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 TransitionsK0 → π−ℓ+νℓ

• Semileptonic kaon decays ( ) are important for 
constraining 

Kℓ3
Vus

2

f 0(Q2) = f +(Q2) +
q2

m2
π − m2

K
f −(Q2)

K0 → π−ℓ+νℓ

ΓKℓ3
∝ |Vus |2 | fKπ

+ (0) |2 IKℓ × (1 + δEM + δSU(2))

• Experiment determines 


• Lattice QCD determinations of  are required for 
good estimates of 


• The required precision for  makes excited state 
contributions and kinematic systematics important

|Vus | f+(0)

fKπ
+ (0)

|Vus |

f+(0) First row CKM unitarity

|Vud |2 + |Vus |2 + |Vub |2 = 1

Merino 2026 [2604.04715]
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  Form FactorsK → π
• Lattice QCD can determine the transition matrix element

3

f0(Q2) = f+(Q2) +
q2

m2
π − m2

K
f−(Q2)

<latexit sha1_base64="IYX/wIRvCCrK5I5CrwzKh3L1dfw=">AAACDHicbVDLSsNAFJ3UV62PRl26GSyCG0siUt0IRTeCmwr2AW0Ik+m0HTqZjDMTIYT+gj/gVv/Anbj1H/wBv8NJm4VtPXDhcM69nMsJBKNKO863VVhZXVvfKG6WtrZ3dsv23n5LRbHEpIkjFslOgBRhlJOmppqRjpAEhQEj7WB8k/ntJyIVjfiDTgTxQjTkdEAx0kby7fLjlfDv4CkUftoTdOLbFafqTAGXiZuTCsjR8O2fXj/CcUi4xgwp1XUdob0USU0xI5NSL1ZEIDxGQ9I1lKOQKC+dPj6Bx0bpw0EkzXANp+rfixSFSiVhYDZDpEdq0cvE/7xurAeXXkq5iDXheBY0iBnUEcxagH0qCdYsMQRhSc2vEI+QRFibruZSxChRFKusGHexhmXSOqu6tWrt/rxSv84rKoJDcAROgAsuQB3cggZoAgxi8AJewZv1bL1bH9bnbLVg5TcHYA7W1y9qUJtl</latexit>q = pK → pω
<latexit sha1_base64="/zwzKgUTeFmW17eBb5W/ufpO4Bk="></latexit>

→ω(pω)|Vµ|K(pK))↑ = (pK + pω)µf
Kω
+ (q2) + (pK ↓ pω)µf

Kω
→ (q2)

<latexit sha1_base64="FEmsACVMmGbAQ+CARJp1CTTPOm0="></latexit>

fKω
0 (0) =

ms →mu

m2
K →m2

ω

↑ω(pω)|S|K(pK)↓ |q2=0

• The scalar form factor is defined as

Such that  f0(0) = f+(0)

With a flavour-changing vector current Vμ = ūγμs

Using the Ward-Takahashi identity

Scalar current cross check:
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Twisted Boundary Conditions 
• Isolating  requires calculating two matrix elements at fKπ

+ (0) Q2 = 0

4
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<latexit sha1_base64="gTQ0U9lt9TJv9bMAvHChrBxMNSo=">AAACLnicbVDLSsNAFJ34rPUVdekmWIS6KYmU6rLoRnBTwT6gKWEynbRDJ8kwMxHCkO/wN/wBt/oHggtxJ36GkzaIbT0wcO4593LvHJ9RIqRtvxsrq2vrG5ulrfL2zu7evnlw2BFxwhFuo5jGvOdDgSmJcFsSSXGPcQxDn+KuP7nO/e4D5oLE0b1MGR6EcBSRgCAoteSZjhtiqlxGqm4I5dgPFMu8vM7OMtXxVD3L1O2vZ2vVMyt2zZ7CWiZOQSqgQMszv9xhjJIQRxJRKETfsZkcKMglQRRnZTcRmEE0gSPc1zSCIRYDNf1aZp1qZWgFMdcvktZU/TuhYChEGvq6M79RLHq5+J/XT2RwOVAkYonEEZotChJqydjKc7KGhGMkaaoJRJzoWy00hhwiqdOc28LGqSBI5ME4izEsk855zWnUGnf1SvOqiKgEjsEJqAIHXIAmuAEt0AYIPIJn8AJejSfjzfgwPmetK0YxcwTmYHz/AHa1qsU=</latexit>

