ρ0 is the integration constant representing the energy density at the present time at a = 1. Now
let us consider the universe filled with one of the well-known matter/energy

• Non-relativistic matter

Non-relativistic matter is also known by other names such as dust or matter. As we know dust is
the fluid with pressureless. Therefore, the equation of state parameter vanishes, w = 0. Substituting
w = 0 into Eq. (2.22), we have ρ ∝ a−3. This also makes our sense, since the number of particles is
conserved; then the energy density is scaled by its volume, which is proportional to a3.

• Relativistic matter

Relativistic matter is also known as radiation. From the exercise, we found that the energy-momentum
of radiation (gauge field) is traceless. This corresponds to ρ + 3p = 0, → w = 1/3. Substituting
w = 1/3 into Eq. (2.22), we have ρ ∝ a−4. This also make our sense since the energy of the photon
(or radiation) is also inversely proportional to wavelength, which is scaled by a. Together with volume
scaling, the energy density is proportional to a−4.

Now we can go further to find the exact solution. Let substituting ρ = ρ0a
−3(1+w) into Eq. (2.18)

and then we have

3
(
H2 +

κ

a2

)
= 8πGρ0a

−3(1+w). (2.23)

For simplicity, let us solve this equation in the case of a flat universe k = 0. As a result, the solution
can be written as

a =

(
t

t0

) 2
3(1+w)

, t0 =
√
12πG(1 + w) (2.24)

As a result, for matter and radiation we have

• matter: a ∝ t2/3.
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• radiation: a ∝ t1/2.

Before we finish this section, let us consider one of the important equations called the acceleration
equation. Eliminating κ term in Eq. (2.18) and Eq. (2.19), one obtains

2Ḣ + 2H2 = −8πG

3
(1 + 3w)ρ, → ä

a
= −4πG

3
(1 + 3w)ρ. (2.25)

From this equation, one finds that for the well-known matter/energy (all non-relativistic, w = 0, and
relativistic, w = 1/3 ones), it is not possible to provide the universe with accelerated expansion. Note
that this is possible for the cosmological constant, and leave it for students in the exercise. Finally, I
will briefly review the standard picture of the universe, including the evolution of the universe and the
major events in the history of the universe. This is illustrated roughly in Fig. 2.1 and I will explain
in more detail in the classroom.

Figure 2.1: The left panel shows the standard evolution of the universe. The right panel shows the
major events in the history of the universe [5].

2.3 Inflation
The inflationary model is a model providing the enormous expansion of the universe at very early
times. This model is constructed in order to solve some cosmological problems. It is worthwhile to
first give how the problems are and then how the inflationary model can solve them.

2.3.1 Cosmological problems

• Flatness problem

It is convenient to change variables to characterize the dynamics of the universe as follows:

Ω =
8πG

3
ρ, (2.26)

and the dynamics of Ω is scaled by N = ln a instead of t. As a result, the quantity with a time
derivative can be changed in terms of the derivative with respect to N as

Ẋ = HX ′ = H
dX

dN
. (2.27)

As a result, the Friedmann equation, Eq. (2.18), becomes

1 = Ω + Ωk, Ωk = −
κ

(aH)2
. (2.28)
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Note that the observation suggest that −0.0175 < Ω
(0)
k < 0.085 which is very tiny and then one can

approximated as Ω(0) ∼ 1. Also the acceleration equation, Eq. (2.25), and continuity equation, Eq.
(2.20), respectively becomes

2
H ′

H
= −2− (1 + 3w)Ω, (2.29)

ρ′ = −3(1 + w)ρ. (2.30)

By using the definition of the density parameter, Ω, one obtains

Ω′ = Ω

(
ρ′

ρ
− 2

H ′

H

)
,

= −Ω(3(1 + w)− 2− (1 + 3w)Ω) ,

= (1 + 3w)Ω (Ω− 1) (2.31)

From this equation, one finds that, as long as 1 + 3w > 0, the solution for Ω = 1 is a repelling
solution. In order to obtain the total density at the present approximately unity, Ω(0) ∼ 1, one has
to enormously tune the initial conditions. For example, to obtain |Ω(0) − 1| < 0.02 one has to put
the initial value at the nucleosynthesis as Ω(nuc) ∼ 1± 10−12. This is known as the flatness problem:
"Why is the universe so flat?".

• Horizon problem

To understand this problem, let us consider the null geodesic of the massless particle (photon) as

|dx⃗| =
ˆ t

0

dt′

a(t′)
. (2.32)

This distance gives us how long/ how far the photon travels from the past. Moreover, one can also
find the new time coordinate which gives the metric conformally flat, as dt2 = a2dτ2, where τ is the
conformal time. As a result, we have

|dx⃗| = τ =

ˆ t

0

dt′

a(t′)
. (2.33)

Figure 2.2: The conformal diagram shows that a photon in the past is not causally connected [5].

The conformal diagram can be shown in Fig. 2.2. From this figure, one can see that most spots in
the CMB have non-overlapping past light cones. This means that they never were in causal contact.
However, from observation, the CMB temperature is very smooth, ∆T

T ∼ 10−5. This is the Horizon
problem: "Why is the CMB temperature very smooth even though they never were in causal contact?".
To see this problem mathematically, let us consider two distances as follows;

• physical distance, dp, is proportional to the scale factor, dp ∝ a.

12



• horizon distance, dH , is proportional to H−1, dH ∝ H−1.

Therefore, the ratio of these distances can be written as(
dp
dH

)2

= (aH)2. (2.34)

By using a ∝ t2/(3(1+w)), one has

d

dN

(
dp
dH

)2

=
d

dN
(aH)2 = −(1 + 3w)(aH)2 = −(1 + 3w)

(
dp
dH

)2

. (2.35)

From this expression, we found that for 1 + 3w > 0, dH always grows faster than dp. That is, more
and more space falls into the horizon or becomes causally disconnected at the late times.

2.3.2 Solution and Inflationary model

In order to solve these problems, let us summarize the main equations associated to the problem as
follows:

• flatness problem

Ω′ = (1 + 3w)Ω (Ω− 1) , (2.36)

• horizon problem

d

dN

(
dp
dH

)2

= −(1 + 3w)

(
dp
dH

)2

, (2.37)

• acceleration equation

ä

a
= −4πG

3
(1 + 3w)ρ. (2.38)

From these three equations, there is one common factor, which is 1+ 3w. From our discussion before,
we found that the known matter gives the equation of state parameter w > −1/3, which makes the
universe expand with deceleration, ä < 0. In order to mathematically solve these problems, we have
to impose that the universe must expand with acceleration, ä > 0 → w < −1/3. So this is the main
idea of the inflationary model: "the universe expands with rapid acceleration at very early times".
From this model, it is found that the equation in the flatness problem provides the attractor solution
at Ω = 1. This means that whatever the density parameter is, it will approach 1 at late times. For the
horizon problem, it is found that the photons actually are in the same place initially (the place where
they have enough time with causal contact to make thermal equilibrium), and then the inflation make
them separated to the regions which are causally disconnected. The conformal diagram with inflation
is illustrated in Fig. 2.3. Now we are in a state to ask how much the expansion rate accelerates during
inflation. It is possible to separate this answer in two ways; qualitative and approximated numerical
method. Let us first calculate a rough number of e-foldings, N = ln(af/ai). Considering the horizon
problem, in order to solve it, one can at least require that the ratio (dp/dH)i during inflation must
be equal to the ratio (dp/dH)0 during the present period. Let aE and HE be the scale factor and the
Hubble parameter at the end of inflation, and the Hubble parameter during the radiation-dominated
period can be approximated as H ∝ a−2. As a result, we have

a0H0

aEHE
=
aE
a0

=
T0
TE

=
10−4eV

1015GeV
= 10−28, (2.39)

where we have used T0 as the CMB temperature nowadays and T0 is the temperature at the Grand
Unified scale. By using this approximated number, one can calculate the number of e-foldings as

aiHi = 10−28aEHE , → aE
ai

= 1028, → N = ln
aE
ai

= ln 1028 ∼ 64, (2.40)
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Figure 2.3: The conformal diagram with the inflationary period shows that it is possible for the
photons in the past to be causally connected [5].

where we have used the fact that H is almost constant during inflation.
Now let us find the qualitative approximation during inflation called the "slow-roll approxima-

tion". Since we need the acceleration of the universe, one may find the dimensionless parameter to
characterize the acceleration as follows,

Ḣ =
ä

a
−H2, → ä

aH2
= 1 +

Ḣ

H2
= 1− ϵ, (2.41)

where we have defined the slow-roll parameter ϵ to characterize the acceleration as

ϵ = − Ḣ

H2
. (2.42)

Now we can require that ϵ ≪ 1 during inflation and then the inflation ends at ϵ ∼ 1. Moreover, one
may require that the inflation must last long enough to guarantee solving the problems. This means
that ϵ≪ 1 must hold long enough. Therefore, one can define one more slow-roll parameter as

η =
ϵ′

ϵ
=

ϵ̇

ϵH
, (2.43)

and the requirement for inflation is η ≪ 1.

2.3.3 Dynamics of inflation

In the previous subsection, we know how to solve the cosmological problem, which is making the uni-
verse expand with acceleration. Now we can ask a bit more deeply: how can the universe expand with
acceleration? Actually, this question is just want to know that how can we construct the dynamical
model of inflation. The simple model is just add a scalar field into the model and then check how this
scalar field can make the universe accelerate. We will perform this procedure in this subsection. Let
us consider the scalar field model as follows:

S =

ˆ
d4x
√
−g
(
M2
P

2
R− 1

2
∇µϕ∇µϕ− V (ϕ)

)
, (2.44)

14



where MP = (8πG)−1/2 is the Planck mass and the scalar field depends only on t to satisfy the
cosmological principle.

For the energy-momentum tensor of the matter field, it can be expressed as

Tµν ≡ − 2√
−g

δLm
δgµν

= − 2√
−g

δ(
√
−gLm)
δgµν

, (2.45)

= − 2√
−g

(√
−g δLm

δgµν
+ Lm

δ
√
−g

δgµν

)
,

= −2
(
δLm
δgµν

− 1

2
Lmgµν

)
, (2.46)

Therefore, for the scalar field, we have

Lm = Lϕ = −1

2
gρσ∇ρϕ∇σϕ− V (ϕ), (2.47)

then the energy-momentum tensor for the scalar field can be found as follows,

δLϕ
δgµν

= −1

2

δgρσ

δgµν
∇ρϕ∇σϕ,

= −1

2
∇µϕ∇νϕ,

Tµν = ∇µϕ∇νϕ−
(
1

2
gρσ∇ρϕ∇σϕ+ V (ϕ)

)
gµν . (2.48)

By substituting the FLWR metric into the energy-momentum tensor in Eq. (2.48), the non-zero
components of the scalar field can be written as

T 0
0 = −

(
1

2
ϕ̇2 + V

)
= −ρϕ, → ρϕ =

1

2
ϕ̇2 + V, (2.49)

T ij = −
(
−1

2
ϕ̇2 + V

)
δij = pϕδ

i
j , → pϕ =

1

2
ϕ̇2 − V. (2.50)

As a result, the equation of state parameter of the scalar field can be written as

wϕ =
pϕ
ρϕ

=
1
2 ϕ̇

2 − V
1
2 ϕ̇

2 + V
. (2.51)

In order to provide the acceleration, we have

wϕ < −
1

3
→ 1

2
ϕ̇2 < V. (2.52)

However, this does not guarantee that it is sufficient for inflation. So one needs to check the slow-roll
conditions. In order to check this, we have to use the equations of motion, which are the components
(0, 0) and (i, j) as well as the equation of the scalar field;

3H2M2
P =

1

2
ϕ̇2 + V, (2.53)

(2Ḣ + 3H2)M2
P = −1

2
ϕ̇2 + V, (2.54)

ϕ̈+ 3Hϕ̇+ V,ϕ = 0. (2.55)

By performing ((2.53)− (2.54))/(2.53), one obtains

ϵ = − Ḣ

H2
=

ϕ̇2

2M2
PH

2
. (2.56)
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Therefore, to obtain the inflation, one requires

ϕ̇2

2M2
PH

2
≪ 1. (2.57)

Note that by using Eq. (2.53), this condition also satisfies

1

2
ϕ̇2 ≪ V. (2.58)

This means that the kinetic term must be much less than the potential of the scalar field. In this case,
the scalar field moves very slowly on the potential. One also sees that wϕ ∼ −1. In order to keep the
scalar field slowly moving long enough, one needs the second slow-roll condition as follows

η =
ϵ′

ϵ
=

1

2M2
P

d

dN

(
ϕ̇2

H2

)
= 2(ϵ− δ), δ ≡ − ϕ̈

Hϕ̇
≪ 1. (2.59)

Note that we defined another slow-roll parameter δ. Note also that in some books/lecture notes, this
parameter is denoted by η. From this condition, we found that the first term in the equation of motion
of the scalar field is much less than the second term. Since the second term corresponds to the friction
term, it means that the scalar field moves very slowly with large friction. From this condition, one can
see that the scalar field must move very slowly. However, from the equation of motion of the scalar
field, one can see that the shape of the potential will control the dynamics of the scalar field. So it is
more convenient to write the slow-roll condition in terms of the potential. By using the approximation
of the equation of motion, the slow-roll parameter can be written as

ϵV =
M2
P

2

(
V,ϕ
V

)2

≪ 1. (2.60)

This condition implies that the scalar field must move on the flat potential (its slope is much less than
its value). Then, by using the same strategy, the second slow-roll condition can be written as

ηV =
ϵ′V
ϵV

= 2(2ϵV − δV ), δV ≡M2
P

V,ϕϕ
V
≪ 1. (2.61)

Note that the detailed calculation is left for the student in the exercise. From this condition, one can
see that this controls the slope of the potential to be much less than its value. This guarantees that
the scalar field moves slowly long enough. Now, let us calculate the number of e-foldings in terms of
the slow-roll parameter as follows:

N =

ˆ
Hdt =

ˆ
H

ϕ̇
dϕ = −

ˆ
3H2

V,ϕ
dϕ = − 1

M2
P

ˆ
V

V,ϕ
dϕ =

1

M2
P

ˆ ϕi

ϕe

1√
2ϵV

dϕ. (2.62)

From this expression, if we know the shape of the potential, it is possible to find the number of
e-foldings.

2.4 Dark energy

2.4.1 Cosmological constant

• The simplest candidate to explain the accelerated expansion of the universe nowadays is known
as ΛCDM where Λ stands for the dark energy contributed by the cosmological constant and
CDM stands for the contribution of dark matter, namely Cold dark matter. These two contri-
butions are about 95% of the content in our universe, while the contribution from dark energy
is about 70% and the contribution from dark matter is about 25%.
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• The cosmological constant is the promising candidate for dark energy to drive the accelerated
expansion of the universe nowadays

The action for such the model can be expressed as

S =
1

16πG

ˆ
d4x
√
−g (R− 2Λ) + Sm, (2.63)

where Sm is the action for the matter. Varying the action with respect to the metric tensor, one
obtains

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν . (2.64)

By using the FLRW metric, the Friedmann equation and the acceleration equation can be written as

(
H2 +

κ

a2

)
=

8πG

3
ρ+

Λ

3
, (2.65)

ä

a
=

8πG

3
(ρ+ 3p) +

Λ

3
. (2.66)

• When Einstein constructed the Einstein equation, he believed that the universe was static.
Therefore, he put the cosmological constant into the Einstein equation to make the universe
static.

