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1 Dirac-Bergmann algorithm

Consider a system with generalised coordinates (qi) = (q1, q2, · · · , qn). The dynamics of
this system is encoded in the Lagrangian1 L(qi, q̇i). The Euler-Lagrange equations are

0 =
d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi

=
∂2L

∂q̇i∂q̇j
q̈j +

∂2L

∂q̇i∂qj
q̇j − ∂L

∂qi
.

(1.1)

Denote

Hij ≡
∂2L

∂q̇i∂q̇j
. (1.2)

We think of Hij as matrix element of the matrix (Hij) called the Hessian matrix.

� If det(Hij) ̸= 0, then we can invert the equation (1.1) to be of the form

q̈i = q̈i(qj, q̇j), i = 1, 2, · · · , n. (1.3)

In principle, these equations can be integrated giving

qi(t) = Qi(qj(0), q̇j(0); t), (1.4)

i.e. the generalised coordinates be completely determined from the 2n independent
initial variables (qj(0), q̇j(0)). We say that the system has n degrees of freedom.

� If det(Hij) = 0, then the equations (1.1) cannot be inverted. The equations can
be rearranged such that at least one equation does not contain acceleration. That
equation gives the relationship between generalised coordinates and generalised
velocities at any time, including the initial time. Therefore, the dynamics of the
system is determined by less than 2n independent initial variables. The system
has less than n degrees of freedom, and is said to be a constrained system. More
analysis is required.

1We suppose that the system is isolated. The Lagrangian does not depend explicitly on time.

1



A standard approach to analyse constrained systems is to follow Dirac-Bergman al-
gorithm. The starting point is to Legendre transform and consider the Hamiltonian.

The definition of conjugate momenta

pi =
∂L

∂q̇i
(1.5)

can be geometrically interpreted as a map F from a tangent bundle TM to a cotangent
bundle T ∗M (phase space) as

F : TM → T ∗M

(qi, q̇i) 7→
(
qi, pi =

∂L

∂q̇i

)
.

(1.6)

The tangent space Tq,q̇TM of the tangent bundle is spanned by

E ≡
{

∂

∂q1
, · · · , ∂

∂qn
,
∂

∂q̇1
, · · · , ∂

∂q̇n

}
, (1.7)

which is linearly independent. This is transported to

F∗E ≡
{
F∗

∂

∂q1
, · · · , F∗

∂

∂qn
, F∗

∂

∂q̇1
, · · · , F∗

∂

∂q̇n

}
, (1.8)

where

F∗
∂

∂qi
=

∂

∂qi
+

∂2L

∂qi∂q̇j
∂

∂pj
, (1.9)

F∗
∂

∂q̇i
=

∂2L

∂q̇i∂q̇j
∂

∂pj
. (1.10)

If the Hessian matrix is not invertible, the set F∗E is now linearly dependent. It cannot
then be used as a basis.

Suppose that F∗E spans an m-dimensional space with n ≤ m < 2n everywhere in the
phase space, then F (TM) describes an m-dimensional submanifold of the phase space.
In this case the Hessian matrix does not have the full rank: rank(Hij) = r = m− n < n.
Physical interpretation is that dynamics occur only on F (TM).

The embedding of F (TM) in the phase space is described by k = 2n − m phase
space functions ϕI(q, p) = 0, I = 1, 2, · · · , k. The number k is the same as the nullity
of (Hij), i.e. the number of linearly independent zero modes, the eigenvectors of (Hij)
corresponding to eigenvalue 0. The functions ϕI(q, p) are called primary constraints.
The surface F (TM) is called the primary constraint surface. They can be obtained
by rearranging the definition of conjugate momenta pi = ∂L/∂q̇i.

In fact, there are many ways to describe the same surface. Even for a simple example
surface p1 = 0, we may also try (p1)

2 = 0. It turns out that describing the surface by
p1 = 0 is better than (p1)

2 = 0. This is because the gradient of the surface in the former
case is dp1 whereas that in the latter case is 2p1dp1 which vanishes on the surface. In
general, we require that functions that can be used as the primary constraints ϕI should
be such that the set {dϕ1, dϕ2, · · · , dϕk} of gradients is linearly independent everywhere.
This requirement is called the regularity condition.