→ω(pω)|V4|K(0)↑
<latexit sha1_base64="gAEtP62a5W2e0ENz5tkumNU7BrA=">AAACLHicbVDLSsNAFJ3UV62vqEs3wSLUTU2kVJdFN4KbCvYBTQiT6aQdOkmGmYkQQj7D3/AH3OofuBFx2+9w0gaxrQcGDuecy71zPEaJkKb5qZXW1jc2t8rblZ3dvf0D/fCoK6KYI9xBEY1434MCUxLijiSS4j7jGAYexT1vcpv7vSfMBYnCR5kw7ARwFBKfICiV5OoXdoBpajNSswMox56fmtl5lnbdRpbe/2rMzSOZcly9atbNGYxVYhWkCgq0XX1qDyMUBziUiEIhBpbJpJNCLgmiOKvYscAMogkc4YGiIQywcNLZxzLjTClDw4+4eqE0ZurfiRQGQiSBp5L5pWLZy8X/vEEs/WsnJSGLJQ7RfJEfU0NGRt6SMSQcI0kTRSDiRN1qoDHkEEnV5cIWNk4EQSIvxlquYZV0L+tWs958aFRbN0VFZXACTkENWOAKtMAdaIMOQOAZvII38K69aB/al/Y9j5a0YuYYLECb/gBr4am5</latexit>

→ω(0)|V4|K(pω)↑

• Use partially twisted boundary conditions to 
access ,Q2 = 0

• Combine the matrix elements to extract fKπ
+ (0)

<latexit sha1_base64="mCm6CGV00tz7jfkkQIxNMRGZa2M="></latexit>

fKω
0 (0) =

→ω(0)|V4|K(pK)↑ (mK ↓ Eω)↓ →ω(pω)|V4|K(0)↑ (EK ↓mω)

(EK +mω)(mK ↓ Eω)↓ (mK + Eω)(EK ↓mω)
 ensemble323 × 64

<latexit sha1_base64="vJUMxk7scPbqYhuiCKuDapQu5k8=">AAACJnicbVBLSgNBFOzx/zfq0k1jEAxCnBGJbgTRjYssIhgjZGLo6bxkmvR86H4jhmHO4DW8gFu9gTsRd648h53PwhgLGoqqerzX5cVSaLTtT2tqemZ2bn5hcWl5ZXVtPbexeaOjRHGo8khG6tZjGqQIoYoCJdzGCljgSah53Yu+X7sHpUUUXmMvhkbAOqFoC87QSM1cwY212HvYL7s+w1RkBXpK4S4VLvqArCkOytkwUWjm8nbRHoBOEmdE8mSESjP37bYingQQIpdM67pjx9hImULBJWRLbqIhZrzLOlA3NGQB6EY6+FJGd43Sou1ImRciHai/J1IWaN0LPJMMGPr6r9cX//PqCbZPGqkI4wQh5MNF7URSjGi/H9oSCjjKniGMK2FupdxninE0LY5tif2eFlxnphjnbw2T5Oaw6JSKpauj/Nn5qKIFsk12yB5xyDE5I5ekQqqEk0fyTF7Iq/VkvVnv1scwOmWNZrbIGKyvH1BcpeE=</latexit>

ω(x+ Lî) = eiωi/Lω(x)

<latexit sha1_base64="K72sp4r3SUX6BpBBkshqXEEixX8="></latexit>

E(ωp ) =
√

m2 + (ωε/L)2, ωε = (0, |ε|, 0)
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3-point function method
• The conventional method is to construct a 3-point function

