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Conventions

o Unless otherwise stated, we work in four spacetime dimensions with coordinates z* = (ct, x)
and metric signature (—, 4, +, +). Greek indices p, v, ... run over 0, 1,2, 3, while Latin indices
i,7,... denote spatial components. Repeated indices are summed, and indices are raised and
lowered with the metric:

VH = ngVV7 VH = gMVVm guAg)\u = 5“1/-

We use 0, = 0/0x* and keep G and c explicit unless stated otherwise. The index conventions
for the (4 + d)-dimensional geometry of Exercise 9 are specified there.

e The metric determinant and invariant volume element are denoted by

g = det(guw), dVy =+v/—yg diz.

With the adopted Lorentzian signature, g < 0. Parentheses denote symmetrization with
weight one:

Alw) =

1
— (AM 4+ AV

2

o Unless explicitly stated otherwise, the connection is the Levi—Civita connection,

1
ap = 59" (Oagup + 9gva — Ovgas) -

It is torsion-free and metric-compatible:
o =T g4, Vagw = Vagh” = 0.

In Exercise 7, by contrast, the torsion-free connection and the metric are initially treated as
independent fields.

e The covariant derivative acts on a vector, a covector, and a scalar as
A A
V.V =0,VY + T,V V.V =0,V, =T Vi, Vo = 0,¢.

For a scalar field,
v,uvu(b = 8uav¢ - F)\,uua/\(ba

and the covariant d’Alembertian (Laplace-Beltrami operator) is

1
O¢ = VIV, =g"'V,V,¢ = - 9, (vV—=99"d,9).

\/?
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e The Riemann curvature tensor is defined by
Rpa/u/ = a,urpua - 8urpua + FP;MFAVU - FPVAF)\MU-

The Ricci tensor, Ricci scalar, and Einstein tensor are

1
R,uu = R)\,u)\ua R= gw/R;wa Guu = R/w - §g,uuR-

o For use in the Palatini formalism, the covariant derivative of a contravariant rank-two tensor
density Q% of weight w is

VAQ = 0,Q%7 + 1,07 + T7,,0% — wT”,, 0.
In Exercise 7, Q% = /=g ¢®” has weight w = +1.

e The divergence theorem in n dimensions is

d"z vwzjf d™ 1z \/|h| VFn :f VHdY,,
J e la v =4 ar e fmven, = § veas,

where n,, is the outward-pointing unit normal, h;; is the induced metric on OM, and
d¥, = n,\/[h]d" 1z, Consequently, for a scalar A,

Sl AV, Vi dms = ¢ AV dY —/ Sgl VAV, A d
/M |g| i oM o ™ |9’ I

Boundary terms may be discarded when the variations have compact support or when the
boundary conditions stated in the relevant exercise make them vanish.

o For a worldline action S = [ L(z, &) d\, with ## = dz*/d\ and fixed endpoints, the Euler—

Lagrange equations are
domy_ o
d\ \ oz orh

gz/d% —gL(D,V, D, g),

they take the covariant form
oL oL
=~V [1 =0.

BL3 a(V,®)

For a scalar field ® with
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Exercise 1. Timelike geodesic as a path of extremal proper time

By introducing a specific but arbitrary coordinate system, show that among all timelike worldlines
that a particle could take to get from event A to event B, the one or ones whose proper-time
lapse is stationary under small variations of the path are the free-fall geodesics. In other words,
an action principle for a timelike geodesic x#(\), written in any coordinate system x*, is

B 1.t de® def\?
0 dr=-9 —Gof—— —— d) =0,
/A T /0 ( 57N dA )
where A is an arbitrary parameter, which by construction ranges from 0 at A to 1 at B.

Exercise 2. Super-Hamiltonian for free-particle motion

(a) Show that, among all curves z#(\) that could take a particle from event A = z#(0) to event
B = x#(\1), those that satisfy the action principle

1M do®da?

[ z® dz ] .

L Y
2 Jo 9PN dn

are geodesics, and A is an affine parameter along the geodesic related to the particle’s
four-momentum by p* = dz®/dA.

Note. In this action principle, in contrast with the previous exercise, the integration
parameter is necessarily affine.

