Review of constraint analysis
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1 Dirac-Bergmann algorithm

Consider a system with generalised coordinates (¢') = (¢*,¢% -+ ,¢"). The dynamics of
this system is encoded in the Lagrangian' L(q’, ¢*). The Euler-Lagrange equations are
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We think of H;; as matrix element of the matrix (H;;) called the Hessian matrix.

e If det(H;;) # 0, then we can invert the equation (1.1) to be of the form
In principle, these equations can be integrated giving

¢'(t) = Q"('(0), ¢ (0); 1),

(1.1)

(1.2)

(1.3)

(1.4)

i.e. the generalised coordinates be completely determined from the 2n independent
initial variables (¢’(0),¢’(0)). We say that the system has n degrees of freedom.

e If det(H,;) = 0, then the equations (1.1) cannot be inverted. The equations can
be rearranged such that at least one equation does not contain acceleration. That
equation gives the relationship between generalised coordinates and generalised
velocities at any time, including the initial time. Therefore, the dynamics of the
system is determined by less than 2n independent initial variables. The system
has less than n degrees of freedom, and is said to be a constrained system. More

analysis is required.

'We suppose that the system is isolated. The Lagrangian does not depend explicitly on time.



A standard approach to analyse constrained systems is to follow Dirac-Bergman al-
gorithm. The starting point is to Legendre transform and consider the Hamiltonian.
The definition of conjugate momenta

)
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can be geometrically interpreted as a map F' from a tangent bundle T'M to a cotangent
bundle T*M (phase space) as

D (1.5)

F:TM —T*M

g;) . (1.6)

The tangent space Ty 47°M of the tangent bundle is spanned by

0 o 0 0
E=4{— ... — — ... — 1.7
{aq17 7aqn7aq-17 7aq-n}7 ( )
which is linearly independent. This is transported to
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If the Hessian matrix is not invertible, the set F,F is now linearly dependent. It cannot
then be used as a basis.

Suppose that F,E spans an m-dimensional space with n < m < 2n everywhere in the
phase space, then F(T'M) describes an m-dimensional submanifold of the phase space.
In this case the Hessian matrix does not have the full rank: rank(H;;) =r =m —n <n.
Physical interpretation is that dynamics occur only on F(T'M).

The embedding of F(T'M) in the phase space is described by k& = 2n — m phase
space functions ¢7(¢,p) = 0, I = 1,2,--- k. The number k is the same as the nullity
of (H;;), i.e. the number of linearly independent zero modes, the eigenvectors of (H;;)
corresponding to eigenvalue 0. The functions ¢;(q,p) are called primary constraints.
The surface F(TM) is called the primary constraint surface. They can be obtained
by rearranging the definition of conjugate momenta p; = OL/9q".

In fact, there are many ways to describe the same surface. Even for a simple example
surface p; = 0, we may also try (p;)? = 0. It turns out that describing the surface by
p1 = 0 is better than (p;)*> = 0. This is because the gradient of the surface in the former
case is dp; whereas that in the latter case is 2p;dp; which vanishes on the surface. In
general, we require that functions that can be used as the primary constraints ¢; should
be such that the set {d¢q, dps, - - ,doy} of gradients is linearly independent everywhere.
This requirement is called the regularity condition.

Next, we work out the Hamiltonian as the Legendre transformation of the Lagrangian
L:

H, = pig" — L. (1.11)
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The Hamiltonian is a phase space function. To see this, we consider

0
dH. = ¢'dp; +WQ - aqidq = ¢'dp; — 3qidq ; (1.12)

which means that H. = H.(q,p). Applying differential directly gives

dp;. (1.13)

Therefore, comparing the two expressions of dH,. gives

0H, OL ) 0H, »
- . Ndg + (- ) dp; = 0. 1.14
(w*aqz)d“( apﬁq)dp ! (1.14)

If we only restrict to the constraint surface, the set

{dqla"' 7dqn7dp1>”' 7dpn} (115)

is not linearly independent. For any vector v on the constraint surface F'(T'M), we have

do;(v) =0, I1=1,2--k, (1.16)
or we write simply that
der =0, 1=1,2,--- k, (1.17)
on the constraint surface. Therefore,
0 =ulde;
0 , 0 1.18
oq' Ip;

on the constraint surface. Therefore, comparing eq.(1.14) with eq.(1.18) and using Euler-
Lagrange equations gives

