ISHEAP 2026: 8th International School on High-Energy and Astro-Physics Detailed Solutions

Solutions

Exercise 1 — Timelike geodesics and stationary proper time
Solution to 1.

Write i# = da*/d)\ and

L(z,2) = 7/ —gop(x)22dP.

The overall factor 1/cin 7 = (1/c) [ L d does not affect the stationary curve. The required

derivatives are
oL Gt oL 1

ot L ' dar 2L
The endpoint term vanishes because dx#* = 0 at A and B. The Euler-Lagrange equation

therefore gives
d [gui” 1 o
cu«l>‘u%mwﬁ=o

Multiplying by L, expanding the derivative, and raising the free index with g°* yields

0 GapiiP.

L
iP 4 TPopi%if = Z4P.
L
Thus the stationary curve is a geodesic written with a possibly non-affine parameter, with

L d
=—-=—InL.
Along a timelike curve, L = c¢d7/d\. If we choose A = 7, then L = ¢ is constant and f = 0.
The equation becomes

A2z o dz® da? -

a2 s ar
Any parameter at + b, with constants a # 0 and b, is also affine.

The functional is invariant under any monotonic reparametrization because L dA = c¢dr is a
geometric scalar. Hence the coordinate calculation describes a coordinate-independent curve.
A freely falling massive particle follows this timelike geodesic. Between sufficiently nearby
events, before any conjugate point is encountered, the geodesic locally mazximizes proper
time; “stationary” is the more general variational statement.

Exercise 2 — Super-Hamiltonian formulation

Solution to 2 (a).

For the quadratic Lagrangian £ = % gagjzo‘dvﬂ,

oL or 1

_ U _ - e IB
gin I 8$“_28”gaﬁxx ’
The Euler-Lagrange equation is
d . 1 .
a(g;wxl/) - Qaugaﬁxafg =0.
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Expanding the total derivative and raising with g#* gives

B + TPopi®if = 0.

There is no term proportional to @, so A is affine. Under a general reparametrization this
equation acquires such a term; it retains the same affine form only for A = a\ + b.
Contracting the geodesic equation with g,;&7 shows

d L ﬂ)
— 2" ) =0,
dA (9“5
so the norm of the tangent is constant along the curve and any other affine parameter
differs from A only by an affine map X = a) + b. Fixing this constant selects a particular
normalization. For a massive particle the choice A = 7/m gives

dz* dz*

Pt — = = H— pH
o d(7/m) e

so the tangent s the physical four-momentum: this action principle’s affine parameter is
precisely the one for which p® = dz®/d), as stated in the problem. Any other affine
normalization rescales the tangent to a constant multiple of p#.

Solution to 2 (b).

The canonical momentum is

Inverting gives & = ¢g*’p,. The Legendre transform is

1
H=pui* — L =g itc" — igwa':“a'r” =|=g""pupy |

The first Hamilton equation gives

. OH
= — = g"p,,
Opu

which reproduces the inverse momentum relation. The second gives

, 1 1 iy
Pu = _i(aﬂgaﬁ)papﬁ = §(aﬂgpa)xpxgv
where 8ugo‘ﬂ = —ga”gﬁ"augpa was used. Substituting p, = g, 2" gives

. - 1 p o
Gt + (Opguw )2 &" — §(augpﬂ)$p$ =0.

Raising the index and symmetrizing the first derivative term produces exactly ¥ —+
I'*,;23% = 0. Hence Hamilton’s equations and the affine geodesic equation are equiva-
lent. With the same normalization A\ = 7/m as in part (a), p, = mu, is the covariant
four-momentum; any other affine choice gives the tangent covector up to a constant multi-
ple.

Solution to 2 (c).
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If the metric is independent of 24, then

oH 1, .
8337’4 = 5(8,49 B)papﬁ =0.

The second Hamilton equation immediately gives

oH

pA:—WZO-

Thus a cyclic coordinate produces a conserved covariant momentum. Geometrically, 9/0z4
is a Killing direction and p4 is the associated constant of motion.
Because H has no explicit A dependence,

aH_ o,

d\  Oxr Op#p“ N
after inserting Hamilton’s equations. Finally, with the normalization of part (a), p* = mu*,
so for signature (—, +, +, +) p*p, = —m?c? and

constant along the geodesic, as the vanishing of dH /d\ already guarantees. For null geodesics
the corresponding value is H = 0.