(b) The Lagrangian L£(z*,dz"/d\) associated with this action principle is
po b ded?
2% Ay

where the coordinates {z°, 2!, 22, 3} appear in the metric coefficients and their derivatives
appear explicitly. Using the standard principles of Hamiltonian mechanics, show that the
momentum canonically conjugate to z* is

dz”
Pu = Guv an

which is in fact the covariant component of the particle’s four-momentum. Show, further,
that the Hamiltonian associated with the particle’s Lagrangian is

1
H = B gaﬁ DaPB-
Explain why this guarantees that Hamilton’s equations
de® _OH dpa _ OM
dx  Opa’ dx  0x@

are satisfied if and only if ®(\) is a geodesic with affine parameter A\ and p, is the
corresponding tangent covector.

(c) Show that Hamilton’s equations guarantee that, if the metric coefficients are independent
of some coordinate 4, then py4 is a conserved quantity.

The quantity H = % g8 Papp is often called the geodesic’s super-Hamiltonian. It turns
out that the easiest way to compute geodesics numerically—for example, for particle motion
around a black hole—is often to solve the super-Hamiltonian’s Hamilton equations.
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Exercise 3: A Scalar field in curved spacetime

The action for a single real scalar field ¢ minimally coupled to gravity is
So= [ [~ 167 (Vad)(Vs0) = V(6)| v=g d'a. (1)

(a) Equation of motion. Using the Euler-Lagrange equation stated in the Conventions,
derive the equation of motion

dVv
O¢ — — =0.
¢4 "
(b) Stress—energy tensor. By varying the action with respect to the inverse metric, show
that 5 59
Ty % = Vad V50 = 905 97V 00 Vo — gap V(9).

af — _7/_79 5goB

Hint. You may use without proof the variational identity d./—g = —%\/—g 9aB 5g°h,
which is proven in Exercise 5(b).

(¢) Conservation and the equation of motion. Show by direct computation that
ap@® _ (ny_ W
verld) = (0 d¢)vﬁ¢,
Conclude that the equation of motion in part (a) implies covariant conservation. Conversely,
show that conservation implies the scalar equation wherever Vg¢ is nonzero.

Exercise 4. Electromagnetism in curved spacetime

The Lagrange density for electromagnetism in curved spacetime is

L=-1FPF,5+A,J" Fu =V,A, —V,A, =0,A, —9,A,, (2)

where J# is a conserved current, treated (like A,, with the index positions shown) as metric-
independent.

(a) Stress—energy tensor. Derive the energy—momentum tensor by functional differentiation
with respect to the metric:

Ta,B = Fa/\F,B)\ - igaﬁ FPUFpU + JaB A)\JA~
Show that the pure-field part (J# = 0) is traceless, and comment on the physical meaning

of tracelessness.

Hint. Write F8 Fop = ga“gﬂ”FagFW so that all the metric dependence is explicit,
and use T = —209L/0g"’ + gagL (derived in Exercise 5(f)).

(b) Maxwell’s equations. Vary (2) with respect to 4, to obtain the curved-space Maxwell
equations

V,FH=J".
(¢) A non-minimal coupling. Consider adding a new term to the Lagrangian,
L= B RM ngFuproa

with § a constant. How are Maxwell’s equations altered in the presence of this term? Show
that they become

V(P28 FH) = JY,  F =R™F\" — R"VF)",
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(d) Einstein’s equation and current conservation. Explain how Einstein’s equation is
altered by L': which qualitatively new kinds of terms appear, and why? (The relevant
identity for [ O 5RMV\/jgd4x with a general symmetric weight ©#” generalizes the
computation of Exercise 8(a); you are not asked to track every index.) Finally, show that
the current is still conserved, V,J” = 0.

Exercise 5. Deriving the Einstein field equations from a variational principle

We vary the action
S = m/ (R—20)y/—gd'z + Sv,  Su = /EM\ﬁ—gd‘l:z, (3)
M

with respect to the inverse metric ¢*? and require 65 = 0 for arbitrary variations vanishing
(together with their first derivatives) on dM. Here g = det gop, A is the cosmological constant,
and k is a constant to be fixed. The sub-parts assemble the standard result piece by piece.

(a) Relation between dg,3 and 8¢g*#. The metric and inverse satisfy ¢*° gsy = 0%. By
varying this identity, show that

09aB = — Gapgpy 69", equivalently Gop (59045 _ gaﬁ 5gas.
(b) Variation of /—g. Let g = det(g,,) (where g < 0 for a Lorentzian metric). Show that

09 =99"6g,u.

Hence derive the two equivalent identities

1 1
o0/—g = SVg 9" 09 = 5V Gudgh”.