5

• For large time separations

excited state contributions

<latexit sha1_base64="E8iIKH45SrCZ08+wJxh2EdaOnXs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx6jmAckS5idzCZDZmeXmV5hWQJ+gFf9BG/i1V/xC/wNJ4+DRgsaiqpuuruCRAqDrvvpFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nvrtB66NiNU9Zgn3IzpUIhSMopXuenm/XHGr7gzkL/EWpAILNPrlr94gZmnEFTJJjel6boJ+TjUKJvmk1EsNTygb0yHvWqpoxI2fzy6dkBOrDEgYa1sKyUz9OZHTyJgsCmxnRHFklr2p+K+XjDIjmFlaj+GlnwuVpMgVm28PU0kwJtMsyEBozlBmllCmhX2AsBHVlKFNrGST8ZZz+EtaZ1WvVq3dnlfqV4uMinAEx3AKHlxAHW6gAU1gEMITPMOL8+i8Om/O+7y14CxmDuEXnI9vqFCWaA==</latexit> {
• Methods to control excited states:


• Large time-separations


• Multiple exponential fit ansatz


• Optimised operators

• Construct ratios to cancel out ground-state time dependence and overlap factors

<latexit sha1_base64="Q2el6gAmLtdtwy9Pc5G+3ga/mAI="></latexit>

CKµω
3 (t, ω) =

〈
Oω(t)Vµ(ω)O

†
K(0)

〉

<latexit sha1_base64="WW4BdTd2/OLMZmOCr+GyHGILHuk="></latexit>

CKµω
3 (t, ω)

CK
2 (ω)Cω

2 (t→ ω)
0→ε→t→→→→→↑ ↓ε|Vµ|K↔+Ae↑!EKε +Be↑!Eω(t↑ε) + ...
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Feynman-Hellmann method

6

1. Modify the QCD action with an operator including momentum


2. Calculate energy spectrum


3. Relate change in energy to the matrix element

This requires Breit frame kinematics:

<latexit sha1_base64="7ozieAkApbLzUK38BIJg+FnvpGk="></latexit>

L → L+ ωJ (εq)

<latexit sha1_base64="rioZ6Uu/wEWareKdtv+zdGUAOrY="></latexit>

ωEX(εp →)

ωϑ

∣∣∣∣
ω=0

= →X(p→)|J |X(p)↑

<latexit sha1_base64="NCh7n85z5xFpIDhtTNVpBdA864A=">AAACG3icbVDLSsNAFJ3UV62vqEtBBovYgpREpLoRiiK4rGAf0IQwmU7boZMHM5NCCNn5G/6AW/0Dd+LWhT/gdzhts+jDAxcO59zLvfe4IaNCGsaPlltZXVvfyG8WtrZ3dvf0/YOmCCKOSQMHLOBtFwnCqE8akkpG2iEnyHMZabnDu7HfGhEuaOA/yTgktof6Pu1RjKSSHP343mmXrBHBSZha52dleANnlLKjF42KMQFcJmZGiiBD3dF/rW6AI4/4EjMkRMc0QmkniEuKGUkLViRIiPAQ9UlHUR95RNjJ5I8UniqlC3sBV+VLOFFnJxLkCRF7rur0kByIRW8s/ud1Itm7thPqh5EkPp4u6kUMygCOQ4FdygmWLFYEYU7VrRAPEEdYqujmtoSDWFAsUhWMuRjDMmleVMxqpfp4WazdZhHlwRE4ASVggitQAw+gDhoAg2fwCt7Au/aifWif2te0NadlM4dgDtr3H1hXoJQ=</latexit>

EX(ωp →) = EX(ωp)

How can we extend this to allow for quasi-degenerate energies?
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Cross terms                             are exponentially suppressed for EY ≫ Er

Feynman-Hellmann method
• Consider a set of two quasi-degenerate states  with energiesHr

7

Er = Ē + ϵr

• Consider the a two-point function with a perturbed hamiltonian and transfer matrix Sλ

<latexit sha1_base64="hDi1d2rEHG46B7NiWIWMFiWwz2g="></latexit>

e→(H0→ωJ )t = e→H0t + ω

∫
t

0
dt↑e→H0(t→t

→)
J e→H0t

→
+O(ω2)

