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• Photoproduction exp: Strakovsky, Epifanov, Pentchev, PRC 101, 042201 (2020)

Very small interaction strength

STRAKOVSKY, EPIFANOV, AND PENTCHEV PHYSICAL REVIEW C 101, 042201(R) (2020)

FIG. 1. Results of the GlueX work (blue solid circles) for the
γ p → J/ψ p total cross sections σt [10] are shown as a function
of the c.m. momentum q of the final-state particles. The previous
SLAC data [12] (where the determination of σt from the differential
cross sections was performed in Ref. [10]) are shown by the magenta
open triangles. The vertical error bars represent the total uncertainties
of the results (summing statistical and systematic uncertainties in
quadrature). The horizontal error bars for the GlueX data reflect the
energy binning. The red solid curve shows the fit of the GlueX data
with Eq. (1), while the black dot-dashed curve shows a combined fit
of the GlueX and SLAC data with Eq. (1).

Eγ for the charmonium photoproduction, the value of σt as
a function of the photon energy in the laboratory frame Eγ

reaches zero at the threshold energy Eγ = Eth
γ without any

singularity (i.e., if the final-state S wave does not vanish at
threshold).

Traditionally, the σt behavior of a binary inelastic reaction
near threshold can be described as a series of odd powers of
q. In the energy range under study,

σt (q) = a1q + a3q3 + a5q5, (1)

is enough to describe the near threshold cross section σt (q)
quite well. The fit of the GlueX data with Eq. (1) is shown
in Fig. 1 by a solid red curve. The fit of both GlueX and
SLAC data is shown in Fig. 1, as well, by a black dot-dashed
curve. The best-fit results are summarized in Table I. Note that
the SLAC experiment measured the differential cross section
dσ/dt at t = tmin as a function of Eγ . To calculate the total
cross sections from the SLAC data, we have used a dipole
t-dependence as was done in Ref. [10].

The parameter a1 as obtained from the fit of the GlueX
data alone and both the GlueX and SLAC data agree within
the uncertainties (Table I), the near threshold behavior is

TABLE I. The fit of the GlueX [10] (second column) and GlueX
with SLAC [12] (third column) data with Eq. (1). Error bars of the
GlueX data represent the total uncertainties (summing statistical and
systematic uncertainties in quadrature).

ai GlueX Data GlueX and SLAC Data

a1 [nb/(GeV/c)] 0.46 ± 0.16 0.53 ± 0.12
a3 [nb/(GeV/c)3] 0.83 ± 0.91 0.78 ± 0.16
a5 [nb/(GeV/c)5] 0.28 ± 0.87 −0.06 ± 0.03
χ 2/dof 0.67 0.98

very similar for both curves. The linear term in Eq. (1) is
determined here by the S waves only (with total spin 1/2
and/or 3/2). The contributions to the cubic term come from
both the P-wave amplitudes and the W dependence of the
S-wave amplitudes, and the fifth-order term arises from the
D waves and the W dependencies of the S and the P waves.

The σt (γ p → J/ψ p) data is related to the J/ψN scattering
length, αJ/ψ p, by the threshold relation

dσ (J/ψ p → J/ψ p)
d&

|th = |αJ/ψ p|2. (2)

In fact, the cross section includes contributions from two
independent S-wave scattering lengths with total spins 1/2
and 3/2.

In the VMD framework, αJ/ψ p appears also in the γ p →
J/ψ p cross section near threshold [7]:

σt (γ p → J/ψ p)|th = q
k

4απ2

g2
J/ψγ

|αJ/ψ p|2, (3)

where k is the c.m. momentum of the incident photon at the
γ p → J/ψ p threshold, α is the fine-structure constant, M
is the J/ψ mass, and gJ/ψγ = 5.58 ± 0.07 is the γ → J/ψ
coupling, as determined from the J/ψ → e+e− decay width
[14]. This result came recently from the KEDR Collaboration
that determined ((J/ψ → e+e−) using the KEDR detector
at the VEPP-4M e+e− collider. Summing the statistical and
systematic uncertainties in quadrature, one gets ((J/ψ →
e+e−) = (5.55 ± 0.11) keV. As known in VMD, the coupling
gJ/ψγ is related to the electron width of the vector meson
((J/ψ → e+e−) as

gJ/ψγ =

√
πα2M

3((J/ψ → e+e−)
. (4)

Combining Eq. (3) with the a1 value from fitting Eq. (1) to
the GlueX σt (γ p → J/ψ p) data given in Table I results in

|αJ/ψ p| = gJ/ψγ

2π

√
ka1

α
= (3.08 ± 0.55) mfm, (5)

which should be considered just as an estimate assuming only
the sequence γ → J/ψ , J/ψ p → J/ψ p. Taking into account
the overall systematics of the GlueX data of 27%, we obtain
finally |αJ/ψ p| = (3.08 ± 0.55(stat.) ± 0.42(syst.)) mfm.

To estimate the theoretical uncertainty related to the VMD
model, we refer back to 1977, when Boreskov and Ioffe
[8] estimated the cross section of J/ψ photoproduction in
a peripheral model and found a strong energy dependence
close to threshold because the nondiagonal γ p → J/ψ p must
have larger transfer momenta versus elastic scattering. This
results in a violation of VMD by a factor of 5 or so. In
1993, Boreskov and co-workers showed that a fluctuation of a
photon into open charm is preferable than into a J/ψ [9]. In
addition, in Eq. (3) we have not included a factor introduced
in the VMD model in Ref. [15], which takes into account
the difference between polarization degrees of freedom in the
γ p → J/ψ p and pJ/ψ → pJ/ψ reactions. Such a factor that
equals 2/3 at threshold for the S wave has not been used in
the previous analysis of the scattering length and we consider
it as a systematic uncertainty related to the VMD model.
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FIG. 1. Results of the GlueX work (blue solid circles) for the
γ p → J/ψ p total cross sections σt [10] are shown as a function
of the c.m. momentum q of the final-state particles. The previous
SLAC data [12] (where the determination of σt from the differential
cross sections was performed in Ref. [10]) are shown by the magenta
open triangles. The vertical error bars represent the total uncertainties
of the results (summing statistical and systematic uncertainties in
quadrature). The horizontal error bars for the GlueX data reflect the
energy binning. The red solid curve shows the fit of the GlueX data
with Eq. (1), while the black dot-dashed curve shows a combined fit
of the GlueX and SLAC data with Eq. (1).

Eγ for the charmonium photoproduction, the value of σt as
a function of the photon energy in the laboratory frame Eγ

reaches zero at the threshold energy Eγ = Eth
γ without any

singularity (i.e., if the final-state S wave does not vanish at
threshold).

Traditionally, the σt behavior of a binary inelastic reaction
near threshold can be described as a series of odd powers of
q. In the energy range under study,

σt (q) = a1q + a3q3 + a5q5, (1)

is enough to describe the near threshold cross section σt (q)
quite well. The fit of the GlueX data with Eq. (1) is shown
in Fig. 1 by a solid red curve. The fit of both GlueX and
SLAC data is shown in Fig. 1, as well, by a black dot-dashed
curve. The best-fit results are summarized in Table I. Note that
the SLAC experiment measured the differential cross section
dσ/dt at t = tmin as a function of Eγ . To calculate the total
cross sections from the SLAC data, we have used a dipole
t-dependence as was done in Ref. [10].

The parameter a1 as obtained from the fit of the GlueX
data alone and both the GlueX and SLAC data agree within
the uncertainties (Table I), the near threshold behavior is

TABLE I. The fit of the GlueX [10] (second column) and GlueX
with SLAC [12] (third column) data with Eq. (1). Error bars of the
GlueX data represent the total uncertainties (summing statistical and
systematic uncertainties in quadrature).

ai GlueX Data GlueX and SLAC Data

a1 [nb/(GeV/c)] 0.46 ± 0.16 0.53 ± 0.12
a3 [nb/(GeV/c)3] 0.83 ± 0.91 0.78 ± 0.16
a5 [nb/(GeV/c)5] 0.28 ± 0.87 −0.06 ± 0.03
χ 2/dof 0.67 0.98

very similar for both curves. The linear term in Eq. (1) is
determined here by the S waves only (with total spin 1/2
and/or 3/2). The contributions to the cubic term come from
both the P-wave amplitudes and the W dependence of the
S-wave amplitudes, and the fifth-order term arises from the
D waves and the W dependencies of the S and the P waves.

The σt (γ p → J/ψ p) data is related to the J/ψN scattering
length, αJ/ψ p, by the threshold relation

dσ (J/ψ p → J/ψ p)
d&

|th = |αJ/ψ p|2. (2)

In fact, the cross section includes contributions from two
independent S-wave scattering lengths with total spins 1/2
and 3/2.