Hint. Start from the matrix identity
In |det M| = Tr(In M),

and vary both sides. Then set M = (g,,,) and use the result of part (a) to express the
final answer in terms of dg"”.

(c) Palatini identity for dR,g. Show that the variation of the Ricci tensor is a difference of
total covariant derivatives,

0Rap =V, ((Tuaﬂ) - Vg (‘Hwau)-

Hint. (i) The difference of two connections is a tensor, so 0I'*,3 is a genuine (1,2)
tensor. (ii) Write 0R,p from the definition and regroup the 9 4I" and I' 6T" terms into
covariant derivatives.

e 1CCl-SCalar terml 1S a boundary term. sing =4 af a1l g = U, show
d) The Ricci-scalar term is a boundary term. Using R = g® R, and Vg h
that
gaﬁ 5Raﬁ = Vuwu? wh = gaﬁ (ﬂ_WOzB - gﬂﬁ 5Faa57

so that [ g*” OR.p/—9g d*z reduces to a boundary integral. Under the boundary conditions
stated above, 6g®° = 0 and Vpégaﬁ = 0 on OM, show that it vanishes and therefore does
not contribute to the bulk equations. Comment briefly on the role of the Gibbons—Hawking—
York term if only the induced boundary metric is fixed.
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()

(f)

(2)

Assemble §Sgy and the Einstein tensor. Combine parts (a)-(d) to show

i 1 69
5/ Ry/—gd*z = / (Rap — %gaﬁR)(Sg B/=gdiz, ﬁ?}ig = Rop — %gagR = Gap.

The cosmological and matter terms. For the cosmological piece Sy = —2A [ /—gd*z,

use part (b) to show \/%—g 8Sp/0g%P = Agop. Then, defining the Hilbert stress—energy

tensor Tpp = —\/%—g 6Sm /897, show equivalently that 65y = —1 [ Tns09*® /=g d*z, and
derive T3 = —2 0L\ /098 + GapLln-

Einstein field equations with A. Impose §S = 0 for arbitrary 6g®® on the full action
(3) and show that the field equations take the form
1

Gag + Agag = o Taﬁ‘

Discussion. Note the coupling « is still undetermined at this stage—the variational
principle fixes the form of the equations but not the strength of gravity. That is the
task of Exercise 6.

Exercise 6. Fixing « from the Newtonian limit

The variational derivation leaves x free. We pin it down by demanding that GR reduce to New-
tonian gravity—Poisson’s equation—in the weak-field, static, slow-motion regime. Throughout,
A is negligible on these scales and is dropped (except in the optional final part).

(a)

Trace-reverse the field equations. Starting from G5 = iTag (with A = 0), contract
with ¢®? to find R = —iT, and hence show

Rap = %(Taﬂ ~ 3905T).

Weak static field and the Newtonian potential. Write go3 = 108 + hap With |h| < 1
and dgh = 0. By comparing the geodesic equation for a slow particle, & = —V®, with the
geodesic equation to linear order, show that consistency requires

goo = —(1+2®8/c%),  ie.  hg = —28/c%

Linearized Ryy and the dust source. (i) Show that to linear order in h, for a static
field, Rgo =~ —%VQhoo = —|—C%V2<I>. (ii) For pressureless dust T,,3 = puqug with u* = (c,0),
show Tyo =~ pc?, T ~ —pc?, and hence Ty — % gooT = % pc2.

Match to Poisson and solve for x. Insert parts (c)(i)—(ii) into the 00 component of the
trace-reversed equation and compare with Poisson’s equation V2® = 47Gp to show

A 811G

Discussion. This is where the abstract variational constant acquires physical meaning:
1/2k = 871G /c? is the coupling that will appear in every field equation you write for the
rest of the school. In modified-gravity theories (Exercise 8) this “constant” is exactly
what gets promoted to a field.
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()

Optional: the cosmological term in the Newtonian limit. Restore A. (i) Show
the A term is equivalent to a perfect-fluid vacuum with pyc? = Ac*/87G and pp = —pac?
(equation of state w = —1). (ii) Show that carrying A through the Newtonian limit modifies
Poisson’s equation to V2® = 47Gp — Ac?, giving a repulsive acceleration g, = —|—%A62 7 for
A>0.