N ch I 8@5] . 8HC I a¢f
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Let us define the total Hamiltonian
Hr = H.+u'é;. (1.20)
hen 0H OH, oul 0]
T c U I 1
— = — . . 1.21
oq oq + oq o1t g “ (121)
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On the constraint surface, we have ¢; = 0 and hence
H H H H
Ofy _ OH. , Oor,,  OHr _OH. 001, (1.23)
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Comparing with eq.(1.19) gives

- aHT, P = _9Hr, (1.24)
Opi oq'

From now on, it is convenient to symbolically distinguish the two kinds of equalities.
If two phase space functions f(q,p) and g(q,p) are equal everywhere on the phase space,
we say that f and g are strongly equal and we denote f = g. On the other hand, if f
and g are equal on the constrained surface, we say that they are weakly equal, and we
denote f =~ g.

The Hamilton’s equation (1.24) can then be written as
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Vector field X corresponding to the integral curves with parameter ¢ satisfies
f~Xf, (1.26)
where f is any function on the phase space. From the Hamilton’s equation (1.25), we
obtain SHo 8 SHe 8
frloas oo | (1.27)
Op; O Oq' Op;
and hence

Op; 9¢'  9q" Op;
The vector field X should remain on the constraint surface otherwise the time evolution
would allow the trajectory to leave the constraint surface. Since X remains on the
constraint surface, it should be annihilated by all d¢;, i.e.

Y (aHT 0 0Hy 0 ) (128

do;(X) =0, I=1,2---k, (1.29)
which is equivalent to
Xor =0, 1=1,2 -k, (1.30)
or? ‘
0~ {¢I>HT} %¢], I= 1,2,"' ,k’. (131)
Here {-,-} is the Poisson’s bracket defined as
of 99 9f dg
{foy =205 550 (1.32)
0q' Op;  Opi Oq
where f, g are any phase space functions. Note that
f~{f Hr}. (1.33)
Let us consider the requirements (ﬁ; ~0for I =1,2,---, k. From direct calculation,
we obtain .
o1~ {1, He} +u'{¢r, 64}, (1.34)
and hence we demand
{61, He} +u'{61,0} = 0. (1.35)

After rearranging these equations, non-trivial equations could arise either as

2This is known colloquially as “primary constraints are preserved in time”. On the other hand,
the geometrical interpretation that we discussed is “vector field corresponding to time evolution should
remain on the primary constraint surface”.



e Conditions on Lagrange’s multiplier u”.
e Existence of extra constraints x; =~ 0. We call the new functions x as secondary
constraints.

The existence of secondary constraints redefines the constraint surface to
or ~ 0, xr ~ 0, I=1,2--k I'=1,2,--- K. (1.36)
The vector field X should be on this new constraint surface, i.e.
dxr(X) =0, I'=1,2,--- K, (1.37)

which is equivalent to
0~ xr~ {xr, He} + v/ {xr. ¢s}. (1.38)

We should check whether these consistency conditions lead to further constraints. If this
is such a case, we check whether the extra consistency conditions lead to even further
constraints. We repeat the process until there is no more constraint generated.

Let us collect all the constraints and denote them as &7 where Z = 1,2,--- . k. By
construction, @7 are all independent. This means that {d®,,d®s, - ,dP;} is linearly
independent everywhere on the constraint surface. This corresponds to that constraint
surface is a (2n — /%)—dimensional submanifold of the phase space. Sometimes it is useful
for the calculation to write constraints that are not all independent. However, we will
not consider those cases here.

Let f be a function on phase space. If its Poisson bracket with every constraint
vanishes on the constraint surface:

{f,®r}~0, IT=1,2,-- .k (1.39)

then f is said to be a first-class function. On the other hand, if f is not a first-class
function, then it is said to be a second-class function.
We are interested in classifying the constraints themselves. For this, let us define the

~

kxk antisymmetric matrix on phase space:
CIJ = {(I)I, q)j} (140)

Suppose that v” is a zero mode, i.e.

vICrs ~ 0. (1.41)
Then
v dr (1.42)
is a first-class constraint, i.e.
(&7, ® ;1 ~0, for J=1,2,---,k (1.43)

If there are k1 zero modes, then there are k; first-class constraints. The other ky = k— k1
constraints are of second-class.
Therefore, after appropriate redefinitions, the constraints are classified into

e First-class constraints ¢,,a =1,2,--- , ky
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e Second-class constraints y.,a =1,2,---  ko.

As a consistency check, the antisymmetric matrix with elements

{Xa, x8} (1.44)

must be invertible. One immediate consequence is that ks is an even number.