In the VMD framework, αJ/ψ p appears also in the γ p →
J/ψ p cross section near threshold [7]:

σt (γ p → J/ψ p)|th = q
k

4απ2

g2
J/ψγ

|αJ/ψ p|2, (3)

where k is the c.m. momentum of the incident photon at the
γ p → J/ψ p threshold, α is the fine-structure constant, M
is the J/ψ mass, and gJ/ψγ = 5.58 ± 0.07 is the γ → J/ψ
coupling, as determined from the J/ψ → e+e− decay width
[14]. This result came recently from the KEDR Collaboration
that determined ((J/ψ → e+e−) using the KEDR detector
at the VEPP-4M e+e− collider. Summing the statistical and
systematic uncertainties in quadrature, one gets ((J/ψ →
e+e−) = (5.55 ± 0.11) keV. As known in VMD, the coupling
gJ/ψγ is related to the electron width of the vector meson
((J/ψ → e+e−) as

gJ/ψγ =

√
πα2M

3((J/ψ → e+e−)
. (4)

Combining Eq. (3) with the a1 value from fitting Eq. (1) to
the GlueX σt (γ p → J/ψ p) data given in Table I results in

|αJ/ψ p| = gJ/ψγ

2π

√
ka1

α
= (3.08 ± 0.55) mfm, (5)

which should be considered just as an estimate assuming only
the sequence γ → J/ψ , J/ψ p → J/ψ p. Taking into account
the overall systematics of the GlueX data of 27%, we obtain
finally |αJ/ψ p| = (3.08 ± 0.55(stat.) ± 0.42(syst.)) mfm.

To estimate the theoretical uncertainty related to the VMD
model, we refer back to 1977, when Boreskov and Ioffe
[8] estimated the cross section of J/ψ photoproduction in
a peripheral model and found a strong energy dependence
close to threshold because the nondiagonal γ p → J/ψ p must
have larger transfer momenta versus elastic scattering. This
results in a violation of VMD by a factor of 5 or so. In
1993, Boreskov and co-workers showed that a fluctuation of a
photon into open charm is preferable than into a J/ψ [9]. In
addition, in Eq. (3) we have not included a factor introduced
in the VMD model in Ref. [15], which takes into account
the difference between polarization degrees of freedom in the
γ p → J/ψ p and pJ/ψ → pJ/ψ reactions. Such a factor that
equals 2/3 at threshold for the S wave has not been used in
the previous analysis of the scattering length and we consider
it as a systematic uncertainty related to the VMD model.
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• Lattice QCD: Lyu, Doi, Hatsuda and Sugiura, PLB860 (2025) 139178
Y. Lyu, T. Doi, T. Hatsuda et al. 

Fig. 2. The bands show the fit with the TPE function 𝑖 (𝑗) = −𝑢𝐶−2𝛾𝑞𝑗∕𝑗2 to the 
long-range 𝑠 -𝑧 𝐿𝑧 potential. The gray dashed line is the best fit with 𝑖 (𝑗) = −𝑢∕𝑗7
for comparison.

over large distances because of color confinement. As a result, the dom-
inant degrees of freedom at long distances involve the color-neutral 
states coupling to gluons. In particular, the lightest two-pion state would 
dominate over other states [22–24]. As has been shown in Refs. [25], 
the two-pion-exchange (TPE) interaction for 𝑠 -𝛽 𝐿𝛽 takes the following 
form in the coordinate space,

𝑖 (𝑗 𝐾 1∕(2𝛾𝑞)) = −𝑢 𝐶
−2𝛾𝑞𝑗

𝑗2
, (11)

with a potential strength 𝑢. This is radically different from the QED 
van der Waals interaction, where two photons can propagate over large 
distances, leading to a power-law fall-off potential 𝑖 (𝑗) ∼ −1∕𝑗, with 
, = 6 (the van der Waals force without the retardation effect) or , = 7
(the Casimir-Polder force with the retardation effect).

In order to check such a long-range behavior, we fit lattice data of the 
long-range potential with the TPE function in Eq. (11). The fit range is 
𝑗min < 𝑗 < 𝑗max with 𝑗max = 1.8 fm beyond which the potential vanishes 
within statistical uncertainties. By increasing 𝑗min from 1∕2𝛾𝑞 ≃ 0.7 fm, 
we find the lattice data in the range of 0.9 < 𝑗 < 1.8 fm can be decently 
described by Eq. (11) with a fit parameter 𝑢 = 22(2), 23(3), and 16(2)
MeVfm2 for 𝑠 -𝐷∕. with spin 3∕2, with spin 1∕2, and 𝑠 -𝜙𝑧 , respec-
tively. Shown in Fig. 2 by bands are corresponding fit results. The best 
fit with 𝑖 (𝑗) = −𝑢∕𝑗7 in the same fit range is also shown in Fig. 2 by the 
gray dashed line. These results imply that the long-range 𝑠 -𝑧 𝐿𝑧 interac-
tion is consistent with the TPE potential.

5. Scattering properties

5.1. Phase shifts and scattering parameters

In order to convert the 𝑠 -𝑧 𝐿𝑧 potential in Fig. 1 to its scattering prop-
erties, we perform an uncorrelated fit with phenomenological three-
range Gaussians 𝑖fit(𝑗) = −∑3

𝑄=1 ≫𝑄𝐶
(−𝑗∕𝑏𝑄)2 in the range of 0 < 𝑗 < 1.8 fm. 

Fitting parameters at 𝜒∕≫ = 14 are shown in Table 2, and corresponding 
fitting results are shown by red bands in Fig. 1.

Shown in Fig. 3 is the 𝑠 -𝑧 𝐿𝑧 scattering phase shifts calculated with 
𝑖fit(𝑗) as a function of center of mass kinetic energy 𝜌CM =

√
𝛾2
𝑠 + 𝑋2 +

√
𝛾2
𝑧 𝐿𝑧 + 𝑋2 − 𝛾𝑠 − 𝛾𝑧 𝐿𝑧 . The central value and statistical error shown 

by solid lines and inner bands are obtained by solving the Schrödinger 
equation with 𝑖fit(𝑗) at 𝜒∕≫ = 14, while the total uncertainties shown by 
outer bands are obtained by adding the statistical error in quadrature 
with the systematic error estimated by comparing results at different 
𝜒∕≫. No bound state is found for all three 𝑠 -𝑧 𝐿𝑧 channels.

Scattering phase shifts near the threshold can be expanded as,

𝑋 cot 𝑌0 =
1 
≫0

+ 1
2 𝑗eff𝑋

2 +𝑍(𝑋4), (12)

Fig. 3. The 𝑠 -𝑧 𝐿𝑧 scattering phase shifts. The central value and statistical error 
obtained with 𝑖fit(𝑗) at 𝜒∕≫ = 14 are shown by solid lines and inner bands. The 
outer bands show total uncertainty obtained by adding statistical error and sys-
tematic error in quadrature.

Table 2
Fit parameters with statistical errors in the parentheses at 
𝜒∕≫ = 14.

𝑠 -𝐷∕.(4𝑓3∕2) 𝑠 -𝐷∕.(2𝑓1∕2) 𝑠𝜙𝑧 (2𝑓1∕2)

≫1 [MeV] 51(1) 101(1) 264(14)
≫2 [MeV] 13(6) 33(6) 28(13)
≫3 [MeV] 22(5) 23(8) 22(2)
𝑏1 [fm] 0.09(1) 0.13(1) 0.11(1)
𝑏2 [fm] 0.49(7) 0.44(5) 0.24(6)
𝑏3 [fm] 0.82(6) 0.83(9) 0.77(3)

92∕dof 0.4 0.4 0.6

Table 3
The 𝑠 -𝑧 𝐿𝑧 scattering length ≫0 and effective 
range 𝑗eff with statistical error (1st parenthe-
ses) and systematic error (2nd parentheses).
channel ≫0 [fm] 𝑗eff [fm] 
𝑠 -𝐷∕.(4𝑓3∕2) 0.30(2)

(+0
−2
)

3.25(12)
(+6
−9
)

𝑠 -𝐷∕.(2𝑓1∕2) 0.38(4)
(+0
−3
)

2.66(21)
(+0
−10

)
𝑠𝜙𝑧 (2𝑓1∕2) 0.21(2)

(+0
−1
)

3.65(19)
(+0
−6
)

where ≫0 and 𝑗eff are the scattering length and the effective range. In 
Table 3, we show the ≫0 and 𝑗eff for low-energy 𝑠 -𝑧 𝐿𝑧 scattering obtained 
from the scattering phase shifts in Fig. 3.