To achieve such a goal, one can find the solution such that ȧ = 0 = ä. Let us examine what the
cosmological constant can be. Firstly, let us consider the universe filled with dust so that the pressure
vanishes. From Eq. (2.66) and Eq. (2.65), one obtains

8πG

3
(ρ+ 3p) +

Λ

3
= 0, ⇒ ρ =

Λ

4π
, (2.67)

8πG

3
ρ+

Λ

3
=

κ

a2
⇒ κ

a2
= Λ. (2.68)

• After that, Lemaitre showed that even though this is a solution to the equations of motion, it is
not stable due to the small perturbation.

• In 1917, de Sitter found that there exists the solution in the empty space with H =
√
Λ/3.

• During 1910-1920, Slipler observed the spectra of the galaxies and found that they are redshifted.

• In 1922, Friedmann found the evolving solution with the expanding universe.

• In 1927, Lermaitre proposed the "hot Big Bang" model of the universe. This is may be the first
model to explain how the universe evolves associated with general relativity. In such the model,
the evolution of the universe can be divided into 3 states as follows

1. Fundamental elements are formed, and the universe expands from the point source. It dominated
by pressureless matter, a ∝ tn(0 < n < 1).

2. Nebulae and galaxies are formed. The phase is represented by the static universe proposed by
Einstein, a ∝ const

3. A period of fast expansion of the universe, a ∝ tn(1 < n). This phase is realized by the de Sitter
solution.

• In 1929, Hubble formulated Hubble’s law by combining the results of Slipher. The existence
of a cosmological constant was clearly not required to give rise to the cosmic expansion of the
universe.
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• In 1945, in the book "The Meaning of Relativity" written by Einstein, he said that "if the Hubble’s
expansion had been discovered at the time of creation of the general theory of relativity, the
cosmological constant would never have been introduced".

• In 1970, Gamov recalled that "when I was discussing cosmological problems with Einstein, he
remarked that the introduction of the cosmological constant term was the biggest blunder he
ever made in his life". Remarkably, the cosmological constant has become the main ingredient
in the standard cosmology nowadays.

2.5 Exercise
1. By using the metric in Eq. (1.29), find non-zero components of Γρµν and Rµν .

2. From the action of the gauge field

S =

ˆ
d4x
√
−g
(
−1

4
FµνF

µν

)
, (2.69)

find the energy-momentum tensor and then show that it is traceless.

3. From Einstein-Hilbert with cosmological constant

S =
1

16πG

ˆ
d4x
√
−g (R− 2Λ) , (2.70)

Find the energy-momentum tensor for Λ and the equation of state parameter, as well as find
the solution for a(t) in the case κ = 0.

4. By using the approximated equations of motion, show that the slow-roll parameter can be written
as

ϵV =
M2
P

2

(
V,ϕ
V

)2

, (2.71)

δV = M2
P

V,ϕϕ
V

. (2.72)
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Chapter 3

Cosmological perturbations

3.1 Perturbed spacetime and matter/energy
previous lecture, we studied a model of the very early Universe called inflation. This model is built on
the cosmological principle, i.e., that the Universe is homogeneous and isotropic on macroscopic scales.
However, measurements of the CMB anisotropies show that the Universe is not perfectly homoge-
neous and isotropic: the CMB temperature measured in different directions differs by about 0.001%.
Moreover, structures in the Universe such as stars, galaxies, and clusters of galaxies—which repre-
sent inhomogeneities and anisotropies—cannot arise from a spacetime that is exactly homogeneous
and isotropic. Nevertheless, the cosmological principle remains a good approximation, because if we
average the matter–energy content over regions larger than about 100Mpc, the distribution is fairly
homogeneous and isotropic.

The inhomogeneities and anisotropies in the present-day Universe developed from tiny inhomo-
geneities and anisotropies in the early Universe. In the next lecture, we will study how the small
primordial inhomogeneities and anisotropies originate from the quantum fluctuations of the inflaton
that drives inflation. Since the amplitude of these primordial inhomogeneities and anisotropies is small,
we can treat them as perturbations about a homogeneous and isotropic Universe. The evolution and
properties of these perturbations can be studied using cosmological perturbation theory.

In general, linear perturbation theory, also called first-order perturbation theory, is sufficient to
study the evolution of the small inhomogeneities and anisotropies in the early Universe, because their
amplitudes are small. However, to study certain properties—for example, whether the statistics are
Gaussian — we need second-order perturbation theory.

As the Universe evolves through different epochs, the perturbations also evolve. On large scales
(larger than the Hubble radius), present-day perturbations do not change much compared to their
primordial values. Therefore, linear theory can be used to study their evolution on these scales.
In the matter-dominated era, however, on small scales (smaller than the scale of galaxy clusters),
perturbations grow with time. This growth increases the inhomogeneity of the gravitational field,
and when it becomes sufficiently large, it causes matter–energy in underdense regions to flow into
overdense regions.

As a result, overdense regions gradually become more inhomogeneous and anisotropic and develop
into clusters of galaxies, galaxies, stars, etc. This structure-formation process is known as gravitational
instability.

Structure formation on small scales is a nonlinear process, with perturbations too large for linear
theory. The formation of structure can be studied using nonlinear cosmological perturbation theory,
the spherical collapse model, and computer N - body simulations; we will not discuss these topics here.

In this lecture we will study linear cosmological perturbation theory, starting by splitting the metric
and the energy–momentum tensor into homogeneous background parts plus perturbations. After
deriving the evolution equations for the perturbations, we will discuss the gauge problem. We will
show that on large scales there exist conserved quantities for linear perturbations. Since observations
indicate that CMB anisotropies and the (averaged) matter–energy distribution on large scales are
sufficiently small, linear perturbation theory can be used to study the inhomogeneities and anisotropies
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observed today.
Therefore, conserved quantities for linear perturbations allow us to connect CMB measurements

and the matter–energy distribution to perturbations generated in the early Universe and at later
times, such as at last scattering. For this reason, cosmological perturbation theory is an important
framework for studying the nature of the Universe.

3.1.1 Perturbations of the Einstein tensor

In cosmological perturbation theory, we treat small inhomogeneities and anisotropies in the spacetime
of the Universe as perturbations about the FLRW metric, i.e.,

gµν = ḡµν + hµν , (3.1)

where hµν is the perturbed metric. It is symmetric, i.e., hµν = hνµ, and ḡµν is the background metric,
taken to be the FLRW metric in conformal time τ ,

dsa = a2(τ)
(
−dτ2 + δijdx

i dxj
)
, (3.2)

whose components can be written as

ḡ00 = −a2(τ) , ḡij = a2(τ)δij , ḡi0 = ḡ0i = 0 . (3.3)

In this lecture we will focus on perturbations in a spatially flat Universe. The extension to the case
with nonzero spatial curvature is straightforward: one simply replaces δij in the above expressions
by the appropriate three-metric corresponding to the general FLRW line element. For the inverse
perturbed metric, we have

gµαg
αν = δνµ = (ḡµα + hµα) (ḡ

αν + hαν) = δνµ + ḡµαh
αν + hµαḡ

αν +O
(
h2
)
,

⇒ ḡµαh
αν = −ḡβνhµβ , ⇒ hµν = −ḡµαḡνβhαβ . (3.4)

The last equation above shows that we cannot directly raise the indices of hµν using the background
metric unless we redefine hµν → −hµν , i.e., define gµν = ḡµν − hµν . However, we will not adopt this
definition. From the relation above, the components of hµν can be written as follows:

h00 = −a−4h00 , h0i = a−4h0i , hij = −a−4hij . (3.5)

For the background Christoffel connection, the nonzero components are

Γνµ0 = δνµ
a′

a
= δνµH , Γ0

ij = δijH , (3.6)

Using the metric in Eq. (3.1), we can compute the perturbed Christoffel connection δΓλµν as follows:

Γλµν = Γ̄λµν + δΓλµν

= Γ̄λµν +
hλα

2
(∂µḡαν + ∂ν ḡαµ − ∂αḡµν) +

ḡλα

2
(∂µhαν + ∂νhαµ − ∂αhµν)

δΓλµν = −ḡλβhβγΓ̄γµν +
ḡλα

2
(∂µhαν + ∂νhαµ − ∂αhµν) , (3.7)

In the third line we used hµν = −ḡµαḡνβhαβ . From the previous lecture, the expression above can be
written in terms of covariant derivatives as

δΓρµν =
ḡρα

2
(∇µhαν +∇νhαµ −∇αhµν) , (3.8)

From Eqs. (3.8) and (3.6) we can show that

δΓµµν =
1

2
∂ν [ḡ

µαhαµ] = ∂ν
[
h00 + hii

]
= ∂ν

[
hii
2a2
− h00

2a2

]
, (3.9)
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which will be very useful when we compute perturbations of the curvature tensor in the next step.
Using Eqs. (3.7) and (3.6), the nonzero components of δΓλµν are

δΓkij = −H
a2
δijhk0 +

1

2a2
(∂ihkj + ∂jhki − ∂khij) , (3.10)

δΓji0 = −H
a2
hji +

1

2a2
(
∂ihj0 + h′ji − ∂jhi0

)
, (3.11)

δΓ0
ij =

H
a2
h00δij −

1

2a2
(
∂ih0j + ∂jh0i − h′ij

)
, (3.12)

δΓi00 = −H
a2
hi0 +

1

2a2
(
2h′i0 − ∂ih00

)
, (3.13)

δΓ0
i0 =

H
a2
h0i −

1

2a2
∂ih00 , (3.14)

δΓ0
00 =

H
a2
h00 −

1

2a2
h′00 . (3.15)

Using the background expression for the Ricci tensor, we can write the perturbed Ricci tensor in terms
of δΓλµν as

δRµν = ∂λδΓ
λ
µν − ∂νδΓλµλ + δΓαµν Γ̄

λ
αλ + Γ̄αµνδΓ

λ
αλ − δΓαµλΓ̄λνα − Γ̄αµλδΓ

λ
να . (3.16)

Here we are interested in the perturbation of Rνµ, which can be obtained from δRµν as

δRνµ = δ (gναRαµ) = hναR̄αµ + ḡναδRαµ . (3.17)

where the nonzero components of the background Ricci tensor and the background Ricci scalar are

R00 = −3H ′ , Rij = δij
(
H ′ + 2H2

)
, R =

6

a2
H ′ +

6

a2
H2 . (3.18)

Using Eqs. (3.9)–(3.15) and (3.18), we obtain the following nonzero components of δRνµ:

δRji = hji
(
H ′ + 2H2

)
+

1

a2
∂0

[
H
a2
h00δij −

1

2a2
(
∂ih0j + ∂jh0i − h′ij

)]
+

1

a2
∂k

[
−H
a2
hk0δji +

1

2a2
(∂ihkj + ∂jhki − ∂khij)

]
− 1

a2
∂j∂i

(
hkk
2a2
− h00

2a2

)
+4
H
a2
δΓ0

ij +
H
a2
δijδΓ

λ
0λ − 2

H
a2
δΓ0

ij −
H
a2
δΓji0 −

H
a2
δΓij0

=
1

2a4
[
∂k (∂ihkj + ∂jhki − ∂khij)− ∂j∂i (hkk − h00)−

(
∂ih

′
0j + ∂jh

′
0i − h′′ij

)]
+
H
2a4

[
h′00δij − 2∂khk0δji + δijh

′
kk − 2h′ji

]
+

1

a4
(
H ′ +H2

)
h00δij −

1

a4
H ′hij −

H2

a4
δijhkk . (3.19)

δRi0 =
1

2a4
[
∂j
(
∂ihj0 + h′ji − ∂jhi0

)
− ∂ih′jj

]
+
H
a4

[∂ihjj − ∂jhij − ∂ih00]

+
2

a4
(
H2 −H ′)h0i , (3.20)

δR0
i =

1

a4
h0jR̄ji −

1

a2
δR0i = −δRi0 +

2

a4
h0i
(
H2 −H ′) , (3.21)

δR0
0 =

1

2a4
[
h′′ii − 2∂ih

′
i0 +∇2h00

]
+
H
a4

[
∂ihi0 −

3

2
(hii − h00)′

]
− 1

a4
(
H′ −H2

)
hii +

3

a4
(
H′ −H2

)
h00 , (3.22)

Note that we have used ∇2 = ∂k∂
k. Note also that the position of the index is not matched in the

above equations. This is due to the background metric, which is in Cartesian coordinates. Therefore,
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δjk = δjk = δjk and the partial derivative ∂i is performs with coordinate xi can be written as ∂i = ∂i

From the above equations, the Ricci scalar can be obtained as

δR = δR0
0 + δRii =

1

a4
[
h′′ii − 2∂ih

′
i0 +∇2h00 + ∂k∂ihki −∇2hii

]
(3.23)

+
H
a4
[
3h′00 − 2∂khk0 − h′ii

]
− 2

1

a4
(
H′ +H2

)
hii +

6

a4
H′h00 .

The evolution of the perturbation in the metric can be followed through the Einstein equation as

δGνµ = δRνµ −
1

2
δνµδR = δT νµ , (3.24)

where δGνµ is the perturbed Einstein tensor and δT νµ is the perturbed energy–momentum tensor. From
now on we work in units where the reduced Planck mass Mp is set to unity, i.e., Mp = 1/

√
8πG = 1.

To solve the above equation, we need to know the form and evolution of the perturbation in the
energy–momentum tensor, which we study next.

3.1.2 Perturbations of the energy–momentum tensor

From the conservation of the energy–momentum tensor,

∇µTµν = ∂µT
µ
ν + ΓµµαT

α
ν − ΓαµνT

µ
α = 0 , (3.25)

we can derive the evolution equations for perturbations of the energy–momentum tensor by splitting
T νµ into a background part T̄ νµ and a perturbed part δT νµ as follows:

∂µ
(
T̄µν + δT µν

)
+
(
Γ̄µµα + δΓµµα

) (
T̄αν + δTαν

)
−
(
Γ̄αµν + δΓαµν

) (
T̄µα + δT µα

)
= 0 ,

⇒ ∂µδT
µ
ν + Γ̄µµαδT

α
ν + δΓµµαT̄

α
ν − Γ̄αµνδT

µ
α − δΓαµν T̄µα = 0 . (3.26)

Because the background spacetime is homogeneous and isotropic, the background energy–momentum
tensor T̄ νµ takes the perfect-fluid form (as discussed earlier). The ν = 0 component of the above
equation gives the energy-conservation equation, namely

∂µδT
µ
0 + 3HδT 0

0 −HδT ii −
(
hii
2a2

)′
(ρ̄+ p̄) = 0 . (3.27)

The momentum-conservation equation follows from the ν = i component of Eq. (3.26), i.e.,

∂µδT
µ
i + 3HδT 0

i −
∂ih00
2a2

(ρ̄+ p̄)−HδijδT j0 +
H
a2
h0i (ρ̄+ p̄) = 0 ,

∂µδT
µ
i + 4HδT 0

i −
∂ih00
2a2

(ρ̄+ p̄) = 0 , (3.28)

In the second line we used the relation

δT i0 = −δT 0
i +

1

a2
h0i (ρ̄+ p̄) . (3.29)

Exercise1 Using the energy–momentum tensor of a scalar field,

Tµν = ∇µϕ∇νϕ+

(
1

2
∇ρ∇ρϕ+ V (ϕ)

)
gµν (3.30)

find the linear perturbation of the scalar-field energy–momentum tensor, δTµν .