Having classified the constraints, an important consequence is the calculation of the
number of degrees of freedom. Recall that the number of phase space dimensions is 2n,
the number of first-class constraints is k1, and the number of second-class constraints is
ko. The number of degrees of freedom can be obtained from the formula

2n — 2]€1 — kg

. (1.45)

As we have mentioned earlier, ks is an even number, it is clear that the number of degrees
of freedom is a non-negative integer.

2 Maxwell Theory

Consider the Maxwell theory in 4 dimensional spacetime with coordinates z#, u = 0,1, 2, 3.
The metric is (7,,) = diag(—1,1,1,1). The action is

1
S = —Z/d% E, F", (2.1)

where F,, = 0,A, — 0,A,.

The constraint analysis of field theory follows steps similarly to what outlined in the
previous section. Key modifications to make calculation simpler are for example that we
consider Lagrangian density and Hamiltonian density.

The Lagrangian density is
1 v
L= —ZFWF” . (2.2)

The conjugate momenta are

o
0A,
o oc
— O0A, (2.3)
e 00,4,
DDA,
= —F%,

i

=—F

We immediately see that the primary constraint is

¢ =7’ = 0. (2.4)
The Hessian is
o 0’L
0A,04, (2.5)



Suppose that v, is a zero mode. Then
HM v, = 0. (2.6)
This implies
v + %0 = 0. (2.7)
Therefore, there is only one independent zero mode: (v,) = (1,0,0,0). Therefore, there
is only one primary constraint.
The canonical Hamiltonian density is given by
H.=7"A, — L
. 1 1
=mA; — o i + ZFijFij
1 1
= m((‘?oAi — &Ao) + m(‘?iAo — éﬂ'iﬂ'i + Z_LFZ]EJ (28)
1 1
= mm; + mi0; Ao — o5 i + 1 i Fig
1 1
= §7TZ"7Ti + ZE]F” + WiaiAo.

Note that we have imposed the primary constraint 7° ~ 0 in the calculation. Next, we
then define total Hamiltonian density

1 1 2.9
= 571'7;71'@' -+ ZLFZJE] -+ 7T1'8¢A0 + U7TO. ( )

The total Hamiltonian is
Hp = /d?’:z Hr. (2.10)

Now we compute the time derivative (note that we use total Hamiltonian) of primary
constraint:

70 = {r° Hr}
_/d3g(5ﬂ0(t,f) OHr(t)  0Hr(t) 57r0(t,5;‘)) (2.11)
0AL(t,g) omr(t,y)  0A,(tY) omH(t,y) )
The equal-time functional derivatives are defined such that
0AL(t, T) B) (= _ = omh(t, )
= Y — = 2.12
Ay oD Ty =0 (2.12)
5Au<t,.f> 57'('“(t7f> we(3) (= o
e 0 ey D) (213)
Therefore
dHr(t)
o [ (20 oz )
"\ aaen” Y
__ O0Hr(t)
A, D)
4] 3. . . (2.14)
S Ao(.7) /d Zmi(t, 2)07 Ao(t, 2)
:—/ﬁ%ﬁ¢WﬂWf—a
—82-7@



There is thus one secondary constraint:
P2 = Oim; = 0. (2.15)

From direct calculation [exercise], we see from requiring ¢, ~ 0 that there is no more
constraint.

Let us now classify the constraints. Since ¢; and ¢5 only depend on conjugate mo-
menta, it is easy to see that their Poisson’s brackets vanish and hence both ¢, and ¢, are
first-class constraints.

There are 8 phase space variables: A, 7" and 2 first-class constraints. Therefore, the
number of degrees of freedom (at each spatial position) is

2x4—-2x2
SXETEXL

. : (2.16)

as expected from the number of polarizations of photon.

Each first-class constraint corresponds to gauge symmetry. This suggests that there
are several points on the phase space that correspond to the same physical state. We
may introduce gauge fixing conditions to eliminate the redundancy. As is well-known,
Coulomb gauge condition completely fixes the gauge of Maxwell’s theory. To do this in
the language of constraint analysis, we introduce two constraints

x1 = Ao, X2 = 0;A; (2-17)

i.e. one gauge-fixing constraint per first-class constraint. It can be shown [exercise| that
the consistency requirements x; = 0, x2 =~ 0 do not introduce extra constraint. Instead,
this fixes the Lagrange multiplier to u & 0.

Alternatively, [exercise] we may only introduce y2 ~ 0, and see that y; &~ 0 arises
from consistency requirement y, ~ 0 along with the appropriate boundary condition at
spatial infinity:.