The scattering length given in Table 3 has a direct phenomenological 
application, the mass shift of 𝐷∕. meson in nuclear medium can be well 
constrained by our present results. According to QCD sum rule studies in 
Refs. [7,55,56], the 𝐷∕. meson mass reduction in nuclear matter under 
the linear density approximation is given by,

𝑌𝛾𝐷∕. ≃
2𝑞(𝛾𝑠 +𝛾𝐷∕. )

𝛾𝑠𝛾𝐷∕.
≫spin-av𝐷∕. :nm = 19(3) MeV, (13)

where :nm = 0.17 fm−3 denotes the normal nuclear matter density, 
and the 𝑠 -𝐷∕. spin-averaged scattering length is defined as ≫spin-av𝑠𝐷∕. =
2≫(3/2)0 +≫(1/2)0

3 .

5.2. Comparison of scattering lengths

The previous studies on the 𝑠 -𝑧 𝐿𝑧 scattering lengths by various ap-
proaches were scattered in a large range: (i) Data of the 𝐷∕. photo-
production off the proton are used to constrain the corresponding am-
plitude constructed by assuming the vector meson dominance [26,57] 
and by enforcing the low-energy unitary [27], which give rise to ≫spin-av𝑠𝐷∕.
around 𝑍(1 ∼ 10)× 10−3 fm and 𝑍(1) fm, respectively. (ii) Previous lat-

Physics�Letters�B�860��������139178�

4�

Y. Lyu, T. Doi, T. Hatsuda et al. 

Fig. 2. The bands show the fit with the TPE function 𝑖 (𝑗) = −𝑢𝐶−2𝛾𝑞𝑗∕𝑗2 to the 
long-range 𝑠 -𝑧 𝐿𝑧 potential. The gray dashed line is the best fit with 𝑖 (𝑗) = −𝑢∕𝑗7
for comparison.
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with a potential strength 𝑢. This is radically different from the QED 
van der Waals interaction, where two photons can propagate over large 
distances, leading to a power-law fall-off potential 𝑖 (𝑗) ∼ −1∕𝑗, with 
, = 6 (the van der Waals force without the retardation effect) or , = 7
(the Casimir-Polder force with the retardation effect).

In order to check such a long-range behavior, we fit lattice data of the 
long-range potential with the TPE function in Eq. (11). The fit range is 
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we find the lattice data in the range of 0.9 < 𝑗 < 1.8 fm can be decently 
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tively. Shown in Fig. 2 by bands are corresponding fit results. The best 
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gray dashed line. These results imply that the long-range 𝑠 -𝑧 𝐿𝑧 interac-
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In order to convert the 𝑠 -𝑧 𝐿𝑧 potential in Fig. 1 to its scattering prop-
erties, we perform an uncorrelated fit with phenomenological three-
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Fitting parameters at 𝜒∕≫ = 14 are shown in Table 2, and corresponding 
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by solid lines and inner bands are obtained by solving the Schrödinger 
equation with 𝑖fit(𝑗) at 𝜒∕≫ = 14, while the total uncertainties shown by 
outer bands are obtained by adding the statistical error in quadrature 
with the systematic error estimated by comparing results at different 
𝜒∕≫. No bound state is found for all three 𝑠 -𝑧 𝐿𝑧 channels.
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range 𝑗eff with statistical error (1st parenthe-
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where ≫0 and 𝑗eff are the scattering length and the effective range. In 
Table 3, we show the ≫0 and 𝑗eff for low-energy 𝑠 -𝑧 𝐿𝑧 scattering obtained 
from the scattering phase shifts in Fig. 3.

The scattering length given in Table 3 has a direct phenomenological 
application, the mass shift of 𝐷∕. meson in nuclear medium can be well 
constrained by our present results. According to QCD sum rule studies in 
Refs. [7,55,56], the 𝐷∕. meson mass reduction in nuclear matter under 
the linear density approximation is given by,

𝑌𝛾𝐷∕. ≃
2𝑞(𝛾𝑠 +𝛾𝐷∕. )

𝛾𝑠𝛾𝐷∕.
≫spin-av𝐷∕. :nm = 19(3) MeV, (13)

where :nm = 0.17 fm−3 denotes the normal nuclear matter density, 
and the 𝑠 -𝐷∕. spin-averaged scattering length is defined as ≫spin-av𝑠𝐷∕. =
2≫(3/2)0 +≫(1/2)0

3 .

5.2. Comparison of scattering lengths

The previous studies on the 𝑠 -𝑧 𝐿𝑧 scattering lengths by various ap-
proaches were scattered in a large range: (i) Data of the 𝐷∕. photo-
production off the proton are used to constrain the corresponding am-
plitude constructed by assuming the vector meson dominance [26,57] 
and by enforcing the low-energy unitary [27], which give rise to ≫spin-av𝑠𝐷∕.
around 𝑍(1 ∼ 10)× 10−3 fm and 𝑍(1) fm, respectively. (ii) Previous lat-
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Fig. 2. The bands show the fit with the TPE function 𝑖 (𝑗) = −𝑢𝐶−2𝛾𝑞𝑗∕𝑗2 to the 
long-range 𝑠 -𝑧 𝐿𝑧 potential. The gray dashed line is the best fit with 𝑖 (𝑗) = −𝑢∕𝑗7
for comparison.

over large distances because of color confinement. As a result, the dom-
inant degrees of freedom at long distances involve the color-neutral 
states coupling to gluons. In particular, the lightest two-pion state would 
dominate over other states [22–24]. As has been shown in Refs. [25], 
the two-pion-exchange (TPE) interaction for 𝑠 -𝛽 𝐿𝛽 takes the following 
form in the coordinate space,

𝑖 (𝑗 𝐾 1∕(2𝛾𝑞)) = −𝑢 𝐶
−2𝛾𝑞𝑗

𝑗2
, (11)

with a potential strength 𝑢. This is radically different from the QED 
van der Waals interaction, where two photons can propagate over large 
distances, leading to a power-law fall-off potential 𝑖 (𝑗) ∼ −1∕𝑗, with 
, = 6 (the van der Waals force without the retardation effect) or , = 7
(the Casimir-Polder force with the retardation effect).

In order to check such a long-range behavior, we fit lattice data of the 
long-range potential with the TPE function in Eq. (11). The fit range is 
𝑗min < 𝑗 < 𝑗max with 𝑗max = 1.8 fm beyond which the potential vanishes 
within statistical uncertainties. By increasing 𝑗min from 1∕2𝛾𝑞 ≃ 0.7 fm, 
we find the lattice data in the range of 0.9 < 𝑗 < 1.8 fm can be decently 
described by Eq. (11) with a fit parameter 𝑢 = 22(2), 23(3), and 16(2)
MeVfm2 for 𝑠 -𝐷∕. with spin 3∕2, with spin 1∕2, and 𝑠 -𝜙𝑧 , respec-
tively. Shown in Fig. 2 by bands are corresponding fit results. The best 
fit with 𝑖 (𝑗) = −𝑢∕𝑗7 in the same fit range is also shown in Fig. 2 by the 
gray dashed line. These results imply that the long-range 𝑠 -𝑧 𝐿𝑧 interac-
tion is consistent with the TPE potential.

5. Scattering properties

5.1. Phase shifts and scattering parameters

In order to convert the 𝑠 -𝑧 𝐿𝑧 potential in Fig. 1 to its scattering prop-
erties, we perform an uncorrelated fit with phenomenological three-
range Gaussians 𝑖fit(𝑗) = −∑3

𝑄=1 ≫𝑄𝐶
(−𝑗∕𝑏𝑄)2 in the range of 0 < 𝑗 < 1.8 fm. 

Fitting parameters at 𝜒∕≫ = 14 are shown in Table 2, and corresponding 
fitting results are shown by red bands in Fig. 1.

Shown in Fig. 3 is the 𝑠 -𝑧 𝐿𝑧 scattering phase shifts calculated with 
𝑖fit(𝑗) as a function of center of mass kinetic energy 𝜌CM =

√
𝛾2
𝑠 + 𝑋2 +

√
𝛾2
𝑧 𝐿𝑧 + 𝑋2 − 𝛾𝑠 − 𝛾𝑧 𝐿𝑧 . The central value and statistical error shown 

by solid lines and inner bands are obtained by solving the Schrödinger 
equation with 𝑖fit(𝑗) at 𝜒∕≫ = 14, while the total uncertainties shown by 
outer bands are obtained by adding the statistical error in quadrature 
with the systematic error estimated by comparing results at different 
𝜒∕≫. No bound state is found for all three 𝑠 -𝑧 𝐿𝑧 channels.

Scattering phase shifts near the threshold can be expanded as,

𝑋 cot 𝑌0 =
1 
≫0

+ 1
2 𝑗eff𝑋

2 +𝑍(𝑋4), (12)

Fig. 3. The 𝑠 -𝑧 𝐿𝑧 scattering phase shifts. The central value and statistical error 
obtained with 𝑖fit(𝑗) at 𝜒∕≫ = 14 are shown by solid lines and inner bands. The 
outer bands show total uncertainty obtained by adding statistical error and sys-
tematic error in quadrature.