3.2 Scalar, vector, and tensor modes of perturbations
In general, the components of the perturbed metric and the perturbed Tµν can be written in terms
of scalar, vector, and tensor functions. In linear perturbation theory, these three types of functions
evolve independently. Therefore, we refer to them as the scalar mode, vector mode, and tensor mode
of the perturbations. These modes are related to scalar-type perturbations.
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3.2.1 Scalar, vector, and tensor modes of the perturbed metric

In this subsection, we decompose the components of the metric perturbation into scalar, vector, and
tensor modes. When we separate the time components from the spatial components, we see that
the component h00 can be written as a scalar function, denoted here by ϕ. Before proceeding, we
emphasize that the components of the perturbations in spacetime and in matter–energy depend on
both time and space; in particular, ϕ is a function of position and time. In general, the components
hi0 and h0i can be written as a three-dimensional vector. Any three-vector can be decomposed into
two independent vectors: a divergence-free (transverse) vector and a curl-free (longitudinal) vector.
Since a longitudinal vector can be written as the gradient of a scalar function, we can write h0i and
hi0 in terms of scalar and vector functions as

hi0 = h0i = a2 (∂iB − Si) , (3.31)

where ∂iSi = 0 since Si are transverse. From the background metric in (3.3) we have ∂i = ∂i for
the flat space. For curved space, we need to change the derivative to be the covariant derivative
with the metric ḡij/a

2. By using δij and partial derivatives, one can write hij in terms of a scalar
function. For the vector, one can write it in terms of partial derivatives. In order to make the vector
and scalar independent, the vector must be transverse. In addition, we can write hij in terms of a
three-dimensional tensor. In order for this tensor to be independent of the scalar and vector modes,
it must be traceless and divergence-free. With these considerations, we can write hµν as

hµν = a2(τ)

(
−2ϕ ∂iB − Si

∂jB − Sj −2ψδij + 2∂i∂jE + ∂jFi + ∂iFj +Hij

)
, (3.32)

where ∂iSi = ∂iFi = H i
i = ∂iHij = 0. Using Eq. (3.5) we obtain

hµν = a−2(τ)

(
2ϕ ∂iB − Si

∂jB − Sj 2ψδij − 2∂i∂jE − ∂jF i − ∂iF j +H ij

)
. (3.33)

In the above expression, a−2H ij = −ḡikḡjla2Hkl = −a−2Hij , i.e., H ij = −Hij . The decomposition of
the perturbed metric into scalar, vector, and tensor functions given above is quite general. However,
both ψ and E contribute to the trace of hµν . Therefore, in some cases the component hij is written
in terms of two scalar functions as follows:

hij = hLδij +

(
∂i∂j −

1

3
δij∇2

)
hT , (3.34)

where hL and hT are scalar functions and ∇2 = ∂k∂
k. We see that the trace of hij depends only on

hL, while (for the scalar mode) the traceless part depends only on hT .
From this decomposition, we see that hµν contains 4 degrees of freedom from the 4 scalar functions.

Because the vectors Si and Fi are three-vectors, each has 3 components. However, the components
are not all independent due to the divergence-free conditions; each vector therefore has 2 degrees of
freedom. Thus hµν contains an additional 4 degrees of freedom from the vectors Si and Fi.

Moreover, since Hij is a three-dimensional tensor, it has 9 components. Because Hij is symmetric
(since hµν is symmetric), only 6 components are independent. The condition H i

i = 0 reduces this by
1, and the condition ∂iHij = 0 reduces it by 3 (since j = 1, 2, 3), leaving 2 degrees of freedom. Hence
hµν contains 2 additional degrees of freedom from the tensor Hij .

In summary, hµν has 4 scalar-mode degrees of freedom, 4 vector-mode degrees of freedom, and 2
tensor-mode degrees of freedom, consistent with a symmetric rank-2 tensor in four dimensions having
10 independent components.

3.2.2 Scalar, vector, and tensor modes of the energy–momentum tensor

In this subsection we decompose the perturbed energy–momentum tensor into scalar, vector, and
tensor parts. Because the background space is homogeneous and isotropic, the background energy–
momentum tensor has the perfect-fluid form.
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In a perturbed spacetime, the energy–momentum tensor also acquires perturbations. Small inho-
mogeneities lead to perturbations in the energy density and pressure, which we write as

ρ(τ,x) = ρ̄(τ) + δρ(τ,x) , p(τ,x) = p̄(τ) + δp(τ,x) , (3.35)

where x is the three-dimensional position, ρ̄ and p̄ are the background energy density and pressure
(time-dependent but position-independent), and δρ and δp are the perturbations in the energy density
and pressure.

A small anisotropy in the three-space implies that the fluid three-velocity is no longer zero; equiv-
alently, there is a perturbation in the three-velocity around a vanishing background value. As in the
case of the perturbed metric, we decompose the three-velocity perturbation into a curl-free part and
a divergence-free part, i.e.,

∂iv + vi , (3.36)

where vi is the transverse part of the three-velocity, satisfying ∂ivi = 0. Therefore, the four-velocity
can be written as

uµ =
1

a

(
1− ϕ, ∂iv + vi

)
, (3.37)

The term −ϕ in the time component appears because the four-velocity must satisfy the normalization
condition uµu

µ = −1, which implies

gµνu
µuν = a2 (−1− 2ϕ)

(
u0
)2

+ second-order terms in the perturbations = −1 , (3.38)

i.e., u0 = (1− ϕ)/a. Using uµ = gµνu
ν we obtain

uµ = (ḡµν + hµν)u
ν = a (−1− ϕ, ∂iB + vi + ∂iv − Si) . (3.39)

In addition to a nonzero three-velocity, in general a small anisotropy in the matter content can appear
as an anisotropic-stress perturbation. This can be described by a traceless tensor, which can be
decomposed into a scalar function (S)Π, a transverse vector (V )Π, and a traceless, divergence-free
tensor (T )Π as

Πij =

(
∂i∂j −

1

3
δij∇2

)
(S)Π+

1

2

(
∂j

(V )Πi + ∂i(V )Πj

)
+ (T )Πij . (3.40)

Here we take Π0
0 = Π0

i = Πi0 = 0. We see that, at linear order, an energy–momentum tensor of perfect-
fluid form cannot generate anisotropic-stress perturbations. Moreover, isotropy implies Πji = 0 in the
background spacetime.

With the above considerations, we write the energy–momentum tensor as

Tµν = (ρ+ p)uµuν + pδµν +Πµν , (3.41)

and from Eqs. (3.35), (3.37), and (3.39) we can write δTµν as

δT 0
0 = −δρ , (3.42)

δT 0
i = (ρ̄+ p̄) (∂iB + ∂iv + vi − Si) , (3.43)

δT i0 = − (ρ̄+ p̄)
(
∂iv + vi

)
, (3.44)

δT ij = δp δij +Πij . (3.45)

We see that the above expressions for δT i0 and δT 0
i are consistent with Eq. (3.29).

3.2.3 Evolution equations for scalar, vector, and tensor modes

The evolution equation of the perturbation for scalar, vector, and tensor modes can be obtained by
substituting (3.32), (3.33), (3.42) - (3.45) in Einstein equation (3.24) and conservation equations
(3.27) and (3.28)

The purpose of decomposing the perturbed metric and perturbed Tµν into scalar, vector, and
tensor modes is to make them independent. In fact, we take a vector perturbation to be a three-vector
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with vanishing divergence because such a vector cannot be written as a linear combination of scalar
functions (unlike a longitudinal vector, which can be written as the gradient of a scalar).

Similarly, we write the tensor mode as a traceless, divergence-free tensor because such a tensor
cannot be expressed in terms of scalars and vectors.

Therefore, when we substitute hµν and δT νµ—with their components written in terms of scalar,
vector, and tensor parts—into the Einstein equations and the conservation equations, the terms asso-
ciated with scalar, vector, and tensor perturbations are linearly independent. Consequently, we can
derive the evolution equation for one type of perturbation without considering the others; for example,
we can obtain the evolution of vector perturbations by keeping only the vector part of the equations.

However, the independence of the scalar, vector, and tensor modes holds only at linear order.
As a simple example, consider the term ∂µδT

µ
0 in Eq. (3.27). In linear perturbation theory, the

vector mode in this term vanishes because it is acted on by a partial derivative, i.e.,

∂µδT
µ
0 = −δρ′ − (ρ̄+ p̄) ∂i

(
∂iv + vi

)
= −δρ′ − (ρ̄+ p̄) ∂i∂

iv . (3.46)

But if we consider nonlinear perturbations, we obtain

∂µδT
µ
0 = −δρ′ − ∂i

[
(ρ+ p)

(
∂iv + vi

)]
= −δρ′ − ∂i (δρ+ δp)

(
∂iv + vi

)
− (ρ+ p) ∂i∂

iv . (3.47)

From this expression we see that the divergence-free condition on vi does not make the terms involving
vi independent of those involving v. We will understand this point better when we derive the equations
for the scalar, vector, and tensor modes in what follows.

Scalar mode

First, we consider scalar perturbations. From the µν = 00 component of the Einstein equation (3.24),
we obtain

δR0
0 −

1

2
δR = −δρ ,

⇒ 1

2

(
∇2hii − ∂k∂ihki

)
+H

(
2∂ihi0 − h′ii

)
+H2 (2hii − 3h00) = −a4δρ ,

(3.48)

⇒ 3H
(
ψ′ +Hϕ

)
−H∇2σ −∇2ψ = −1

2
a2δρ , (3.49)

where σ = E′ − B is the scalar shear of spacetime. From the µν = 0i component of the Einstein
equation we obtain

δRi0 = − (ρ̄+ p̄) ∂iv ,

⇒ ψ′ +Hϕ = −1

2
a2 (ρ̄+ p̄) (v +B) . (3.50)

In deriving the above equation, we used the relation

(
H′ −H2

)
= a2

(
ä

a
−H2

)
= a2Ḣ = −4πGa2 (ρ̄+ p̄) . (3.51)

In the case i ̸= j, the components µν = ij of Einstein equation are

Rji = ∂i∂
j(S)Π ,

⇒ ∂k∂ihkj + ∂k∂jhki −∇2hij − ∂j∂i (hkk − h00)−
(
∂ih

′
0j + ∂jh

′
0i − h′′ij

)
− 2Hh′ji − 2H ′hij = 2a4∂i∂

j(S)Π , (3.52)

⇒ ψ − ϕ+ σ′ + 2Hσ = a2(S)Π , (3.53)
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Taking the trace of the µν = ij component of the Einstein equation gives

δRii −
3

2
δR = 3δp ,

⇒ 1

2

[
∇2hkk − ∂k∂ihki − 2∇2h00 + 4∂ih

′
0i − 2h′′ij

]
+
H
2

[
−6h′00 + 4h′kk

]
− 3

(
2H ′ −H2

)
h00 + 2H ′hii = 3a4δp , (3.54)

⇒ ∇2
[
ϕ− ψ − σ′ − 2Hσ

]
+ 3ψ′′ + 6Hψ′ + 3Hϕ′ + 3

(
2H ′ +H2

)
ϕ

=
3

2
a2δp ,

⇒ ψ′′ + 2Hψ′ +Hϕ′ +
(
2H ′ +H2

)
ϕ =

1

2
a2
(
δp+

2

3
∇2(S)Π

)
. (3.55)

In deriving the last line of the above equation, we used Eq. (3.53).
The evolution equations for the scalar perturbations in the energy density and velocity can be

obtained from Eqs. (3.27) and (3.28) as follows:

δρ′ + 3H (δρ+ δp)− (ρ̄+ p̄)
(
3ψ′ −∇2E′ −∇2v

)
= 0 , (3.56)

[(ρ̄+ p̄) (v +B)]′ + δp+
2

3
∇2(S)Π+ (ρ̄+ p̄) (ϕ+ 4H (v +B)) = 0 . (3.57)

For scalar perturbations, we see that there are seven variables whose evolution we would like to
determine: ϕ, ψ,B,E, δρ, δp, and v1. However, there are only four independent evolution equations,
because Eqs. (3.50) and (3.57) can be used to derive Eq. (3.55), and Eq. (3.53) can be obtained from
Eq. (3.49) together with Eqs. (3.56) and (3.57).

Nevertheless, as we will see in Sec. 3.3, two of the perturbation variables are not physical degrees of
freedom associated with physical phenomena. These two degrees of freedom arise from the freedom to
choose the hypersurface (equivalently, the freedom to choose coordinates) used to describe the system;
we refer to them as gauge degrees of freedom. We discuss gauge issues in cosmological perturbation
theory in Sec. 3.3.

Therefore, in the scalar sector there are five physical degrees of freedom, which is one more than the
number of independent evolution equations. To solve the evolution equations we need one additional
relation among ϕ, ψ,E,B, δρ, δp, and v in order to reduce the number of degrees of freedom to match
the number of independent equations. As in solving the Friedmann equations, we can reduce the
degrees of freedom by specifying a relation between δρ and δp, which determines the properties of the
matter content at the perturbative level. We will study this in Sec. 3.4.

Vector mode

From the µν = 0i component of the Einstein equation we obtain

δRi0 = − (ρ̄+ p̄) vi ,

⇒ 1

2a4
(
∂jh

′
ij −∇2hi0

)
− H
a4
∂jhij +

2

a4
(
H2 −H ′)h0i = − (ρ̄+ p̄) vi ,

⇒ ∇2
(
Si + F ′

i

)
= −2a2 (ρ̄+ p̄) (vi − Si) , (3.58)

and from the i ̸= j component of the Einstein equation we obtain

δRji =
1

2

(
∂j(V )Πi + ∂i

(V )Πj
)
,

⇒ V ′ij + 2HVij = a2
(
∂j

(V )Πi + ∂i
(V )Πj

)
, (3.59)

where
Vij = ∂iF

′
j + ∂jF

′
i + ∂iSj + ∂jSi . (3.60)

1For simplicity in this introductory discussion, we set Πj
i = 0.
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Because vector perturbations are divergence-free, there are no vector perturbations in the other com-
ponents of the Einstein equation. For the same reason, only the ν = i component of the conservation
equation contains vector perturbations, and it takes the form

[(ρ̄+ p̄) (vi − Si)]′ +
1

2
∇2(V )Πi + 4H (ρ̄+ p̄) (vi − Si) = 0 . (3.61)

Differentiating both sides of Eq. (3.58) with respect to τ and using Eq. (3.61) to rewrite vi − Si in
terms of Si + F ′

i yields Eq. (3.59). Hence, only two of the above three equations are independent for
vector perturbations.