Exercise 3 — Scalar field in curved spacetime
Solution to 3 (a).

The Lagrangian density is £ = —29**V,¢ V¢ — V(4). Its derivatives are

oc_ v o
¢ d¢’ (Vo)

= —3(¢""Vao +9%'Vag) = —V"¢,

the two terms of the product rule cancelling the factor % The Euler-Lagrange equation

from the Conventions then gives

oL oL dv dVv
hdad = o =0 Op— — =0.
96 " VBV, ag T VeV ¢=0 = ey

Remark. Using V,VH = ﬁau(,/—gvu), the wave operator takes the computable form
Lo = ﬁ@u(\/—g 9" 0,¢) —no Christoffel symbols needed. In flat spacetime this reduces
to —5¢ + V¢ =V, as it must.

Solution to 3 (b).

Vary S4 with respect to ¢*?. The metric appears in two places: explicitly in the kinetic
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contraction, and in the volume factor \/—g. Using d\/—¢g = —%\/—g ga55g°‘5,

55 = / |~ 3Vad V300927 V=g d'a +/ | = 3079,6V00 = V]~ 3908 09°° V=g d*a,
SO

1 4S
ﬁﬁ = —3VadVpd + 1905 9" VoV d + 39asV-

Multiplying by —2,

T8 = Vad V36 = 905 9°Vo$V06 — dapV (9)-

Check. The general formula of Exercise 5(f), Thg = —20L/0g* + gapgLl with OL/0g*F =

—%Vacj)Vg(;S, reproduces the same result. Note also Tég) in flat spacetime is %¢2 /c? +
%(qu)z + V' > 0: kinetic plus gradient plus potential energy density, as expected.

Solution to 3 (c).

Take the covariant divergence term by term, using V,g,, = 0 and, for a scalar, V,Vgop =
VgVao:
ve (va¢ vﬁ¢) = (Dd))vﬁd) + va¢ vavﬁd)y
dv
—IV3(VI¢Vep) = =V VsVed,  —VgV = —dfqbvﬁqs.
The second term of the first line cancels the second line (relabel & — o and commute the
derivatives), leaving

gar(@ _

aﬁ_< dVv

O¢ — — ) Vsé.
)

The scalar equation of motion therefore implies VO‘TC(;Z) = 0. Conversely, at any point where
V¢ # 0, conservation forces the scalar equation of motion. The qualification matters for
a constant field configuration, for which the product above can vanish without either factor
vanishing separately.

Exercise 4 — Electromagnetism in curved spacetime

Solution to 4 (a).

Write the kinetic term with all metric dependence explicit, —iF“ﬁFag = —% gt gBv S s
where F,g (all indices down) is metric-independent, and so is A,J* with the stated index
positions. Varying the two inverse metrics gives two equal contributions (relabel dummies
and use antisymmetry of F):

oL

B8 = —1 2FnFgt = 1 F, Fpy,

which is symmetric in o, as it must be. Note that the interaction term A,J* contains
no inverse metric (the indices shown are contracted directly), so it does not contribute to
OL/dg*?; it enters T,5 only through the volume piece 9agL. Then T,,3 = —2 8£/8g°‘5+ga5£
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(Exercise 5(f)) yields

Taﬁ = Foc)\FB)\ - %gaﬁFpo-FpU + gaﬁA)\J)\~

Trace. For J* =0,
9*PTog = FP2Fgy — L 4FPF,, = 0.

Tracelessness reflects the conformal invariance of Maxwell theory in four dimensions—
electromagnetism has no intrinsic length scale (the photon is massless). Physically, 7", = 0
is the statement that radiation has equation of state p = pc?/3. As a sanity check, in flat
spacetime Tyg = % (E? 4+ B?) in suitable units: the familiar field energy density. (The inter-
action piece gogAxJ A is the coupling energy; in a complete treatment it is bundled with the
stress—energy of the charged matter that produces J*.)

Solution to 4 (b).

Vary A, at fixed metric, with 0F,3 = V,0Ag — VgdAy:
58 = / | - 1FP6F0g + TP5A45] =g d*s = / | - F*99.845 + JP845] =g d'a,

using the antisymmetry of F*? to combine the two terms. Integrating by parts (the con-
nection is metric compatible, so Stokes applies) and demanding stationarity for arbitrary
0Ag,

VoF¥+ 78 =0 <« [V, FE=p

The homogeneous half of Maxwell’s equations, V|, F, )] = 0, holds identically because I}, is
built from a potential.