Table 2
Fit parameters with statistical errors in the parentheses at 
𝜒∕≫ = 14.

𝑠 -𝐷∕.(4𝑓3∕2) 𝑠 -𝐷∕.(2𝑓1∕2) 𝑠𝜙𝑧 (2𝑓1∕2)

≫1 [MeV] 51(1) 101(1) 264(14)
≫2 [MeV] 13(6) 33(6) 28(13)
≫3 [MeV] 22(5) 23(8) 22(2)
𝑏1 [fm] 0.09(1) 0.13(1) 0.11(1)
𝑏2 [fm] 0.49(7) 0.44(5) 0.24(6)
𝑏3 [fm] 0.82(6) 0.83(9) 0.77(3)

92∕dof 0.4 0.4 0.6

Table 3
The 𝑠 -𝑧 𝐿𝑧 scattering length ≫0 and effective 
range 𝑗eff with statistical error (1st parenthe-
ses) and systematic error (2nd parentheses).
channel ≫0 [fm] 𝑗eff [fm] 
𝑠 -𝐷∕.(4𝑓3∕2) 0.30(2)

(+0
−2
)

3.25(12)
(+6
−9
)

𝑠 -𝐷∕.(2𝑓1∕2) 0.38(4)
(+0
−3
)

2.66(21)
(+0
−10

)
𝑠𝜙𝑧 (2𝑓1∕2) 0.21(2)

(+0
−1
)

3.65(19)
(+0
−6
)

where ≫0 and 𝑗eff are the scattering length and the effective range. In 
Table 3, we show the ≫0 and 𝑗eff for low-energy 𝑠 -𝑧 𝐿𝑧 scattering obtained 
from the scattering phase shifts in Fig. 3.

The scattering length given in Table 3 has a direct phenomenological 
application, the mass shift of 𝐷∕. meson in nuclear medium can be well 
constrained by our present results. According to QCD sum rule studies in 
Refs. [7,55,56], the 𝐷∕. meson mass reduction in nuclear matter under 
the linear density approximation is given by,

𝑌𝛾𝐷∕. ≃
2𝑞(𝛾𝑠 +𝛾𝐷∕. )

𝛾𝑠𝛾𝐷∕.
≫spin-av𝐷∕. :nm = 19(3) MeV, (13)

where :nm = 0.17 fm−3 denotes the normal nuclear matter density, 
and the 𝑠 -𝐷∕. spin-averaged scattering length is defined as ≫spin-av𝑠𝐷∕. =
2≫(3/2)0 +≫(1/2)0

3 .

5.2. Comparison of scattering lengths

The previous studies on the 𝑠 -𝑧 𝐿𝑧 scattering lengths by various ap-
proaches were scattered in a large range: (i) Data of the 𝐷∕. photo-
production off the proton are used to constrain the corresponding am-
plitude constructed by assuming the vector meson dominance [26,57] 
and by enforcing the low-energy unitary [27], which give rise to ≫spin-av𝑠𝐷∕.
around 𝑍(1 ∼ 10)× 10−3 fm and 𝑍(1) fm, respectively. (ii) Previous lat-

Physics�Letters�B�860��������139178�

4�

J/ψ

N

π π

cf: Suenaga's talk, 9/24 11:30-



Fundamental Problems in Subatomic Physics, Novotel Cairns Oasis Resort,  September 23-27, 2026 /164

Question: 
• How strong is the interaction ? 
• How charm (heavy) quarks couple to   
         (OZI suppressed process) 

Our attempt: 
Find the interaction from the decays

π
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Radially excited states emit  ππ

Features: 
• Dominant branch in  
                         

• The ratio of charged/neutral implies isoscalar 
• Flat angle distribution implies scalar

ψ(2S) → ψ(1S) + any hadrons

that the relative angular momentum of the two !’s is incon-
sistent with being purely S wave.
Figure 4 shows the " angle distributions for the l! in the

lab; the J/# in the lab; the !! in the rest frame of the dipion
system, "!!; and the angle between the normals to the $$
plane and the !! plane.

"!!"arctan! %(X̂ #̂ ẑ)#X̂
ˆ

&•p!!̂

' X̂# ẑ (̂•p!!̂

" .
All distributions are uniform in angle, consistent with the
Monte Carlo distributions.
Since Fig. 3'd( indicates an inadequacy with the Monte

Carlo, it is necessary to correct our bin-by-bin efficiency
determination in our following studies. We use the Novikov-

Shifman model 'discussed below(, which gives a reasonable
approximation to the data, to determine a weighting for
Monte Carlo events so that the proper efficiency is deter-
mined as a function of cos )!* and m!! .

V. ANGULAR DISTRIBUTIONS AND PARTIAL
WAVE ANALYSIS

In this section, we fit our angular distributions using the
general decay amplitude analysis of Cahn %5&. The #(2S)
and J/# have JP"1$ and IGC"0$$, while the dipion sys-
tem has IGC"0!!. At an e!e$ machine, the #(2S) is pro-
duced with polarization transverse to the beam. The decay of
#(2S) can be described by the quantum numbers: l! is the
!! angular momentum, L! is the J/# X angular momentum,
s! is the spin of the J/# , s!! is the spin of the #(2S). Defining
S! "s!! l! , called the channel spin, then s! !"S! !L! "s!! l!!L! .
An eigenstate of J2"s!2, L2, S2, and Jz may be constructed.
Parity conservation and charge conjugation invariance re-
quire both L and l to be even.
The decay can be described in terms of partial-wave am-

plitudes, Ml ,L ,S , and the partial waves can be truncated after
a few terms. Considering only M 001 , M 201 , and M 021 %15&:

d*

d+J/#
,! #M 001#2!#M 201#2!

1
4 #M 021#2'5$3 cos2)J/#* (!

1
!2

R-M 021M 001* .'3 cos2)J/#* $1 (" , '1(

FIG. 3. Various distributions 'corrected for detection efficiency(
for #(2S)→!!!$J/# , J/#→l!l$ decays. 'a( m!!!$ distribu-
tion. The distribution is in reasonable agreement with the assumed
empirical distribution. 'b( cos )l* distribution. The assumed distri-
bution is a 1!cos2)l* distribution. This angle is the angle between
the beam direction and the l! in the rest frame of the J/# . 'c( cos )X
distribution. This is the cosine of the angle of the dipion system
with respect to the e!e$ direction in the incoming e!e$ c.m. sys-
tem. The distribution for Monte Carlo data is flat because of the
S-wave assumption for the relative angular momentum of the dipion
system and the J/# . 'd( cos )!!* distribution. This is the cosine of
the angle of the !! with respect to the J/# direction in the dipion
rest frame. The Monte Carlo distribution is flat because of the as-
sumption that the relative angular momentum of the !’s is S wave.
The data agree well with the Monte Carlo except in 'd(.

FIG. 4. Azimuthal angle distributions 'corrected for detection
efficiency( for #(2S)→!!!$J/# , J/#→l!l$ decays. 'a( The "
angle distribution for the l! in the lab. 'b( The " angle distribution
for X in the lab. 'c( The " angle distribution for the !! in the
dipion rest frame. 'd( The distribution of the angle between the
normals to the $$ plane and the !! plane.

J. Z. BAI et al. PHYSICAL REVIEW D 62 032002

032002-4

Angular distribution  
in the rest frame of 2π

BES: PRD  62, 032002 (2000) 

ψ(2S → 1S)
From PDG Γπ+π−Γtot Γπ0π0

286 89 52 in keV

 3686ψ (2S)

 3097ψ (1S)

π

π

2. Experimental facts

2  are  likeπ σ ( f0(500))

53% / 62%

Already in Abrams et al., PRL34, 1181 (1975) 
May 1975 only half year after the november revolution
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More in Υ

Γπ+π−Γtot Γπ0π0

Υ(2S → 1S) 5.7 2.832

in keV

Υ(3S → 1S) 0.9 0.420

Υ(3S → 2S) 0.6 0.420

1S: 9460

2S: 10023

3S: 10355
 10355BB̄

π
π
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3.  from  decayJ/ψ − N ψ(2S)

7

ψ (2S)ψ (1S)

π
π

Many references for the decays (~ 2000): eg. Voloshin, PRD74, 054022 (2006)

argued that, although generally the relativistic effects in
bottomonium are quite small, in the particular case of the
decay !!3S"! !#!$! it appears that the leading non-
relativistic term is strongly suppressed dynamically and,
including the relativistic effects of the M1 interaction and
of the 3D1–3S1 mixing, can possibly resolve the long-
standing puzzle of the peculiar observed spectrum of the
dipion invariant masses in this decay, a spectrum which, by
far, does not conform with the predictions from the leading
chromo-electric interaction.