Exercise 7. The Palatini formalism: metric compatibility as an equation of
motion

In the metric formulation the Levi-Civita connection is assumed. In the Palatini (first-order)
formalism we treat the connection I'*,3 and the metric g,z as independent fields. The action

is formally the same,

819,11 = [ ¢ Raa(T) V=g d's. @

but R,s(I') is built purely from the connection, with no a priori relation to g,g. Varying with
respect to g®? returns R.g — % gapR = 0. Here we vary with respect to I' and show it is forced
to be the Christoffel connection. Assume throughout that I' is symmetric (torsion-free).

(a)

(b)

Variation of R,3 w.r.t. the connection. Holding g*? fixed, show the Palatini identity
dRag = V,(0I'*o5) — Vg(0I'*,,), where V uses the full (undetermined) connection I
Explain in one line why 6I'*,3 is a genuine (1, 2) tensor.

Connection field equation. Define the contravariant tensor density Q*? = \/—g ¢*?,
which has weight +1. Insert part (a) into 4.5, integrate by parts using compactly supported
variations, and remember that 51”\&/3 = oI Ba because the connection is torsion-free. Show
that

5S = / dlz [-V,Q + 8,0V, Q7] 6T,

and hence obtain
VaQY - 5,°v,Q¥7 = 0.

Hint. For a density, include the density-weight term in its covariant derivative. Equiva-
lently, perform the integration by parts first with ordinary derivatives and then regroup
the connection terms covariantly.

Densitized metric compatibility. Contract the field equation of part (b) on A and S.
Show that in n > 1 dimensions

VoQ¥ =0, =  Vily/—gg*?)=0.

Recover the Levi-Civita connection. Expand the last equation using the covariant
derivative of a weight-+1 tensor density. Contract with g,s and show that in n > 2
dimensions its trace vanishes, leaving V,¢® = 0. Together with the torsion-free assumption,
conclude that

1
Iwaﬁ = ig#y(aagllﬁ + aﬁgua - 8Vga,3)

State the physical conclusion in one sentence.

Exercise 8. Scalar—tensor gravity and the Brans—Dicke limit

In scalar—tensor theories a scalar field ¢ couples directly to the curvature scalar—a non-
minimal coupling beyond what the Equivalence Principle alone would suggest. The action is
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S = Sy + Sg + Sy with

Sy= [ @) RV=gd'a, Sy = [ [~ 1h0) 90,6050 - V(6)] V=g d'.
SM - /EM(Qaﬂa¢) vV —9g d4l‘,
where f, h,V define the theory and £y depends on the metric and matter ¢ but not on ¢.

(a) Metric variation of the non-minimal term. Following the same steps as the Einstein—
Hilbert variation but keeping f(¢) as a fixed weight, integrate by parts twice to move the
derivatives onto f. Show that the two total-derivative terms that vanish for constant f
now leave behind

55, = [ V=9d% [£(8) Gag + 903 Of = VaVs 10"

Identify which step generates the [f and V,Vgf terms.

(b) The gravitational field equation. With (g ——2_68;/5g°8 for i = ¢, M, show that

V-9
Gas = F (@) [ST0h + §T25 + VaVsf — gasDf |

with Tfﬁ =hVapVgo — gag[%h 9"V 0V, ¢ + V. Interpret the coefficient of Tolt/é: what
plays the role of Newton’s constant, and what happens if ¢ varies slowly?

(¢) The scalar equation of motion. Vary the full action with respect to ¢ (note R enters
Sy through f(¢)) to show

3 dh d f
hO 9’V apVgp — — + R~
Why is the Rdf/d¢ term the hallmark of a scalar—tensor (rather than minimally coupled)

theory?

(d) Brans—Dicke theory and its GR limit. Using the conventional normalization in which
¢ = Ge_ﬂl, Brans-Dicke theory corresponds to f = c*¢/16m, h = c*w/8np, and V = 0.
(i) Show the action becomes

4
Spp = % /d4x V=9[6R = 2 gV 46V 50| + Su.
™ ¢
(ii) Identify the effective, spacetime-dependent Newton constant Geg(¢). (iii) Under regular
boundary conditions, argue that as w — co the scalar freezes and ordinary GR is recovered.
What does the ¢ equation say about V¢ in that limit? For context, massless Brans—Dicke
theory is constrained by Solar-System tests to w > 4 x 10%.