Solution to 4 (c).

Hold g, (hence R") fixed and vary A. Since L' = BR" ¢’ F,,F,, is symmetric under
exchanging the two field strengths (both R*” and ¢g”? are symmetric), its variation picks up

a factor of 2:
oL =28 S I O = 8 IR Y (VMAU — VU(SA,,).

Integrating both terms by parts and relabelling dummy indices, the coefficient of 6 A, is
28| VA(R“F,) -V, (RVF,7)| = =28V, F,  F*=R™F’ - BB,

with F7H = —FH antisymmetric by construction. Adding this to the variation of part (b),
stationarity now requires Vo F'“ + J¥ — 28V, F"* =0, i.e.

Vu(F* + 28 FH) = Jv.

The dynamical field strength is shifted by a curvature-dressed piece: in curved regions,
spacetime geometry itself polarizes the electromagnetic field. In vacuum GR regions with
R, = 0 the correction disappears, but near matter the propagation of light is modified at
order SR.

Solution to 4 (d).
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Einstein’s equation. Write L' = R, ©O" with the symmetric weight ©* = FHAFYy . The
metric now appears in three places, each generating a distinct kind of term:

e the volume factor, giving —% gapL';

e the explicit inverse metrics hidden in ©*” (three of them, once F' is written with lowered
indices), giving algebraic curvature—field couplings of the schematic form g R F F with
various contractions;

e the variation 0, itself. By the Palatini identity this is a total derivative structure, but—
exactly as in Exercise 8(a), where the weight was f(¢)g*”—the non-constant weight ©*”
obstructs discarding it. Two integrations by parts land the derivatives on ©#":

/ OM SR,/ —gdis = / [%gaﬁvuvy@w + 10045 — V“V(a@”ﬁ)](s.qo"g\/jg d*z,

where (o/3) denotes symmetrization. (Setting O = f g"” recovers gog0f — VoV f of
Exercise 8(a)—a useful check.)
Einstein’s equation therefore becomes G5 = 82—? (Tag + Toi?)? where Tég) contains both al-
gebraic SRF'F terms and, qualitatively new, second-derivative terms ~ S VV(FF): gravity
now responds to gradients of the field-strength bilinears, not just to the local electromag-
netic energy density. The equations remain second order in the metric, but the coupling is
manifestly non-minimal.
Current conservation. The modified Maxwell equation of part (c) has the form V,H"* = J”
with H"* = FYF + 28 F"" antisymmetric. Then

V,J¥ =V, V,H" = §[V,, V,JH* = 3 (Ry,H™ + Ry, HY) = Ry, H* =0,

since the symmetric Ricci tensor is contracted with the antisymmetric H. (The first step
uses antisymmetry of H to reduce the symmetric part of V,V,, to zero; the commutator is
evaluated with the Riemann convention of the Conventions.) So

the current is still conserved. This had to happen: the divergence of an antisymmetric tensor
is identically divergence-free, and gauge invariance of the A, J* coupling requires a conserved
source. The non-minimal term deforms the dynamics but not this consistency structure.

Exercise 5 — Einstein field equations

Solution to 5 (a).

Vary ga5957 = 0% 590‘5957 + go‘ﬁégg7 =0, so gaﬁégm = —590‘5%7. Contracting with ¢7?
frees the lower indices:

5gaﬁ = —9ap9pv 5ng_

Contracting gives the trace relation ga55ga6 = —go‘ﬁéga[g.

Solution to 5 (b).
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Let M be an invertible square matrix and define D = det M. Jacobi’s formula follows from
In |D| = Tr(ln M),

and gives

oD

— =Tr(M '6M).

D mv(n-tsm)
The absolute value is required here because the determinant of a Lorentzian metric is neg-
ative. Taking M = (g,,) and D = g = det(g,,), the matrix element of M~ is the inverse

metric (g7 1)"* = g¥*, so Tr(M~16M) = ¢g"#4g,,,, and we obtain

1)
;g = g'W(Sgyp = g’“’5g;w-

Therefore, since g < 0,

1
0/ —g = —2\/?9 dg
S — guy(s.g,uu

2\/—g
1
=5V—g g dg,0-

Hence, if g, is taken as the independent variable,

1
ov/—g = 5\/—99“”59#”-

Using the trace relation from part (a), g"*6g,, = —g,,0g"", this may also be written as

1
5\/j = _5\/jggw/5g“y-

For completeness, the determinant step can also be verified directly by a cofactor expansion.
Let C*” be the cofactor of the matrix element g, . To first order,

09 = C* dgu.

