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Connection to hadronic physics

Addressing the issues of
m Confinement
m Dynamical chiral symmetry breaking (DxSB)
m Hadron spectroscopy

Perturbative Non-perturbative
| Rl mo>1
= QCD: high Q2 (UV), quarks = QCD: low Q? (IR),
and gluons asymptotically confinement and chiral
free symmetry breaking
= QED: low Q2 (IR) = QED: high Q? (UV)
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Current methods

Some non-perturbative methods include
m Lattice (discretised)
m Schwinger-Dyson equations (SDEs)
m Functional renormalisation group (FRG) methods
m Massive perturbation theory, eg Curci-Ferrari (CF)
In the context of prior work,
m almost all calculations are done in Landau gauge (0" A, = 0)
m most continuum approaches start from quark-gluon correlation functions

— Functional methods can access regions presently inaccessible to lattice.
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Example: DxSB

In vacuum, the fermion propagator has a
general structure
B 1
~ pAGH) - Bp)1
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p—Mp)1’
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Example: DxSB

In vacuum, the fermion propagator has a
general structure

05 T T

04

1

~ pAW?) - B(p?)L
_Fp?) :
p—M@pH1’

Sk (p)

e
by

M(p) [GeV]

and M (p?) # 0 when mg — 0 is a direct T . R
signature for DxSB.

Figure: Quark mass function with p
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Unpublished, courtesy of A. Kizilersu and J. Skullerud from their paper in preparation.
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Unpublished, courtesy of A. Kizilersu and J. Skullerud from their paper in preparation.
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Unpublished, courtesy of A. Kizilersu and J. Skullerud from their paper in preparation.

2 T T T

{ o Lat BKLSW.N=0

4 8
TH =Y NLE4+ > 7T
=1 =1

. Carrington CSSM



Motivation and Background
000000080000000

Why QED?
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m Exploring the QED vertex provides a useful, simpler approach for constraining the
quark-gluon vertex.
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Why QED?

The QCD vertex actually contains abelian substructure, which can be described by
QED.

m Exploring the QED vertex provides a useful, simpler approach for constraining the
quark-gluon vertex.

m Even in the massless limit, by constraining the relevant terms we subsequently
constrain other terms proportional to mass.
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The general procedure

Seek a non-perturbative vertex ansatz.

(i) Construct our

unconstrained fermion-
photon vertex ansatz

(i) Find MR constraints
on our vertex ansatz
from the fermion
and photon SDEs

(ii1) Find perturbative
constraints on our
vertex ansatz from

2-loop QCD calculations

(iv) Combine MR
and perturbative
constraints to find
a non-perturbative
structure for our ansatz

Celebrate!
Figure: The general procedure in constructing the vertex ansatz.
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The Schwinger-Dyson equations

The Schwinger-Dyson equations are the equations of motion for their respective QFT.
m They are a non-perturbative continuum approach.
m They relate n-point to (n + 1)-point Green's functions.

m They encode the quantum into our Green's functions.
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The 2-point SDEs

—1 _ -1
'\N\@fvxxx, = AAAAAANAA -
N —
q q
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The 2-point SDEs

Fermion equation:

4
—isi () = —iSsq ) - (ie)? [ TE 1i(p, ks g) (186 (K) 7 (i (@),

M (2m)4

Photon equation:

o . . d4l
—iAZ q) = —iA (q) + (—ie) N /

W 2m)1 Tr {MiSF(lJr)’Y”iSF(l_)} .
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Convention: propagators and the vertex

We may write our dressed propagators as

ooy P . i Gt | dpdv
iSe(p) = Zm» iAy(q) = 2 [G(QQ) <9W - u2 > +& Mz }
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Convention: propagators and the vertex

We may write our dressed propagators as

and the vertex may be decomposed as
I (p,k; ) ZAM P?, k%, %) LY (p, k; q) + Ball-Chiu

+ Z (0, K )T (p, ks q).
=1
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Convention: vertex momenta

We define our vertex with the configuration

IH(p,k;q)  «—
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Cut-off dependence

In solving the SDEs, we encounter infinite integrals which must be regulated. By
implementing a momentum cut-off A%, we transform our momentum integrals as

oo A2
/ dk? — / dk?,
0 0

which induces cut-off dependence in our F' and G solutions.
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Cut-off dependence

In solving the SDEs, we encounter infinite integrals which must be regulated. By
implementing a momentum cut-off A%, we transform our momentum integrals as

oo A2
/ dk? — / dk?,
0 0

which induces cut-off dependence in our F' and G solutions.