Exercise 9. Kaluza—Klein compactification and the radion

Another way to modify general relativity is to allow for the existence of extra spatial dimensions:
models in which spacetime appears four-dimensional on large scales even though there are really
4 4+ d dimensions in total, the extra d dimensions being compactified on some small manifold.
Models of this kind are known as Kaluza—Klein theories, and their physical consequences
turn out to be closely related to those of the scalar—tensor theories of Exercise 8.
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Let Gy be the metric of a (4 + d)-dimensional spacetime with coordinates X ¢, where the
indices a, b run from 0 to d + 3. We adopt the compactification ansatz

ds? = Gap AX*dX" = gap(x) da® da’ + b (2) vi5(y) dy’ dy/’, (5)

where 2% are coordinates on the four-dimensional spacetime, y* (i,j = 1,...,d) are coordinates
on the extra-dimensional manifold, and the scale factor b(x) depends only on z®. The internal
metric v;; is taken to be maximally symmetric,

R[ylij =k (d —1) —  Rp]=dd-1)k,

with curvature parameter k (written k rather than k to avoid a clash with the gravitational
coupling of Exercises 5-6). The internal geometry is of course dynamical; (5) is a simplifying
ansatz retaining only the overall-size mode b(x), the lightest of the compactification modes. The
action is the (4 + d)-dimensional Hilbert action plus a matter term,
4
S = /d4+dX \/j [07
].67TG4+d

where G = det Ggp, R[Ggp) is the Ricci scalar of Gy, and the matter density £y (metric
determinant factored out) is treated as a fixed scalar weight throughout.

R[Ga) + L, (6)

(a) Volume element. Show that the metric determinant factorizes as
V=G =\ AVTG, = det

(b) Connection of the ansatz. Show that the only nonvanishing Christoffel symbols of (5)
are
T 091, Thkhl,  T% =—=b(V) 7y,  Taj=b"(Vab)d',

i.e. the remaining mixed components I'*g; and Fiag vanish.
(c¢) Ricci tensor. Using part (b), show that
Rap = Rlglag — db 'VaVgb,  Rij = Rlyly — vi3[b0b+ (d - 1)(Vb)?],
where O = gV, V,, (Vb)? = g"*(V,b)(V,b), and V,, is the covariant derivative of g,z
(d) Ricci scalar. Contract part (c) with the inverse metric of (5) to obtain
R[Ga) = Rlgap] + b *Rlvij] — 2db~'0b — d(d — 1) b~*(Vb)*.

(e) Dimensional reduction. Define the internal volume at b = 1 and the four-dimensional

Newton constant by
1 1%

v / Iy 160G T 167G

Perform the integral over the extra dimensions in (6) (possible because b is independent of
y") and integrate by parts to show

S:/d“x\/fg{

A
167Gy

[0 Rlg] +d(d—1) 1267 (Vab) (V 5b) +d(d—1) k b2+ Vb Lt }.

(f) A Brans-Dicke theory in disguise. Setting ® = b9, show that the gravitational sector
of part (e) takes the Brans-Dicke form of Exercise 8(d),

C4 WBD d—1
o — 2 %3 (V, @ ) =——
TG [P Rlo = =22 0 (Va®)(Va®)], wp = =

Compare with the solar-system bound quoted in Exercise 8(d): can pure Kaluza—Klein
gravity with a massless radion be viable?
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(2)

Weyl transformation to the Einstein frame. Let § = logb and perform the conformal
transformation g, = edp guv- You may use without proof the standard four-dimensional
identity: for g,, = ezng,

Rlg] = e*(R[G] + 6 Dw — 6 §" 0w Oyw), O=g"V,V,.

Dropping total derivatives, show that the reduced action becomes

ct ~ ~
S = / d'o /=5 {1 e [R[g] - 3d(d+2) 3" (VuB)(VB) + d(d — 1) ke~ (427

+V e_dﬂ L (e_dﬂguua @Z)) }
The canonically normalized radion. Define

d(d+2) ct

— > 72 —
gb— 2 mPB? mP_87TG4

(with h = ¢ =1, mp is the usual reduced Planck mass; here it is simply shorthand for the
constant \/c*/87Gy). Show that

C4 = -
5= [tV g 7 - 3G90

+ % d(d — 1) ke VAR do/mp (7)

i V e_m¢/mP ,CM(G_dﬁgul/) 1/}) }’

and read off the radion potential V' (¢) (ignoring the matter term). The scalar ¢ is known
as the dilaton or radion, and characterizes the size of the extra-dimensional manifold.

Radion (in)stability. Ignoring Ly, analyze the behavior of the radion for the three
cases k = 0, k > 0 and k£ < 0: where does ¢ roll, and what does this imply for the size
b of the extra dimensions? Conclude in one or two sentences what is required for stable
compactification.
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