The inverse-matrix formula gives (g~1)"# = C*/g. Since the metric is symmetric, (g~1)"* =
g’ = gM", and therefore
CH=gg", 69 =99"0guw,

which is exactly the determinant identity used above.

Solution to 5 (c).

Let the varied connection be f”,w = I'?,, +0I'”,,. Although a connection is not itself a
tensor, the difference of two connections is. Hence I, is a genuine (1,2) tensor. Since
both connections are Levi—-Civita connections, it is also symmetric in its lower indices:

Oy = DI e
With the curvature convention used here, the Ricci tensor is

Rog = 8T ap — 0T 0y + T# a1 ap — THaT .
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Varying this expression and retaining terms linear in §I" gives

0Rup = 0,0T" o5 — DgdTH,,
+ 6TH 2T 05 + TH 00T 0
— 6TH 5T, — TH 00T (1)

Because 0I'7,,, is a tensor, its covariant derivative is well defined. Expanding the two relevant
derivatives gives

V0T g = 00T g + TH 30T 45 — T2 00T 35 — T 56T 0,
VT oy = 00T oy + TH 00T g — T2 0THy, — T2, 6T .
Subtracting these expressions, the last term in each line cancels because I'* = I gu- Using

the symmetry of both I'’,,,, and 6I'”,,, in their lower indices, and relabeling dummy indices,
the remaining terms reproduce exactly Eq. (1). Therefore

SRap = V0T 5 — V0T¥ .

This is the Palatini identity.

Solution to 5 (d).

Contract the Palatini identity with ¢g®#. Metric compatibility, V,¢g® = 0, allows the inverse
metric to be moved inside the covariant derivatives:

9*P6Rag =V, (gaﬂawaﬁ) ~ Vg (go‘ﬁél““au> .

In the second term, relabel the dummy indices according to 8 — u, 4 — «, and a — .
Using the symmetry of g®? and of the lower indices of 6T, we obtain

go‘ﬁéRag =V, (ga'B(sF“a/g — g“ﬁéFaaB) =V, wh,

where
wH = go‘ﬁcﬂ““alg = g“ﬁﬂ‘o‘aﬂ.

For any vector w*, V, w* = (1//=9)0u(v/—gw"). Hence

/ 9*P6Rapy/—gdlax = / O (vV—guw")d'z
M M

= % wh dX,,
oM

where d¥,, = n,,\/|h|d3y is the directed surface element. Thus the term contributes only at
the boundary.
To examine the boundary conditions, use

1
BTy = 59”” (VubGor + Vi0goy — Vabdgu) .

The conditions §g*# = 0 and vp59a5 = 0 on OM imply the corresponding conditions for
0gap and hence 0I'’ ), = 0 there. Therefore w* = 0 on the boundary, and

/ go"BdRa/g\/—g d*z = 0.
M
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Fixing only the induced metric, dh;; = 0, does not fix the normal derivatives of the metric
and therefore does not force 0I' to vanish. A well-posed Dirichlet variational principle is
obtained by adding the Gibbons-Hawking—York boundary term, whose variation cancels
precisely these unwanted normal-derivative terms.

Solution to 5 (e).

Vary Sgpg = fgaﬁRagw/—g d*z in three pieces: §g*? Rogv/—9; gaﬁéRag v/—¢ (a vanishing
boundary term, part (d)); and gO‘fBRag 0\/—g = —%Rgaﬁcsgo‘ﬁw/—g. Adding the first and
third,

05pH = / (Rag — 39apR)09°" V=g d's = | 7= 65pn/d9*" = Gag.

Solution to 5 (f).

Cosmological term. For Sy = —2A [ \/—gdz, only \/—g varies, so with part (b), Sy =
—2A f(—%\/—ggagégo‘ﬁ)d‘lx = ngagégo‘ﬁs/—g dz, i.e. ﬁéSA/égaﬁ = Agag-
Matter term. The definition rearranges to dSy = —% fTagéga'B\/—g d*z. Varying Sy =

fEM\/—gd‘lx with §/—¢g = —%\/—ggw&gaﬁ,

AL N 0L
55\ = / <W - %EMgaﬁ)(sg PV=gdiz = | Tog = -2 998 + gaplnt.