Expand the transfer matrix for small values of λ

<latexit sha1_base64="ZhtfbqVJlC9r4/4EwWdBfG7rM3g="></latexit>

Cω(t) = →0|OfS
t

ω
Oi|0↑ =

∑

X,Y

→0|Of |X↑ →X|St

ω
|Y ↑ →Y |Oi|0↑ , Sω = e→(H0→ωJ )

<latexit sha1_base64="q+SallOiDx/6DUszCwI+9I40VYI="></latexit>

Drs =

(
ω1 εa

→

a ω2

)
,

a = →H2|J |H1↑

<latexit sha1_base64="GISwPJ5XLHvBFPi4MqRY+wfz5Ik="></latexit>

→Hr|e
→(H0→ωJ )t

|Hs↑ = e
→Ēt

[
ωrs + tDrs +O(ε2t2)

]
+O(ϑ2

t
2)

<latexit sha1_base64="gVq61gWnuSr9PuTQClA7MlCHsrc="></latexit>

→Hr|e→(H0→ωJ )t|Y ↑

<latexit sha1_base64="E8iIKH45SrCZ08+wJxh2EdaOnXs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx6jmAckS5idzCZDZmeXmV5hWQJ+gFf9BG/i1V/xC/wNJ4+DRgsaiqpuuruCRAqDrvvpFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nvrtB66NiNU9Zgn3IzpUIhSMopXuenm/XHGr7gzkL/EWpAILNPrlr94gZmnEFTJJjel6boJ+TjUKJvmk1EsNTygb0yHvWqpoxI2fzy6dkBOrDEgYa1sKyUz9OZHTyJgsCmxnRHFklr2p+K+XjDIjmFlaj+GlnwuVpMgVm28PU0kwJtMsyEBozlBmllCmhX2AsBHVlKFNrGST8ZZz+EtaZ1WvVq3dnlfqV4uMinAEx3AKHlxAHW6gAU1gEMITPMOL8+i8Om/O+7y14CxmDuEXnI9vqFCWaA==</latexit> {
We get a term linear in time



M Batelaan | Cairns 2026

Feynman-Hellmann method

We can diagonalise the matrix Drs

8

<latexit sha1_base64="0aM3yKffq3WNvwKF4r0qvHX9mng="></latexit>

Drs =
2∑

i=1

µ(i)e(i)r e(i)→s

<latexit sha1_base64="QZg16bczuGaAlfoN9T5dKkmy8qE="></latexit>

µ(±) =
1

2
(ω1 + ω2)±

1

2

√
(ω1 → ω2)2 + 4ε2|a|2

And the correlator matrix
<latexit sha1_base64="1+o4wnWXiTt5/ID2ap7VoWY/7j8="></latexit>

Cω(t) =
2∑

i=1

A(i)
ω e→E(i)

ω t
<latexit sha1_base64="3g5LygSklrtN80/iqS5FhWCXXRY="></latexit>

!Eω = E(+) → E(→) =
√

!E2
0 + 4ω2|a|2

Eigenvectors:

If we satisfy       and    , The correlator can be written as0 ≪ t ≪
1
λ

0 ≪ t ≪
1

max |EHr
− EHs

|
<latexit sha1_base64="X4KLeHZFXXCExYF9wFPMlBrMcB8="></latexit>

Cω(t) =
∑

r,s

→0|Of |Hr↑

[
e
→Ēt (ωrs + tDrs)

]
→Hs|Oi|0↑ ,

The matrix 
element we want
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Feynman-Hellmann method
• Include flavour-changing operator in the action

9

<latexit sha1_base64="7GcU5YUrZ9eN2jMBVOYTKs6uuo0="></latexit>

S = Sg +

∫

x
(ū, s̄)

(
Du →ωT

→ωT → Ds

)(
u
s

)
+

∫

x
d̄ Dd d ,

<latexit sha1_base64="G/vLjYC8y8mbELLWYNucyLdFwe4="></latexit>

T (x, y; ωq) = ε eiωq·ωx ϑx,y .

