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Solutions

Exercise 1 — Timelike geodesics and stationary proper time

Solution to 1.

Write ẋµ ≡ dxµ/dλ and

L(x, ẋ) =
√

−gαβ(x)ẋαẋβ.

The overall factor 1/c in τ = (1/c)
∫
L dλ does not affect the stationary curve. The required

derivatives are
∂L

∂ẋµ
= −gµν ẋ

ν

L
,

∂L

∂xµ
= − 1

2L
∂µgαβẋ

αẋβ.

The endpoint term vanishes because δxµ = 0 at A and B. The Euler–Lagrange equation
therefore gives

d

dλ

(
gµν ẋ

ν

L

)
− 1

2L
∂µgαβẋ

αẋβ = 0.

Multiplying by L, expanding the derivative, and raising the free index with gρµ yields

ẍρ + Γρ
αβẋ

αẋβ =
L̇

L
ẋρ.

Thus the stationary curve is a geodesic written with a possibly non-affine parameter, with

f(λ) =
L̇

L
=

d

dλ
lnL.

Along a timelike curve, L = c dτ/dλ. If we choose λ = τ , then L = c is constant and f = 0.
The equation becomes

d2xρ

dτ2
+ Γρ

αβ
dxα

dτ

dxβ

dτ
= 0.

Any parameter aτ + b, with constants a ̸= 0 and b, is also affine.
The functional is invariant under any monotonic reparametrization because L dλ = cdτ is a
geometric scalar. Hence the coordinate calculation describes a coordinate-independent curve.
A freely falling massive particle follows this timelike geodesic. Between sufficiently nearby
events, before any conjugate point is encountered, the geodesic locally maximizes proper
time; “stationary” is the more general variational statement.

Exercise 2 — Super-Hamiltonian formulation

Solution to 2 (a).

For the quadratic Lagrangian L = 1
2gαβẋ

αẋβ ,

∂L
∂ẋµ

= gµν ẋ
ν ,

∂L
∂xµ

=
1

2
∂µgαβẋ

αẋβ.

The Euler–Lagrange equation is

d

dλ
(gµν ẋ

ν)− 1

2
∂µgαβẋ

αẋβ = 0.
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Expanding the total derivative and raising with gρµ gives

ẍρ + Γρ
αβẋ

αẋβ = 0.

There is no term proportional to ẋρ, so λ is affine. Under a general reparametrization this
equation acquires such a term; it retains the same affine form only for λ′ = aλ+ b.
Contracting the geodesic equation with gρσẋσ shows

d

dλ

(
gαβẋ

αẋβ
)
= 0,

so the norm of the tangent is constant along the curve and any other affine parameter
differs from λ only by an affine map λ′ = aλ + b. Fixing this constant selects a particular
normalization. For a massive particle the choice λ = τ/m gives

ẋµ =
dxµ

d(τ/m)
= m

dxµ

dτ
= muµ = pµ,

so the tangent is the physical four-momentum: this action principle’s affine parameter is
precisely the one for which pα = dxα/dλ, as stated in the problem. Any other affine
normalization rescales the tangent to a constant multiple of pµ.

Solution to 2 (b).

The canonical momentum is
pµ = gµν ẋ

ν .

Inverting gives ẋµ = gµνpν . The Legendre transform is

H = pµẋ
µ − L = gµν ẋ

µẋν − 1

2
gµν ẋ

µẋν =
1

2
gµνpµpν .

The first Hamilton equation gives

ẋµ =
∂H
∂pµ

= gµνpν ,

which reproduces the inverse momentum relation. The second gives

ṗµ = −1

2
(∂µg

αβ)pαpβ =
1

2
(∂µgρσ)ẋ

ρẋσ,

where ∂µgαβ = −gαρgβσ∂µgρσ was used. Substituting pµ = gµν ẋ
ν gives

gµν ẍ
ν + (∂ρgµν)ẋ

ρẋν − 1

2
(∂µgρσ)ẋ

ρẋσ = 0.

Raising the index and symmetrizing the first derivative term produces exactly ẍµ +
Γµ

ρσẋ
ρẋσ = 0. Hence Hamilton’s equations and the affine geodesic equation are equiva-

lent. With the same normalization λ = τ/m as in part (a), pµ = muµ is the covariant
four-momentum; any other affine choice gives the tangent covector up to a constant multi-
ple.

Solution to 2 (c).
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If the metric is independent of xA, then

∂H
∂xA

=
1

2
(∂Ag

αβ)pαpβ = 0.

The second Hamilton equation immediately gives

ṗA = − ∂H
∂xA

= 0.

Thus a cyclic coordinate produces a conserved covariant momentum. Geometrically, ∂/∂xA

is a Killing direction and pA is the associated constant of motion.
Because H has no explicit λ dependence,

dH
dλ

=
∂H
∂xµ

ẋµ +
∂H
∂pµ

ṗµ = 0

after inserting Hamilton’s equations. Finally, with the normalization of part (a), pµ = muµ,
so for signature (−,+,+,+) pµpµ = −m2c2 and

H = −1

2
m2c2,

constant along the geodesic, as the vanishing of dH/dλ already guarantees. For null geodesics
the corresponding value is H = 0.

Exercise 3 — Scalar field in curved spacetime

Solution to 3 (a).

