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From particle mechanics to fields

Dynamics of a point particle is described by

Slq] = / dtL(q, )

where g = q(t) is a dynamical variable.
Field theory generalizes this dynamical variable to

q(t) —  ¢i(x")
whose value depends on points in spacetime x*. Then, the action for field becomes
Stol = [ d*xL(6:,0,60).
L(¢i,0,0;) is Lagrangian density
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The field ¢;(x) varies by theories

Theory

Field Lagrangian

Klein-Gordon
Dirac
Maxwell

Yang-Mills

GR

¢ —3(090)? = V(9)

R T
1
A2 —3Fa, Fa
M2
8uv R
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Consider

S— /M d*XL(65, 0, ). (3)

Take a variation ¢; — ¢; + 0¢;.

o oL
0S = /M d*x <3¢, 0p;i + 5’(5u¢,)5a#¢'> (4)

Use 00,¢; = 0,,0¢; and apply integration by parts gives

5= [ o {fw, “( 0n97) )W’ IRE ( u¢,)5¢>' ®)

EOM Boundary term

O (6(22,-)) - ng,- =0 (6)

Therefore, we have
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Example: Klein—Gordon Field

1
L= —30,60"6— V(o)

where V(@) is the scalar potential.

The Euler-Lagrange equation is

oL oL
= —9g" — = —V'(¢).
Therefore,
~0,0"¢ + V'(6) = 0.

13 August 2026

P. Srisangyingcharoen (IF)



Example: Maxwell Field

Consider the electromagnetic field
Au(x).
The gauge-invariant field strength is

| Fu = 0uA, — 0,A,.|

The Maxwell Lagrangian is

1 v
L= =g FuF" = JFA,.

We now derive the equation of motion for A,,.

Since
0F., = 0u,0A, — 0,0A,,

we have 1
oL = —§F‘“’5FW — JHOA,.
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Using the antisymmetry
[ —

this becomes
0L = —F"0,0A, — JV0A,.

Integrating by parts,
—F*9,0A, = =0, (FF0A,) + (0, F*")oA,.

Ignoring the boundary term,

6S = / d*x [0, F" — J'] 6A,.

Since dA, is arbitrary,
O F =J¥.

This is the inhomogeneous Maxwell equation.

The other Maxwell equation follows from the identity

a[uFVp] =0.
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What is a Symmetry?
Consider a field theory described by

S[g] = /M d*x L(61, 0 1)-

A transformation

i — i +09;

More generally, the Lagrangian may change by a total derivative:

55:/ d4x6MK“:/ d¥, K"
M oM

which vanishes for suitable boundary conditions.
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Spacetime Transformations
Consider a linear transformation of spacetime coordinates
x'P = A\ XY 4 at.

Here

a" = translation, A", = Lorentz transformation.

A Lorentz transformation satisfies
NN e = Ny

Equivalently,
AT\ =1n.

The Lorentz group is SO(1, 3). and the full Poincaré group combines

translations x SO(1, 3).
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How Do Fields Transform?

Under
/
x* =N xY + at,

different tensor fields transform according to their tensorial nature.

Scalar
¢'(x") = ¢(x)
Vector
VE(X") = N, VY (x)
Covector

Vi(x') = (N V(%)
Rank-2 tensor
T (x') = AN 5 TP (x)

For a covariant rank-2 tensor,

T (X)) = (N u(A)70 oo (x).

7%
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Infinitesimal Lorentz Transformation

Write
/\Hu - 5My + wuua
where
Wy = —Wyp-
Therefore

X = xt 4wt x".
For a scalar field,
¢'(x') = ¢(x).

At the same spacetime point x,

06(x) = ¢'(x) = ¢(x) = —wH, X" 0.
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For a vector field,

OVH = —wPox70,VH + wh, V",

For a co-vector field,

A, = —wP o x"0,A, — w” LAY

For a rank-2 tensor,
5g;w = _wpaxaapg,uu - wpugpu

For a translation,
x'F = x" + aH,

For any tensor field,
0 =—-a"0,®

where ® is an arbitrary field.
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Internal Symmetry

An internal transformation does not act on spacetime: x* — x*.
Instead, it acts directly on the fields.
For a multiplet

1
V= S
Y
consider
v — UV,
For a continuous symmetry,
U= eioﬁT".
Infinitesimally,
oV = ia?TV.

Here T? are the generators of the symmetry group.
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Example: Global U(1) Symmetry

Consider a complex scalar Lagrangian
L=-0,0"0"¢—V(¢"9)

is invariant under

b — e, « = constant.