Let us now classify the constraints. Ideally, we expect that all the original first-class
constraints become second-class constraints and that the gauge-fixing constraints are also
second-class. By working out the matrix formed by Poisson’s brackets of the constraints
&1, P2, X1, X2, it can be shown [exercise] for example that there is no zero mode and hence
all the constraints are of second-class.

The number of degrees of freedom remains the same. Since there are now 4 second-
class constraints, the number of degrees of freedom is given by

2x4—4_

5 2. (2.18)

When there are only second-class constraints, one might solve them to obtain the
reduced phase space. In our case, the solution of (¢1, @9, x1, x2) =~ (0,0,0,0), is given
by

Ay =0, Ay = AT, (2.19)

=0, m=n (2.20)

i
where AT and 7] satisfy 9;A7 = 0 = 9;x]. By counting [exercise], there are 2 indepen-
dent components of AT and 2 of 7. In the reduced phase space, there is no constraint.
Therefore, the number of degrees of freedom is directly obtained from half of the dimen-
sions of the reduced phase space.



3 ADM Decomposition of Einstein’s gravity theory

In this section, let us analyse the gravity Einstein-Hilbert action. General relativity sug-
gests that space and time are on equal footing. However, Hamiltonian analysis demands
that time has a special role. The time evolution is described by Hamiltonian. It is there-
fore important to separate the spacetime of general relativity so that accommodates time
evolution. The successful approach called ADM decomposition is invented by Arnowitt,
Deser, and Misner in 1959.

In the ADM decomposition, 4-dimensional spacetime is sliced into constant-time hy-
persurfaces. The covariant prescription of metric g, i, v € {0, 1,2, 3} is thus not appro-
priate. Instead, the 10 independent components are expressed in terms of 10 independent
variables which are

e The lapse function N. This is the normalisation of the normal dt to the surface.

e The shift vectors N*. This is encodes the unalignment between the direction of the
vector g~!(dt) = ¢°*0, and the tangent 9, to the curves with parameter ¢.

e The metric 7,5, i, j € {1,2,3} on the hypersurface.

It can be worked out that the decomposition of spacetime metric is
ds® = —N?dt* + v;;(dx’ + N'dt)(dz’? + N7dt). (3.1)

The Einstein-Hilbert action is given by

S = /d4x v—gR, (3.2)
where g = det(g,,) and R is the Ricci scalar. The Lagrangian density

L==gR (3.3)

can be expressed in terms of the variables N, N*, ,;. Let us denote the conjugate momenta
of these variables as

H07 Hi7 Cija (34)

respectively. It can be shown that the Lagrangian density does not contain time deriva-
tives on N and N’. However, it contains time derivative on v;;. Therefore, we immediately
see that

Iy = 0, II; ~ 0 (3.5)

are primary constraints. From direct calculation, we obtain

(7= 5= = =KW = K9), (36)
Vij
where 1
Ky =5 (i = N*0vi; — 206N i) , (3.7)

and [K| =77 K;;. The tensor Kj; is called the extrinsic curvature.



From a lengthy direct calculation, we obtain the canonical Hamiltonian density (up
to total derivative)

H = (" — ﬁk (3.8)
= NHo + N"Hy,.
Ho= —AOR— [P+ —=[CY, M= 2w (39)

27 A

Here ® R is the Ricci scalar on the 3D hypersurface, [¢(] = (v, [¢Y] = (PvuC*u,
whereas the subscript vertical bar |; denotes covariant derivative that is compatible with
the hypersurface metric ;;.

The total Hamiltonian is then

H = NHo + N"Hy, + Tl + 'T1;, (3.10)

where u°, v’ are Lagrange multipliers. Consistency requirements ITy ~ 0,II; ~ 0 suggest
[exercise] that Ho and H; are secondary constraints. We call H, the Hamiltonian
constraint and call H; the momentum constraints. Consistency requirements Ho ~
0,; ~ 0 do not lead to new constraints nor fix Lagrange multipliers.

We may now classify the constraints Ilg, I1;, Ho, H;. Direct calculation suggests that
Poisson bracket between any pair of these constraints weakly vanish. Therefore the
system has only first-class constraints. There are 8 first-class constraints in total. Since
the number of phase space dimensions is 2 x 10, the number of degrees of freedom is

2x10—-2x8

2 A1
. , (3.11)

as expected from the number of polarisations (the + and x modes) of gravity.
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