The Lagrangian density is L = −1
2g

αβ∇αϕ∇βϕ− V (ϕ). Its derivatives are

∂L
∂ϕ

= −dV

dϕ
,

∂L
∂(∇µϕ)

= −1
2

(
gµβ∇βϕ+ gαµ∇αϕ

)
= −∇µϕ,

the two terms of the product rule cancelling the factor 1
2 . The Euler–Lagrange equation

from the Conventions then gives

∂L
∂ϕ

−∇µ
∂L

∂(∇µϕ)
= −dV

dϕ
+∇µ∇µϕ = 0 =⇒ □ϕ− dV

dϕ
= 0.

Remark. Using ∇µV
µ = 1√

−g
∂µ(

√
−gV µ), the wave operator takes the computable form

□ϕ = 1√
−g
∂µ(

√
−g gµν∂νϕ) —no Christoffel symbols needed. In flat spacetime this reduces

to − 1
c2
ϕ̈+∇2ϕ = V ′, as it must.

Solution to 3 (b).

Vary Sϕ with respect to gαβ . The metric appears in two places: explicitly in the kinetic
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contraction, and in the volume factor
√
−g. Using δ

√
−g = −1

2

√
−g gαβδgαβ ,

δSϕ =

∫ [
− 1

2∇αϕ∇βϕ
]
δgαβ

√
−g d4x+

∫ [
− 1

2g
ρσ∇ρϕ∇σϕ− V

](
− 1

2gαβ

)
δgαβ

√
−g d4x,

so
1√
−g

δSϕ
δgαβ

= −1
2∇αϕ∇βϕ+ 1

4gαβ g
ρσ∇ρϕ∇σϕ+ 1

2gαβV.

Multiplying by −2,

T
(ϕ)
αβ = ∇αϕ∇βϕ− 1

2gαβ g
ρσ∇ρϕ∇σϕ− gαβV (ϕ).

Check. The general formula of Exercise 5(f), Tαβ = −2 ∂L/∂gαβ + gαβL with ∂L/∂gαβ =

−1
2∇αϕ∇βϕ, reproduces the same result. Note also T

(ϕ)
00 in flat spacetime is 1

2 ϕ̇
2/c2 +

1
2(∇ϕ)

2 + V ≥ 0: kinetic plus gradient plus potential energy density, as expected.

Solution to 3 (c).

Take the covariant divergence term by term, using ∇αgµν = 0 and, for a scalar, ∇α∇βϕ =
∇β∇αϕ:

∇α
(
∇αϕ∇βϕ

)
= (□ϕ)∇βϕ+∇αϕ∇α∇βϕ,

−1
2∇β

(
∇σϕ∇σϕ

)
= −∇σϕ∇β∇σϕ, −∇βV = −dV

dϕ
∇βϕ.

The second term of the first line cancels the second line (relabel α → σ and commute the
derivatives), leaving

∇αT
(ϕ)
αβ =

(
□ϕ− dV

dϕ

)
∇βϕ.

The scalar equation of motion therefore implies ∇αT
(ϕ)
αβ = 0. Conversely, at any point where

∇βϕ ̸= 0, conservation forces the scalar equation of motion. The qualification matters for
a constant field configuration, for which the product above can vanish without either factor
vanishing separately.

Exercise 4 — Electromagnetism in curved spacetime

Solution to 4 (a).

Write the kinetic term with all metric dependence explicit, −1
4F

αβFαβ = −1
4g

αµgβνFαβFµν ,
where Fαβ (all indices down) is metric-independent, and so is AµJ

µ with the stated index
positions. Varying the two inverse metrics gives two equal contributions (relabel dummies
and use antisymmetry of F ):

∂L
∂gαβ

= −1
4 · 2FαλFβ

λ = −1
2 Fα

λFβλ,

which is symmetric in αβ, as it must be. Note that the interaction term AµJ
µ contains

no inverse metric (the indices shown are contracted directly), so it does not contribute to
∂L/∂gαβ ; it enters Tαβ only through the volume piece gαβL. Then Tαβ = −2 ∂L/∂gαβ+gαβL
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(Exercise 5(f)) yields

Tαβ = Fα
λFβλ − 1

4gαβF
ρσFρσ + gαβAλJ

λ.

Trace. For Jµ = 0,
gαβTαβ = F βλFβλ − 1

4 · 4F ρσFρσ = 0.

Tracelessness reflects the conformal invariance of Maxwell theory in four dimensions—
electromagnetism has no intrinsic length scale (the photon is massless). Physically, Tµ

µ = 0
is the statement that radiation has equation of state p = ρc2/3. As a sanity check, in flat
spacetime T00 = 1

2(E
2 +B2) in suitable units: the familiar field energy density. (The inter-

action piece gαβAλJ
λ is the coupling energy; in a complete treatment it is bundled with the

stress–energy of the charged matter that produces Jµ.)

Solution to 4 (b).

Vary Aν at fixed metric, with δFαβ = ∇αδAβ −∇βδAα:

δS =

∫ [
− 1

2F
αβδFαβ + JβδAβ

]√
−g d4x =

∫ [
− Fαβ∇αδAβ + JβδAβ

]√
−g d4x,

using the antisymmetry of Fαβ to combine the two terms. Integrating by parts (the con-
nection is metric compatible, so Stokes applies) and demanding stationarity for arbitrary
δAβ ,

∇αF
αβ + Jβ = 0 ⇐⇒ ∇µF

νµ = Jν .