<latexit sha1_base64="1fD00g3V5pRWxF3D+iAASCt5UWQ="></latexit>

Cω rs(t) =

(
Cωεε(t) CωεK(t)
CωKε(t) CωKK(t)

)

rs

,

<latexit sha1_base64="dFyXvnXKAL6J0INfoG+J4fHxeyg="></latexit>(
Guu Gus

Gsu Gss

)

• We can write the Green’s functions in terms of the components of the inverse propagator ℳ

• Compute two-point correlator matrix with FH perturbation


• Each correlator is built from a Green’s function

ℳ

<latexit sha1_base64="E8iIKH45SrCZ08+wJxh2EdaOnXs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx6jmAckS5idzCZDZmeXmV5hWQJ+gFf9BG/i1V/xC/wNJ4+DRgsaiqpuuruCRAqDrvvpFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nvrtB66NiNU9Zgn3IzpUIhSMopXuenm/XHGr7gzkL/EWpAILNPrlr94gZmnEFTJJjel6boJ+TjUKJvmk1EsNTygb0yHvWqpoxI2fzy6dkBOrDEgYa1sKyUz9OZHTyJgsCmxnRHFklr2p+K+XjDIjmFlaj+GlnwuVpMgVm28PU0kwJtMsyEBozlBmllCmhX2AsBHVlKFNrGST8ZZz+EtaZ1WvVq3dnlfqV4uMinAEx3AKHlxAHW6gAU1gEMITPMOL8+i8Om/O+7y14CxmDuEXnI9vqFCWaA==</latexit> {
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Feynman-Hellmann method

10

Expand for small λ

<latexit sha1_base64="yhjMybMJjjpDdV8Dwdtvth2t/U4="></latexit>

G(uu) = (1→ ω2D→1
u T D→1

s ε5T †ε5)
→1D→1

u ,

G(ss) = (1→ ω2D→1
s ε5T †ε5D

→1
u T )→1D→1

s ,

G(us) = ωD→1
u T G(ss) ,

G(su) = ωD→1
s ε5T †ε5G

(uu) .

<latexit sha1_base64="E8iIKH45SrCZ08+wJxh2EdaOnXs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx6jmAckS5idzCZDZmeXmV5hWQJ+gFf9BG/i1V/xC/wNJ4+DRgsaiqpuuruCRAqDrvvpFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nvrtB66NiNU9Zgn3IzpUIhSMopXuenm/XHGr7gzkL/EWpAILNPrlr94gZmnEFTJJjel6boJ+TjUKJvmk1EsNTygb0yHvWqpoxI2fzy6dkBOrDEgYa1sKyUz9OZHTyJgsCmxnRHFklr2p+K+XjDIjmFlaj+GlnwuVpMgVm28PU0kwJtMsyEBozlBmllCmhX2AsBHVlKFNrGST8ZZz+EtaZ1WvVq3dnlfqV4uMinAEx3AKHlxAHW6gAU1gEMITPMOL8+i8Om/O+7y14CxmDuEXnI9vqFCWaA==</latexit>

{

<latexit sha1_base64="G+bIg/F/i1aTcmgPUvOL4mI42BU="></latexit>

G
(uu) = D

→1
u +O(ω2) ,

G
(ss) = D

→1
s +O(ω2) ,

G
(us) = ωD

→1
u T D

→1
s +O(ω3) ,

G
(su) = ωD

→1
s ε5T †

ε5D
→1
u +O(ω3) ,

V(τ1) V(τ2)
u

π π π K

d̄ d̄

u u
s

<latexit sha1_base64="W/biLuFDK3VXiqr/onuo9BTGZ/o=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQN2EmSHQjBF3oMoIxgWQMPZ2epElPT9MfYRhyAC/gVm/gTtx6DC/gOewkszCJBQ+KqveoRwWCUaVd99vJrayurW/kNwtb2zu7e8X9gwcVG4lJE8cslu0AKcIoJ01NNSNtIQmKAkZaweh64reeiFQ05vc6EcSP0IDTkGKkrdS96VUf07Ixp+NL2CuW3Io7BVwmXkZKIEOjV/zp9mNsIsI1ZkipjucK7adIaooZGRe6RhGB8AgNSMdSjiKi/HT68xieWKUPw1ja4RpO1b8XKYqUSqLAbkZID9WiNxH/8zpGhxd+SrkwmnA8CwoNgzqGkwJgn0qCNUssQVhS+yvEQyQR1ramuRQxTBTFamyL8RZrWCYP1YpXq9Tuzkr1q6yiPDgCx6AMPHAO6uAWNEATYCDAC3gFb86z8+58OJ+z1ZyT3RyCOThfvzIlmas=</latexit>