We will see in the discussion of gauge that, for vector perturbations, V and vi − Si represent
physical degrees of freedom. In the case (V )Π = 0, Eq. (3.59) shows that both degrees of freedom
decay as the Universe expands. In general, one often assumes that vector perturbations decay and
become negligible from the early Universe onward. However, for some forms of matter or in some
modified-gravity theories, the amplitude of vector perturbations may not decay with time, or may
affect metric perturbations. We will not consider such cases in this school.

Tensor mode

Because tensor perturbations are traceless and divergence-free, only the i ̸= j component of the
Einstein equation contains tensor modes. From this component we obtain

δRji =
(T )Πji ,

⇒ H ′′
ij + 2HH ′

ij −∇2Hij = 2a2(T )Πij , (3.62)

We see that the evolution equation for tensor perturbations has the form of a wave equation. Therefore,
tensor perturbations propagate as waves, which are generally called gravitational waves.

3.3 Gauge in cosmological perturbation theory
Although Einstein’s gravitational equations and the conservation equations for the energy–momentum
tensor are tensor equations—so their form does not depend on the choice of reference frame or
coordinates—the explicit form of their components does depend on the coordinates used. Therefore,
we should choose coordinates that are suitable for describing the system, e.g., coordinates adapted to
the symmetries of the system under consideration. This can simplify the equations of motion obtained
from the various components of the tensor equations and may also make the underlying physics more
transparent.

For the background Universe, the homogeneity and isotropy of three-dimensional space are associ-
ated with invariance under translations and rotations (three of each). These symmetries are sufficient
to select a coordinate system appropriate for describing the background Universe. Put simply, for the
background we should use coordinates in which the metric tensor ḡµν is purely diagonal, consistent
with the homogeneity and isotropy of three-space.

However, inhomogeneity and anisotropy break the translation and rotation symmetries of the
spatial slices. Consequently, in a perturbed spacetime there is no symmetry principle that singles out
one preferred coordinate system over another. Nevertheless, by choosing certain coordinates we can
set some components of the perturbed metric to zero. This indicates that some degrees of freedom of
the perturbations arise from the freedom to choose coordinates rather than from physical degrees of
freedom. We call such degrees of freedom gauge degrees of freedom.

In this section, we study how to eliminate gauge degrees of freedom by using the transformation
properties of perturbation variables under a gauge transformation. (gauge transformation)

3.3.1 Gauge transformation

Gauge transformation can be written in terms of an infinitesimal coordinate transformation by using
the vector ξµ as follows

x̃µ = xµ + ξµ (x) . (3.63)
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Under this transformation, the components of a tensor Tµν transform as follows

T̃µν (x̃) =
∂xα

∂x̃µ
∂xβ

∂x̃ν
Tαβ(x) . (3.64)

We see that the tensor components on the left-hand side of this equation are evaluated at the point
x̃µ, whereas the tensor components on the right-hand side are evaluated at the point xµ. To determine
how the tensor components change under a gauge transformation, we must compare the components
on both sides at the same point. We therefore define

∆(Tµν) (x) = T̃µν (x)− Tµν (x) . (3.65)

Using a Taylor expansion, we have

T̃µν (x̃) = T̃µν (x) +
∂T̄µν(x)
∂xα

ξα + nonlinear perturbation terms , (3.66)

where T̄µν is the background tensor. Substituting this expansion into Eq. (3.65), we obtain

∆(Tµν) (x) = T̃µν (x̃)−
∂T̄µν(x)
∂xα

ξα − Tµν (x)

=
∂xα

∂x̃µ
∂xβ

∂x̃ν
Tαβ(x)−

∂T̄µν(x)
∂xα

ξα − Tµν (x)

= Tµν (x)−
∂ξα

∂xµ
T̄αν (x)−

∂ξα

∂xν
T̄µα (x)−

∂T̄µν(x)
∂xα

ξα − Tµν (x)

= −∂ξ
α

∂xµ
T̄αν (x)−

∂ξα

∂xν
T̄µα (x)−

∂T̄µν(x)
∂xα

ξα , (3.67)

In the above calculation, we neglected perturbations of higher than first order and used the fact
that ξµ is a first-order perturbation. The quantity ∆(Tµν) (x) therefore represents the change of the
perturbed tensor components δTµν under the gauge transformation in Eq. (3.63). Since the right-hand
side depends only on first-order quantities, the background tensor T̄µν does not change under the gauge
transformation.

To compute how the scalar, vector, and tensor modes of the perturbations in the metric tensor
and the energy–momentum tensor transform under a gauge transformation, we decompose the gauge-
transformation vector ξµ into independent scalar and vector parts as follows:

τ̃ = τ + ξ0 (τ,x) , x̃i = xi + ∂iξ (τ,x) + ξi (τ,x) , (3.68)

with ∂iξ
i = 0. Taking Tµν = gµν = ḡµν + hµν , we can show that hµν transforms under a gauge

transformation as follows:

h̃ij = hij − 2a2∂i∂jξ − a2
(
∂iξ

j + ∂jξ
i
)
− 2Ha2ξ0δij , (3.69)

h̃0i = h0i − a2
(
∂iξ

′ + ξ′i
)
+ a2∂iξ

0 , (3.70)
h̃00 = h00 + 2a2ξ0 ′ + 2Ha2ξ0 . (3.71)

Substituting Eq. (3.32) into the above expressions, we obtain

ϕ̃ = ϕ−Hξ0 − ξ0 ′ (3.72)
ψ̃ = ψ +Hξ0 , (3.73)
B̃ = B + ξ0 − ξ′ (3.74)
Ẽ = E − ξ , (3.75)
F̃i = Fi − ξi , (3.76)
S̃i = Si + ξ′i . (3.77)
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The tensor Hij does not change under a gauge transformation, because it has no background part.
Using the same method as in the derivation of Eq. (3.67), we can show that

∆T νµ (x) =
∂ξν

∂xα
T̄ αµ (x)− ∂ξα

∂xµ
T̄ να (x)−

∂T̄ νµ (x)
∂xα

ξα . (3.78)

T νµ = T νµ

δ̃T
j

i = δT ji − p̄′ξ0δ
j
i , δ̃T

0

0 = δT 0
0 + ρ̄′ξ0 , (3.79)

δ̃T
0

i = δT 0
i + (ρ̄+ p̄) ∂iξ

0 , δ̃T
i

0 = δT i0 − (ρ̄+ p̄)
(
∂iξ′ + ξi ′

)
. (3.80)

Using Eqs. (3.42)–(3.45) together with the above relations, we obtain

δ̃ρ = δρ− ρ̄′ξ0 , δ̃p = δp− p̄′ξ0 , (3.81)
ṽ = v + ξ′ , ṽi = vi + ξi ′ . (3.82)

From the above calculation we also see that, since Πji vanishes in the background Universe, this
quantity is gauge-invariant.

3.3.2 Eliminating gauge degrees of freedom

Since the gauge-transformation vector ξµ can be written in terms of two scalar functions and one
transverse vector, we can use a gauge transformation to remove two scalar degrees of freedom and
two vector degrees of freedom from the perturbations. This shows that two degrees of freedom in the
scalar sector and two degrees of freedom in the vector sector are gauge degrees of freedom.

In Secs. 3.2.3 and 3.2.3 we saw that, after eliminating two scalar and two vector gauge degrees of
freedom, the number of degrees of freedom in the scalar and vector perturbations matches the number
of independent evolution equations (assuming we also know the relation between δp and δρ). Therefore,
to solve the evolution equations and study the properties of perturbations, we must eliminate gauge
degrees of freedom.

There are two main ways to eliminate gauge degrees of freedom. In the first approach, we perform
calculations using linear combinations of perturbation variables chosen so that the resulting variables
are gauge-invariant. We call such variables gauge-invariant combinations, and we will study them in
the next subsection. The second approach is to fix a gauge, i.e., choose a hypersurface (or coordinate
condition) on which to compute the perturbations. Gauge fixing can be implemented by expressing
the gauge-transformation vector ξµ in terms of the perturbation variables. We will study this method
in several cases after introducing gauge-invariant combinations.

3.3.3 Gauge-invariant combinations

From Eqs. (3.72)–(3.75) we see that the variables Φ and Ψ, defined in terms of the perturbation
variables by

Φ = ϕ−Hσ − σ′ , (3.83)
Ψ = ψ +Hσ , (3.84)

are gauge-invariant. The variables Φ and Ψ are called the Bardeen potentials.
For matter perturbations, we can construct the following gauge-invariant combinations:

δρGI = δρ+
ρ̄′

H
ψ = δρ− 3 (1 + w) ρ̄ψ , (3.85)

vGI = v + E′ . (3.86)

For vector perturbations, we can write gauge-invariant combinations as follows:

Vi = Si + F ′
i , (3.87)

vGI
i = vi − Si . (3.88)

One can see that we can construct other gauge-invariant variables by using this procedure.
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3.3.4 Gauge fixing

In this subsection we eliminate gauge degrees of freedom by fixing a gauge, i.e., by choosing a hy-
persurface. We will study five commonly used gauges, starting with the conformal Newtonian gauge
(conformal Newtonian gauge).

Conformal Newtonian gauge

From Eqs. (3.74) and (3.75) we see that, under a gauge transformation, the shear σ transforms as

σ̃ = σ − ξ0 . (3.89)

Therefore, shifting from an arbitrary hypersurface to a hypersurface with vanishing shear allows us to
fix the time component of the gauge vector ξµ as

ξ0 = σ , (3.90)

where the perturbation variable on the right-hand side is evaluated in an arbitrary gauge.
Fixing ξ0 corresponds to fixing the gauge; once the gauge is fixed, the gauge degrees of freedom are

removed. Alternatively, we may view this as follows: if we choose to perform calculations on a suitable
hypersurface (e.g., one with σ̃ = 0), then we obtain a relation between the gauge-transformation vector
and the perturbation variables. This reduces the number of degrees of freedom of the perturbation
variables, and the degrees of freedom removed are precisely the gauge degrees of freedom.

To fix ξi, we impose Ẽ = 0 on the hypersurface where σ̃ = 0, which gives

ξ = E . (3.91)

From Eqs. (3.90) and (3.91) we see that, for scalar perturbations, the gauge-transformation vector is
completely determined by the variables σ and E. This means that the gauge degrees of freedom are
completely eliminated. For this gauge, the remaining perturbation variables can be written as

ϕn = ϕ−Hσ − σ′ , ψn = ψ +Hσ , (3.92)
δρn = δρ− ρ̄′σ , vn = v + E′ , (3.93)

Here the subscript n denotes quantities in the conformal Newtonian gauge, while the variables on
the right-hand side of the above equations are evaluated in an arbitrary gauge. We call this gauge
the conformal Newtonian gauge because, on sufficiently small scales, the µν = 00 component of the
Einstein equation takes a form analogous to the Poisson equation for Newtonian gravity, with ϕn
and ψn playing the role of gravitational potentials. In some references, this gauge is also called the
longitudinal gauge or the orthogonal zero-shear gauge.

Synchronous gauge

The synchronous gauge was the first gauge proposed together with the development of cosmological
perturbation theory by Lifshitz. In this gauge, we choose to work on hypersurfaces such that pertur-
bations appear only in the spatial part, i.e., we impose ϕ̃ = B̃ = 0. Therefore, we can write ξ0 and ξ
in terms of the perturbation variables as(

aξ0
)′

= aϕ , ⇒ ξ0 =
1

a

ˆ
dτaϕ , (3.94)

ξ′ = B + ξ0 , ⇒ ξ =

ˆ
dτ
(
B + ξ0

)
. (3.95)

From the above equations we see that the synchronous-gauge conditions ϕ̃ = B̃ = 0 do not completely
fix ξ0 and ξ, because the conditions remain true even if ξ0 and ξ are shifted by

˜̃
ξ0 = ξ0 +

f(x)

a
, and ˜̃

ξ = ξ + f(x)

ˆ
dτ

a
, (3.96)
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where f(x) is an arbitrary function of position x. We call this the residual gauge freedom. This shows
that the conditions ϕ̃ = B̃ = 0 are not sufficient to eliminate the gauge degrees of freedom completely.

To find additional conditions that completely remove the gauge freedom, we first write the per-
turbation variables using the gauge choice in Eqs. (3.94) and (3.95), and then perform an additional
gauge transformation given by Eq. (3.96), obtaining

˜̃
ψ =

[
ψ +

H
a

ˆ
dτaϕ

]
+Hf(x)

a
, (3.97)

˜̃
E =

[
E −

ˆ
dτ

(
B +

1

a

ˆ
dτ̄aϕ

)]
− f(x)

ˆ
dτ

a
, (3.98)

˜̃
δρ =

[
δρ− ρ̄′

a

ˆ
dτaϕ

]
− ρ̄′ f(x)

a
, (3.99)

˜̃v =

[
v +B +

1

a

ˆ
dτaϕ

]
+
f(x)

a
. (3.100)

These equations show that the perturbation variables depend on the residual gauge freedom, and the
terms in parentheses give the expressions for the perturbation variables in the synchronous gauge
when f(x) = 0. From the above equation we see that, if we perform calculations in a frame in which
the velocity perturbation of some matter component vanishes (˜̃v = 0), then

v +B +
1

a

ˆ
dτaϕ = vsyn = −f(x)

a
. (3.101)

That is, the residual gauge freedom can be written in terms of the velocity perturbation in the
synchronous gauge. This means that, if we specify vsyn, we can completely eliminate the residual
gauge freedom. Substituting the relation between f(x) and vsyn from Eq. (3.101) into Eqs. (3.97)–
(3.99) shows that the condition ˜̃v = 0 corresponds to the rest frame of the fluid (see Sec. 3.3.4).
In practice, when using the synchronous gauge one often works in the frame where the dark-matter
velocity perturbation vanishes (i.e., vsyn for dark matter is set to zero) [?].

Uniform curvature gauge

In the uniform curvature gauge, we set ψ̃ = Ẽ = 0, i.e., there are no perturbations in the three-
dimensional spatial metric. Therefore, we can fix the gauge-transformation vector as

ξ0 = −ψ
H
, ξ = E . (3.102)

With this choice, the other perturbation variables can be written as

ϕf = ϕ+ ψ +
(
ψ
H

)′
, Bf = B − ψ

H
− E′ , (3.103)

δρf = δρ− 3 (1 + w) ρ̄ψ , vf = v + E′ . (3.104)

This gauge is sometimes called the spatially flat gauge. It is commonly used to compute perturbations
during inflation.

Comoving orthogonal gauge

In the three gauges studied above, the gauge degrees of freedom were eliminated by setting certain
components of the perturbed metric to zero. In the next two gauges, we eliminate gauge degrees of
freedom by imposing conditions on the matter perturbations.