Solution to 5 (g).
Combining parts (e) and (f),
0S = / [K](Gaﬁ + Agag) — % ag]égo‘ﬁ V=g d*z.

Requiring 85 = 0 for arbitrary 6g®? forces the bracket to vanish:

1
—T.3.
2K ap

Gaﬁ + Agaﬁ =

Exercise 6 — Fixing «
Solution to 6 (a).

Contract Gog = 5=Top with g*. Since ¢**Gop = R — 2R = —R, we get —R = 5-T, ie.
R = —iT. Substituting back into R,g = Gog + %gagR,

1

Rop = 5= (Taﬂ _ %gaBT).

Solution to 6 (b).
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For a slow particle the geodesic equation reduces to #' ~ —I"goc?. For a static field I'gg =

y 2 . . . 2 :
—%g”@-goo ~ —%@‘hoo, so &' &~ +50;hoo. Matching to & = —V® gives Shop = -9, i.e.
ho() = —2(13/02 and

goo = —1+hoo = goo~ —(1+2®/c?),

the overall sign fixed by requiring an attractive potential well ® < 0.

Solution to 6 (c).

1) To linear order, for a static field the surviving piece of Rgg is Rgg = —35 00- it
) To li der, f ic field th iving piece of Roo is R 1V2hgo. With
hoo = —2®/c%, Ry = +5 V2.

(ii) For dust Tns = puqug, u® = (c,0) so ug ~ —c: Too &~ pc?, T = gaﬁTaﬂ = —pc?. Then

Too — 3900T = pc® — 3(=1)(=pc®) = 3pc*.

Solution to 6 (d).

The 00 component of part (a), using (c)(i)—(ii), reads

| - Iy 5 2 PC4
—Vb=—.32 = o =—.
CQV 2k 2P¢ \ 4k

Comparing with V2® = 47Gp gives ¢*/4x = 47G, hence

ct

e 167G

Then = = BZFTG and the field equations read Gog + Agaps = 8”4GT,15.

2k c

Solution to 6 (e).

° o . 4
(i) Move Agqp to the right: Gop = %TGTOLB — Agop = SZFTG(Tag + TO/}B) with Té}ﬁ = —é:r—ccgaﬁ.
Matching to a perfect fluid o< go5 gives

4
5 Ac

pact ==, pa=—pad | (w=-1).

(ii) Carrying Ag,s through the 00 component (with ggo & —1) adds —Ac? to the source:

V2® = 47Gp — A2

For a spherical solution the extra term integrates to &, = —%Ac2r2, giving grn = — V&, =
—i—%ACQ r: a repulsion growing linearly with distance for A > 0—the Newtonian face of cosmic
acceleration.

Exercise 7 — Palatini formalism

Solution to 7 (a).
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Since T" and T' + ¢T" are both connections, 6I' transforms homogeneously—a (1,2) tensor.
Writing R, from the definition and regrouping the ordinary derivatives with the I' 0’
terms into covariant derivatives,

0Rqp =V, 0TF 5 — VT,

where V uses the full connection I' (not yet known to be T').

Solution to 7 (b).
Let Q*° = /=g g®®. Inserting the Palatini identity gives
58 = / d'z Q7 (V30T s — Vol ) -
Performing the integration by parts with compactly supported variations gives
55 = / d'a [~(V2Q™)T 0 + (VoQ)0T ]

Since the torsion-free condition makes the lower indices of (51”@3 symmetric, the coefficient
must also be symmetrized. Thus

68 = / d*z [—VAQW + 5A<5VUQQ>U} 0T 3,

and stationarity gives

V,Q*8 — §,8v,Q¥7 = 0.

The covariant derivative here is the derivative appropriate to a tensor density of weight +1;
this is what makes the integration by parts valid without assuming metric compatibility.

Solution to 7 (c).

Define W¢ = V,Q%° and contract the connection equation on A and § in n dimensions:

n—i—lWa_in—l

we =0.
2 2

we — % (05" W + 852W7) =W -

For n > 1, W% = 0. Substitution into the uncontracted equation therefore gives

Va(v=g9*’) =0.

Solution to 7 (d).