The homogeneous half of Maxwell’s equations, ∇[µFνλ] = 0, holds identically because Fµν is
built from a potential.

Solution to 4 (c).

Hold gµν (hence Rµν) fixed and vary A. Since L′ = βRµνgρσFµρFνσ is symmetric under
exchanging the two field strengths (both Rµν and gρσ are symmetric), its variation picks up
a factor of 2:

δL′ = 2β RµνFµ
σ δFνσ = 2β RµνFµ

σ
(
∇νδAσ −∇σδAν

)
.

Integrating both terms by parts and relabelling dummy indices, the coefficient of δAσ is

2β
[
∇λ

(
RµσFµ

λ
)
−∇ν

(
RµνFµ

σ
)]

= −2β∇µFσµ, Fσµ ≡ RλµFλ
σ −RλσFλ

µ,

with Fσµ = −Fµσ antisymmetric by construction. Adding this to the variation of part (b),
stationarity now requires ∇αF

αν + Jν − 2β∇µFνµ = 0, i.e.

∇µ

(
F νµ + 2β Fνµ

)
= Jν .

The dynamical field strength is shifted by a curvature-dressed piece: in curved regions,
spacetime geometry itself polarizes the electromagnetic field. In vacuum GR regions with
Rµν = 0 the correction disappears, but near matter the propagation of light is modified at
order βR.

Solution to 4 (d).
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Einstein’s equation. Write L′ = βRµνΘ
µν with the symmetric weight Θµν ≡ FµλF ν

λ. The
metric now appears in three places, each generating a distinct kind of term:

• the volume factor, giving −1
2gαβL

′;

• the explicit inverse metrics hidden in Θµν (three of them, once F is written with lowered
indices), giving algebraic curvature–field couplings of the schematic form β RF F with
various contractions;

• the variation δRµν itself. By the Palatini identity this is a total derivative structure, but—
exactly as in Exercise 8(a), where the weight was f(ϕ)gµν—the non-constant weight Θµν

obstructs discarding it. Two integrations by parts land the derivatives on Θµν :∫
ΘµνδRµν

√
−g d4x =

∫ [
1
2gαβ∇µ∇νΘ

µν + 1
2□Θαβ −∇µ∇(αΘ

µ
β)

]
δgαβ

√
−g d4x,

where (αβ) denotes symmetrization. (Setting Θµν = f gµν recovers gαβ□f − ∇α∇βf of
Exercise 8(a)—a useful check.)

Einstein’s equation therefore becomes Gαβ = 8πG
c4

(
Tαβ +T

(β)
αβ

)
, where T (β)

αβ contains both al-
gebraic βRFF terms and, qualitatively new, second-derivative terms ∼ β∇∇(FF ): gravity
now responds to gradients of the field-strength bilinears, not just to the local electromag-
netic energy density. The equations remain second order in the metric, but the coupling is
manifestly non-minimal.
Current conservation. The modified Maxwell equation of part (c) has the form ∇µH

νµ = Jν

with Hνµ = F νµ + 2βFνµ antisymmetric. Then

∇νJ
ν = ∇ν∇µH

νµ = 1
2 [∇ν ,∇µ]H

νµ = 1
2

(
RλµH

λµ +RλνH
λν
)
= RλµH

λµ = 0,

since the symmetric Ricci tensor is contracted with the antisymmetric H. (The first step
uses antisymmetry of H to reduce the symmetric part of ∇ν∇µ to zero; the commutator is
evaluated with the Riemann convention of the Conventions.) So

∇νJ
ν = 0 :

the current is still conserved. This had to happen: the divergence of an antisymmetric tensor
is identically divergence-free, and gauge invariance of the AµJ

µ coupling requires a conserved
source. The non-minimal term deforms the dynamics but not this consistency structure.

Exercise 5 — Einstein field equations

Solution to 5 (a).

Vary gαβgβγ = δαγ : δgαβgβγ + gαβδgβγ = 0, so gαβδgβγ = −δgαβgβγ . Contracting with gγρ

frees the lower indices:
δgαβ = −gαµgβν δgµν .

Contracting gives the trace relation gαβδgαβ = −gαβδgαβ .

Solution to 5 (b).
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Let M be an invertible square matrix and define D ≡ detM. Jacobi’s formula follows from

ln |D| = Tr(lnM),

and gives
δD

D
= Tr

(
M−1δM

)
.

The absolute value is required here because the determinant of a Lorentzian metric is neg-
ative. Taking M = (gµν) and D = g ≡ det(gµν), the matrix element of M−1 is the inverse
metric (g−1)νµ = gνµ, so Tr(M−1δM) = gνµδgµν , and we obtain

δg

g
= gµνδgνµ = gµνδgµν .

Therefore, since g < 0,

δ
√
−g = − 1

2
√
−g

δg

= − g

2
√
−g

gµνδgµν

=
1

2

√
−g gµνδgµν .

Hence, if gµν is taken as the independent variable,

δ
√
−g =

1

2

√
−g gµνδgµν .