Also, some consideration will be given to the signifi-
cance of the final state interaction (FSI) between the pions
in the two-pion transitions. The FSI effects have been
discussed ever since the earliest analyses [3], and are
generally believed to be moderate in the kinematical region
of the decays  !2S"! !#!$J= and !!2S"! !#!$!.
However, once the amplitudes of the transitions are studied
in finer detail, one will have to better quantify these effects.
Although at present the FSI effects cannot be fully ana-
lyzed, their behavior at low invariant mass of the two pions
can be estimated within the chiral expansion. For this
purpose we give here a systematic derivation of the ampli-
tudes for two-pion production by gluonic operators in the
leading chiral limit, including the terms with the pion
mass, and consider the first subleading term due to iteration
of the chiral amplitudes. At the invariant mass of the two
pions near the threshold, these corrections are quite
small—only a few percent. Their continuation to higher
values of the invariant mass can be studied experimentally
in a rather straightforward way. Such study, in particular,
would quantify the impact of the FSI effects on the esti-
mates of the quarkonium amplitudes from the observed
decay rates. It will be also argued that, even with the
already available data, such impact can be estimated as
quite moderate, as generally expected.1

The material in the present paper is organized as follows.
In Sec. II the chromo-electric and chromo-magnetic dipole
interactions responsible for the two-pion transitions are
discussed and the parameters determining the relevant
quarkonium amplitudes to order v2=c2 are introduced.
Section III contains a compilative derivation in the leading
chiral order of the amplitudes for creation of the pion pair
by gluonic operators, and in Sec. IV the discussion of the
two previous sections is combined in the expressions for
the two-pion transition amplitudes with the leading rela-
tivistic terms included. The latter expressions are con-
fronted with the available data on the transitions
 !2S"! !!J= and !!2S"! !!! in Sec. V and the
significance of the chromo-magnetic interaction in transi-
tions between charmonium resonances is evaluated. In
Sec. VI the FSI effects are considered using iteration of

the chiral amplitudes, and it is also argued on phenome-
nological grounds that these effects are only of a moderate
magnitude in the observed two-pion transitions.
Section VII addresses the long-standing puzzle of the
unusual spectrum of the dipion invariant masses observed
in the decay !!3S"! !!!, and it is suggested that this
spectrum can be explained if the formally leading non-
relativistic quarkonium amplitude is dynamically sup-
pressed in this transition, so that the relativistic terms
provide a significant contribution. Finally, Sec. VIII con-
tains a summary of the discussion in the present paper.

II. MULTIPOLE EXPANSION FOR THE TWO-PION
TRANSITIONS AND RELATIVISTIC TERMS

Considering quarkonium as a compact nonrelativistic
object, one can apply the multipole expansion for the
quarkonium interaction with a soft gluonic field [4,16].
The leading term in this expansion is the chromo-electric
dipole interaction with the chromo-electric field ~Ea de-
scribed by the Hamiltonian

 HE1 % $1
2"
a ~r & ~Ea!0"; (1)

where "a % ta1 $ ta2 is the difference of the color generators
acting on the quark and antiquark (e.g. ta1 % #a=2 with #a

being the Gell-Mann matrices), and ~r is the vector for the
relative position of the quark and the antiquark. The con-
vention used throughout this paper is that the QCD cou-
pling g is included in normalization of the gluon field
operators, so that e.g. the gluon field Lagrangian is written
as $!Fa$%"2=!4g2".

The amplitude of the two-pion transition between heavy
quarkonium states  2 ! !#!$ 1 (with  2 and  1 used as
a generic notation for the initial and the final quarkonium
states) can thus be written as2

 A! 2 ! !#!$ 1" % 1
2h!#!$jEai Eaj j0i&

!12"
ij ; (2)

where &!12"
ij can be termed, in complete analogy with the

atomic properties in the electric field, as the transitional
chromo-polarizability of the quarkonium. In other words,
the  2 !  1 transition in the chromo-electric field is de-
scribed by the effective Hamiltonian

 Heff % $1
2&
!12"
ij Eai E

a
j ; (3)

with the chromo-polarizability given by

 &!12"
ij % 1

16h 1j"ariGrj"aj 2i; (4)

where G is the Green’s function of the heavy quark pair in a
color octet state. The latter function is not well understood

1In particular, the present data certainly exclude the recently
claimed [15] modification due to FSI of the charmonium ampli-
tude by a factor of about 3.

2For definiteness, the processes with emission of a pair of
charged pions !#!$ are considered here, since the emission of
neutral pions !0!0 is trivially related by the isospin symmetry.
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standing puzzle of the peculiar observed spectrum of the
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However, once the amplitudes of the transitions are studied
in finer detail, one will have to better quantify these effects.
Although at present the FSI effects cannot be fully ana-
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can be estimated within the chiral expansion. For this
purpose we give here a systematic derivation of the ampli-
tudes for two-pion production by gluonic operators in the
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mass, and consider the first subleading term due to iteration
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small—only a few percent. Their continuation to higher
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in a rather straightforward way. Such study, in particular,
would quantify the impact of the FSI effects on the esti-
mates of the quarkonium amplitudes from the observed
decay rates. It will be also argued that, even with the
already available data, such impact can be estimated as
quite moderate, as generally expected.1

The material in the present paper is organized as follows.
In Sec. II the chromo-electric and chromo-magnetic dipole
interactions responsible for the two-pion transitions are
discussed and the parameters determining the relevant
quarkonium amplitudes to order v2=c2 are introduced.
Section III contains a compilative derivation in the leading
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in the decay !!3S"! !!!, and it is suggested that this
spectrum can be explained if the formally leading non-
relativistic quarkonium amplitude is dynamically sup-
pressed in this transition, so that the relativistic terms
provide a significant contribution. Finally, Sec. VIII con-
tains a summary of the discussion in the present paper.

II. MULTIPOLE EXPANSION FOR THE TWO-PION
TRANSITIONS AND RELATIVISTIC TERMS

Considering quarkonium as a compact nonrelativistic
object, one can apply the multipole expansion for the
quarkonium interaction with a soft gluonic field [4,16].
The leading term in this expansion is the chromo-electric
dipole interaction with the chromo-electric field ~Ea de-
scribed by the Hamiltonian

 HE1 % $1
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a ~r & ~Ea!0"; (1)

where "a % ta1 $ ta2 is the difference of the color generators
acting on the quark and antiquark (e.g. ta1 % #a=2 with #a

being the Gell-Mann matrices), and ~r is the vector for the
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vention used throughout this paper is that the QCD cou-
pling g is included in normalization of the gluon field
operators, so that e.g. the gluon field Lagrangian is written
as $!Fa$%"2=!4g2".
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a generic notation for the initial and the final quarkonium
states) can thus be written as2

 A! 2 ! !#!$ 1" % 1
2h!#!$jEai Eaj j0i&

!12"
ij ; (2)

where &!12"
ij can be termed, in complete analogy with the
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chromo-polarizability of the quarkonium. In other words,
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with the chromo-polarizability given by
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ij % 1

16h 1j"ariGrj"aj 2i; (4)

where G is the Green’s function of the heavy quark pair in a
color octet state. The latter function is not well understood

1In particular, the present data certainly exclude the recently
claimed [15] modification due to FSI of the charmonium ampli-
tude by a factor of about 3.

2For definiteness, the processes with emission of a pair of
charged pions !#!$ are considered here, since the emission of
neutral pions !0!0 is trivially related by the isospin symmetry.
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argued that, although generally the relativistic effects in
bottomonium are quite small, in the particular case of the
decay !!3S"! !#!$! it appears that the leading non-
relativistic term is strongly suppressed dynamically and,
including the relativistic effects of the M1 interaction and
of the 3D1–3S1 mixing, can possibly resolve the long-
standing puzzle of the peculiar observed spectrum of the
dipion invariant masses in this decay, a spectrum which, by
far, does not conform with the predictions from the leading
chromo-electric interaction.