Expanding the density derivative gives

1
0=Viv—-99") = v—g [ngaﬁ — 59"‘59;»0%9"”

Contract with g,g and define Q) = g,0Vg”?. Then
n
1 7) — )
( 5 Q@
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Thus Q) = 0 for n > 2, and the preceding equation reduces to Vyg®? = 0. A torsion-free,
metric-compatible connection is unique, so

1 v
Fuaﬁ = 59“ (8agu,8 + aﬁgua - 0uga5)-

Hence the Palatini equation derives the Levi-Civita connection rather than assuming it. This
equivalence with the metric formulation need not survive for actions nonlinear in curvature,
such as generic Palatini f(R) theories.

Exercise 8 — Scalar—tensor gravity

Solution to 8 (a).

The variation proceeds as in Einstein—Hilbert, but f(¢) rides along as a fixed weight
(independent of ¢g®#). The 6R piece produces, besides fR,s3dg"’, the derivative terms
[ flgap0— VQVB](SQQB v/—gd*z. For constant f these are total derivatives; for non-constant
f we integrate by parts twice, landing the derivatives on f: [ f gagﬂégaﬁ = [(3f) ga[gégaﬂ
and — [ fVaV369%° — — [(VaVsf)0g*P. Adding fGag,

059 = /\/jgd4x [fGaB + 9apUf — vavﬂf]égaﬁ'

It is the double integration by parts that generates Of and V,Vgf; they are absent in GR
only because there f is constant.

Solution to 8 (b).

2_55;/89°P,

Setting 0(Sy + Sy + Sm) = 0 and using T(,B) T Vg

Gop = 1[4 Taﬁ+2Tjﬁ+v Vaf — 9apOf],

with (varying S) T¢ = hVadVsd — gup[5hg"' V4V, + V]. Interpretation. The
coefficient of TM 0f 18 3 f 1 playing the role of 87G/c*. Comparing with GR fixes f =
¢*/(167G) for constant ¢; when ¢ varies slowly, the effective coupling is Geg = ¢*/[167f(¢)].

Solution to 8 (c).

Varying with respect to ¢: the kinetic term gives (after parts) hJ¢ + %h’gaﬁvawm, the
potential gives —V’, and S, contributes Rf’ since f = f(¢) multiplies R. The matter action
is ¢-independent. Summing to zero,

dh d
4950 VadVpd — G+ RS =

hO + w6 tRIg =

Comment. The Rf’ term is the signature of scalar—tensor gravity: curvature sources the
scalar, so ¢ is not a passive field on a fixed geometry—the geometry drives it and (through
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f) it back-reacts on the strength of gravity. A minimally coupled scalar (f =const) loses
this term.

Solution to 8 (d).

(1) Substituting f = c4¢/167r, h = c*w/8t¢, and V = 0:

Spp = — [ d'z =g [¢R d)go‘ﬂvagbvmb ;
plus Sy.
(i3) From f = c*/(167Gegr) = c*¢/(167),
Geff((z)) = ;

The scalar field literally is the inverse gravitational coupling.

(#i) Combining the ¢ equation with the trace of the gravitational equation to eliminate R
gives the standard Brans-Dicke wave equation U¢ = WT M As w — oo the source
x 1/w — 0, so O¢ — 0 and (with suitable boundary conditions) ¢ —const, V¢p — 0. The
scalar freezes, Geg —const, and the equations reduce to Go5 = (87G/c*)T. (%: ordinary GR.
Thus 1/w measures the departure from GR, and solar-system bounds (w 2 40,000) keep
Brans—Dicke close to Einstein gravity.

Exercise 9 — Kaluza—Klein compactification

Solution to 9 (a).

In the coordinates (z%,3%) the metric (5) is block diagonal, with blocks gag and b?y;;.
The determinant of a block-diagonal matrix is the product of the block determinants, and
det(b*v;j) = b*? det ;; for a d x d block. Hence

det Gop = det gop - %4 det Yij = deg'y,

and since g < 0, v >0, b > 0,

V=G =t /7 V=g

Solution to 9 (b).

Apply the Levi-Civita formula I'®,, = %ch(aa(;*db + 0yGaa — 04Gap) to the block-diagonal
metric with Gop = gas(®), Gij = b*(2)7ij(y), G = g%, G¥ = b=24¥, and remember
0;ib =0, 0uvij = 0, 0;9q8 = 0.