Certainly, the renormalised forms of these functions ought to be independent of A2,
such that we may recover A? — oo.

CSSM
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Renormalisation

In multiplicative renormalisation (MR), a non-perturbative renormalisation scheme, our
functions F' and G should be renormalised according to

FR(an //“2)
GR(q2a MZ)

Zy ' (4?, A%) F(p*, A?)
Zs (i,

A%) G(¢*, A?)

C. J. Carrington
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Renormalisation

In multiplicative renormalisation (MR), a non-perturbative renormalisation scheme, our
functions F' and G should be renormalised according to

Z2 1( A2) F(p2,A2)

Z7N (WP A% G(g® A% Gr(p®, 1)
with

AR = Z3(M2 A?) ag
gR = Z3 (:u )AQ) gO-

C. J. Carrington
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Finding the general MR forms

Let us allow all of our functions to have perturbative expansions (up to next-to-leading
order) in terms of generic coefficients. For example, to leading order,

F(p*,A?) = 1—}—2048( nn 10" A2>

n=1
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Finding the general MR forms

Let us allow all of our functions to have perturbative expansions (up to next-to-leading
order) in terms of generic coefficients. For example, to leading order,

F(p*,A?) = 1—}—2048( nn 10" A2>

n=1

and
0 2
P2 = 1+ Y oy (At 23 )
n=1

where A, = apn€" +byn 1. and Ay = apnbl + buafn
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Finding the general MR forms (continued)

We also define an expansion for Z5 and Z3, which we may write

o0 2
Zo (W A% =1+ Zaﬁ (yn,n In" X2> ,

n=1

and
00 M2
Z7N P A%) =1+ Zag (znm In" A2> ,

CSSM
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Finding the general MR forms (continued)

By inserting our expansions into the renormalisation equations, we can compare
coefficients order-by-order, log-to-log, and solve. For example, at O (ag, ap), we see

2 2 2
1+04RA171 ln% <1+aRy111H A2> <1—{—040A111H A2>
hence
p? 12 P
aRAl’lln,u —aRylllnAz +040A111nﬁ+(9( )
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Finding the general MR forms (continued)

But our coupling and gauge parameter are both renormalised by Z3, hence we expand
out

2 2 2

ar (a1,16r + b1,1) In % = ory1,1In % +ar (a11&r +b1,1 75 (4%, A7) In 25,
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Finding the general MR forms (continued)

But our coupling and gauge parameter are both renormalised by Z3, hence we expand
out

2 2 2

ar (a1,16r + b1,1) In % = ory1,1In % +ar (a11&r +b1,1 75 (4%, A7) In 25,

hence
P P
ar (a11&r + b1,1) In i ar (a1,16r + b1,1) In 2

2

+ogr (a11&r + b1, +y1,1)In % +0 (a%)
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The general MR consistent forms

We extend this exact same procedure to next-to-leading order, as well as for the
renormalisation of G. As it turns out, they follow the sum for (when A; ¢ =0 and
Ay = &/4m),

2RéR

F(2 N p2 47
Rp7u)7 MQ

+opépaein— —arépr | =— |In(1—ag n—
21 12 Biy L1 12

In (p?/1i?)
1 — agrBi11n(p?/p?)

+ Oz%{(ig_rl + n210,
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Solving for MR consistent coefficients (continued)

and

2
_ q
Gr' (¢ 1*) =1—arBiiln 2

By —2B1oB 2
+ ar < 21 B 1,0 171) In <1 — aRBl,l In q2> .
1,1 )%

)
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The unconstrained ansatz

By dimensional analysis, charge conjugation symmetry, and perturbation theory, we

may write a general ansatz with

7'%\/[ = /-642—194 -ﬁz + 72 kzk—i— ;
= @ _ﬁ3+731%_
Tflivl_kgip -56+76k§k+§
8 :kgipg ﬁ8+'78]§k+£