Using the trace relation from part (a), gµνδgµν = −gµνδgµν , this may also be written as

δ
√
−g = −1

2

√
−g gµνδgµν .

For completeness, the determinant step can also be verified directly by a cofactor expansion.
Let Cµν be the cofactor of the matrix element gµν . To first order,

δg = Cµν δgµν .

The inverse-matrix formula gives (g−1)νµ = Cµν/g. Since the metric is symmetric, (g−1)νµ =
gνµ = gµν , and therefore

Cµν = g gµν , δg = g gµνδgµν ,

which is exactly the determinant identity used above.

Solution to 5 (c).

Let the varied connection be Γ̃ρ
µν = Γρ

µν + δΓρ
µν . Although a connection is not itself a

tensor, the difference of two connections is. Hence δΓρ
µν is a genuine (1, 2) tensor. Since

both connections are Levi–Civita connections, it is also symmetric in its lower indices:

δΓρ
µν = δΓρ

νµ.

With the curvature convention used here, the Ricci tensor is

Rαβ = ∂µΓ
µ
αβ − ∂βΓ

µ
αµ + Γµ

µλΓ
λ
αβ − Γµ

βλΓ
λ
αµ.
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Varying this expression and retaining terms linear in δΓ gives

δRαβ = ∂µδΓ
µ
αβ − ∂βδΓ

µ
αµ

+ δΓµ
µλΓ

λ
αβ + Γµ

µλδΓ
λ
αβ

− δΓµ
βλΓ

λ
αµ − Γµ

βλδΓ
λ
αµ. (1)

Because δΓρ
µν is a tensor, its covariant derivative is well defined. Expanding the two relevant

derivatives gives

∇µδΓ
µ
αβ = ∂µδΓ

µ
αβ + Γµ

µλδΓ
λ
αβ − Γλ

µαδΓ
µ
λβ − Γλ

µβδΓ
µ
αλ,

∇βδΓ
µ
αµ = ∂βδΓ

µ
αµ + Γµ

βλδΓ
λ
αµ − Γλ

βαδΓ
µ
λµ − Γλ

βµδΓ
µ
αλ.

Subtracting these expressions, the last term in each line cancels because Γλ
µβ = Γλ

βµ. Using
the symmetry of both Γρ

µν and δΓρ
µν in their lower indices, and relabeling dummy indices,

the remaining terms reproduce exactly Eq. (1). Therefore

δRαβ = ∇µδΓ
µ
αβ −∇βδΓ

µ
αµ.

This is the Palatini identity.

Solution to 5 (d).

Contract the Palatini identity with gαβ . Metric compatibility, ∇λg
αβ = 0, allows the inverse

metric to be moved inside the covariant derivatives:

gαβδRαβ = ∇µ

(
gαβδΓµ

αβ

)
−∇β

(
gαβδΓµ

αµ

)
.

In the second term, relabel the dummy indices according to β → µ, µ → α, and α → β.
Using the symmetry of gαβ and of the lower indices of δΓ, we obtain

gαβδRαβ = ∇µ

(
gαβδΓµ

αβ − gµβδΓα
αβ

)
≡ ∇µw

µ,

where
wµ = gαβδΓµ

αβ − gµβδΓα
αβ.

For any vector wµ, ∇µw
µ = (1/

√
−g)∂µ(

√
−g wµ). Hence∫

M
gαβδRαβ

√
−g d4x =

∫
M
∂µ

(√
−g wµ

)
d4x

=

∮
∂M

wµ dΣµ,

where dΣµ = nµ
√
|h| d3y is the directed surface element. Thus the term contributes only at

the boundary.
To examine the boundary conditions, use

δΓρ
µν =

1

2
gρσ (∇µδgσν +∇νδgσµ −∇σδgµν) .

The conditions δgαβ = 0 and ∇ρδg
αβ = 0 on ∂M imply the corresponding conditions for

δgαβ and hence δΓρ
µν = 0 there. Therefore wµ = 0 on the boundary, and∫

M
gαβδRαβ

√
−g d4x = 0.
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Fixing only the induced metric, δhij = 0, does not fix the normal derivatives of the metric
and therefore does not force δΓ to vanish. A well-posed Dirichlet variational principle is
obtained by adding the Gibbons–Hawking–York boundary term, whose variation cancels
precisely these unwanted normal-derivative terms.

Solution to 5 (e).

Vary SEH =
∫
gαβRαβ

√
−g d4x in three pieces: δgαβ Rαβ

√
−g; gαβδRαβ

√
−g (a vanishing

boundary term, part (d)); and gαβRαβ δ
√
−g = −1

2Rgαβδg
αβ √−g. Adding the first and

third,

δSEH =

∫
(Rαβ − 1

2gαβR)δg
αβ √−g d4x ⇒ 1√

−g
δSEH/δg

αβ = Gαβ.

Solution to 5 (f).

Cosmological term. For SΛ = −2Λ
∫ √

−g d4x, only
√
−g varies, so with part (b), δSΛ =

−2Λ
∫
(−1

2

√
−ggαβδgαβ)d4x =

∫
Λgαβδg

αβ√−g d4x, i.e. 1√
−g
δSΛ/δg

αβ = Λgαβ .
Matter term. The definition rearranges to δSM = −1

2

∫
Tαβδg

αβ√−g d4x. Varying SM =∫
LM

√
−g d4x with δ

√
−g = −1

2

√
−ggαβδgαβ ,

δSM =

∫ (∂LM

∂gαβ
− 1

2LMgαβ

)
δgαβ

√
−g d4x ⇒ Tαβ = −2

∂LM

∂gαβ
+ gαβLM.

