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KY —» 7~¢*v, Transitions

« Semileptonic kaon decays (K /;) are important for
constraining V.

[y o |V, 21 £K7(0) |” Iy X (1 + SEM + 8gy5))

» Experiment determines |V | /. (0)

o Lattice QCD determinations of ff”(()) are required for
good estimates of |V |

 The required precision for f, (0) makes excited state
contributions and kinematic systematics important
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K — 7 Form Factors

o |attice QCD can determine the transition matrix element

(m(Px)|Vul K (PK))) = (K + Pr)u 7 (@) + (px = Pr) 27 (07) 4 =PK — Pr

With a flavour-changing vector current Vﬂ = uy,s

FTAG 2024 f+(0)

FLAG average for Ne=2+1+1
FNAL/MILC 18

ETM 16

FNAL/MILC 13E

FLAG average for N,=2+1

e The scalar form factor is defined as
2

T f(0Y)  Suchthat £,(0) = f.(0)

2 _
mz — mg

Ne=2+14+1

T

Q%) = f,(0*) A

PACS 22

PACS 19

JLQCD 17

L RBC/UKQCD 15A
RBC/UKQCD 13

i FNAL/MILC 12I
JLQCD 12

JLQCD 11
RBC/UKQCD 10

H—Cf—H RBC/UKQCD 07

B FLAG average for Ny=2

T

Ne=24+1

———— m— — — _— ]

- Scalar current cross check:

[ "¥Cw] "

!

Using the Ward-Takahashi identity

o — Kastner 08
| | Cirigliano 05
o = Jamin 04

@ : Bijnens 03
o = Leutwyler 84

Mg — Ty,

5TO0) = s ()l SIK () 2o |

non-lattice N¢=2
@

2 .
m T m | ' ' ' '
K 7 | 0.95 0.97 0.99 1.01

M Batelaan | Cairns 2026 3

e — T — —— ———— —— — I



“ Adelaide
University

Twisted Boundary Conditions

/A

. Isolatingff (0) requires calculating two matrix elements at Q% = 0

(m(0)|[Va|K(px))  (m(Px)|Va|K(0))

550+
* Use partially twisted boundary conditions to
access Q% =0, ¢(z + Li) = "/ Ly(x) 500F
%
3 ﬁ , =~ 450
B(7) = \/m2+ (@/L)2,  §=1(0,]6],0) =
400}
« Combine the matrix elements to extract ff”(()) azol

0.00 025 050 075  1.00 1925

7(0) = (m(0)|Va| K(pK)) (mk — Ex) — (7(Px)|Va|K(0)) (Ex — mr) " 325 % 64 ensemble
’ (Ex +mg)(mg — Er) — (mg + Ex)(Ex —my)

M Batelaan | Cairns 2026 4



“ Adelaide
University

3-point function method

 The conventional method is to construct a 3-point function

CEPT (4 1) = <oﬁ(t)vu(7)c9}<(0)>
* For large time separations

C3 " (t, 7) STl (w|Vu|K) 4 Aem AFKT 4 BemAPx(t=T) 4
CK(r)C3(t—T) S

excited state contributions

* (Construct ratios to cancel out ground-state time dependence and overlap factors

 Methods to control excited states:
 Large time-separations
 Multiple exponential fit ansatz

* Optimised operators
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Feynman-Hellmann method

1. Modify the QCD action with an operator including momentum

L—L+ANT(Qq)

2. Calculate energy spectrum

3. Relate change in energy to the matrix element

OFx (p”)

N (X ()T X(p))

This requires Breit frame kinematics: Ex (p') = Ex (p)

How can we extend this to allow for quasi-degenerate energies”?
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Feynman-Hellmann method

 Consider a set of two quasi-degenerate states H, with energies
E =E+e,

« Consider the a two-point function with a perturbed hamiltonian and transfer matrix S,

C(t) = (0]0;850:(0) = 3 (0|04]X) (X[S{|Y) (Y]0i]0), Sy = e (HomAD)

XY

" Expand the transfer matrix for small values of 4
4

| 6_(HO_)\j)t — ¢ Hot -+ )\/ dt'e_HO(t_t/)je_Hot' + (9()\2>
0

e .