If we work in the rest frame of the matter, the fluid three-velocity vanishes; i.e., in that frame
ṽ = 0. This condition can be used to eliminate one gauge degree of freedom. To eliminate the other
gauge degree of freedom, we require the matter four-velocity to be orthogonal to hypersurfaces of
constant time, which implies ṽ +B = 0. These two conditions define the comoving orthogonal gauge
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(often simply called the comoving gauge). With these conditions, the gauge transformation is fixed
by

ξ0 = − (v +B) ,

ξ′ = −v , ⇒ ξ = −
ˆ
vdτ + g(x) , (3.105)

where g(x) is a residual gauge freedom. However, this residual freedom does not appear in the
definitions of other perturbation variables that are relevant for the physics of the perturbations; i.e.,
g(x) does not appear in

ϕm = ϕ+H (v +B) + (v +B)′ , ψm = ψ −H (v +B) , (3.106)
σm = σ + (v +B) , δρm = δρ+ ρ̄′ (v +B) . (3.107)

Although E in this gauge depends on g(x), a more careful examination shows that the residual gauge
freedom has no effect on the physics or the evolution of the perturbations. This is because physical
quantities such as the spacetime shear, as well as the perturbation evolution equations, depend on
E′ only through σ. Hence, the gauge freedom relevant for the physics is completely removed in this
gauge.

The rest frame considered here may be the rest frame of a single matter component or the total-
matter rest frame. The total-matter rest frame is the frame in which the total three-velocity vanishes.
The total three-velocity can be obtained by summing the energy–momentum tensors of the various
components as (

δT i0
)
tot

=
∑
α

(
δT i0
)
α
, ⇒ vtot =

∑
α (ρ̄α + p̄α) vα
ρ̄total + p̄total

, (3.108)

where the subscript tot denotes total quantities and the index α labels the different matter components.

Uniform density gauge

The uniform density gauge (uniform density gauge) is defined on hypersurfaces where the energy-
density perturbation vanishes (δ̃ρ = 0). On such hypersurfaces we have

ξ0 =
δρ

ρ̄′
. (3.109)

The remaining gauge freedom can be eliminated by imposing Ẽ = 0, i.e.,

ξ = E (3.110)

The other perturbation variables in this gauge can be written as

ϕδρ = ϕ−H δρ
ρ̄′ −

(
δρ
ρ̄′

)′
, ψδρ = ψ +Hδρ

ρ̄′
, (3.111)

Bδρ = B + δρ
ρ̄′ − E

′ , vδρ = v + E′ . (3.112)

As in the comoving orthogonal gauge, the hypersurface in this gauge may be defined either by setting
δρ of a single matter component to zero or by setting the total δρ to zero.

3.4 Conservation of perturbations on large scales
In this section we study the conservation of perturbations on large scales. Here, “large scales” means
length scales larger than the Hubble radius. The Hubble radius is defined as the inverse of the Hubble
parameter, H−1. In the following subsections, we will see that the Hubble radius sets the characteristic
scale that controls the evolution of perturbations: perturbations evolve differently on scales smaller
or larger than the Hubble radius.

Before studying the conservation of perturbations, we first introduce the fact that scalar pertur-
bations can be divided into two types: adiabatic perturbations and entropy perturbations. These two
types are independent of each other and play a direct role in the conservation of perturbations on
large scales.
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3.4.1 adiabatic and entropy perturbation

In general, the adiabatic perturbation and entropy perturbation can be rooted in the separation of
the pressure perturbation δp into a part determined by the energy-density perturbation δρ and a part
associated with entropy perturbations. This idea follows from the thermodynamic relation between
changes in pressure, density, and entropy,

dp =

(
∂p

∂ρ

)∣∣∣∣
ρ0,S0

dρ+

(
∂p

∂S

)∣∣∣∣
ρ0,S0

dS , (3.113)

where S denotes the entropy. Since the Universe contains multiple forms of matter–energy, adiabatic
and entropy perturbations may refer either to perturbations associated with a single component or to
perturbations of the total pressure; we will discuss this below.

In the previous discussion, we described matter–energy in terms of a fluid with energy–momentum
tensor given by Eq. (3.41). For convenience, in the rest of this chapter we will refer to the matter–
energy content as a “fluid” unless stated otherwise.

Adiabatic and entropy perturbations within a single fluid

In this subsection we study adiabatic and entropy perturbations within a single fluid. This will help
us determine the relation between entropy perturbations and the energy-density perturbation of an
arbitrary fluid. This relation is needed to solve the evolution equations studied in Sec. 3.2.3.

We assume an equation of state
P = wρ , (3.114)

which we allow to hold in the general inhomogeneous case where ρ, p, and w depend on both position
and time.

First, consider the case where the equation-of-state parameter is constant. From the equation
above, we obtain

δp = wδρ , (3.115)

i.e., in this case δp depends only on δρ. Equivalently, the pressure perturbation is purely adiabatic.
Next we consider the general case in which w need not be constant. To find the relation between

δp and δρ we can use the transformation of δp and δρ in (3.81) to construct the gauge invariant as

δ̃p− c2aδ̃ρ = δp− c2aδρ , (3.116)

where

ca =

√
p̄′

ρ̄′
, (3.117)

is the adiabatic sound speed.
If we impose δ̃ρ = 0, i.e., consider a gauge transformation from an arbitrary hypersurface to a

hypersurface on which the energy-density perturbation vanishes, then δ̃p on that hypersurface de-
pends only on entropy perturbations (since there is no energy-density perturbation there). Hence δ̃p
represents the entropy part of the pressure perturbation.

In general we define the intrinsic (single-fluid) entropy perturbation Γint by

ρ̄Γint = δp− c2aδρ , (3.118)

At this point we see that, in the absence of intrinsic entropy perturbations, we have

δp = c2aδρ . (3.119)

We conclude that the equation above gives the relation between δp and δρ in the case where δp is
purely adiabatic (denoted δpadi). It is easy to see that if w is constant then c2a = w and Eq. (3.119)
reduces to Eq. (3.115).
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To obtain an expression for the entropy part of δp, we use the conclusion from Eq. (3.116) that the
entropy pressure perturbation is gauge-invariant. In principle, δp of the entropy type can be computed
once the fluid model is specified; but to keep the discussion general, we assume the following suitable
general form.

As discussed above, we need a relation between δp and δρ in order to solve the perturbation
evolution equations. From Eq. (3.119) we see that δp is adiabatic when it depends only on δρ.
Therefore, for entropy perturbations δp should be a function of both δρ and v. Moreover, Eq. (3.116)
implies that the entropy part is gauge-invariant. For these two reasons, we write the entropy pressure
perturbation as

δpent ∝ δρ− 3H (ρ̄+ p̄) (v +B) . (3.120)

We choose this form because the right-hand side is the simplest combination of δρ and v that is
gauge-invariant. It also has a physical meaning: it corresponds to δρ evaluated in the fluid rest frame.

For the proportionality coefficient we use (c2e − c2a) so that ce becomes the sound speed in the fluid
rest frame. This definition becomes clear when we combine Eqs. (3.119) and (3.120) as follows:

δp = δpadi + δpent = c2eδρ− 3H
(
c2e − c2a

)
(ρ̄+ p̄) (v +B) . (3.121)

This is a general expression for δp in terms of δρ and v for an arbitrary fluid. The quantities c2e and c2a
characterize the perturbative properties of the fluid. We see that, in the fluid rest frame, the second
term on the right-hand side of the second equality vanishes, so that δp = c2eδρ. Therefore ce is the
sound speed in the fluid rest frame. We also see that if w is constant then c2e = c2a = w, and if δp is
purely adiabatic then c2e = c2a.

Adiabatic and entropy perturbations between two fluids

When we study perturbations in a system containing more than one fluid, we find that another type
of entropy perturbation can arise. For simplicity, we consider two fluids as an example.

The perturbation in the total pressure of the two-fluid system can be obtained by adding the
energy–momentum tensors of the two fluids, giving

δptot = δp1 + δp2 , (3.122)

where the subscripts 1, 2, and tot denote fluid 1, fluid 2, and the total fluid, respectively.
We can compute the entropy perturbation of the total fluid in the same way as in Eq. (3.118):

ρ̄totΓtot = δptot − c2aδρtot , (3.123)

where
c2a =

p̄′tot
ρ̄′tot

=
p̄′1 + p̄′2
ρ̄′1 + ρ̄′2

, (3.124)

is the adiabatic sound speed squared of the total fluid.
Subtracting the intrinsic entropy perturbations of each fluid from the total entropy perturbation,

we obtain

ρ̄totΓrel = ρ̄totΓtot − ρ̄1Γint 1 − ρ̄2Γint 2

= δptot − c2aδρtot − δp1 − δp2 + c2a 1δρ1 + c2a 2δρ2

= −
(
c2a 1 − c2a 2

) ρ̄′1ρ̄
′
2

ρ̄′1 + ρ̄′2

(
δρ1
ρ̄′1
− δρ2

ρ̄′2

)
, (3.125)

Here Γrel is an entropy perturbation generated by the relative evolution of the perturbations in the
two fluids, and it vanishes when

S12 = −
(
δρ1
ρ̄′1
− δρ2

ρ̄′2

)
=

1

3H

(
δρ1

(1 + w1) ρ̄1
− δρ2

(1 + w2) ρ̄2

)
= 0 . (3.126)
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In general, we define the relative entropy perturbation as

Sαβ =
δρα

(1 + wα) ρ̄α
−

δρβ
(1 + wβ) ρ̄β

. (3.127)

The relative entropy perturbation between fluids α and β vanishes when Sαβ = 0.
In summary, for a two-fluid system the entropy perturbation contains both (i) intrinsic entropy

perturbations within each fluid (which characterize the perturbative properties of that fluid) and (ii)
entropy perturbations arising from the relative evolution between perturbations in the two fluids.
The concept of relative entropy perturbations introduced here can be straightforwardly generalized to
systems with more than two fluids.

Definitions of adiabatic and isocurvature perturbations

In the previous two subsections we studied the decomposition of perturbations into adiabatic and
entropy parts. To ensure that entropy perturbations are independent of adiabatic perturbations, we
need to impose an additional condition on the entropy perturbations.

Suppose the Universe contains N matter–energy components. We define an isocurvature pertur-
bation as an entropy perturbation for which only one pair of fluids has a nonzero relative entropy
perturbation, while the relative entropy perturbations for all other pairs vanish, and the curvature
perturbation in the total-fluid rest frame, ψm, also vanishes. This can be written as

ψm = 0 , and Sαβ = 0 , except for the chosen pair of fluids α, β . (3.128)

We see that N fluids can have N(N − 1)/2 independent isocurvature modes. These isocurvature
perturbations are independent of adiabatic perturbations, which in this case are defined by

Sαβ = 0 , for allα, β , and ψm ̸= 0 . (3.129)

However, it is not all N(N − 1)/2 mode of the isocurvature perturbation are physically interesting

3.4.2 conservation of curvature perturbation at large scale

In this subsection, we will show the the curvature perturbation in the uniform fluid frame at large-scale
perturbation is conserved. The perturbation can be defined from (3.106) as

R ≡ ψm = ψ −H (vtot +B) = ψ −H
∑

α (ρ̄α + p̄α) (vα +B)

ρ̄tot + p̄tot
, (3.130)

where we have used (3.108) in order to compute the right-hand side and usedR to denote the curvature
perturbation in the uniform fluid frame. To find the evolution equation forR, let us take the derivative
with respect to τas follows

R′ = ψ′ −H′
∑

α (ρ̄α + p̄α) (vα +B)

ρ̄tot + p̄tot
−H

[∑
α (ρ̄α + p̄α) (vα +B)

ρ̄tot + p̄tot

]′
. (3.131)

Using the Friedmann equation in conformal time for a spatially flat Universe,

H2 =
1

3
a2
∑
α

ρ̄α , (3.132)

we obtain
H′ = −1

2
a2 (ρ̄tot + p̄tot) +H2 . (3.133)

In deriving the above equation, we used Eq. (??). The third term on the right-hand side of Eq. (3.131)
can be computed using Eqs. (??) and (3.57) as follows:

H
[∑

α (ρ̄α + p̄α) (vα +B)

ρ̄tot + p̄tot

]′
= 3H2

(
1 + c2a

)
(vtot +B)−Hϕ− 4H2 (vtot +B)

− H
ρ̄tot + p̄tot

∑
α

(
δpα +

2

3
∇2(S)Πα

)
, (3.134)
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In the above calculation we expressed p̄′tot in terms of ρ̄′tot using Eq. (3.124). The term ψ′ in Eq. (3.131)
can be obtained from Eq. (3.50) as

ψ′ = −Hϕ− 1

2
a2 (ρ̄tot + p̄tot) (vtot +B) . (3.135)

Substituting the results from Eqs. (3.133), (3.135), and (3.134) into Eq. (3.131), we obtain

R′ =
H

ρ̄tot + p̄tot

∑
α

(
δpα +

2

3
∇2(S)Πα

)
− 3H2c2a (vtot +B) . (3.136)

To study the evolution of R more conveniently, we rewrite vtot + B in terms of δρtot. Using the
equation obtained by subtracting Eq. (3.50) from Eq. (3.49), we have

H∇2σ +∇2ψ =
1

2
a2 [δρtot − 3H (ρ̄tot + p̄tot) (vtot +B)] , (3.137)

Using this relation, we can write Eq. (3.136) as

R′ =
H

ρ̄tot + p̄tot

[
δptot − c2aδρtot +

∑
α

2

3
∇2(S)Πα + 2c2aa

−2
(
H∇2σ +∇2ψ

)]
. (3.138)

On large scales, the terms involving ∇2 are small and can be neglected, because they scale as the
inverse length scale squared, 1/L2. Therefore, on large scales we obtain

R′ =
H

ρ̄tot + p̄tot

(
δptot − c2aδρtot

)
=

H
ρ̄tot + p̄tot

p̄totΓtot =
H

ρ̄tot + p̄tot
δpnon , (3.139)

where δpnon is the non-adiabatic pressure perturbation. We see from this equation that if the entropy
perturbation vanishes (equivalently, the pressure perturbation is adiabatic), then R is conserved on
large scales.