Solution to 5 (g).

Combining parts (e) and (f),

δS =

∫ [
κ(Gαβ + Λgαβ)− 1

2Tαβ
]
δgαβ

√
−g d4x.

Requiring δS = 0 for arbitrary δgαβ forces the bracket to vanish:

Gαβ + Λgαβ =
1

2κ
Tαβ.

Exercise 6 — Fixing κ

Solution to 6 (a).

Contract Gαβ = 1
2κTαβ with gαβ . Since gαβGαβ = R − 2R = −R, we get −R = 1

2κT , i.e.
R = − 1

2κT . Substituting back into Rαβ = Gαβ + 1
2gαβR,

Rαβ =
1

2κ

(
Tαβ − 1

2gαβT
)
.

Solution to 6 (b).
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For a slow particle the geodesic equation reduces to ẍi ≈ −Γi
00c

2. For a static field Γi
00 =

−1
2g

ij∂jg00 ≈ −1
2∂ih00, so ẍi ≈ + c2

2 ∂ih00. Matching to ẍ = −∇Φ gives c2

2 h00 = −Φ, i.e.
h00 = −2Φ/c2 and

g00 = −1 + h00 ⇒ g00 ≈ −(1 + 2Φ/c2),

the overall sign fixed by requiring an attractive potential well Φ < 0.

Solution to 6 (c).

(i) To linear order, for a static field the surviving piece of R00 is R00 ≈ −1
2∇

2h00. With
h00 = −2Φ/c2, R00 ≈ + 1

c2
∇2Φ.

(ii) For dust Tαβ = ρuαuβ , uα ≈ (c,0) so u0 ≈ −c: T00 ≈ ρc2, T = gαβTαβ = −ρc2. Then
T00 − 1

2g00T ≈ ρc2 − 1
2(−1)(−ρc2) = 1

2ρc
2.

Solution to 6 (d).

The 00 component of part (a), using (c)(i)–(ii), reads

1

c2
∇2Φ =

1

2κ
· 1
2ρc

2 ⇒ ∇2Φ =
ρc4

4κ
.

Comparing with ∇2Φ = 4πGρ gives c4/4κ = 4πG, hence

κ =
c4

16πG
.

Then 1
2κ = 8πG

c4
and the field equations read Gαβ + Λgαβ = 8πG

c4
Tαβ .

Solution to 6 (e).

(i) Move Λgαβ to the right: Gαβ = 8πG
c4
Tαβ −Λgαβ = 8πG

c4
(Tαβ + TΛ

αβ) with TΛ
αβ = − Λc4

8πGgαβ .
Matching to a perfect fluid ∝ gαβ gives

ρΛc
2 =

Λc4

8πG
, pΛ = −ρΛc2 (w = −1).

(ii) Carrying Λgαβ through the 00 component (with g00 ≈ −1) adds −Λc2 to the source:

∇2Φ = 4πGρ− Λc2.

For a spherical solution the extra term integrates to ΦΛ = −1
6Λc

2r2, giving gΛ = −∇ΦΛ =
+1

3Λc
2 r: a repulsion growing linearly with distance for Λ > 0—the Newtonian face of cosmic

acceleration.

Exercise 7 — Palatini formalism

Solution to 7 (a).
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Since Γ and Γ + δΓ are both connections, δΓ transforms homogeneously—a (1, 2) tensor.
Writing δRαβ from the definition and regrouping the ordinary derivatives with the Γ δΓ
terms into covariant derivatives,

δRαβ = ∇µδΓ
µ
αβ −∇βδΓ

µ
αµ,

where ∇ uses the full connection Γ (not yet known to be Γ̃).

Solution to 7 (b).

Let Qαβ =
√
−g gαβ . Inserting the Palatini identity gives

δS =

∫
d4xQαβ

(
∇λδΓ

λ
αβ −∇βδΓ

λ
αλ

)
.

Performing the integration by parts with compactly supported variations gives

δS =

∫
d4x

[
−(∇λQ

αβ)δΓλ
αβ + (∇σQ

ασ)δΓλ
αλ

]
.

Since the torsion-free condition makes the lower indices of δΓλ
αβ symmetric, the coefficient

must also be symmetrized. Thus

δS =

∫
d4x

[
−∇λQ

αβ + δλ
(β∇σQ

α)σ
]
δΓλ

αβ,

and stationarity gives
∇λQ

αβ − δλ
(β∇σQ

α)σ = 0.

The covariant derivative here is the derivative appropriate to a tensor density of weight +1;
this is what makes the integration by parts valid without assuming metric compatibility.

Solution to 7 (c).

Define Wα ≡ ∇σQ
ασ and contract the connection equation on λ and β in n dimensions:

Wα − 1

2

(
δβ

βWα + δβ
αW β

)
=Wα − n+ 1

2
Wα = −n− 1

2
Wα = 0.

For n > 1, Wα = 0. Substitution into the uncontracted equation therefore gives

∇λ(
√
−g gαβ) = 0.