Also, some consideration will be given to the signifi-
cance of the final state interaction (FSI) between the pions
in the two-pion transitions. The FSI effects have been
discussed ever since the earliest analyses [3], and are
generally believed to be moderate in the kinematical region
of the decays  !2S"! !#!$J= and !!2S"! !#!$!.
However, once the amplitudes of the transitions are studied
in finer detail, one will have to better quantify these effects.
Although at present the FSI effects cannot be fully ana-
lyzed, their behavior at low invariant mass of the two pions
can be estimated within the chiral expansion. For this
purpose we give here a systematic derivation of the ampli-
tudes for two-pion production by gluonic operators in the
leading chiral limit, including the terms with the pion
mass, and consider the first subleading term due to iteration
of the chiral amplitudes. At the invariant mass of the two
pions near the threshold, these corrections are quite
small—only a few percent. Their continuation to higher
values of the invariant mass can be studied experimentally
in a rather straightforward way. Such study, in particular,
would quantify the impact of the FSI effects on the esti-
mates of the quarkonium amplitudes from the observed
decay rates. It will be also argued that, even with the
already available data, such impact can be estimated as
quite moderate, as generally expected.1

The material in the present paper is organized as follows.
In Sec. II the chromo-electric and chromo-magnetic dipole
interactions responsible for the two-pion transitions are
discussed and the parameters determining the relevant
quarkonium amplitudes to order v2=c2 are introduced.
Section III contains a compilative derivation in the leading
chiral order of the amplitudes for creation of the pion pair
by gluonic operators, and in Sec. IV the discussion of the
two previous sections is combined in the expressions for
the two-pion transition amplitudes with the leading rela-
tivistic terms included. The latter expressions are con-
fronted with the available data on the transitions
 !2S"! !!J= and !!2S"! !!! in Sec. V and the
significance of the chromo-magnetic interaction in transi-
tions between charmonium resonances is evaluated. In
Sec. VI the FSI effects are considered using iteration of

the chiral amplitudes, and it is also argued on phenome-
nological grounds that these effects are only of a moderate
magnitude in the observed two-pion transitions.
Section VII addresses the long-standing puzzle of the
unusual spectrum of the dipion invariant masses observed
in the decay !!3S"! !!!, and it is suggested that this
spectrum can be explained if the formally leading non-
relativistic quarkonium amplitude is dynamically sup-
pressed in this transition, so that the relativistic terms
provide a significant contribution. Finally, Sec. VIII con-
tains a summary of the discussion in the present paper.

II. MULTIPOLE EXPANSION FOR THE TWO-PION
TRANSITIONS AND RELATIVISTIC TERMS

Considering quarkonium as a compact nonrelativistic
object, one can apply the multipole expansion for the
quarkonium interaction with a soft gluonic field [4,16].
The leading term in this expansion is the chromo-electric
dipole interaction with the chromo-electric field ~Ea de-
scribed by the Hamiltonian

 HE1 % $1
2"
a ~r & ~Ea!0"; (1)

where "a % ta1 $ ta2 is the difference of the color generators
acting on the quark and antiquark (e.g. ta1 % #a=2 with #a

being the Gell-Mann matrices), and ~r is the vector for the
relative position of the quark and the antiquark. The con-
vention used throughout this paper is that the QCD cou-
pling g is included in normalization of the gluon field
operators, so that e.g. the gluon field Lagrangian is written
as $!Fa$%"2=!4g2".

The amplitude of the two-pion transition between heavy
quarkonium states  2 ! !#!$ 1 (with  2 and  1 used as
a generic notation for the initial and the final quarkonium
states) can thus be written as2

 A! 2 ! !#!$ 1" % 1
2h!#!$jEai Eaj j0i&

!12"
ij ; (2)

where &!12"
ij can be termed, in complete analogy with the

atomic properties in the electric field, as the transitional
chromo-polarizability of the quarkonium. In other words,
the  2 !  1 transition in the chromo-electric field is de-
scribed by the effective Hamiltonian

 Heff % $1
2&
!12"
ij Eai E

a
j ; (3)

with the chromo-polarizability given by

 &!12"
ij % 1

16h 1j"ariGrj"aj 2i; (4)

where G is the Green’s function of the heavy quark pair in a
color octet state. The latter function is not well understood

1In particular, the present data certainly exclude the recently
claimed [15] modification due to FSI of the charmonium ampli-
tude by a factor of about 3.

2For definiteness, the processes with emission of a pair of
charged pions !#!$ are considered here, since the emission of
neutral pions !0!0 is trivially related by the isospin symmetry.
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color octet state. The latter function is not well understood
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tude by a factor of about 3.
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2nd order

One Gluon source

t

Pions are emitted from the soft gluon source

Two pion source
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Gluon source

8

A(ψ2 → ψ1ππ) ∼ Pion source × Gluon source

A(ψ2 → ψ1ππ) ∼ C × Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |2S⟩

A(ψ1 → ψ1ππ) ∼ C × Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |1S⟩

A(ψ1S → ψ1Sππ) ∼
Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |1S⟩
Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |2S⟩

× A(ψ2S → ψ1Sππ)

 Computable
 Decay exp

t
x1

x2

⟨1S | rj |nP⟩ × 𝒢 × ⟨nP |ri |2S⟩ ψ(2S)ψ(1S)
Color SColor OColor S

C

Σ ⟨⋯⟩𝒢⟨⋯⟩
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 Computation of 

9

Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |1S⟩
Σn⟨1S | rj |nP⟩𝒢⟨nP |ri |2S⟩

≡
N
D

N = ∑
n

⟨1S | rj |nP⟩𝒢⟨nP |ri |1S⟩ = ∫
d3p

(2π)3

⟨ψ1S |r | l = 1; p⟩⟨l = 1; p |r |ψ1S⟩
EB − p2 /μ

D = ∑
n

⟨1S | rj |nP⟩𝒢⟨nP |ri |2S⟩ = ∫
d3p

(2π)3

⟨ψ1S |r | l = 1; p⟩⟨l = 1; p |r |ψ2S⟩
EB − p2 /μ

:   Bound states in a color singlet potential ψ1S, ψ2S VS(r)

:   Scattering states in a color octet potential l = 1; p VO(r)

pNRQCD(*) implies the use of   

VS(r) = −
4
3

αS

r
+ br, VO(r) =

1
6

αS

r
, αS ∼ 0.5

Brambilla et al,  NPB,566, 275 (2000);  
                           PRD.93.054002(2016)

(*) Hierarchies in scales: 1 ≫ v ∼ αS ≫ α2
S ≫ ΛQCD /m
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Wave functions

10
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Harmonic Oscillator

In literatures, Coulomb WS are often employed, BUT...

Need to use the WS with Vs(r) = −
4
3

αS

r
+ br

Work on the way

Bound states
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Wave functions

11

Scattering states
Under the repulsive potential Vo(r) =

1
6

αS

r

For the region of  ~ 0.5 fm, scattering state would be OKcc̄

0 1 2 3 4 5 6
-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

r [fm]

p = 200 MeV

p = 400 MeV

We show tentative results of Coulomb and HO.  

Confluent hypergeometric function 1F1
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Further simplification

12

ψ (2S) ψ (1S)

π
π

Identify the coupling of 2  to the coupling of π σ
m2

ππ ∼ mσ ∼ 500 MeV

ψ (2S) ψ (1S)

π
π

σ
gσψ′￼ψ

q ∼ 300 MeV

• 2  is replaced by a  meson 
• The mass of  meson is determined  
    by the 2  mass distribution  
    (Averaged with weight)

π σ
σ

π

0.30 0.35 0.40 0.45 0.50 0.55
0.000

0.002

0.004

0.006

0.008

0.010

mππ [MeV]

↑ Weight

|q |2 =

(M4
2 + M4

1 + m4
ππ − 2M2

2 M2
1 − 2M2

2 m2
ππ − 2M2

1 m2
ππ)/4M2

2
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Details

Lσψ′￼ψ = fσψ′￼ψψ†
1Sψ′￼2S + h . c .

Γ =
1

4π
q f 2

σψ′￼ψ

2M2
ψ′￼

fσψ′￼ψ ∼ 416 MeV

fσψ ψ = Rfσψ ψ′￼ gσψ ψ =
fσψ ψ

2M1S

Lagrangian

Coupling (dimensionfull)

Coupling (dimensionless) 
for potential couplings

gσψ ψ

J/ψ J/ψ

σ
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2  mass distribution peaks at around 500 MeVπ

|q |2 = (M4
2 + M4

1 + m4
ππ − 2M2

2 M2
1 − 2M2

2 m2
ππ − 2M2

1 m2
ππ)/4M2

2

that the relative angular momentum of the two !’s is incon-
sistent with being purely S wave.
Figure 4 shows the " angle distributions for the l! in the

lab; the J/# in the lab; the !! in the rest frame of the dipion
system, "!!; and the angle between the normals to the $$
plane and the !! plane.

"!!"arctan! %(X̂ #̂ ẑ)#X̂
ˆ

&•p!!̂

' X̂# ẑ (̂•p!!̂

" .
All distributions are uniform in angle, consistent with the
Monte Carlo distributions.
Since Fig. 3'd( indicates an inadequacy with the Monte

Carlo, it is necessary to correct our bin-by-bin efficiency
determination in our following studies. We use the Novikov-

Shifman model 'discussed below(, which gives a reasonable
approximation to the data, to determine a weighting for
Monte Carlo events so that the proper efficiency is deter-
mined as a function of cos )!* and m!! .