3.5 scalar field perturbation
Previously, we derived the perturbation of the energy–momentum tensor for a general fluid. In this
subsection, we derive the perturbation of the energy–momentum tensor for the inflaton field, which is
given by

Tµν = ∂µφ∂νφ − gµν

(
1

2
gαβ ∂αφ∂βφ + V (φ)

)
, (3.140)

Substituting the FLRW metric, we obtain the following nonzero components:

T00 =
1

2
φ′2 + V (φ) a2,

T0i = 0,

Tij =

(
1

2
φ′2 − V (φ) a2

)
δij . (3.141)

For the perturbations, we use the perturbed metric and expand to linear order. Finally, we obtain

δTµν = ∂µδφ ∂νφ + ∂µφ∂νδφ − δgµν

(
1

2
gαβ ∂αφ∂βφ + V (φ)

)
− gµν

(
1

2
δgαβ ∂αφ∂βφ + gαβ ∂αδφ ∂βφ +

∂V

∂φ
δφ +

∂V

∂φ
δφ

)
. (3.142)

The individual components can be written as follows:

δT00 = δφ′ φ′ + 2ϕV (φ) a2 + a2
∂V

∂φ
δφ, (3.143)
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δT0i = ∂i δφφ
′ +

1

2
∂iB φ

′2 − ∂iB V (φ) a2, (3.144)

δTij =

(
δφ′ φ′ − ϕφ′2 − a2

∂V

∂φ
δφ − ψ φ′2 + 2ψ V (φ) a2

)
δij

+
1

2
∂i∂jE φ

′2 − ∂i∂jE V (φ) a2. (3.145)

For later convenience, we compute the mixed-index components as follows:

δT µν = δ(gµα Tαν)

= δgµα Tαν + gµα δTαν , (3.146)

or

δT 0
0 = ϕφ′2 − δφ′ φ′ − δφ

∂V

∂φ
a2,

δT i0 = ∂iB φ′2 + ∂iδφφ′,

δT 0
i = − ∂iδφφ′,

δT ij =

(
−ϕφ′2 + δφ′ φ′ − δφ

∂V

∂φ
a2
)
δij . (3.147)

Since a scalar field has its own equation of motion, we can perturb the Klein–Gordon equation.
The background equation can be written as

1√
−g

∂ν
(√
−g gµν ∂νφ

)
=

∂V

∂φ
, (3.148)

which, in the FLRW metric, becomes

φ′′ + 2
a′

a
φ′ = − ∂V

∂φ
a2. (3.149)

The variation of Eq. (3.148) can be performed using 1√
−g ,
√
−g, gµν , and φ. We then obtain

δg = g gµνδgνµ, (3.150)

and at the linear order, we obtain

δ
√
−g = − δg

2
√
−g

,

δ
1√
−g

=
δ
√
−g
g

. (3.151)

Substituting this result into (3.149, we have

δ∂µ∂
µ φ = − δφ′′ − 2

a′

a
δφ′ + ∂i∂

iδφ + 2ϕφ′′ + 4
a′

a
ϕφ′ + ϕ′φ′

+ 3ψ′φ′ + ∂i∂
iB φ′

= δφ
∂2V

∂φ2
a2. (3.152)

Multiplying ϕ in background equation (3.149), we obtain

2ϕφ′′ + 4
a′

a
ϕφ′ = 2ϕ

∂V

∂φ
a2, (3.153)

By using this equation, the equation (3.152) becomes

δφ′′ + 2
a′

a
δφ′ − ∂i∂

iδφ − φ′φ′ − 3ψ′φ′ − ∂i∂
iB φ′

= −δφ ∂
2V

∂φ2
a2 − 2φ

∂V

∂φ
. (3.154)
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3.5.1 Gauge for scalar fields

Under a coordinate transformation, the scalar-field perturbation transforms as

δ̃φ = δφ− φ′δξ0 (3.155)

In some cases, we can choose a gauge such that the hypersurface satisfies δ̃φ = 0.

3.5.2 The comoving curvature perturbation

One important quantity that is useful to compute during inflation is the curvature perturbation, which
is directly related to the intrinsic spatial curvature on constant-time hypersurfaces, i.e.,

(3)R =
4

a2
∇2 ψ.

Under a gauge transformation, the curvature perturbation transforms as

ψ̃ = ψ +H ξ0

In this gauge we choose δ̃φ = 0, which is the origin of the name “comoving”: we work in the frame
comoving with the scalar field. Moreover, in this frame there is no energy flux because T0i = 0, and
one may approximate T0i as ∂iδφ(x, τ)φ′(τ).

Since δ̃φ = δφ− φ′δξ0, we have

δφ− φ′ ξ0 = 0 =⇒ ξ0 =
δφ

φ′ .

Finally, we obtain

R = ψcom = ψ +H ξ0 = ψ +Hδφ
φ′ .

This quantity is an important one during inflation and is called the comoving curvature perturbation.
We also find that this quantity is gauge-invariant.

3.5.3 The curvature perturbation on spatial slices of uniform energy density

In this gauge, we impose δ̃ρ = 0, which means that we choose hypersurfaces on which the energy
density is uniform. That is, we have

δ̃ρ = δρ− ρ′ ξ0 = 0 =⇒ ξ0 =
δρ

ρ′
,

In the same fashion as the previous, the curvature perturbation in this frame can be written as

ζ = ψunif = ψ +H ξ0 = ψ +Hδρ
ρ′
.

If we use the gauge conservation ρ′ + 3H(ρ+ P ) = 0, the curvature perturbation is

ζ = ψ − δρ

3(ρ+ P )
.

During inflation we have relation ρ+ P = φ̇2 and then considering at super-Hubble scales, we obtain
δφ̇ = (slow roll parameters) ×H δφ and δρ = φ̇δφ̇ + V ′δφ ≃ V ′δφ ≃ −3Hφ̇δφ, leading to curvature
perturbation in this gauge as

ζ ≃ ψ +
3Hφ̇

3φ̇2
δφ = ψ +H

δφ

φ̇
= R (ON SUPER−HUBBLE SCALES)

We can see that the comoving curvature perturbation and curvature perturbation at uniform energy
density are equal at the super-Hubble scales
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3.5.4 Scalar field perturbations in the spatially flat gauge

For the spatially flat gauge, ψ̃ = 0, then we obtain

ψ +H ξ0 = 0 =⇒ ξ0 = −ψ
H
,

The inflaton transforms under this gauge as

δ̃φ = δφ− φ′ ξ0 = δφ+
φ′

H
ψ.

We can define the gauge invariance which corresponds to the inflation fluctuation as

Q = δφ+
φ′

H
ψ = δφ+

φ̇

H
ψ ≡ φ̇

H
R
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Chapter 4

ADM formalism

In the previous section, we study linear perturbation in equations of motion. In this section, we will
study how to obtain such equations from action with second order perturbation. In this case, it is
convenient to use (1+3) formalism.

4.1 (1+3)-formalism
Let us introduce a scalar field, t(x) to describe a family of nonintersecting spacelike hypersurface,
Σt. Each hypersurfaces are specified by one value of t(x) = const., so that the normal vector to the
hypersurface is in the form n ∝ ∂µt.

Next let us consider congruence of curves that intersect these whole hypersurfaces specified by γ
parametrized by t, then the tangent vector along the curve can be defined as

tµ =
dxµ

dt
, with tµ∂µt = 1. (4.1)

This construction can be illustrated in Fig. 4.1. Now, let us introduce the coordinates on the hy-
persurface as yi. By fixing these coordinates through the whole hypersurfaces at the point intersecting
with the curves γ. As illustrate in Fig. 4.1, we fix coordinates yi for P , P ′ and P ′′ for the curve γP .
As a result, this allows us to construct the coordinate as xµ = (t, yi). We can use these coordinates
to all events in the spacetime.

Figure 4.1: Congruence of curves through the hypersucfaces.

Now we can define the tangent vector along the curve γ and the projection tetrad to the Σt as

tµ =
∂xµ

∂t
|yi , and eµi =

∂xµ

∂yi
|t. (4.2)
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As a result, the proper normal vector can be defined as

nµ = −N∂µt with nµe
µ
i = 0. (4.3)

The minus sign on the definition is just the convention and N is a scalar function called "lapse" function
introduced to ensure the normalization, nµnµ = −1. The condition on the right one is introduced to
ensure that the projection of the normal vector must vanish.

Generally, the curve γ does not orthogonally intersect to the hypersurface Σt, so that one can
decomposed the tangent vector into the normal direction and the tangent direction to the hypersurface
Σt as shown in Fig. 4.2. Mathematically, one can write the tangent vector as

tµ = Nnµ +N ieµi , (4.4)

where N i is a vector on the hypersurface Σ called "shift" function. Note that this decomposition is
satisfied the condition of the tangent vector tµ∂µt = 1.

Figure 4.2: The decomposition of the tangent vector along the curve γ into the normal and tangent
direction to Σt .

Now we are position to find the metric tensor in this formalism. In order to do that, let us consider
an infinitesimal displacement constructed from the coordinates xµ = (t, yi) as

dxµ = tµ dt+ eµi dy
i,

= (Nnµ +N ieµi ) dt+ eµi dy
i,

= Nnµ dt+ (N i dt+ dyi)eµi . (4.5)

Therefore, the line element can be written as

ds2 = gµνdx
µdxν ,

= nµn
µN2dt2 + gµνe

µ
i e
ν
j (N

idt+ dyi)(N jdt+ dyj),

= −N2dt2 + hij(N
idt+ dyi)(N jdt+ dyj), (4.6)

where we have introduced the metric on the hypersurface hij called the induced metric as follows

hij = gµνe
µ
i e
ν
j . (4.7)

As a result, the components of the metric can be written in terms of N,N i and hij as

g00 = N iNi −N2, g0i = Ni, gij = hij . (4.8)

The components of the inverse metric can be expressed as

g00 = −N−2, g0i = N−2N i, gij = hij −N−2N iN j . (4.9)

Note that the square root of the determinant of the metric can be written as
√
−g = N

√
h. From this

splitting one can see that the total number of the independent components of the metric is still the
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same, one from N , three from N i and six from symmetric tensor hij . The line element of the general
hypersurface can be obtained by

ds2Σ = gµνdx
µdxν ,

= gµν
∂xµ

∂yi
∂xν

∂yj
dyidyj , ,

= gµνe
µ
i e
ν
j dy

idyj . (4.10)

In this sense, the eµi plays the role of coordinate transformation from 4D to 3D surface. Also, it plays
the role of the projection of the metric tensor to the induced metric. In principle one can use eµi to
project 4D tensor into the 3D hypersurface.

In order to construct the covariant 4D quantities, let us introduce the induced metric in 4D notation
as follows

hµν = gµν + nµnν , (4.11)

with choosing the convention n0 = −N and ni = 0. The (0, 0) and (0, i) components of the induced
metric can be written as h00 = NiN

i and h0i = Ni. Even though hµν has non-zero components of
h0µ, it is the metric on the hypersurface Σ. This can be checked from the fact that the contracting
with the normal vector will vanish as follows

hµνn
µ = (gµν + nµnν)n

µ = nν + nµn
µnν = nν − nν = 0. (4.12)

The 4D induced metric hµν can also play the role of projection as Xµ = hνµY
ν and then Xµn

µ = 0.
Moreover, the useful properties of the normal vector can be expressed as

nµ∇νnµ = 0, n[µ∇νnρ] = 0. (4.13)

The first one comes from the fact that ∇ν(nµnµ) = 0, the second one comes from Frobeneus theorem
and then are left to students in exercise.

Exercise2 Show that
n[µ∇νnρ] = 0.

4.2 Extrinsic curvature
Before to move further to the Einstein equation in (1+3) formalism, let us consider the extrinsic
curvature since we are now considering the 3D spacelike hypersurface embedding in 4D spacetime.
This provide us the full information of the curvature of the whole spacetime since the intrinsic curvature
of the hypersurface can be obtained as usual one in 4D spacetime by using the round trip parallel
transport of a vector. In similar fashion as done in the intrinsic curvature, the information of the
extrinsic curvature should be contained in the covariantly change of the normal vector. Since the
extrinsic curvature is the properties of the hypersurface, it should be a tensor with projecting of ∇µnν
onto the hypersurface,

Kµν = −hρµhσν∇ρnσ. (4.14)

Note that the minus sign is just a convention we used. It can be reduced to the useful form as

Kµν = −hρµ(δσν − ϵnσnν)∇ρnσ,

= −hρµ
(
∇ρnν − ϵnν�����:0

nσ∇ρnσ
)
,

= −hρµ∇ρnν , (4.15)
= −(δρµ − ϵnρnµ)∇ρnν ,
= −∇µnν + ϵnµaν , aν ≡ nρ∇ρnν . (4.16)
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Note that we introduced the acceleration vector aν defined in the same way as one from the 4-velocity
uν instead of nν . Since the extrinsic curvature is the quantity in the 3D hypersurface, one can check
that their contacting with nµ vanish,

Kµνn
ν = −hρµ�����:0

nν∇ρnν = 0. (4.17)

Also, since ni = 0, then we have the fact that the contravaraint components of Kµν are purely spatial,

Kµνnν = Kµ0n0 +����*0
Kµini = Kµ0n0 = 0, ⇒ Kµ0 = 0. (4.18)

The other properties of the extrinsic curvature is a symmetric tensor Kµν = Kνµ. The proof of this
property is left for the student in exercise.

Exercise3 Show that
Kνµ = Kµν .

Now let us consider especially the spatial component of the extrinsic curvature,

Kij = −∇inj = −
(
∂inj − Γρijnρ

)
= Γ0

ijn0 = −NΓ0
ij ,

= −N
2

(
g0ρ(∂igjρ + ∂jgiρ − ∂ρgij)

)
,

=
1

2N

(
(∂iNj + ∂jNi − ∂0hij)−Nk(∂igjk + ∂jgik − ∂kgij)

)
,

=
1

2N

(
(∂iNj + ∂jNi)−Nlh

kl(∂ihjk + ∂jhik − ∂khij)− ∂0hij
)
,

=
1

2N
(DiNj +DjNi − ∂0hij) . (4.19)

One can see that the spatial components of the extrinsic curvature Kij contain only on the first time
derivative of the induced metric hij and there are no time derivative on N and N i. This is an essential
property of the extrinsic curvature.