Next, we work out the Hamiltonian as the Legendre transformation of the Lagrangian
L:

Hc = piq̇
i − L. (1.11)
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The Hamiltonian is a phase space function. To see this, we consider

dHc = q̇idpi +
��

���
��*

0(
pi −

∂L

∂q̇i

)
dq̇i − ∂L

∂qi
dqi = q̇idpi −

∂L

∂qi
dqi, (1.12)

which means that Hc = Hc(q, p). Applying differential directly gives

dHc =
∂Hc

∂qi
dqi +

∂Hc

∂pi
dpi. (1.13)

Therefore, comparing the two expressions of dHc gives

−
(
∂Hc

∂qi
+

∂L

∂qi

)
dqi +

(
−∂Hc

∂pi
+ q̇i

)
dpi = 0. (1.14)

If we only restrict to the constraint surface, the set

{dq1, · · · , dqn, dp1, · · · , dpn} (1.15)

is not linearly independent. For any vector v on the constraint surface F (TM), we have

dϕI(v) = 0, I = 1, 2, · · · , k, (1.16)

or we write simply that
dϕI = 0, I = 1, 2, · · · , k, (1.17)

on the constraint surface. Therefore,

0 = uIdϕI

= uI ∂ϕI

∂qi
dqi + uI ∂ϕI

∂pi
dpi

(1.18)

on the constraint surface. Therefore, comparing eq.(1.14) with eq.(1.18) and using Euler-
Lagrange equations gives

q̇i =
∂Hc

∂pi
+ uI ∂ϕI

∂pi
, ṗi = −∂Hc

∂qi
− uI ∂ϕI

∂qi
. (1.19)

Let us define the total Hamiltonian

HT = Hc + uIϕI . (1.20)

Then
∂HT

∂qi
=

∂Hc

∂qi
+

∂uI

∂qi
ϕI +

∂ϕI

∂qi
uI , (1.21)

∂HT

∂pi
=

∂Hc

∂pi
+

∂uI

∂pi
ϕI +

∂ϕI

∂pi
uI . (1.22)

On the constraint surface, we have ϕI = 0 and hence

∂HT

∂qi
=

∂Hc

∂qi
+

∂ϕI

∂qi
uI ,

∂HT

∂pi
=

∂Hc

∂pi
+

∂ϕI

∂pi
uI . (1.23)
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Comparing with eq.(1.19) gives

q̇i =
∂HT

∂pi
, ṗi = −∂HT

∂qi
. (1.24)

From now on, it is convenient to symbolically distinguish the two kinds of equalities.
If two phase space functions f(q, p) and g(q, p) are equal everywhere on the phase space,
we say that f and g are strongly equal and we denote f = g. On the other hand, if f
and g are equal on the constrained surface, we say that they are weakly equal, and we
denote f ≈ g.

The Hamilton’s equation (1.24) can then be written as

q̇i ≈ ∂HT

∂pi
, ṗi ≈ −∂HT

∂qi
. (1.25)

Vector field X corresponding to the integral curves with parameter t satisfies

ḟ ≈ Xf, (1.26)

where f is any function on the phase space. From the Hamilton’s equation (1.25), we
obtain

ḟ ≈
(
∂HT

∂pi

∂

∂qi
− ∂HT

∂qi
∂

∂pi

)
f, (1.27)

and hence

X =

(
∂HT

∂pi

∂

∂qi
− ∂HT

∂qi
∂

∂pi

)
. (1.28)

The vector field X should remain on the constraint surface otherwise the time evolution
would allow the trajectory to leave the constraint surface. Since X remains on the
constraint surface, it should be annihilated by all dϕI , i.e.

dϕI(X) ≈ 0, I = 1, 2, · · · , k, (1.29)

which is equivalent to
XϕI ≈ 0, I = 1, 2, · · · , k, (1.30)

or2

0 ≈ {ϕI , HT} ≈ ϕ̇I , I = 1, 2, · · · , k. (1.31)

Here {·, ·} is the Poisson’s bracket defined as

{f, g} =
∂f

∂qi
∂g

∂pi
− ∂f

∂pi

∂g

∂qi
, (1.32)

where f, g are any phase space functions. Note that

ḟ ≈ {f,HT}. (1.33)

Let us consider the requirements ϕ̇I ≈ 0 for I = 1, 2, · · · , k. From direct calculation,
we obtain

ϕ̇I ≈ {ϕI , Hc}+ uJ{ϕI , ϕJ}, (1.34)

and hence we demand
{ϕI , Hc}+ uJ{ϕI , ϕJ} ≈ 0. (1.35)

After rearranging these equations, non-trivial equations could arise either as

2This is known colloquially as “primary constraints are preserved in time”. On the other hand,
the geometrical interpretation that we discussed is “vector field corresponding to time evolution should
remain on the primary constraint surface”.
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� Conditions on Lagrange’s multiplier uJ .