Infinitesimally,

0p = iag, 0¢* = —iag*.

Since
0L =0,

this is a global continuous symmetry.
Noether's theorem will give a conserved current sartisfying

9, 0" = 0.
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SU(N) Symmetry

Let W transform in the fundamental representation:
v — UV, U=eT,
The generators satisfy
[T2, T = if**eTe,
Infinitesimally,
oV =ia’TV.

For a global symmetry, according to the Noether's theorem, the theory has one conserved current
for each generator:

9,J" =0, a=1,...,N>—1.

Hence there are N? — 1 Noether charges.
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Noether's Theorem

Under
i — i + 09,

the Lagrangian density changes as

o= a2 (o) |4+ (s
Being on-shell, the first term vanishes. For a symmetry,
0L = 0, K"
Therefore, one can introduce a conserved current
gu oL
9(0,i)

oo — K.

satisfying
ouJ* =0,
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From Current to Conserved Charge

The conservation equation is

ouJ* =0.
In 3+ 1 dimensions, o
aJ
ar +V-J=0.
Define
Q= /d3xJ°.
Then

Q:—/cﬂxv-J:—j{ J-dS.

For suitable boundary conditions,
dQ 0
dt
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Examples of Noether's Theorem

Symmetry Current

Conserved quantity

Time translation THo
Spatial translation TH
Lorentz transformation M#pe
Global U(1) "

SU(N) Jwa

Energy E
Momentum P’
Angular momentum
Charge @

Q2

‘Symmetry —  Conservation law

P. Srisangyingcharoen (IF)

13 August 2026

18 /



Example: Noether Current for Translations

Consider a real scalar field )
L=—50,00"0— V(®)

Under an infinitesimal translation, x* — x* + a*, the scalar field transforms as

6¢p =—a"0,¢.
0L =—-a"0,L = —0,(a"L).
Thus
KH = —alL.
Using
oL
JH = op — KM,
90,0)"
we obtain or
JIL = _al/ 8,/ _6#‘1/»& .
50,0)
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Since a” is an arbitrary constant parameter, define
JH==aTH,.

The canonical energy-momentum tensor is therefore

oL
TV, = ———=0,0; — 6", L.
9,0 "
For 1
£ =500 - V(9),

we have

TH, =-0"p0,¢ — 6", L.
Equivalently,

T;w = - u¢ 8u¢ - guwc
satisfying

0,T", = 0.

P. Srisangyingcharoen (IF) 13 August 2026



For the scalar field,
T =—0,00,0 — gu L

Therefore,
Tuw = Topu.

So the canonical energy-momentum tensor of a standard scalar field is already symmetric.

However, for a general field carrying spacetime indices, the canonical tensor

oL
T, = o —
10, ¢)8 ot L

need not be symmetric.

Examples include
Dirac field, vector field.

This motivates the Belinfante—Rosenfeld improvement.
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Belinfante—Rosenfeld Energy-Momentum Tensor

One can construct an symmetrize the canonical energy-momentum tensor via

Thn = TH 4+ 0 B,

can

where B is anti-symmetric in the first two indices, i.e. BM¥ = —B# " This guarantees that
3,\8,48’\‘“’ =0.

Therefore, TSy would obey the continuity equation.
This tensor matches with the Hilbert stress-energy tensor defined as

2 0Sm

Ty = — o oo
! V—gogm

Notice that the tensor is indeed symmetric.
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From Global to Local Symmetry

Consider a complex scalar field with global U(1) symmetry:
B(x) = e1%¢(x), « = constant.
Now ask: What if the symmetry parameter can vary in spacetime?

a — ax)

Then _
Dup — €990 (3,6 + ig(0,) 9] .

Therefore,

Ou9
does not transform in the same way as ¢. Ordinary derivative is not gauge covariant.

We need a new object.
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Introduce the gauge field
Au(x)

and define
D, =0, + iqA,.

Demand that '
D¢ — €90 D, .

This requires
Ay — Ay — Oy

Indeed, _ ‘
DL(;S’ = (0, + iqA;)e’qaqS = e'"D,¢.