Solution to 7 (d).

Expanding the density derivative gives

0 = ∇λ(
√
−g gαβ) =

√
−g

[
∇λg

αβ − 1

2
gαβgρσ∇λg

ρσ

]
.

Contract with gαβ and define Qλ = gρσ∇λg
ρσ. Then(

1− n

2

)
Qλ = 0.
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Thus Qλ = 0 for n > 2, and the preceding equation reduces to ∇λg
αβ = 0. A torsion-free,

metric-compatible connection is unique, so

Γµ
αβ =

1

2
gµν(∂αgνβ + ∂βgνα − ∂νgαβ).

Hence the Palatini equation derives the Levi-Civita connection rather than assuming it. This
equivalence with the metric formulation need not survive for actions nonlinear in curvature,
such as generic Palatini f(R) theories.

Exercise 8 — Scalar–tensor gravity

Solution to 8 (a).

The variation proceeds as in Einstein–Hilbert, but f(ϕ) rides along as a fixed weight
(independent of gαβ). The δR piece produces, besides fRαβ δg

αβ , the derivative terms∫
f [gαβ□−∇α∇β]δg

αβ√−g d4x. For constant f these are total derivatives; for non-constant
f we integrate by parts twice, landing the derivatives on f :

∫
fgαβ□δgαβ →

∫
(□f)gαβδgαβ

and −
∫
f∇α∇βδg

αβ → −
∫
(∇α∇βf)δg

αβ . Adding fGαβ ,

δSg =

∫ √
−g d4x [fGαβ + gαβ□f −∇α∇βf ]δg

αβ.

It is the double integration by parts that generates □f and ∇α∇βf ; they are absent in GR
only because there f is constant.

Solution to 8 (b).

Setting δ(Sg + Sϕ + SM) = 0 and using T (i)
αβ = − 2√

−g
δSi/δg

αβ ,

Gαβ = f−1
[
1
2T

M
αβ + 1

2T
ϕ
αβ +∇α∇βf − gαβ□f

]
,

with (varying Sϕ) T ϕ
αβ = h∇αϕ∇βϕ − gαβ[

1
2hg

µν∇µϕ∇νϕ + V ]. Interpretation. The
coefficient of TM

αβ is 1
2f

−1, playing the role of 8πG/c4. Comparing with GR fixes f =

c4/(16πG) for constant ϕ; when ϕ varies slowly, the effective coupling is Geff = c4/[16πf(ϕ)].

Solution to 8 (c).

Varying with respect to ϕ: the kinetic term gives (after parts) h□ϕ + 1
2h

′gαβ∇αϕ∇βϕ, the
potential gives −V ′, and Sg contributes Rf ′ since f = f(ϕ) multiplies R. The matter action
is ϕ-independent. Summing to zero,

h□ϕ+ 1
2

dh

dϕ
gαβ∇αϕ∇βϕ− dV

dϕ
+R

df

dϕ
= 0.

Comment. The Rf ′ term is the signature of scalar–tensor gravity: curvature sources the
scalar, so ϕ is not a passive field on a fixed geometry—the geometry drives it and (through
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f) it back-reacts on the strength of gravity. A minimally coupled scalar (f =const) loses
this term.

Solution to 8 (d).

(i) Substituting f = c4ϕ/16π, h = c4ω/8πϕ, and V = 0:

SBD =
c4

16π

∫
d4x

√
−g

[
ϕR− ω

ϕ
gαβ∇αϕ∇βϕ

]
,

plus SM.
(ii) From f = c4/(16πGeff) = c4ϕ/(16π),

Geff(ϕ) =
1

ϕ
.

The scalar field literally is the inverse gravitational coupling.
(iii) Combining the ϕ equation with the trace of the gravitational equation to eliminate R
gives the standard Brans–Dicke wave equation □ϕ = 8π

c4(3+2ω)
TM. As ω → ∞ the source

∝ 1/ω → 0, so □ϕ → 0 and (with suitable boundary conditions) ϕ →const, ∇ϕ → 0. The
scalar freezes, Geff →const, and the equations reduce to Gαβ = (8πG/c4)TM

αβ : ordinary GR.
Thus 1/ω measures the departure from GR, and solar-system bounds (ω ≳ 40,000) keep
Brans–Dicke close to Einstein gravity.

Exercise 9 — Kaluza–Klein compactification

Solution to 9 (a).

In the coordinates (xα, yi) the metric (5) is block diagonal, with blocks gαβ and b2γij .
The determinant of a block-diagonal matrix is the product of the block determinants, and
det(b2γij) = b2d det γij for a d× d block. Hence

detGab = det gαβ · b2d det γij = b2d g γ,

and since g < 0, γ > 0, b > 0, √
−G = bd

√
γ
√
−g.

Solution to 9 (b).

Apply the Levi-Civita formula Γc
ab =

1
2G

cd(∂aGdb + ∂bGda − ∂dGab) to the block-diagonal
metric with Gαβ = gαβ(x), Gij = b2(x)γij(y), Gαβ = gαβ , Gij = b−2γij , and remember
∂ib = 0, ∂αγij = 0, ∂igαβ = 0.
Pure blocks. For all indices four-dimensional only gαβ enters, so Γα

βγ = Γα
βγ [g]. For all

indices internal, the factors b2 in Gil and ∂Glj cancel (as ∂kb = 0), leaving Γi
jk = Γi

jk[γ].
Mixed components.