� Existence of extra constraints χI′ ≈ 0. We call the new functions χI′ as secondary
constraints.

The existence of secondary constraints redefines the constraint surface to

ϕI ≈ 0, χI′ ≈ 0, I = 1, 2, · · · , k, I ′ = 1, 2, · · · , k′. (1.36)

The vector field X should be on this new constraint surface, i.e.

dχI′(X) ≈ 0, I ′ = 1, 2, · · · , k′, (1.37)

which is equivalent to
0 ≈ χ̇I′ ≈ {χI′ , Hc}+ uJ{χI′ , ϕJ}. (1.38)

We should check whether these consistency conditions lead to further constraints. If this
is such a case, we check whether the extra consistency conditions lead to even further
constraints. We repeat the process until there is no more constraint generated.

Let us collect all the constraints and denote them as ΦI where I = 1, 2, · · · , k̂. By
construction, ΦI are all independent. This means that {dΦ1, dΦ2, · · · , dΦk̂} is linearly
independent everywhere on the constraint surface. This corresponds to that constraint
surface is a (2n− k̂)-dimensional submanifold of the phase space. Sometimes it is useful
for the calculation to write constraints that are not all independent. However, we will
not consider those cases here.

Let f be a function on phase space. If its Poisson bracket with every constraint
vanishes on the constraint surface:

{f,ΦI} ≈ 0, I = 1, 2, · · · , k̂, (1.39)

then f is said to be a first-class function. On the other hand, if f is not a first-class
function, then it is said to be a second-class function.

We are interested in classifying the constraints themselves. For this, let us define the
k̂ × k̂ antisymmetric matrix on phase space:

CIJ ≡ {ΦI ,ΦJ }. (1.40)

Suppose that vI is a zero mode, i.e.

vICIJ ≈ 0. (1.41)

Then
vIΦI (1.42)

is a first-class constraint, i.e.

{vIΦI ,ΦJ } ≈ 0, for J = 1, 2, · · · , k̂. (1.43)

If there are k1 zero modes, then there are k1 first-class constraints. The other k2 = k̂−k1
constraints are of second-class.

Therefore, after appropriate redefinitions, the constraints are classified into

� First-class constraints ϕa, a = 1, 2, · · · , k1
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� Second-class constraints χα, α = 1, 2, · · · , k2.

As a consistency check, the antisymmetric matrix with elements

{χα, χβ} (1.44)

must be invertible. One immediate consequence is that k2 is an even number.
Having classified the constraints, an important consequence is the calculation of the

number of degrees of freedom. Recall that the number of phase space dimensions is 2n,
the number of first-class constraints is k1, and the number of second-class constraints is
k2. The number of degrees of freedom can be obtained from the formula

2n− 2k1 − k2
2

. (1.45)

As we have mentioned earlier, k2 is an even number, it is clear that the number of degrees
of freedom is a non-negative integer.

2 Maxwell Theory

Consider the Maxwell theory in 4 dimensional spacetime with coordinates xµ, µ = 0, 1, 2, 3.
The metric is (ηµν) = diag(−1, 1, 1, 1). The action is

S = −1

4

∫
d4x FµνF

µν , (2.1)

where Fµν = ∂µAν − ∂νAµ.
The constraint analysis of field theory follows steps similarly to what outlined in the

previous section. Key modifications to make calculation simpler are for example that we
consider Lagrangian density and Hamiltonian density.

The Lagrangian density is

L = −1

4
FµνF

µν . (2.2)

The conjugate momenta are

πµ =
∂L
∂Ȧµ

=
∂L

∂∂0Aµ

= −F ρσ ∂∂ρAσ

∂∂0Aµ

= −F 0µ.

(2.3)

We immediately see that the primary constraint is

ϕ1 ≡ π0 ≈ 0. (2.4)

The Hessian is

Hµν =
∂2L

∂Ȧµ∂Ȧν

= ηµν + η0µη0ν .

(2.5)
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Suppose that vν is a zero mode. Then

Hµνvν = 0. (2.6)

This implies
vµ + ηµ0v0 = 0. (2.7)

Therefore, there is only one independent zero mode: (vµ) = (1, 0, 0, 0). Therefore, there
is only one primary constraint.