Thus
D, ¢ transforms covariantly.

The gauge field A, is the connection associated with local U(1) symmetry.
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The Maxwell Action

The covariant derivatives do not generally commute:
[DIH Dl/]¢

For U(1),
[D,,D,] = igF,.,

where
Fu = 0,A, — 0 A,.

The field strength is gauge invariant.
Therefore, the simplest gauge-invariant action is

1
Spum = —Z/d“x Fu FH.
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Noether's Second Theorem
Noether's First Theorem:

continuous global symmetry =  conserved current.
For a local symmetry, the transformation depends on arbitrary functions of spacetime:
€? = €(x).

Suppose
dpi = R7e® + RM0,e” + -+ - .

The variation of the action can be written as
dS = /d4x E; 6¢; + boundary terms,

oL oL
EE=—-0,| 75— |-
99 “(N@MO)

where
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Since €(x) is arbitrary,

E:R?

1

— 0, (EiR™) +

Il
o

These are Noether identities.
Consider the example:

1 v
Ezsz'u,/FM .

The local transformation is

Ay = A+ 9u0(x). |

Since
0A, = 0ua,

the variation of the action is

0S = /d4x ——0u0.
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Integrating by parts,

0S
_ 4 il
0S = /dxoz(?u((s H).

Because «(x) is arbitrary,

0S5\ _

(i) =
For Maxwell theory,

0S

i — I/FD#7

0A, g
SO

0,0, F"" = 0.
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Gauge Redundancy

The gauge transformation relates different descriptions of the same physical configuration.
Thus

gauge symmetry = redundancy in the description. ‘

Noether's Second Theorem implies that the field equations (Euler-Lagrange equations) are not
independent. You cannot uniquely solve them for all components of the field.

This means the system contains unphysical, unobservable degrees of freedom (gauge freedom). For
electromagnetism, the four components of A, do not represent four independent physical degrees
of freedom.

A, 4 components — 2 physical DOF.
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Gauge Theory — Gravity

Gauge Theory Gravity
AL K
Connection Connection
D, Vi
[Dy, D] [V, Vil
Fuv R’y
Gauge curvature | Spacetime curvature

Gauge theory:
[D,uv Du] ~ F;w

Gravity:

[V, VUIV? = RO V7
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Gravity as Field Theory

Consider a general coordinate transformations

x* — x"*(x).

The basic strategy is analogous to gauge theory:

u(1) — local U(1)
{
Au

global coordinates transformations — local coordinate transformations

1
8uv

The metric plays the role of the gravitational field.
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Under general coordinates translations, x* — x'#(x),
the a vector field transforms as,

Ox'H
T Oxv

VE — VH(X) V¥(x).

The ordinary derivative does not transform as a tensor.
We therefore introduce the covariant derivative

VY = 0,VY 4T,V

The connection is chosen to ensure that V, V¥ transforms as a tensor.
For metric-compatible, torsion-free gravity,

Vaguu = 07 rp;u/ = rpyu-
These conditions determine

1
rp;w = Egpa (a,ugyo' + augpm - aag/u/) .
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Curvature as the Gravitational Field Strength

In gauge theory,
[Dlu DD] ~ FIW'

The same structure appears in gravity:
Vi, VoIV = RP V7.

Thus
Rpo;u/

is the gravitational analogue of the gauge-field strength.
Explicitly,
Rpaul/ = aurpua - aurp/,m' + rpp,)\r)\l/a - rpu/\r)\p,a-

From the Riemann tensor,
Ruw = R pws R=g"R,..
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The Einstein—Hilbert Action

We now have the ingredients needed to construct a generally covariant field theory:

Buvs \2=-%) R.

The simplest action containing the metric and up to two derivatives is
M2
SEH = % d4X vV —8 R.
The full theory is

S= SEH + Smatter-
For example,

1
Ser = = [ S5VE |38 900+ V(0) .
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Why Modify General Relativity?

General Relativity is defined by
M2
SGR = % / d4X vV—8 R + 5matter~

But this does not uniquely determine the theory. We can ask:
What other generally covariant terms can be added?
For example,

R?, R, R, Ry po RMP7, f(R),

or introduce exotic matter/energy fields—dark matters/energy.
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