G(uu)
2 =

<latexit sha1_base64="AMLA1PQId3WrJx4ETuoDlesuxr4="></latexit>

+ω2
T∑

ω1,ω2=0

<latexit sha1_base64="CrVn61acBb6DYh1UusMTWkr6x9c=">AAACFXicbVDLSsNAFJ3UV62vqBvBzWARKkJJpFSXRTfurGAf0MQymUzaoZMHMxMhhPgb/oBb/QN34ta1P+B3OGmzsNUDA4dz7uHeOU7EqJCG8aWVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9BgjAakI6kkpF+xAnyHUZ6zuQq93sPhAsaBncyiYjto1FAPYqRVNJQPziFlo/kGCOW3mQ1i6moi+4bJ0O9atSNKeBfYhakCgq0h/q35YY49kkgMUNCDEwjknaKuKSYkaxixYJECE/QiAwUDZBPhJ1Of5DBY6W40Au5eoGEU/V3IkW+EInvqMn8WrHo5eJ/3iCW3oWd0iCKJQnwbJEXMyhDmNcBXcoJlixRBGFO1a0QjxFHWKrS5rZE40RQLDJVjLlYw1/SPaubzXrztlFtXRYVlcEhOAI1YIJz0ALXoA06AINH8AxewKv2pL1p79rHbLSkFZl9MAft8wcYtZ72</latexit>

+O(ω4)

V(τ) V(τ1)
V(τ2) V(τ3)

u s

π K π K

<latexit sha1_base64="KQdlxHrP4n6XyJdyofMw0y0cuLw="></latexit>

+ω3
T∑

ω1,ω2,ω3=0

<latexit sha1_base64="yclrI1/QSCCv8wfmX1cHpZh00hI="></latexit>

G(us)
3 = ω

T∑

ω=0

d̄ d̄

u us s

Three-point function summed 
over the current insertion time

Problem: Inversion within an inversion!



M Batelaan | Cairns 2026

Feynman-Hellmann method

11

Expand for small λ

<latexit sha1_base64="yhjMybMJjjpDdV8Dwdtvth2t/U4="></latexit>

G(uu) = (1→ ω2D→1
u T D→1

s ε5T †ε5)
→1D→1

u ,

G(ss) = (1→ ω2D→1
s ε5T †ε5D

→1
u T )→1D→1

s ,

G(us) = ωD→1
u T G(ss) ,

G(su) = ωD→1
s ε5T †ε5G

(uu) .

Problem: Inversion within an inversion!

<latexit sha1_base64="E8iIKH45SrCZ08+wJxh2EdaOnXs=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx6jmAckS5idzCZDZmeXmV5hWQJ+gFf9BG/i1V/xC/wNJ4+DRgsaiqpuuruCRAqDrvvpFFZW19Y3ipulre2d3b3y/kHLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nvrtB66NiNU9Zgn3IzpUIhSMopXuenm/XHGr7gzkL/EWpAILNPrlr94gZmnEFTJJjel6boJ+TjUKJvmk1EsNTygb0yHvWqpoxI2fzy6dkBOrDEgYa1sKyUz9OZHTyJgsCmxnRHFklr2p+K+XjDIjmFlaj+GlnwuVpMgVm28PU0kwJtMsyEBozlBmllCmhX2AsBHVlKFNrGST8ZZz+EtaZ1WvVq3dnlfqV4uMinAEx3AKHlxAHW6gAU1gEMITPMOL8+i8Om/O+7y14CxmDuEXnI9vqFCWaA==</latexit>