Γα
ij =

1
2g

αν
(
∂iGνj + ∂jGνi − ∂νGij

)
= −1

2g
αν∂ν(b

2) γij = − b (∇αb) γij ,

Γi
αj =

1
2b

−2γik
(
∂αGkj + ∂jGkα − ∂kGαj

)
= 1

2b
−2γik∂α(b

2) γkj = b−1(∇αb) δ
i
j .
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The remaining mixed components vanish because every term involves either an off-block
metric component (Gαi = 0), a y-derivative of gαβ , or an x-derivative acting where only γij(y)
appears with all-internal free indices: Γi

αβ = −1
2b

−2γik∂kGαβ = 0 and Γα
βi =

1
2g

αν∂iGνβ =
0.

Solution to 9 (c).

With our conventions, Rab = Rc
acb = ∂cΓ

c
ba − ∂bΓ

c
ca + Γc

ceΓ
e
ba − Γc

beΓ
e
ca.

Four-dimensional block. Setting (a, b) = (α, β), the terms built purely from Γ[g] assemble
into R[g]αβ . The extra contributions involve Γi

αj = b−1(∇αb)δ
i
j , whose trace is Γi

iα =
d b−1∇αb:

−∂βΓi
iα + Γi

iλΓ
λ
βα − Γi

βjΓ
j
iα = −d ∂β

(
b−1∂αb

)
+ d b−1(∂λb)Γ

λ
βα − d b−2(∂αb)(∂βb).

Expanding ∂β(b−1∂αb) = b−1∂α∂βb− b−2(∂αb)(∂βb), the b−2∂b ∂b pieces cancel and the rest
combines into a covariant second derivative:

Rαβ = R[g]αβ − d b−1∇α∇βb.

Internal block. Setting (a, b) = (i, j), the terms built purely from Γ[γ] assemble into R[γ]ij .
The extra contributions are

∂µΓ
µ
ij + Γµ

µλΓ
λ
ij + Γk

kλΓ
λ
ij − Γµ

ikΓ
k
µj − Γk

iµΓ
µ
kj .

Substituting the mixed Christoffels:

∂µΓ
µ
ij +Γµ

µλΓ
λ
ij = −γij

[
∂µ(b∇µb)+Γµ

µλ b∇λb
]
= −γij ∇µ(b∇µb) = −γij

[
b□b+(∇b)2

]
,

Γk
kλΓ

λ
ij = d b−1(∇λb)

(
− b∇λb γij

)
= −d (∇b)2γij ,

−Γµ
ikΓ

k
µj − Γk

iµΓ
µ
kj = +(∇b)2γij + (∇b)2γij = +2(∇b)2γij .

Adding everything,
Rij = R[γ]ij − γij

[
b□b+ (d− 1)(∇b)2

]
.

Solution to 9 (d).

The inverse metric is Gαβ = gαβ , Gij = b−2γij , so R[G] = gαβRαβ + b−2γijRij . Using
γijγij = d and part (c),

R[G] = R[g]− d b−1□b+ b−2R[γ]− d b−2
[
b□b+ (d− 1)(∇b)2

]
,

i.e.
R[G] = R[g] + b−2R[γ]− 2d b−1□b− d(d− 1) b−2(∇b)2.

Solution to 9 (e).

Insert
√
−G = bd

√
γ
√
−g (part (a)) and the curvature decomposition (part (d)) into (6).

Nothing in the integrand except √
γ depends on yi, so

∫ √
γ ddy = V factors out; using
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V/G4+d = 1/G4 and R[γ] = d(d− 1)k,

S =

∫
d4x

√
−g

{ c4

16πG4

[
bdR[g]+d(d−1)k bd−2−2d bd−1□b−d(d−1)bd−2(∇b)2

]
+VbdLM

}
.

Integrate the □b term by parts:

−2d

∫ √
−g bd−1□b = +2d

∫ √
−g (∇µb

d−1)∇µb = 2d(d− 1)

∫ √
−g bd−2(∇b)2,

dropping the total derivative ∇µ(b
d−1∇µb). The net kinetic coefficient is 2d(d−1)−d(d−1) =

+d(d− 1):

S =

∫
d4x

√
−g

{ c4

16πG4

[
bdR[g] + d(d− 1)bd−2gαβ(∇αb)(∇βb) + d(d− 1)k bd−2

]
+ VbdLM

}
.

Solution to 9 (f).

With Φ = bd we have bdR[g] = ΦR[g], and ∇αΦ = d bd−1∇αb gives (∇Φ)2 = d2b2d−2(∇b)2,
i.e. bd−2(∇b)2 = (∇Φ)2/(d2Φ). Hence

d(d− 1) bd−2(∇b)2 = d− 1

d

(∇Φ)2

Φ
= −ωBD

(∇Φ)2

Φ
, ωBD = −d− 1

d
.

Thus (up to the constant normalization of the scalar and the curvature term, which acts
as a potential) Kaluza–Klein reduction produces a Brans–Dicke theory with ωBD ∈ (−1, 0]:
ωBD = 0 for d = 1 and ωBD → −1 as d→ ∞. This is an O(1) value, in catastrophic conflict
with the solar-system bound ω ≳ 4× 104 of Exercise 8(d)—so a Kaluza–Klein radion must
not remain a massless Brans–Dicke-type scalar; it must acquire a mass (be stabilized) to
suppress the long-range fifth force.