The canonical Hamiltonian density is given by

Hc = πµȦµ − L

= πiȦi −
1

2
πiπi +

1

4
FijFij

= πi(∂0Ai − ∂iA0) + πi∂iA0 −
1

2
πiπi +

1

4
FijFij

= πiπi + πi∂iA0 −
1

2
πiπi +

1

4
FijFij

=
1

2
πiπi +

1

4
FijFij + πi∂iA0.

(2.8)

Note that we have imposed the primary constraint π0 ≈ 0 in the calculation. Next, we
then define total Hamiltonian density

HT = Hc + uπ0

=
1

2
πiπi +

1

4
FijFij + πi∂iA0 + uπ0.

(2.9)

The total Hamiltonian is

HT =

∫
d3x⃗ HT . (2.10)

Now we compute the time derivative (note that we use total Hamiltonian) of primary
constraint:

π̇0 = {π0, HT}

=

∫
d3y⃗

(
δπ0(t, x⃗)

δAµ(t, y⃗ )

δHT (t)

δπµ(t, y⃗ )
− δHT (t)

δAµ(t, y⃗ )

δπ0(t, x⃗)

δπµ(t, y⃗ )

)
.

(2.11)

The equal-time functional derivatives are defined such that

δAµ(t, x⃗)

δAν(t, y⃗ )
= δνµδ

(3)(x⃗ − y⃗ ),
δπµ(t, x⃗)

δAν(t, y⃗ )
= 0, (2.12)

δAµ(t, x⃗)

δπν(t, y⃗ )
= 0,

δπµ(t, x⃗)

δπν(t, y⃗ )
= δµν δ

(3)(x⃗ − y⃗ ). (2.13)

Therefore

π̇0 =

∫
d3y⃗

(
− δHT (t)

δA0(t, y⃗ )
δ(3)(x⃗ − y⃗ )

)
= − δHT (t)

δA0(t, x⃗)

= − δ

δA0(t, x⃗)

∫
d3z⃗ πi(t, z⃗ )∂

z
i A0(t, z⃗ )

= −
∫

d3z⃗ πi(t, z⃗ )∂
z
i δ

(3)(x⃗ − z⃗ )

= ∂iπi.

(2.14)

7



There is thus one secondary constraint:

ϕ2 ≡ ∂iπi ≈ 0. (2.15)

From direct calculation [exercise], we see from requiring ϕ̇2 ≈ 0 that there is no more
constraint.

Let us now classify the constraints. Since ϕ1 and ϕ2 only depend on conjugate mo-
menta, it is easy to see that their Poisson’s brackets vanish and hence both ϕ1 and ϕ2 are
first-class constraints.

There are 8 phase space variables: Aµ, π
µ and 2 first-class constraints. Therefore, the

number of degrees of freedom (at each spatial position) is

2× 4− 2× 2

2
= 2, (2.16)

as expected from the number of polarizations of photon.
Each first-class constraint corresponds to gauge symmetry. This suggests that there

are several points on the phase space that correspond to the same physical state. We
may introduce gauge fixing conditions to eliminate the redundancy. As is well-known,
Coulomb gauge condition completely fixes the gauge of Maxwell’s theory. To do this in
the language of constraint analysis, we introduce two constraints

χ1 = A0, χ2 = ∂iAi (2.17)

i.e. one gauge-fixing constraint per first-class constraint. It can be shown [exercise] that
the consistency requirements χ̇1 ≈ 0, χ̇2 ≈ 0 do not introduce extra constraint. Instead,
this fixes the Lagrange multiplier to u ≈ 0.

Alternatively, [exercise] we may only introduce χ2 ≈ 0, and see that χ1 ≈ 0 arises
from consistency requirement χ̇2 ≈ 0 along with the appropriate boundary condition at
spatial infinity.

Let us now classify the constraints. Ideally, we expect that all the original first-class
constraints become second-class constraints and that the gauge-fixing constraints are also
second-class. By working out the matrix formed by Poisson’s brackets of the constraints
ϕ1, ϕ2, χ1, χ2, it can be shown [exercise] for example that there is no zero mode and hence
all the constraints are of second-class.