It is important to consider the extrinsic curvature in other point of view. Actually, the extrinsic
curvature directly relate to the Lie derivative of the induced metric with respect to the normal vector.
Applying the Lie derivative to the induced metric, one obtains

Ln̂hµν = nρ∇ρhµν + hρν∇µnρ + hρµ∇νnρ,

= nρ
(
����:0∇ρgµν +∇ρ(nµnν)

)
+
(
gρν +���:0nρnν

)
∇µnρ +

(
gρµ +���:0nρnµ

)
∇νnρ,

= nρnν∇ρnµ + nρnµ∇ρnν + δρν∇µnρ + δρµ∇νnρ,
= hρν∇µnρ + hρµ∇νnρ,

= −2Kµν , ⇒ Kµν = −1

2
Ln̂hµν . (4.20)

4.3 Gauss-Codazzi equation
In GR, one of the most important equations is Einstein field equation which contains the curvature
of the spacetime. For (1+3) formalism, the 4D curvature of the spacetime will be splitted into 3D
intrinsic curvature and extrinsic curvature. So that it is possible to find the equation to connect the
4D curvature tensor to the extrinsic and intrinsic curvature in 3D case and this equation is known
as "Gauss-Codazzi" equation. In order to obtain the Gauss-Codazzi equation, let us consider the 3D
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intrinsic curvature tensor as follows

(3)RµνρσX
σ = DµDνXρ −DνDµXρ,

= hαµh
β
νh

γ
ρ∇αDβXγ − (µ←→ ν),

= hαµh
β
νh

γ
ρ∇α

(
hτβh

σ
γ∇τXσ

)
− (µ←→ ν),

= hαµh
β
νh

γ
ρ

(
hτβh

σ
γ∇α∇τXσ + (∇τXσ)∇α(hτβhσγ)

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ +∇τXσ

(
hαµh

τ
νh

γ
ρ∇αhσγ + hαµh

σ
ρh

β
ν∇αhτβ

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ +∇τXσ

(
hαµh

τ
νh

γ
ρ∇α(�

�7
0

δσγ + nσnγ) + hαµh
σ
ρh

β
ν∇α(�

�7
0

δτβ + nτnβ)

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ

+∇τXσ

(
hαµh

τ
ν(n

σhγρ∇αnγ +���*0
nγh

γ
ρ∇αnσ) + hαµh

σ
ρ (���*0
nβh

β
ν∇αnτ + nτhβν∇αnβ

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ −∇τXσ

(
hτνn

σhγρKµγ + hσρn
τhβνKµβ

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ −∇τXσ

(
hτνn

σKµρ + hσρn
τ
���*

0 cancel to anti-sym
Kµν

)
− (µ←→ ν),

= hαµh
τ
νh

σ
ρ∇α∇τXσ +Xσh

τ
ν∇τnσKµρ − (µ←→ ν), (note:Xσn

σ = 0)

= hαµh
τ
νh

σ
ρ∇α∇τXσ −Kσ

νKµρXσ − (µ←→ ν),

= hαµh
τ
νh

σ
ρRατσβX

β −KνβKµρX
β +KµβKνρX

β ,

(3)Rµνρβ = hαµh
τ
νh

σ
ρRατσβ −KνβKµρ +KµβKνρ. (4.21)

As a result, the intrinsic curvature in 3D hypersurface can be obtained from two parts; first by
projecting the 4D curvature (first term) and the contribution from extrinsic curvature (second and
third terms). Now, let us find the component (0, 0) of Eingstein field equation by contacting gµρgνβ
to the above equation as follows

gµρgνβhαµh
τ
νh

σ
ρRατσβ = gµρgνβ

(
(3)Rµνρβ +KνβKµρ −KµβKνρ

)
,

hασhτβRατσβ = (3)R+K2 −KµνK
µν ,

(gασ + nαnσ)(gτβ + nτnβ)Rατσβ = (3)R+K2 −KµνK
µν ,

R+ 2nαnσRασ = (3)R+K2 −KµνK
µν ,

2nαnσ
(
Rασ −

1

2
Rgασ

)
= (3)R+K2 −KµνK

µν ,

2nµnνGµν = (3)R+K2 −KµνK
µν ,

2κnµnνTµν = (3)R+K2 −KµνK
µν = 2κρ. (4.22)

One can see that this equation is not the dynamical equation since it contains only the first time
derivatives of the induced metric hµν and the are no time derivative for lapse N and shift N i functions.

Next let us find the other components of the Einstein equation. In order to obtain (0, i) components,
one may contacting one normal vector and one projection tensor to the Einstein tensor,

nµhνρGµν = nµhνρ

(
Rµν −

1

2
Rgµν

)
= nµhνρRµν −

1

2
R���*0
nνh

ν
ρ = nµhνρRµν . (4.23)

This equation implies that one has to contact one normal vector to the curvature tensor. By doing
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such performance, we have

Rµνρσn
σ = ∇µ∇νnρ −∇ν∇µnρ,

= ∇µ(−Kνρ − nνnσ∇σnρ)− (µ←→ ν),

hµαh
ν
βh

ρ
γRµνρσn

σ = hµαh
ν
βh

ρ
γ∇µ(−Kνρ − nνnσ∇σnρ)− (α←→ β),

= −DαKβγ − hµαhργ
(
hνβn

σ∇σnρ∇µnν +���*0
hνβnν∇µ(nσ∇σnρ)

)
− (α←→ β),

= −DαKβγ − hργnσ∇σnρ���*
0 cancel to anti-sym

Kαβ − (α←→ β),

= −DαKβγ +DβKαγ ,

gαγhµαh
ν
βh

ρ
γRµνρσn

σ = gαγ(−DαKβγ +DβKαγ),

hνβRνσn
σ = DβK −DαK

α
β ,

hνβGνσn
σ = DβK −DαK

α
β ,

κhνβn
σTνσ = DβK −DαK

α
β = κjβ . (4.24)

Again, these equations are just constraint equations, since there are no second time derivatives.
Next we will find the (i, j) components of Einstein equation. In order to find it we need the spatial

components of Ricci tensor which can be expressed as

hαµh
β
νRαβ = hαµh

β
νg

ρσRαρβσ,

= hαµh
β
ν (h

ρσ − nρnσ)Rαρβσ,
= hαµh

β
νh

ρσRαρβσ − nρnσhαµhβνRαρβσ. (4.25)

Therefore, our task is finding the expression for contacting two normal vectors to the curvature tensor
in the second term on the right hand side of the above equation, nρnσhαµhβRαρβσ since the first term
we have already in Eq. (4.21). Let us first find the expression for contacting one normal vectors and
then contacting one more normal vector as follows,

Rαρβσn
σ = ∇α∇ρnβ −∇ρ∇αnβ ,

= −∇α(Kρβ + nρaβ) +∇ρ(Kβα + nβaα),

= −∇αKρβ +∇ρKβα −∇α(nρaβ) +∇ρ(nβaα),
Rαρβσn

ρnσ = −nρ∇αKρβ + nρ∇ρKβα − nρ∇α(nρaβ) + nρ∇ρ(nβaα),

= −nρ∇αKρβ + nρ∇ρKβα +∇αaβ + aβ�����:0
nρ∇αnρ + aβaα + nρnβ∇ρaα,

= −∇α�����:0
(nρKρβ) +Kρβ∇αnρ + nρ∇ρKβα + (δρβ + nρnβ)∇ρaα + aβaα,

= −Kρβ(K
ρ
α + aα��>

0 (nρKρβ = 0)
nρ) + nρ∇ρKβα + hρβ∇ρaα + aβaα,

nρnσhαµh
β
νRαρβσ = −Kρ

µKρν + hαµh
β
νn

ρ∇ρKβα + hαµh
ρ
ν∇ρaα + hαµh

β
νaβaα,

= hαµh
β
ν (Ln̂Kβα +Kβρ∇αnρ +Kαρ∇βnρ)−Kρ

µKρν +Dνaµ + aνaµ,

= hαµh
β
νLn̂Kβα −KνρK

ρ
µ −KµρK

ρ
ν −Kρ

µKρν +Dνaµ + aνaµ,

= Ln̂Kµν +KµρK
ρ
ν +Dνaµ + aνaµ. (4.26)

Note that we have used the relation of hαµh
β
νLn̂Kβα and Ln̂Kµν as follows

Ln̂Kµν = Ln̂(h
α
µh

β
νKβα),

= hαµh
β
νLn̂Kβα +Kβαh

β
νLn̂h

α
µ +Kβαh

α
µLn̂h

β
ν ,

= hαµh
β
νLn̂Kβα − 2KναK

α
µ − 2KβµK

β
ν ,

= hαµh
β
νLn̂Kβα − 4KναK

α
µ . (4.27)
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From Gauss-Codazzi equation in Eq. (4.21), one can expressed in proper form as

hαµh
β
νh

ρσRαρβσ = gγσhαµh
β
νh

ρ
γRαρβσ,

= gγσ
(

(3)Rµγνσ +KµνKσγ −KµγKνσ

)
,

= (3)Rµν +KµνK −KµγK
γ
ν . (4.28)

Substituting Eq. (4.26) and Eq. (4.28) into Eq. (4.25), one obtains

hαµh
β
νRαβ = (3)Rµν +KµνK −KµγK

γ
ν − (Ln̂Kµν +KµρK

ρ
ν +Dνaµ + aνaµ),

hαi h
β
jRαβ = (3)Rij +KijK − 2KilK

l
j − Ln̂Kij +N−1DjDiN. (4.29)

Note that we have used the equation for the acceleration as follows

aµ = nρ∇ρnµ = nρ∂ρnµ + nρ∂µn
ρ,

ai = nρ∂in
ρ = N−1DiN,

Djai = Dj(N
−1DiN) = N−1DjDiN −N−2DjNDiN,

= N−1DjDiN − aiaj . (4.30)

By inserting Eq. (4.29) into Einstein field equation, one obtains

Ln̂Kij = (3)Rij +KijK − 2KilK
l
j +N−1DjDiN − hαi h

β
jRαβ ,

N−1(∂0Kij − LN⃗Kij) = (3)Rij +KijK − 2KilK
l
j +N−1DjDiN,

−κhαi h
β
j (Tαβ − Tgαβ) , (4.31)

where N⃗ = (0, N i). The detail calculation to obtain the relation between Ln̂Kij and LN⃗Kij is left for
student in exercise. These are the dynamical equations according to (1+3) formalism. Moreover, this
equation can be viewed as the Hamilton equation analogous to ṗ = −∂qH in Hamiltonian formalism of
classical mechanics where Kij play the role of the conjugate momentum. The other Hamilton equation
analogous to q̇ = ∂pH can be obtained from the relation of the Lie derivatives of hij with the extrinsic
curvature in Eq. (4.20) as

Ln̂hij = N−1(∂0hij − LN⃗hij) = −2Kij . (4.32)

By considering Lagrangian in GR well known, LEH = R/2κ, we will consider it in terms of (1+3)
formalism. Therefore, our task is find the Ricci scalar in terms of (1+3) form. As we have seen, on
the way to get the Gauss-Codazzi equation, the Ricci scalar can be expressed as

R = −2nµnνRµν + 2nµnνGµν = −2nµnνRµν + (3)R+K2 −KµνK
µν . (4.33)

Therefore, our task now just find the expression of nµnνRµν . Actually, we have calculate it in the
previous section. However, we now separate it into surface terms and non-surface ones as follows

nµnνRµν = nµnνgρσRρµσν ,

= nµgρσ(∇ρ∇µnσ −∇µ∇ρnσ),
= nµ(∇ρ∇µnρ −∇µ∇ρnρ),
= ∇ρ(nµ∇µnρ)−∇ρnµ∇µnρ −∇µ(nµ∇ρnρ) +∇µnµ∇ρnρ,
= ∇ρ(aρ + nρK)−Kµ

ρK
ρ
µ +K2. (4.34)

Substituting this result into the expression for R above, one obtains

R = −2(∇ρ(aρ + nρK)−Kµ
ρK

ρ
µ +K2) + (3)R+K2 −KµνK

µν ,

= (3)R−K2 +KµνK
µν − 2∇ρ(aρ + nρK)

= LADM + Lsur. (4.35)

where we have defined LADM = (3)R − K2 + KµνK
µν standing for Arnowit-Deser-Misner (ADM)

Lagrangian.
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Chapter 5

Inflation with ADM formalism

We consider an inflationary model described by the action

S =

ˆ
d4x
√
−g
(
1

2
R+ P (ϕ,X)

)
, (5.1)

where R is the Ricci scalar for 4-dimensional spacetime, P (ϕ,X) is the Lagrangian density for scalar
field ϕ, and

X ≡ −1

2
gµν∂µϕ∂νϕ . (5.2)

In terms of the ADM metric, the action in Eq. (5.1) becomes

S =
1

2

ˆ
dtd3xN

√
−h
(
(3)R+KijK

ij −K2 + 2P
)
, (5.3)

where we have used
√
−g = N

√
h. Variation of the above action with respect to N yields the

Hamiltonian constraint as

0 =(3) R−KijK
ij +K2 + 2P − 2

N2
P,X

(
ϕ̇−N i∂iϕ

)2
. (5.4)

To obtain the above equation, we use

δN (NKijK
ij) = δN

[
1

4N

(
ḣij −DiNj −DjNi

)(
ḣij −DiN j −DjN i

)]
= −KijK

ijδN , (5.5)

where δN denotes variation with respect to N . Similarly, we have

δN
(
NK2

)
= −K2δN . (5.6)

In addition, we use

2δN (NP ) = 2PδN + 2NδNP , (5.7)

δNP = P,XδNX =
1

2
P,XδN

(
1

N2
ϕ̇2 − 2

N2
N i∂iϕϕ̇+

(
N iN j

N2
− hij

)
∂iϕ∂jϕ

)
= −P,X

(
1

N3
ϕ̇2 − 2

N3
N i∂iϕϕ̇+

N iN j

N3
∂iϕ∂jϕ

)
δN

= − 1

N3
P,X

(
ϕ̇−N i∂iϕ

)2
δN , (5.8)

and therefore we get
2δN (NP ) = 2PδN − 2

N2
P,X

(
ϕ̇−N i∂iϕ

)2
δN . (5.9)
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Here, P,X ≡ ∂P/∂X. To vary the action (5.3) with respect to N i, we use

δNk

(
NKijK

ij
)

= 2NKijδNkKij = −
(
KikD

iδNk +KjkD
jδNk

)
,

= −
(
Ki
kDiδN

k +Kj
kDjδN

k
)

= 2DiK
i
kδN

k︸ ︷︷ ︸
from (DiKi

k+DjK
j
k)δNk

−2Di

(
Ki
kδN

k
)

︸ ︷︷ ︸
divergent term

, (5.10)

where δNk denotes variation with respect to Nk. Similarly, we have

δNk

(
NK2

)
= 2NKδNkK = −2DkKδN

k + divergent term . (5.11)

Morover, we have

2δNkP = P,XδNk

(
1

N2
ϕ̇2 − 2

N2
ϕ̇N i∂iϕ+

(
N iN j

N2
− hij

)
∂iϕ∂jϕ

)
=

2

N2
P,X

(
−ϕ̇δNk∂kϕ+N iδNk∂iϕ∂kϕ

)
= − 2

N2
P,X

(
ϕ̇−N i∂iϕ

)
δNk∂kϕ . (5.12)

Using Eqs. (5.10) - (5.12), one can show that variation of the action (5.3) with respect to Nk gives

0 = DjK
j
i −DiK −

1

N
P,X

(
ϕ̇−N j∂jϕ

)
∂iϕ , (5.13)

which is the momentum constraint equation.