Solution to 9 (g).

Write b = eβ ; then bd−2(∇b)2 = edβ(∇β)2 and the Jordan-frame action of part (e) reads

S =

∫
d4x

√
−g

{ c4

16πG4

[
edβR[g] + d(d− 1)edβ(∇β)2 + d(d− 1)k e(d−2)β

]
+ VedβLM

}
.

Set g̃µν = e2ωgµν with 2ω = dβ, so that
√
−g = e−2dβ

√
−g̃, gµν = edβ g̃µν , R[g] = edβ

(
R[g̃] + 3d □̃β − 3d2

2 (∇̃β)2
)
,

the last from the given identity with ω = dβ/2. Term by term:

• Curvature:
√
−g edβR[g] = e−2dβedβedβ

√
−g̃ (R[g̃] + 3d □̃β − 3d2

2 (∇̃β)2) =
√
−g̃ (R[g̃] −

3d2

2 (∇̃β)2), after dropping the total derivative
√
−g̃ □̃β = ∂µ(

√
−g̃ ∇̃µβ).

• Kinetic: (∇β)2g = gµν∂µβ ∂νβ = edβ(∇̃β)2, so
√
−g d(d − 1)edβ(∇β)2g =

√
−g̃ d(d −

1)(∇̃β)2.

• Internal curvature:
√
−g d(d− 1)k e(d−2)β =

√
−g̃ d(d− 1)k e−(d+2)β .
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• Matter: after writing the original metric as gµν = e−dβ g̃µν ,

√
−g edβVLM(g, ψ) =

√
−g̃ Ve−dβLM(e−dβ g̃, ψ).

The kinetic terms combine as −3d2

2 + d(d− 1) = −1
2d(d+ 2), giving

S =

∫
d4x

√
−g̃

{ c4

16πG4

[
R[g̃]− 1

2d(d+ 2)(∇̃β)2 + d(d− 1)k e−(d+2)β
]

+ Ve−dβLM(e−dβ g̃, ψ)
}
.

Note the negative exponent e−(d+2)β : the internal curvature term is redshifted, not enhanced,
by growing extra dimensions.

Solution to 9 (h).

Since c4

16πG4
= 1

2m̄
2
P, the β-kinetic term is

− c4

16πG4
· 1
2d(d+ 2)(∇̃β)2 = −1

4d(d+ 2) m̄2
P(∇̃β)2 = −1

2(∇̃ϕ)
2 for ϕ =

√
d(d+2)

2 m̄P β,

so ϕ is canonically normalized. Substituting β = ϕ
/(√

d(d+ 2)/2 m̄P

)
into the exponentials,

(d+ 2)β =

√
2(d+ 2)

d

ϕ

m̄P
, dβ =

√
2d

d+ 2

ϕ

m̄P
,

and c4

16πG4
d(d− 1)k = 1

2d(d− 1)k m̄2
P, so

S =

∫
d4x

√
−g̃

{ c4

16πG4
R[g̃]− 1

2(∇̃ϕ)
2 + 1

2d(d− 1)k m̄2
Pe

−
√

2(d+2)/d ϕ/m̄P

+ Ve−
√

2d/(d+2)ϕ/m̄PLM(e−dβ g̃, ψ)
}
.

Ignoring matter, the radion potential (the negative of the non-kinetic scalar term) is

V (ϕ) = −1
2 d(d− 1) k m̄2

P e
−
√

2(d+2)/d ϕ/m̄P .

Note also the exponential coupling of ϕ to LM: in the Einstein frame matter feels the radion
directly, with gravitational strength.

Solution to 9 (i).

Write V (ϕ) = −1
2d(d− 1)k m̄2

P e
−λϕ/m̄P with λ =

√
2(d+ 2)/d > 0, and recall ϕ ∝ β = log b.

Flat internal space, k = 0: the potential vanishes identically and the radion is exactly
massless. It then mediates a long-range, gravitational-strength fifth force via its coupling to
LM—equivalently, the theory is Brans–Dicke with ωBD = −(d − 1)/d (part (f))—which is
excluded by solar-system tests.
Positive curvature, k > 0 (e.g. a sphere): V < 0 and V ′(ϕ) = +1

2d(d−1)kλ m̄P e
−λϕ/m̄P > 0,

so V increases monotonically toward 0−; the field rolls downhill to ϕ→ −∞, where V → −∞.
Since ϕ ∝ log b, this is b→ 0: the extra dimensions collapse.
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Negative curvature, k < 0: V > 0 and monotonically decreasing toward 0+; the field rolls to
ϕ→ +∞, i.e. b→ ∞: the extra dimensions decompactify.
In no case does V possess a minimum, so the ansatz by itself has no stable compactified size.
Conclusion: stability requires additional contributions to the potential—an appropriate
matter Lagrangian and field configuration in the extra dimensions (in modern language,
fluxes or other stabilization mechanisms)—to generate a minimum in V (ϕ) and give the
radion a mass, which simultaneously evades the fifth-force problem of part (f).
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