(H,|emHo=ADY Y = =B 15, HtD, 4+ O(2t2)] + O(A21?) D, = ( i Aa ) ,
We get a term linear in time o = (Hy|J|H;)

Cross terms (H.|e~ " ~*7)"|Y) are exponentially suppressed for Ey, > E,
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Feynman-Hellmann method

1 1
If we satisfy ) <1 < I and (<1< , The correlator can be written as

max ‘ EHr — EHS ‘

C(t) = Y (0101 H,) [e7" (8, +tDys) | (H.]O40)

T,8

We can diagonalise the matrix D,

2
NP o1 1
D, — ZM(Z)&&Z)@S) () = 5(61 +eg) + ~1/(€1 — €2)2 + 4\2|al?
i=1

And the correlator matrix

2 .
) = 3 Ay e
1=1

vV R+
Eigenvectors: el*) = : ,  with &, = EAE,\ + 1(E1 - Es),
VAE) \ #sgn(A)Es g | 2 2
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Feynman-Hellmann method

* Include flavour-changing operator in the action

D i L
5259+/(“’S)( AT liT ) ( Z > +/dDdd’ T(x,y;q) = 7€ T 0z .
W—J
/A

 Compute two-point correlator matrix with FH perturbation

[ Chnn(t)  Crril(t)
CArs(t) T ( C)\K’T('(t) C)\KK(t) >rs |

e Each correlator is built from a Green’s function
GU’U, GUS
GSU GSS

* We can write the Green’s functions in terms of the components of the inverse propagator .#
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Feynman-Hellmann method

G = (1= N2D, " TDS s T ) 1Dt
G = (1= ND T D ') DL,

Grlus) — Dngg(ss) |
GUW = A\D1ryg TTrs G | Expand for small A

} Problem: Inversion within an inversion!

G(UU) —
2 l G =AD"y Ty D, + O(N?),
e —
h
V(T)i’
2

G;(),us) — 2\ Z
+—0 ~

Three-point function summed
over the current insertion time
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Feynman-Hellmann method

G = (1= MDD TDF T s) 7 DL S

G = (1= X2D 1y T D7) D1 } Problem: Inversion within an |ner3|on!

G) = A\D'TG®)

GUEY = AD 1y T TG Expad for small A
G =D 002,
| G¥) =D+ 0\,

| G(“S) = AD,'TD; '+ 0()\?),
u> = \D> %TT sD 1+ O()\ ),

E—— — = — e : _

e — J———

,/1 iS multlplled after the |nver3|ons' fi

= - - p—
e ——— e ———— e ——— — e ——— -
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Analysis Recipe

* Compute the two-point correlator matrix: Chrs(t) :( Cxanlt) - Chnk(t) ) )

Crir(t) Cxixk(t)

 Perform a GEVP and project construct the projected correlators
C(to + At)vg(to, At) = XD (to, At)C(to)v(to, At)
C\ (1) = vDTey ()

 (Construct a ratio and fit to extract the energy shift

Su(
R)\(t) _ )(\_I_)( ) 15>>0> A)\e—AEAt
Cy (¢)

e Solve for the matrix element

(H2|J|Hq)
JAE, B,

AFE, = \/AE% + 4)\2
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Transition matrix elements of > — n
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Transition matrix elements of > — n

>~ — ne” U, decays help constrain |V |

Good agreement with three-point function results

0.150 15
(— O()‘l) . Feynman-Hellmann
0.120F B O(\?) ® Double ratio
O(\°) GSJ 0 > —> N
0.100r1 ( ) iy O© N —= X
o 1.0 |
_ A Q
5 0.075 s ;
<] = |
0.050 = 5
' 0.0 .
0.025} = i ¢
0.000
0.00 0.0l 002 003 004 0.5 0.0 0.0 0.2 0.4

: 0? [CeV?)
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K — 7 Transitions

Challenges:

» Smaller masses => larger twists required to get to Q% =
 (Cosh behaviour of correlators complicates ratios

 Backward propagating meson contributions contribute even at early times for time extent of

T = 64
@1 Vs
" VAE,\ ssgn(\)/k= o
a Changes sign under time-reflection

|

o 0 - 0 »;; Forward and backward ,
CA (1) = Z Ve e E11 4 Z pDyDeEFDT=D | propagating states are

| diagonalised by different "
elgenvectors' {

l l

———— — — ——
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Isolating forward propagating states

Solution:

» Pseudoscalar mesons couple to ys operator and y,y5 operator

* (Calculate two-point correlator matrix using both operators

Cpp(t)  Cpy (1)
C(?) = (CA4p(t) CA4A4(f))

- Cppand Cy 4, are even under time reflection while Cpy and C, p are odd under time
reflection

* We can do a GEVP near 1/2 and use the eigenvectors to project out correlators which
only couple to the forward or backward propagating state

M Batelaan | Cairns 2026 16



Isolating forward propagating states

0.3——

0.2F

0.1F

0.0f

Eex(C(2))

—0.17

—0.27

]
)

V5,75
Y475, Y45

—0.37 0 20

30
t/a

0.3r—=

0.21

0.1r

0.0f

Eea(C())

—0.1}F

—0.2¢

]
[)

V5,75
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30
t/a

A0

Kaon

Ee(C(1))