5.1 Background universe
Before we compute the action for perturbation during inflation, let us study the action for the back-
ground universe. We assume that the background spacetime is the spatially flat FLRW spacetime, so
that we set

N = n(t) , Ni = 0 , hij = a2(t)δij . (5.14)

Inserting the above expressions into Eq. (4.19), we have

Kij =
1

2n
2aȧδij =

1

n
hijH , (5.15)

where H ≡ ȧ/a is the Hubble parameter. For spatially flat spacetime, one can show that
(3)R = 0 . (5.16)

Using Eq. (5.15), we get

KijK
ij −K2 =

1

N2

(
3H2 − 9H2

)
= − 1

N2
6H2 . (5.17)

Inserting Eqs. (5.16) and (5.17) into Eq. (5.3) we obtain

S =
1

2

ˆ
dtd3x

(
−6aȧ

2

n
+ 2a3nP

)
. (5.18)

This is the action for the background universe. Vary this action with respect to n, we get

δS =
1

2

ˆ
dtd3x

(
6
aȧ2

n2
+ 2a3P + 2a3nP,X

δX

δn

)
δn

=
1

2

ˆ
dtd3x

(
6
aȧ2

n2
+ 2a3P − 4a3P,XX

)
δn . (5.19)
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After setting n = 1, the above equation yields the Friedmann equation as

3H2 = 2P,Xx− P . (5.20)

In the calculation for Eq. (5.19), we have used

δX

δn
=

δ

δn

(
−1

2
g00ϕ̇2

)
=

δ

δn

(
1

2n2
ϕ̇2
)

= −2X
n
, (5.21)

where X in this expression is evaluated at background. We now vary the action (5.18) with respect
to a. The result is

δS =
1

2

ˆ
dtd3x

(
−6 ȧ

2

n
δa− 12

aȧ

n
δȧ+ 6a2nP

)
=

1

2

ˆ
dtd3x

(
−6 ȧ

2

n
+ 12

d

dt

(
aȧ

n

)
+ 6a2nP

)
δa

=
1

2

ˆ
dtd3x

(
6ȧ2 + 12aä+ 6a2P

)
δa , (5.22)

where we have set n = 1 and ṅ = 0 in the third line of the above calculation. Thus variation of the
action with respect to a gives

2
ä

a
+H2 = −P . (5.23)

The above equation can be rewritten as

2Ḣ + 3H2 = −P . (5.24)

5.2 The action of perturbations
In this note, we work in comoving gauge under the conditions,

(v +B) =
1

a2
ϕ′δϕP,X = 0 , → δϕ = 0 ,

E = 0 , (5.25)

where δϕ denotes perturbations in field ϕ. Based on this choice of gauge fixing, we set

hij = a2(1 + 2ζ)δij = a2e2ζ , N = 1 + α , Ni = ∂iβ . (5.26)

Here, we consider only the scalar mode of perturbations. Note that the varibles used here are different
to ones in the first part, just redefining as ζ → ψ, α→ ϕ and β → B. From the above expression for
hij , the Christoffel symbol associated with hij is

Γkij = ∂iζδ
k
j + ∂jζδ

k
i − ∂kζhij . (5.27)

Thus we have
(3)R = hij∂kΓ

k
ij︸ ︷︷ ︸

(1)

−hij∂iΓkkj︸ ︷︷ ︸
(2)

+hijΓkijΓ
l
kl︸ ︷︷ ︸

(3)

−hijΓlikΓkjl︸ ︷︷ ︸
(4)

= −∂2ζ︸ ︷︷ ︸
(1)

−3∂2ζ︸ ︷︷ ︸
(2)

−3∂iζ∂iζ︸ ︷︷ ︸
(3)

+∂iζ∂
iζ︸ ︷︷ ︸

(4)

= −4∂2ζ − 2∂iζ∂
iζ , (5.28)

where ∂2 ≡ ∂i∂i. For this choice of gauge, one can show that Eq. (4.19) gives

Kij =
1

1 + α

((
H + ζ̇

)
hij − ∂i∂jβ + Γkij∂kβ

)
,

K =
1

1 + α

(
3
(
H + ζ̇

)
− ∂2β − Γkkj∂

jβ
)
,

=
1

1 + α

(
3
(
H + ζ̇

)
− ∂2β − 3∂iζ∂

iβ
)
. (5.29)
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5.3 Constraint equations for linear perturbations
We see that we now have 3 perturbation variables. Nevertheless, we have 2 constraint equations given
in Eq. (5.4) and (5.13). Hence, we could use these constraint equations to write α and β in terms of
ζ. We first insert the expressions in Eq. (5.29) into Eq. (5.13), and consequently we get

0 = Dj

[
1

1 + α

((
H + ζ̇

)
δji − ∂i∂

jβ
)]
−Di

[
1

1 + α

(
3
(
H + ζ̇

)
− ∂2β

)]
= −2∂i

[
1

1 + α

((
H + ζ̇

))]
= −2

(
H − αH + ζ̇

)
. (5.30)

In the above calculation, we use ∂iϕ = 0 because the perturbed part of ϕ vanishes in this gauge, and
keep the terms up to first order in perturbation. The above calculation yields

α =
ζ̇

H
. (5.31)

Inserting the expressions from Eq. (5.28) and (5.29) into Eq. (5.4), we obtain

H∂2β = −∂2ζ +X (P,X + 2P,XXX)α = −∂2ζ +XρX
ζ̇

H
, (5.32)

where P,XX ≡ ∂2P/∂X2, and ρX ≡ P,X+2P,XXX. To obtain the above equation, we use the following
calculations:

KijK
ij =

1

(1 + α)2

((
H + ζ̇

)
hij −Di∂jβ

)((
H + ζ̇

)
hij −Di∂jβ

)
=

1

(1 + α)2

(
3
(
H + ζ̇

)2
− 2

(
∂2β + Γkki∂

iβ
)
β(H + ζ̇) +Di∂jβD

i∂jβ

)
= (1− 2α+ 3α2 + . . . )

(
3H2 + 6Hζ̇ + 3ζ̇2 − 2

(
∂2β + 3∂iζ∂

iβ
) (
H + ζ̇

)
+Di∂jβD

i∂jβ
)

= 3H2 + 6Hζ̇ − 6H2α− 2H
(
∂2β + 3∂iζ∂

iβ
)
+ 9α2H2 − 12Hαζ̇ + 3ζ̇2

−2∂2β(−2αH + ζ̇) + ∂i∂jβ∂
i∂jβ

= 3H2 − 2H
(
∂2β + 3∂iζ∂

iβ
)
+ 2∂2βζ̇ + ∂i∂jβ∂

i∂jβ , (5.33)
where in the 4th equality we have ignored the third and higher order perturbation terms, and we have
used Eq. (5.31) in the 5th equality. Similarly, we have

K2 =
1

(1 + α)2

(
9
(
H + ζ̇

)2
− 6

(
H + ζ̇

) (
∂2β + 3∂iζ∂

iβ
)
+
(
Di∂

iβ
)2)

= 9H2 + 18Hζ̇ − 18αH2 − 6H
(
∂2β + 3∂iζ∂

iβ
)
+ 27H2α2 − 36Hαζ̇ + 9ζ̇2

−6
(
−2αH + ζ̇

)
∂2β +

(
∂2β

)2
= 9H2 − 6H

(
∂2β + 3∂iζ∂

iβ
)
+ 6ζ̇∂2β +

(
∂2β

)2
. (5.34)

Applying the same expansion as above, one can show that

δP = P,XδX +
1

2
P,XX(δX)2

=
1

2
P,X

[
1

N2

(
ϕ̇2 − 2N i∂iϕϕ̇+

(
N iN j −N2hij

)
∂iϕ∂jϕ

)
− ϕ̇2

]
+
1

8
P,XX

[
1

N2

(
ϕ̇2 − 2N i∂iϕϕ̇+

(
N iN j −N2hij

)
∂iϕ∂jϕ

)
− ϕ̇2

]2
=

1

2
P,X

(
1

(1 + α)2
ϕ̇2 − ϕ̇2

)
+

1

8
P,XX

(
1

(1 + α)2
ϕ̇2 − ϕ̇2

)2

=
1

2
P,X

((
1− 2α+ 3α2

)
ϕ̇2 − ϕ̇2

)
+

1

8
P,XX

((
1− 2α+ 3α2

)
ϕ̇2 − ϕ̇2

)2
= P,XX

(
3α2 − 2α

)
+ 2P,XXX

2α2 , (5.35)
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where X ≡ ϕ̇2/2 is the kinetic term of the background field. In the above calculation, we have used
δϕ = 0 for our choice of gauge and ignored the third as well as higher order perturbation terms in the
third equality. Furthermore, we have

− 2

N2
P,X

(
ϕ̇−N i∂iϕ

)2
= − 2

(1 + α)2
(P,X + P,XXδX) ϕ̇2

= − 4

(1 + α)2
(
P,X + P,XXX(3α2 − 2α)

)
X

= −4P,XX
(
1− 2α+ 3α2

)
− 4P,XXX

2(7α2 − 2α). (5.36)

Inserting Eqs. (5.28), (5.33), (5.34), (5.35) and (5.36), into Eq. (5.4), and then keeping the terms up
to the linear perturbation, we get

0 = −4∂2ζ +6H2 + 2P − 4PXX︸ ︷︷ ︸
=0due to Eq. (5.20)

−4H∂2β + 4X (P,X + 2P,XXX)α (5.37)

5.4 The action for linear perturbations
to compute the action for the perturbation variables, we first expand

√
−g = N

√
h up to the secon

order in perturbation as

√
−g = (1 + α)a3e3ζ = a3

(
1 + α+ 3ζ + 3ζα+

9

2
ζ2
)
. (5.38)

For convenience, we defined Lagrangian density from the action (5.3) as

L ≡ N
√
h
[
(3)R+KijK

ij −K2 + 2P
]
. (5.39)

Substituting Eqs. (5.38), (5.28), (5.33), (5.34) and (5.35) into Eq. (5.39), we obtain the linear La-
grangian density as

a−3L = (1 + α+ 3ζ)
(
−4∂2ζ − 6H2 + 4H∂2β + 2P − 4P,XXα

)
= −6H2 + 2P︸ ︷︷ ︸

background action Eq. (5.18)
−4∂2ζ + 4H∂2β︸ ︷︷ ︸
divergent terms

−4P,XXα− 2(α+ 3ζ)(3H2 − P )

= −4P,XXα− 2(α+ 3ζ)(3H2 − P ) = −12H2α− 12ζ(3H2 + Ḣ)

L = −12a3H2α− 36a3ζH2−12 d
dt

(
a3ζH

)
+ 12a3

(
3H + ζ̇

)
H︸ ︷︷ ︸

rearranged Ḣ term
= −12a3H2α+ 12a3ζ̇H = 0 . (5.40)

The details for the above calculations are the follows: We have dropped the action for the background
universe and the divergent terms in the third line and then used Eq. (5.20) for the α terms and
Eq. (5.24) for the ζ terms for the second equality in this line. In the fourth line, we have written
the Ḣ term in form of the “total time derivative”, which can be ignored in the fifth line. Finally,
Eq. (5.31) is used in the fifth line. We see that the action for the first order perturbation vanishes.
Hence, in order to compute the action that governs dynamics of the perturbations, we have to expand
the action up to the second order in perturbations.
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5.5 The second order action for the perturbations
Substituting Eqs. (5.38), (5.28), (5.33), (5.34) and (5.35) into Eq. (5.39), we obtain the second order
Lagrangian density as

L = a3
(
1 + α+ 3ζ + 3ζα+

9

2
ζ2
)−4∂2ζ − 2∂iζ∂

iζ − 6H2+4H
(
∂2β + 3∂iζ∂

iβ
)
− 4∂2βζ̇︸ ︷︷ ︸

=0 (A)

+∂i∂jβ∂
i∂jβ −

(
∂2β

)2︸ ︷︷ ︸
=0after integrating by parts twice

+2P + 2P,XX
(
3α2 − 2α

)
+ 4P,XXX

2α2

 . (5.41)

Before we go further, let us show that the second order perturbation in the term (A) in the above
equation vanishes.

(A) = a3 (1 + α+ 3ζ)
(
4H
(
∂2β + 3∂iζ∂

iβ
)
− 4∂2βζ̇

)
= a3

4H

∂2βα +3∂2βζ + 3∂iζ∂
iβ︸ ︷︷ ︸

=0 afterintegrationbyparts

− 4∂2βζ̇

 = 4a3H∂2β
(
α− ζ̇

)
= 0 ,(5.42)

where we have used Eq. (5.31) in the final step. Writing ∂2 as hij∂i∂j , Eq. (5.41) becomes

L = a3
(
1 + α+ 3ζ + 3ζα+

9

2
ζ2
)[
−2a−2ϵ−2ζδij (2∂i∂jζ + ∂iζ∂jζ)

−6H2 + 2P + 4P,XX
(
α2 − α

)
+ 2XρXα

2
]

= −2a (1 + α+ ζ) δij (2∂i∂jζ + ∂iζ∂jζ)

+a3
(
1 + α+ 3ζ + 3ζα+

9

2
ζ2
)(
−6H2 + 2P + 4P,XX

(
α2 − α

)
+ 2XρXα

2
)

= −2aδij
(
2
ζ̇

H
∂i∂jζ + 2ζ∂i∂jζ + ∂iζ∂jζ

)

+a3

2
(
P − 3H2

)(
3ζ

ζ̇

H
+

9

2
ζ2

)
− 12P,XXζ

ζ̇

H
+ 2XρX

(
ζ̇

H

)2
 , (5.43)

where we have used Eq. (5.31) in the last equality. Integrating the terms those depend on ∂i∂jζ by
parts, and using δij∂iζ̇∂jζ = (δij/2)d(∂iζ∂jζ)/dt as well as ζζ̇ = (1/2)dζ2/dt, the above equation
becomes

L = −2aδij

 − 1

H

d

dt
(∂iζ∂jζ︸ ︷︷ ︸

performing integration by parts

−∂iζ∂jζ



+a3

3

 P − 3H2 − 2XP,X︸ ︷︷ ︸
=−6H2from Eq. (5.20)

 ζ̇2

H︸︷︷︸
integrate by parts

+9
(
P − 3H2

)
ζ2 + 2XρXα

2


= 2aδij

Ḣ

H2
∂iζ∂jζ + 2a3

XρX
H2

ζ̇2 . (5.44)

Inserting the above expression into the action (5.3), and using Ḣ = −XP,X which is followed from
Eqs. (5.20) and (5.24), we get

S(2) =
1

2

ˆ
dtd3x

(
2a3

XρX
H2

ζ̇2 − 2a
XP,X
H2

(∂iζ)
2

)
. (5.45)

52



This is the second order action for the perturbations. Here (∂iζ)
2 = δij∂iζ∂jζ. Using definition

dτ = dt/a for the conformal time τ , the above action becomes

S(2) =
1

2

ˆ
dτd3x

(
2a2

XρX
H2

(ζ ′)2 − 2a2
XP,X
H2

(∂iζ)
2

)
, (5.46)

where a prime denotes derivative with respect to conformal time.
For tensor mode, the inflaton field does not source to the tensor mode, so that one can compute

the second of action directly from Einstein-Hilbert action. Recalling the metric perturbation for the
tensor mode,

ds2 = a2(τ)
[
−dτ2 + (δij +Hij) dx

idxj
]
,

where |Hij | ≪ 1. As we have discussed before, tensor Hij has 2 physical degrees of freedom since
there are traceless, δijHij = 0, and transverse ∂iHij = 0. As a result, one can decomposed 2 physical
degrees of freedom, or polarizations, by

Hij = h+ e
+
ij + h× e

×
ij ,

where e+ and e× are the polarization tensors which have the following properties

eλij = eλji, kieλij = 0, eλii = 0,

eλij(−k) =
[
eλij(k)

]∗
,
∑
ij

(
eλij

)∗
eλ

′
ij = δλλ′ .

Notice also that the tensorsHij are gauge-invariant and therefore represent physical degrees of freedom.
Here h+ and h× are two polarization modes of the tensor perturbations.

By doing the same step as we have done in scalar perturbation, the action for Hij can be written
as

S =
1

8

ˆ
dτd3x

[
a2H ′

ijH
′
ij − a2∂lHij∂lHij

]
. (5.47)
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