C. J. Carrington

"+ (k2 + p2)2 [52 + €272 §2:| L
anti + k2ip2 [53+ 3]{3]:_ pz} T;ymm
T G g

Tgnti + kzipz [58+ 8};]:_ iJ 7_8symm
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The generic ansatz (continued)

We define 72" and Tz-symm to have all possible antisymmetric or symmetric
combinations of logs, for example

2

s _ oo (i (it 5t 2 s
T; =g [O1000 ( IN +In + 50100 nAg

A2 A2 + Snbooo | + O (040)

anti 7 kQ 1 p 2
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Solving the fermion equation

We may insert our generic vertex into the fermion SDE with the goal of finding its
corresponding solution for F'. We convert the Minkowski integral by:

m Inserting the Ward-Green-Takahashi identity

C. J. Carrington CSSM




Solving the SDEs
00080000

Solving the fermion equation

We may insert our generic vertex into the fermion SDE with the goal of finding its
corresponding solution for F'. We convert the Minkowski integral by:

m Inserting the Ward-Green-Takahashi identity
m Taking the trace

C. J. Carrington CSSM




Solving the SDEs
00080000

Solving the fermion equation

We may insert our generic vertex into the fermion SDE with the goal of finding its
corresponding solution for F'. We convert the Minkowski integral by:
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We may insert our generic vertex into the fermion SDE with the goal of finding its
corresponding solution for F'. We convert the Minkowski integral by:

m Inserting the Ward-Green-Takahashi identity
m Taking the trace
m Wick rotating into Euclidean metric

m Using a 4-sphere integral parametrisation
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Solving the fermion equation

We may insert our generic vertex into the fermion SDE with the goal of finding its
corresponding solution for F'. We convert the Minkowski integral by:

Inserting the Ward-Green-Takahashi identity

Taking the trace
Wick rotating into Euclidean metric
Using a 4-sphere integral parametrisation

Regulating by A? cut-off
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Solving the fermion equation (continued)

We subsequently obtain an integral equation of the form

L, 2 F(k*) (k* — k- p)
FoRAD) ~ 27T2/ dk2/ d¥ sin® ¥ AR

Qg 2 2 2 2 "
_2772272/0 dk /0 dV sin® U F(k*)G(q°)F (p, k; q),

where

F(pkiq) = ZTr {Z”FM (0 ks )k <gw B q,;;b)}

C. J. Carrington CSSM
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Solving the photon equation

To solve the photon SDE, we first project out the transverse component by acting
across with .

P =51 (40400 — C9uv) +
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Solving the photon equation

To solve the photon SDE, we first project out the transverse component by acting

across with .

P =51 (40400 — C9uv) +

and then, similar to the fermion equation, we

m Wick rotate into Euclidean metric
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Solving the photon equation

To solve the photon SDE, we first project out the transverse component by acting

across with .

P,uzz = ﬁ (4(],uQV - q2.g;w) >
q
and then, similar to the fermion equation, we
m Wick rotate into Euclidean metric

m Use a 4-sphere integral parametrisation
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Solving the photon equation

To solve the photon SDE, we first project out the transverse component by acting

across with .

Pu = 57 (40,0, — @ Guv)
q
and then, similar to the fermion equation, we
m Wick rotate into Euclidean metric
m Use a 4-sphere integral parametrisation
m Regulate by A? cut-off
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Solving the photon equation (continued)

We subsequently obtain an integral equation of the form

1 agpNp sin? \If
G A~ 2n / dl2/ W ¥ (PG (1=, L5 q),

where
G'(1-ly5q) = P, T {0 (- L) 4271 -}

C. J. Carrington CSSM
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Fermion SDE constraints

By inserting generic expansions for F' and G, we may perform these integrals, including
the relevant angular dependence to NLO, and thus compare with our MR forms to find
constraints order by order. For example, at second order we have

1 —f </
a% In? : 5141,1 = Al00 — S10005

and 3 3
~p 7)‘
ag In: Ay = ES'{OOO - (3171 + SN1000)~

CSSM
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2-loop QCD calculations

We make use of 2-loop perturbative QCD calculations of the quark-gluon vertex, from
J. A. Gracey, "Off-shell two-loop QCD vertices”, Physical Review D 90, (2014)
025014, and project out the abelian structure by taking

2 Qo

CAZO, CFZI, TF:1, and g — —.
47
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2-Loop calculations
oceo

2-loop QCD calculations

We make use of 2-loop perturbative QCD calculations of the quark-gluon vertex, from
J. A. Gracey, "Off-shell two-loop QCD vertices”, Physical Review D 90, (2014)
025014, and project out the abelian structure by taking

Qo

Ca=0, Cr=1, Tr =1, and ¢ — —.
47

We then take the fermion and photon limits of both the 2-loop 7; and the generic
ansatz 7; and compare.