Pure blocks. For all indices four-dimensional only g enters, so I'“g, = I'*,[g]. For all
indices internal, the factors b2 in G and 0G,; cancel (as Opb = 0), leaving I‘ijk = Fijk[’y].
Mized components.

Fa" = % (8 GVJ + 8 Gm 6,,Gij) = —%gw’&,(b2) ’Yij = — b(V"‘b) ’Vijv
2

Iy = " (0aGrj + 0iGha — WGaj) = 5072706 (6%) yj = b~ (Vab) ;.

N\H
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The remaining mixed components vanish because every term involves either an off-block
metric component (Ga; = 0), a y-derivative of g3, or an z-derivative acting where only ~;; (y)
appears with all-internal free indices: Fiag = —%b*Q'yikﬁkGag =0and I'g; = % g 0iGLp =
0.

Solution to 9 (c).

With our conventions, Ru, = R uch = Ol bq — Opl'ca + el g — Tpel €ca-
Four-dimensional block. Setting (a,b) = (a, ), the terms built purely from I'[g] assemble
into R[glag. The extra contributions involve I',; = b71(V,b)d';, whose trace is I, =
db1V,b:

—05T% 0 + T4 g0 — T4, TV ,0 = —d 95 (b7 0ab) + dbH(O\D)[* o — db™2(Dab)(Ipb).

Expanding 93(b™10,b) = b10,05b — b=2(0ab)(0b), the b=20b b pieces cancel and the rest

combines into a covariant second derivative:

Rop = Rlglap — db~ 'V, Vgb.

Internal block. Setting (a,b) = (i, ), the terms built purely from I'[7] assemble into R[v];;.
The extra contributions are

0T + TH AT + TR T — Dy % — T, TRy
Substituting the mixed Christoffels:
OuT# 5 + TF T = —7i5[0u(b VFB) +TH 3 b VD] = —735 V. (b VF) = —v;; [60b + (Vb)?],
Tk = db™H(Vab) (= bV b)) = —d (VD) 2y,
—TH3pD* 5 — TRl = +(V0) 5 + (V0) 5 = +2(V0) %5
Adding everything,

Rij = Rilij — 7 [p b+ (d— 1)(VD)%].

Solution to 9 (d).

The inverse metric is G = g* GY = b2y so R[G] = ¢*’Rup + b~2y" R;;. Using
797;; = d and part (c),

R[G] = R[g] —db™'Ob+ b 2R[y] —db 2[b0b+ (d — 1)(Vb)?],

l.e.

R[G] = R[g] + b 2R[y] — 2db~'00b — d(d — 1) b2(Vb)2.

Solution to 9 (e).

Insert v—G = b%,/7,/—g (part (a)) and the curvature decomposition (part (d)) into (6).
Nothing in the integrand except /7 depends on y', so J Nal d%y = V factors out; using

Dr. N. Wanwieng (NARIT) 14 13—20 August 2026 - Naresuan University



ISHEAP 2026: 8th International School on High-Energy and Astro-Physics Detailed Solutions

V/G4+d = 1/G4 and R[’y] = d(d — 1)k,

A
167Gy

S/ = /d4a: \/fg{ [bdR[ng(d—l)k b2 24 bd_lmb—d(d—l)bd_Q(Vb)Q} +Vbd£M}.

Integrate the [Jb term by parts:
—2d/\/—g b0 = +2d/\/—g (Vb VHb = 2d(d — 1)/\/7—9 b4=2(Vb)?,

dropping the total derivative V,(b9~1V#b). The net kinetic coefficient is 2d(d—1)—d(d—1) =
+d(d —1):

4
¢ d  \pd—2 08 3 e
167Gy [b Rlg] +d(d — 1)b""g*"(Vab)(Vpb) +d(d — 1)k b
+Vbd£M}.

S:/d%\/fg{

Solution to 9 (f).

With @ = b we have bYR[g] = ®R[g], and V,® = db?"1V,b gives (V®)? = d?b*4-2(Vb)?,
ie. ¥972(Vb)2 = (V®)2/(d?>®). Hence

3 d—1 (V®)? V)2 d—1
d(d_l)bd 2(Vb)2:d( <I>) Z—WBD( (ID)’ WBDZ—T.