V. ANGULAR DISTRIBUTIONS AND PARTIAL
WAVE ANALYSIS

In this section, we fit our angular distributions using the
general decay amplitude analysis of Cahn %5&. The #(2S)
and J/# have JP"1$ and IGC"0$$, while the dipion sys-
tem has IGC"0!!. At an e!e$ machine, the #(2S) is pro-
duced with polarization transverse to the beam. The decay of
#(2S) can be described by the quantum numbers: l! is the
!! angular momentum, L! is the J/# X angular momentum,
s! is the spin of the J/# , s!! is the spin of the #(2S). Defining
S! "s!! l! , called the channel spin, then s! !"S! !L! "s!! l!!L! .
An eigenstate of J2"s!2, L2, S2, and Jz may be constructed.
Parity conservation and charge conjugation invariance re-
quire both L and l to be even.
The decay can be described in terms of partial-wave am-

plitudes, Ml ,L ,S , and the partial waves can be truncated after
a few terms. Considering only M 001 , M 201 , and M 021 %15&:

d*

d+J/#
,! #M 001#2!#M 201#2!

1
4 #M 021#2'5$3 cos2)J/#* (!

1
!2

R-M 021M 001* .'3 cos2)J/#* $1 (" , '1(

FIG. 3. Various distributions 'corrected for detection efficiency(
for #(2S)→!!!$J/# , J/#→l!l$ decays. 'a( m!!!$ distribu-
tion. The distribution is in reasonable agreement with the assumed
empirical distribution. 'b( cos )l* distribution. The assumed distri-
bution is a 1!cos2)l* distribution. This angle is the angle between
the beam direction and the l! in the rest frame of the J/# . 'c( cos )X
distribution. This is the cosine of the angle of the dipion system
with respect to the e!e$ direction in the incoming e!e$ c.m. sys-
tem. The distribution for Monte Carlo data is flat because of the
S-wave assumption for the relative angular momentum of the dipion
system and the J/# . 'd( cos )!!* distribution. This is the cosine of
the angle of the !! with respect to the J/# direction in the dipion
rest frame. The Monte Carlo distribution is flat because of the as-
sumption that the relative angular momentum of the !’s is S wave.
The data agree well with the Monte Carlo except in 'd(.

FIG. 4. Azimuthal angle distributions 'corrected for detection
efficiency( for #(2S)→!!!$J/# , J/#→l!l$ decays. 'a( The "
angle distribution for the l! in the lab. 'b( The " angle distribution
for X in the lab. 'c( The " angle distribution for the !! in the
dipion rest frame. 'd( The distribution of the angle between the
normals to the $$ plane and the !! plane.

J. Z. BAI et al. PHYSICAL REVIEW D 62 032002

032002-4

0.30 0.35 0.40 0.45 0.50 0.55
0.000

0.002

0.004

0.006

0.008

0.010

mππ [GeV]
BES: PRD  62, 032002 (2000) Simple chiral estimate 

cf: Brown, Cahn, PRL35, 1 (1975)
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 potentialJ/ψ − N

15

Hσψ ψ = gσψ ψψ†ψσ

HσNN = gσNN N†Nσ

Y. Lyu, T. Doi, T. Hatsuda et al. 

Fig. 2. The bands show the fit with the TPE function 𝑖 (𝑗) = −𝑢𝐶−2𝛾𝑞𝑗∕𝑗2 to the 
long-range 𝑠 -𝑧 𝐿𝑧 potential. The gray dashed line is the best fit with 𝑖 (𝑗) = −𝑢∕𝑗7
for comparison.

over large distances because of color confinement. As a result, the dom-
inant degrees of freedom at long distances involve the color-neutral 
states coupling to gluons. In particular, the lightest two-pion state would 
dominate over other states [22–24]. As has been shown in Refs. [25], 
the two-pion-exchange (TPE) interaction for 𝑠 -𝛽 𝐿𝛽 takes the following 
form in the coordinate space,

𝑖 (𝑗 𝐾 1∕(2𝛾𝑞)) = −𝑢 𝐶
−2𝛾𝑞𝑗

𝑗2
, (11)

with a potential strength 𝑢. This is radically different from the QED 
van der Waals interaction, where two photons can propagate over large 
distances, leading to a power-law fall-off potential 𝑖 (𝑗) ∼ −1∕𝑗, with 
, = 6 (the van der Waals force without the retardation effect) or , = 7
(the Casimir-Polder force with the retardation effect).

In order to check such a long-range behavior, we fit lattice data of the 
long-range potential with the TPE function in Eq. (11). The fit range is 
𝑗min < 𝑗 < 𝑗max with 𝑗max = 1.8 fm beyond which the potential vanishes 
within statistical uncertainties. By increasing 𝑗min from 1∕2𝛾𝑞 ≃ 0.7 fm, 
we find the lattice data in the range of 0.9 < 𝑗 < 1.8 fm can be decently 
described by Eq. (11) with a fit parameter 𝑢 = 22(2), 23(3), and 16(2)
MeVfm2 for 𝑠 -𝐷∕. with spin 3∕2, with spin 1∕2, and 𝑠 -𝜙𝑧 , respec-
tively. Shown in Fig. 2 by bands are corresponding fit results. The best 
fit with 𝑖 (𝑗) = −𝑢∕𝑗7 in the same fit range is also shown in Fig. 2 by the 
gray dashed line. These results imply that the long-range 𝑠 -𝑧 𝐿𝑧 interac-
tion is consistent with the TPE potential.

5. Scattering properties

5.1. Phase shifts and scattering parameters

In order to convert the 𝑠 -𝑧 𝐿𝑧 potential in Fig. 1 to its scattering prop-
erties, we perform an uncorrelated fit with phenomenological three-
range Gaussians 𝑖fit(𝑗) = −∑3

𝑄=1 ≫𝑄𝐶
(−𝑗∕𝑏𝑄)2 in the range of 0 < 𝑗 < 1.8 fm. 

Fitting parameters at 𝜒∕≫ = 14 are shown in Table 2, and corresponding 
fitting results are shown by red bands in Fig. 1.

Shown in Fig. 3 is the 𝑠 -𝑧 𝐿𝑧 scattering phase shifts calculated with 
𝑖fit(𝑗) as a function of center of mass kinetic energy 𝜌CM =

√
𝛾2
𝑠 + 𝑋2 +

√
𝛾2
𝑧 𝐿𝑧 + 𝑋2 − 𝛾𝑠 − 𝛾𝑧 𝐿𝑧 . The central value and statistical error shown 

by solid lines and inner bands are obtained by solving the Schrödinger 
equation with 𝑖fit(𝑗) at 𝜒∕≫ = 14, while the total uncertainties shown by 
outer bands are obtained by adding the statistical error in quadrature 
with the systematic error estimated by comparing results at different 
𝜒∕≫. No bound state is found for all three 𝑠 -𝑧 𝐿𝑧 channels.

Scattering phase shifts near the threshold can be expanded as,

𝑋 cot 𝑌0 =
1 
≫0

+ 1
2 𝑗eff𝑋

2 +𝑍(𝑋4), (12)

Fig. 3. The 𝑠 -𝑧 𝐿𝑧 scattering phase shifts. The central value and statistical error 
obtained with 𝑖fit(𝑗) at 𝜒∕≫ = 14 are shown by solid lines and inner bands. The 
outer bands show total uncertainty obtained by adding statistical error and sys-
tematic error in quadrature.

Table 2
Fit parameters with statistical errors in the parentheses at 
𝜒∕≫ = 14.

𝑠 -𝐷∕.(4𝑓3∕2) 𝑠 -𝐷∕.(2𝑓1∕2) 𝑠𝜙𝑧 (2𝑓1∕2)

≫1 [MeV] 51(1) 101(1) 264(14)
≫2 [MeV] 13(6) 33(6) 28(13)
≫3 [MeV] 22(5) 23(8) 22(2)
𝑏1 [fm] 0.09(1) 0.13(1) 0.11(1)
𝑏2 [fm] 0.49(7) 0.44(5) 0.24(6)
𝑏3 [fm] 0.82(6) 0.83(9) 0.77(3)

92∕dof 0.4 0.4 0.6

Table 3
The 𝑠 -𝑧 𝐿𝑧 scattering length ≫0 and effective 
range 𝑗eff with statistical error (1st parenthe-
ses) and systematic error (2nd parentheses).
channel ≫0 [fm] 𝑗eff [fm] 
𝑠 -𝐷∕.(4𝑓3∕2) 0.30(2)

(+0
−2
)

3.25(12)
(+6
−9
)

𝑠 -𝐷∕.(2𝑓1∕2) 0.38(4)
(+0
−3
)

2.66(21)
(+0
−10

)
𝑠𝜙𝑧 (2𝑓1∕2) 0.21(2)

(+0
−1
)

3.65(19)
(+0
−6
)

where ≫0 and 𝑗eff are the scattering length and the effective range. In 
Table 3, we show the ≫0 and 𝑗eff for low-energy 𝑠 -𝑧 𝐿𝑧 scattering obtained 
from the scattering phase shifts in Fig. 3.