Fermion limit k2 ~ ¢ > p? Photon limit k% ~ p? > ¢° ]

C. J. Carrington CSSM
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Example: 75 2-loop photon limits (to O («ay))

Comparing 7.F photon limit

gy ap§—1 q* o £+ 2
™2 |2100p = p1 127 (k:2 2) 21 367
4
q &%)
Ty ;en_ = "9 4(52 + €2)STo00 In <k2 2> + 2t [2(82 + v2) ATgo0 + (62 + E2)5N(2)000]
hence
-1 +2
(02 + €2)STo00 = 577 2(B2 + v2) Afooo + (62 + €2) SN o0 = £+2
127 367

C. J. Carrington CSSM
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Leading order

The leading order constraints may be fully satisfied by just /. We find that

™= (7~ 771)

and, for example,

Tm“—§<Féa+Fé%yan%<Fé%+Fé%ﬂ’

give fully consistent solutions to leading order.

C. J. Carrington CSSM
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Leading order (continued)

The B;,7i, 0;, and ¢; coefficients are also partially constrained, allowing us to write, for

example,
2 1 2k - p .
T§A=7k4_p4 [(2—53—56+58+73—’76) +72k2+p2] "
2 2 €9 €8 Qk}'p symm
S S (Y PRI _ -8 A S
1 2k - p .
M _ t
W= ) T

1 2 €9 €8 Qk'p symm
T [<3+ 2 2>+63k2+p2 s
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What changes at next-to-leading order?

Our new next-to-leading order constraints tell us that
m F alone is no longer sufficient for the construction of 72" or 7™M We need G!
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What changes at next-to-leading order?

Our new next-to-leading order constraints tell us that
m F alone is no longer sufficient for the construction of 72" or 7™M We need G!

anti Y™™ are described by the same structures.

m Can no longer assume that all 72" or 7.
m New forms seem to favour multiplicative extensions to leading order structures.
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What changes at next-to-leading order?

Our new next-to-leading order constraints tell us that
m F alone is no longer sufficient for the construction of 72" or 7™M We need G!

m Can no longer assume that all 72" or 7.Y™" are described by the same structures.

m New forms seem to favour multiplicative extensions to leading order structures.

For example,

anti 1 1 1 1
TS EwR) *<F<k2>‘F<p2>>xf(F’G)’

CSSM
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Building an ansatz
oooe

What changes at next-to-leading order?

Our new next-to-leading order constraints tell us that
m [ alone is no longer sufficient for the construction of 72" or 7™M We need G!

anti Y™™ are described by the same structures.

m Can no longer assume that all 72" or 7.
m New forms seem to favour multiplicative extensions to leading order structures.

For example,

anti 1 1 1 1
R e <F<k2> - F<p2>> x HEG),

with f potentially having intriguing candidates, such as

f(F,G) = Flexp{g(G)}],

for some function g.
CSSM
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What we did

Sought a non-perturbative vertex ansatz.

(i) Constructed our

unconstrained fermion-
photon vertex ansatz

(i) Found MR con-
straints on our vertex
ansatz from the fermion
and photon SDEs

(#ii) Found perturbative
constraints on our
vertex ansatz from

2-loop QCD calculations

(iv) Combined MR
and perturbative

constraints to find
a non-perturbative
structure for our ansatz

Celebrate!
Figure: The general procedure in constructing the vertex ansatz.

. Carrington CSSM
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QED, we discovered that
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the leading structures of 7;.
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Conclusion
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Key findings

By attempting to find a non-perturbative vertex ansatz, in unquenched and massless
QED, we discovered that

m To provide the correct leading MR behaviour for ' and G, only F' was required in
the leading structures of 7;.

m Next-to-leading structure requires the insertion of G.

m We can multiplicatively extend our leading order structures.

Thank you!

C. J. Carrington CSSM
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