The number of degrees of freedom remains the same. Since there are now 4 second-
class constraints, the number of degrees of freedom is given by

2× 4− 4

2
= 2. (2.18)

When there are only second-class constraints, one might solve them to obtain the
reduced phase space. In our case, the solution of (ϕ1, ϕ2, χ1, χ2) ≈ (0, 0, 0, 0), is given
by

A0 = 0, Ai = AT
i , (2.19)

π0 = 0, πi = πT
i , (2.20)

where AT
i and πT

i satisfy ∂iA
T
i = 0 = ∂iπ

T
i . By counting [exercise], there are 2 indepen-

dent components of AT
i and 2 of πT

i . In the reduced phase space, there is no constraint.
Therefore, the number of degrees of freedom is directly obtained from half of the dimen-
sions of the reduced phase space.
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3 ADM Decomposition of Einstein’s gravity theory

In this section, let us analyse the gravity Einstein-Hilbert action. General relativity sug-
gests that space and time are on equal footing. However, Hamiltonian analysis demands
that time has a special role. The time evolution is described by Hamiltonian. It is there-
fore important to separate the spacetime of general relativity so that accommodates time
evolution. The successful approach called ADM decomposition is invented by Arnowitt,
Deser, and Misner in 1959.

In the ADM decomposition, 4-dimensional spacetime is sliced into constant-time hy-
persurfaces. The covariant prescription of metric gµν , µ, ν ∈ {0, 1, 2, 3} is thus not appro-
priate. Instead, the 10 independent components are expressed in terms of 10 independent
variables which are

� The lapse function N . This is the normalisation of the normal dt to the surface.

� The shift vectors N i. This is encodes the unalignment between the direction of the
vector g−1(dt) = g0µ∂µ and the tangent ∂t to the curves with parameter t.

� The metric γij, i, j ∈ {1, 2, 3} on the hypersurface.

It can be worked out that the decomposition of spacetime metric is

ds2 = −N2dt2 + γij(dx
i +N idt)(dxj +N jdt). (3.1)

The Einstein-Hilbert action is given by

S =

∫
d4x

√
−gR, (3.2)

where g = det(gµν) and R is the Ricci scalar. The Lagrangian density

L =
√
−gR (3.3)

can be expressed in terms of the variablesN,N i, γij. Let us denote the conjugate momenta
of these variables as

Π0, Πi, ζ ij, (3.4)

respectively. It can be shown that the Lagrangian density does not contain time deriva-
tives onN andN i. However, it contains time derivative on γij. Therefore, we immediately
see that

Π0 ≈ 0, Πi ≈ 0 (3.5)

are primary constraints. From direct calculation, we obtain

ζ ij =
∂L
∂γ̇ij

= −√
γ([K]γij −Kij), (3.6)

where

Kij =
1

2N

(
γ̇ij −Nk∂kγij − 2∂(iN

kγj)k
)
, (3.7)

and [K] ≡ γijKij. The tensor Kij is called the extrinsic curvature.
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From a lengthy direct calculation, we obtain the canonical Hamiltonian density (up
to total derivative)

H = ζ ij γ̇ij − L
= NH0 +NkHk.

(3.8)

H0 ≡ −√
γ(3)R− 1

2
√
γ
[ζ]2 +

1
√
γ
[ζ2], Hk ≡ −2ζ ik|i. (3.9)

Here (3)R is the Ricci scalar on the 3D hypersurface, [ζ] ≡ ζ ijγij, [ζ
2] = ζ ijγjkζ

klγli,
whereas the subscript vertical bar |i denotes covariant derivative that is compatible with
the hypersurface metric γij.

The total Hamiltonian is then

H = NH0 +NkHk + u0Π0 + uiΠi, (3.10)

where u0, ui are Lagrange multipliers. Consistency requirements Π̇0 ≈ 0, Π̇i ≈ 0 suggest
[exercise] that H0 and Hi are secondary constraints. We call H0 the Hamiltonian
constraint and call Hi the momentum constraints. Consistency requirements Ḣ0 ≈
0, Ḣi ≈ 0 do not lead to new constraints nor fix Lagrange multipliers.

We may now classify the constraints Π0,Πi,H0,Hi. Direct calculation suggests that
Poisson bracket between any pair of these constraints weakly vanish. Therefore the
system has only first-class constraints. There are 8 first-class constraints in total. Since
the number of phase space dimensions is 2× 10, the number of degrees of freedom is

2× 10− 2× 8

2
= 2, (3.11)

as expected from the number of polarisations (the + and × modes) of gravity.
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