Thus (up to the constant normalization of the scalar and the curvature term, which acts
as a potential) Kaluza—Klein reduction produces a Brans-Dicke theory with wpp € (—1,0]:
wpp = 0 for d =1 and wpp — —1 as d — oo. This is an O(1) value, in catastrophic conflict
with the solar-system bound w > 4 x 10% of Exercise 8(d)—so a Kaluza-Klein radion must
not remain a massless Brans—Dicke-type scalar; it must acquire a mass (be stabilized) to
suppress the long-range fifth force.

Solution to 9 (g).
Write b = e?; then b¥2(Vb)? = e?¥(V)? and the Jordan-frame action of part (e) reads
S = / d'z 5 [ Rlg) + d(d — 1)e® (V)2 + d(d — Dk el=7] + Ve Ly ).

Set g = €2 g, with 2w = dj, so that

_c
167Gy

Veg=e?P/=5 g =P, Rlgl= " (Rlg +3d08 - 4 (VB)?),
the last from the given identity with w = d$/2. Term by term:

o Curvature: \/—ge®R[g] = e 2PeBedB /=5 (R[] + 3d 15 — %(65)2) = -9 (R[g] —
%(@6)2), after dropping the total derivative v/—¢ 03 = 0u(vV/—7 @"B).

e Kinetic: (VB)2 = ¢"0,60,6 = e?(VB)?, so \/—gd(d — 1)ed5(Vﬂ)g = /—gd(d —
1)(VB)2.

e Internal curvature: \/—gd(d — 1)ke=2F = \/—Gd(d — 1)k e~ (428,
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e Matter: after writing the original metric as g, = e v
V- gedﬁVﬁM (g,%) =/—g Ve~ dﬂﬁM g,v).

The kinetic terms combine as —3Z + d(d — 1) = —3d(d +2), giving

S = /d%\ﬁ 16G[ _1d(d+2)(V8)? + d(d — 1)k e @+
+ Ve*dﬁL'M(e*d'Bg, V) }

Note the negative exponent e~ (4+2)8. the internal curvature term is redshifted, not enhanced,
by growing extra dimensions.

Solution to 9 (h).

Q ¢t 1_-29 Q Q Q
Since Torc; = 2P the S-kinetic term is

C4

B 167Gy

Ld(d+2)(VB)? = —td(d+2) mB(VB)? = —3(V)? for ¢=1/4L2mp B,

S0 ¢ is canonically normalized. Substituting 5 = ¢ / ( d(d+2)/2 mp) into the exponentials,

2d+2) ¢ 46 — 2d ¢

d+2)8 = .
(+)ﬁ mp’ d+2mp7

and 5 G d(d— 1)k = 3d(d — 1)km?, so

S = /d%f oo G 3l — 2(Ve)? + 1d(d - 1)km o—V/2(d+2)/dé/mp
+ Ve*\/mqﬁ/mPcM(e*dﬁg, zp)}.
Ignoring matter, the radion potential (the negative of the non-kinetic scalar term) is
V(¢) = —1d(d— 1) km e~ V2d+D/dé/mp

Note also the exponential coupling of ¢ to Ly: in the Einstein frame matter feels the radion
directly, with gravitational strength.

Solution to 9 (i).

Write V(¢) = —3d(d— 1)k md e /P with A = /2(d + 2)/d > 0, and recall ¢ o 8 = logb.
Flat internal space, k = 0: the potential vanishes identically and the radion is exactly
massless. It then mediates a long-range, gravitational-strength fifth force via its coupling to
Ly—equivalently, the theory is Brans-Dicke with wpp = —(d — 1)/d (part (f))—which is
excluded by solar-system tests.

Positive curvature, k > 0 (e.g. a sphere): V < 0 and V'(¢) = +3d(d—1)kAmp e *¢/™P > 0,
so V increases monotonically toward 07; the field rolls downhill to ¢ — —oo, where V — —oc.
Since ¢ o log b, this is b — 0: the extra dimensions collapse.
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Negative curvature, k < 0: V > 0 and monotonically decreasing toward 07; the field rolls to
¢ — +00, i.e. b — oo: the extra dimensions decompactify.

In no case does V' possess a minimum, so the ansatz by itself has no stable compactified size.
Conclusion: stability requires additional contributions to the potential—an appropriate
matter Lagrangian and field configuration in the extra dimensions (in modern language,
fluxes or other stabilization mechanisms)—to generate a minimum in V(¢) and give the
radion a mass, which simultaneously evades the fifth-force problem of part (f).
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