The scattering length given in Table 3 has a direct phenomenological 
application, the mass shift of 𝐷∕. meson in nuclear medium can be well 
constrained by our present results. According to QCD sum rule studies in 
Refs. [7,55,56], the 𝐷∕. meson mass reduction in nuclear matter under 
the linear density approximation is given by,

𝑌𝛾𝐷∕. ≃
2𝑞(𝛾𝑠 +𝛾𝐷∕. )

𝛾𝑠𝛾𝐷∕.
≫spin-av𝐷∕. :nm = 19(3) MeV, (13)

where :nm = 0.17 fm−3 denotes the normal nuclear matter density, 
and the 𝑠 -𝐷∕. spin-averaged scattering length is defined as ≫spin-av𝑠𝐷∕. =
2≫(3/2)0 +≫(1/2)0

3 .

5.2. Comparison of scattering lengths

The previous studies on the 𝑠 -𝑧 𝐿𝑧 scattering lengths by various ap-
proaches were scattered in a large range: (i) Data of the 𝐷∕. photo-
production off the proton are used to constrain the corresponding am-
plitude constructed by assuming the vector meson dominance [26,57] 
and by enforcing the low-energy unitary [27], which give rise to ≫spin-av𝑠𝐷∕.
around 𝑍(1 ∼ 10)× 10−3 fm and 𝑍(1) fm, respectively. (ii) Previous lat-
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Fig. 2. The bands show the fit with the TPE function 𝑖 (𝑗) = −𝑢𝐶−2𝛾𝑞𝑗∕𝑗2 to the 
long-range 𝑠 -𝑧 𝐿𝑧 potential. The gray dashed line is the best fit with 𝑖 (𝑗) = −𝑢∕𝑗7
for comparison.

over large distances because of color confinement. As a result, the dom-
inant degrees of freedom at long distances involve the color-neutral 
states coupling to gluons. In particular, the lightest two-pion state would 
dominate over other states [22–24]. As has been shown in Refs. [25], 
the two-pion-exchange (TPE) interaction for 𝑠 -𝛽 𝐿𝛽 takes the following 
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𝑖 (𝑗 𝐾 1∕(2𝛾𝑞)) = −𝑢 𝐶
−2𝛾𝑞𝑗

𝑗2
, (11)

with a potential strength 𝑢. This is radically different from the QED 
van der Waals interaction, where two photons can propagate over large 
distances, leading to a power-law fall-off potential 𝑖 (𝑗) ∼ −1∕𝑗, with 
, = 6 (the van der Waals force without the retardation effect) or , = 7
(the Casimir-Polder force with the retardation effect).

In order to check such a long-range behavior, we fit lattice data of the 
long-range potential with the TPE function in Eq. (11). The fit range is 
𝑗min < 𝑗 < 𝑗max with 𝑗max = 1.8 fm beyond which the potential vanishes 
within statistical uncertainties. By increasing 𝑗min from 1∕2𝛾𝑞 ≃ 0.7 fm, 
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tively. Shown in Fig. 2 by bands are corresponding fit results. The best 
fit with 𝑖 (𝑗) = −𝑢∕𝑗7 in the same fit range is also shown in Fig. 2 by the 
gray dashed line. These results imply that the long-range 𝑠 -𝑧 𝐿𝑧 interac-
tion is consistent with the TPE potential.

5. Scattering properties

5.1. Phase shifts and scattering parameters

In order to convert the 𝑠 -𝑧 𝐿𝑧 potential in Fig. 1 to its scattering prop-
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range Gaussians 𝑖fit(𝑗) = −∑3

𝑄=1 ≫𝑄𝐶
(−𝑗∕𝑏𝑄)2 in the range of 0 < 𝑗 < 1.8 fm. 

Fitting parameters at 𝜒∕≫ = 14 are shown in Table 2, and corresponding 
fitting results are shown by red bands in Fig. 1.

Shown in Fig. 3 is the 𝑠 -𝑧 𝐿𝑧 scattering phase shifts calculated with 
𝑖fit(𝑗) as a function of center of mass kinetic energy 𝜌CM =
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by solid lines and inner bands are obtained by solving the Schrödinger 
equation with 𝑖fit(𝑗) at 𝜒∕≫ = 14, while the total uncertainties shown by 
outer bands are obtained by adding the statistical error in quadrature 
with the systematic error estimated by comparing results at different 
𝜒∕≫. No bound state is found for all three 𝑠 -𝑧 𝐿𝑧 channels.

Scattering phase shifts near the threshold can be expanded as,

𝑋 cot 𝑌0 =
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≫0

+ 1
2 𝑗eff𝑋

2 +𝑍(𝑋4), (12)

Fig. 3. The 𝑠 -𝑧 𝐿𝑧 scattering phase shifts. The central value and statistical error 
obtained with 𝑖fit(𝑗) at 𝜒∕≫ = 14 are shown by solid lines and inner bands. The 
outer bands show total uncertainty obtained by adding statistical error and sys-
tematic error in quadrature.

Table 2
Fit parameters with statistical errors in the parentheses at 
𝜒∕≫ = 14.

𝑠 -𝐷∕.(4𝑓3∕2) 𝑠 -𝐷∕.(2𝑓1∕2) 𝑠𝜙𝑧 (2𝑓1∕2)

≫1 [MeV] 51(1) 101(1) 264(14)
≫2 [MeV] 13(6) 33(6) 28(13)
≫3 [MeV] 22(5) 23(8) 22(2)
𝑏1 [fm] 0.09(1) 0.13(1) 0.11(1)
𝑏2 [fm] 0.49(7) 0.44(5) 0.24(6)
𝑏3 [fm] 0.82(6) 0.83(9) 0.77(3)
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Table 3
The 𝑠 -𝑧 𝐿𝑧 scattering length ≫0 and effective 
range 𝑗eff with statistical error (1st parenthe-
ses) and systematic error (2nd parentheses).
channel ≫0 [fm] 𝑗eff [fm] 
𝑠 -𝐷∕.(4𝑓3∕2) 0.30(2)

(+0
−2
)

3.25(12)
(+6
−9
)

𝑠 -𝐷∕.(2𝑓1∕2) 0.38(4)
(+0
−3
)

2.66(21)
(+0
−10

)
𝑠𝜙𝑧 (2𝑓1∕2) 0.21(2)

(+0
−1
)

3.65(19)
(+0
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)

where ≫0 and 𝑗eff are the scattering length and the effective range. In 
Table 3, we show the ≫0 and 𝑗eff for low-energy 𝑠 -𝑧 𝐿𝑧 scattering obtained 
from the scattering phase shifts in Fig. 3.

The scattering length given in Table 3 has a direct phenomenological 
application, the mass shift of 𝐷∕. meson in nuclear medium can be well 
constrained by our present results. According to QCD sum rule studies in 
Refs. [7,55,56], the 𝐷∕. meson mass reduction in nuclear matter under 
the linear density approximation is given by,

𝑌𝛾𝐷∕. ≃
2𝑞(𝛾𝑠 +𝛾𝐷∕. )

𝛾𝑠𝛾𝐷∕.
≫spin-av𝐷∕. :nm = 19(3) MeV, (13)

where :nm = 0.17 fm−3 denotes the normal nuclear matter density, 
and the 𝑠 -𝐷∕. spin-averaged scattering length is defined as ≫spin-av𝑠𝐷∕. =
2≫(3/2)0 +≫(1/2)0

3 .

5.2. Comparison of scattering lengths

The previous studies on the 𝑠 -𝑧 𝐿𝑧 scattering lengths by various ap-
proaches were scattered in a large range: (i) Data of the 𝐷∕. photo-
production off the proton are used to constrain the corresponding am-
plitude constructed by assuming the vector meson dominance [26,57] 
and by enforcing the low-energy unitary [27], which give rise to ≫spin-av𝑠𝐷∕.
around 𝑍(1 ∼ 10)× 10−3 fm and 𝑍(1) fm, respectively. (ii) Previous lat-
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4. Summary and to-do

16

•  exchange -  force is estimated from  decay. 
• Transition via  type is computed/estimated. 
• There is some strength in -  potential 
• Photoproduction with vector meson dominance  
   is subject to form factors.

2π ( ∼ σ) J/ψ N ψ(2S)
(E1)2

J/ψ N

To-do list: 
• Bound state wave functions with Coulomb + linear.    
• Simplifications by  exchange to be improved by . 

• Extend to the bottom  and strange sectors ( ). 
• More thoughts on OZI suppressed and gluon-dominate dynamics. 
• And more...

σ 2π

(Υ) ϕ − N

π π