0.3 -
T 9,7
=y s s
o2 |+ fwd
JJ?%?E"%:%‘_’ +  bwd
—0.375 10 20 30 40 50 60
t/a
0.3r——=
2%
0.21 ;_I_K”-F‘!‘ilz ,ﬁf‘%;q
e
0.1t _ e
T F o
o
0.0} 4 =
T
—0.1¢
% V5,75
i Y475, Y475
—0.2 fod
1 bwd
—0.3 oo ' ' ' '
0 10 20 30 40 50 60
t/a

Cpp(?)
Ca,p(1)  Cy4,(0)

Co, (1
C(1) = PaD

We do the FH GEVP
with these optimised
pion and kaon
operators
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'Eigenvectors of the
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Two-point function analysis

A = 0.00200
0.150
Construct ratio
0.125¢
Cx ()Cx(1) 0.100} [
Ry(t) = 22270 5 Ayexp |t (V(AE)” = 4N[af? — AE )| _ O S S
C}\ (t)CK(t) LZCJ:JOO?E)- =y A IJ_IIJ_J_T}%“
_ 1
Ct) =3 [C™(t) + CPVUT — 1)) 0.050}
0.025F
0.000L—+—"" -
I 0 10 20 30
1.158 t/a
~1.156
S
=<
s 1-1od [ N
0 |
£ . Good agreer3nent
E between O(4°) and |
11500 w71 002) w @(/14) forsmall A |
FH O()\3) L — e
1.148 ¢ FH O()\4)
0.001 0.002 0.003 0.004

A
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Systematics

Welahted averaaoe over fit windows

E = 1.1496(18)

S 1.1500]

L1.14°75¢
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1.155
1.1507
1.145¢

-

=

1.14071

1.1357

T 3-pt function

1.130

Variation of GEYP parameters
9 1|1 1% 1|5 1|7

L1521 77

1.150¢

1.148¢

Matrix element

11460

2456810 2456810 2456810 2456810 2456810
At

T

B A

Stability in
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0’ dependence

Four values of twisted boundary conditions on the u-quark

3pt R
0.326 % o
201 0.324f ¥ |
5007 S 0.322
= <
= 450 = (.320
~ o)
400 < 0.318 |
E E7T . B
il D & 0.316
000 025 050 075 100 1.2 0314l

0 i . . .
/ 0.000  0.005  0.010  0.015

(aQ)
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Scalar current

s - . — — — — — —_—

)T - 0 PTT— S am |
' Using the Ward-Takahashi identity we can relate |
the scalar matrix element to the vector form factor :

|
|

»

2 .9 1
(7 (pr)| S| K (pK)) |q2=0 — ({(W(O) T::f_ 7:1”: {f

— e —— — - — ]

I e e e ———————— ——— — —_— — J— S — S S

Construct the same ratio to get the FH energy shift

A = 0.00100
Xiop = 0.93
0.7}
5
0.6}
]
5 7
= 0.5} = ¥
& =7 T T E I 1 J_ L + 1
0.4} ! L]
0.3; 75 20 30
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Only one twist value is required

Magnitude of the matrix

 Adelaide

element is larger, so smaller
lamlbda values are possible

FH O(\?)
FH O()\3)
FH O(\)

0.0005 0.0010
A

0.0015

0.0020

University
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Comparison with 3-point functions

Clrznax => largest Ak, ~ 140 MeV

Preliminary three-point function \ _
results give reasonable agreement i
Good agreement between scalar and ?
vector current FH results — 1.00+
NG :
=
0.99}
T
ﬁ FH vector E
§ 3-point
0.9 ¢ FH scalar :
~0.003  —0.002  —0.00l _ 0.000

(aQ)
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Quark mass dependence

Second lattice ensemble with

m_ = 310 Mev and my = 526 Mev 1 00l
0.99t
A4
S
> -
Ei_
0.98t
ﬁ FH vector
350t FH scalar
ol % o 0'97_% ¥ FLAG Np=2+1
0.00 025 050 075 100 1.2 —0.0100 —0.0075 —0.0050 —0.0025 0.0000
0, Om

FLAG average for N = 2 + 1 lattice QCD

calucalations is f£7%(0) = 0.9698(17)
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Conclusion

* WWe extended the flavour-changing

FH method to meson transitions OO

« 2 X 2 GEVP allows us to separate
forward and backward propagating 0.997
states

» Results for fOK”(O) trend in the right 0.98}
direction

o _ ﬁ FH vector
e Need more statistics and lattice 097l % FH scalar

ensembles to enable ¥ FLAG Np=2+1

extrapolations to 71,y —0.0100 —0.0075 50.6050 —0.0025 0.0000
m
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