{

<latexit sha1_base64="G+bIg/F/i1aTcmgPUvOL4mI42BU="></latexit>

G
(uu) = D

→1
u +O(ω2) ,

G
(ss) = D

→1
s +O(ω2) ,

G
(us) = ωD

→1
u T D

→1
s +O(ω3) ,

G
(su) = ωD

→1
s ε5T †

ε5D
→1
u +O(ω3) ,

V(τ) V(τ1)
V(τ2) V(τ3)

u s

π K π K

<latexit sha1_base64="KQdlxHrP4n6XyJdyofMw0y0cuLw="></latexit>

+ω3
T∑

ω1,ω2,ω3=0

<latexit sha1_base64="yclrI1/QSCCv8wfmX1cHpZh00hI="></latexit>

G(us)
3 = ω

T∑

ω=0

d̄ d̄

u us s

 is multiplied after the inversions!λ

V(τ1) V(τ2)
u

π π π

d̄ d̄

u u
s

<latexit sha1_base64="W/biLuFDK3VXiqr/onuo9BTGZ/o=">AAACB3icbVBLSgNBFOyJvxh/UZduGoMQN2EmSHQjBF3oMoIxgWQMPZ2epElPT9MfYRhyAC/gVm/gTtx6DC/gOewkszCJBQ+KqveoRwWCUaVd99vJrayurW/kNwtb2zu7e8X9gwcVG4lJE8cslu0AKcIoJ01NNSNtIQmKAkZaweh64reeiFQ05vc6EcSP0IDTkGKkrdS96VUf07Ixp+NL2CuW3Io7BVwmXkZKIEOjV/zp9mNsIsI1ZkipjucK7adIaooZGRe6RhGB8AgNSMdSjiKi/HT68xieWKUPw1ja4RpO1b8XKYqUSqLAbkZID9WiNxH/8zpGhxd+SrkwmnA8CwoNgzqGkwJgn0qCNUssQVhS+yvEQyQR1ramuRQxTBTFamyL8RZrWCYP1YpXq9Tuzkr1q6yiPDgCx6AMPHAO6uAWNEATYCDAC3gFb86z8+58OJ+z1ZyT3RyCOThfvzIlmas=</latexit>

G(uu)
2 =

<latexit sha1_base64="AMLA1PQId3WrJx4ETuoDlesuxr4="></latexit>

+ω2
T∑

ω1,ω2=0

<latexit sha1_base64="CrVn61acBb6DYh1UusMTWkr6x9c=">AAACFXicbVDLSsNAFJ3UV62vqBvBzWARKkJJpFSXRTfurGAf0MQymUzaoZMHMxMhhPgb/oBb/QN34ta1P+B3OGmzsNUDA4dz7uHeOU7EqJCG8aWVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9BgjAakI6kkpF+xAnyHUZ6zuQq93sPhAsaBncyiYjto1FAPYqRVNJQPziFlo/kGCOW3mQ1i6moi+4bJ0O9atSNKeBfYhakCgq0h/q35YY49kkgMUNCDEwjknaKuKSYkaxixYJECE/QiAwUDZBPhJ1Of5DBY6W40Au5eoGEU/V3IkW+EInvqMn8WrHo5eJ/3iCW3oWd0iCKJQnwbJEXMyhDmNcBXcoJlixRBGFO1a0QjxFHWKrS5rZE40RQLDJVjLlYw1/SPaubzXrztlFtXRYVlcEhOAI1YIJz0ALXoA06AINH8AxewKv2pL1p79rHbLSkFZl9MAft8wcYtZ72</latexit>

+O(ω4)π



M Batelaan | Cairns 2026

Analysis Recipe

• Compute the two-point correlator matrix:

12

<latexit sha1_base64="1fD00g3V5pRWxF3D+iAASCt5UWQ="></latexit>

Cω rs(t) =

(
Cωεε(t) CωεK(t)
CωKε(t) CωKK(t)

)

rs

,

<latexit sha1_base64="2YSAjwwxZ2j8MuEINJybrXFnZTM="></latexit>

C(i)
ω (t) = v(i)†Cω(t)v

(i)

<latexit sha1_base64="+CfbSokRqHn9R4OOfmD/CpfQBd4="></latexit>

C(t0 +!t)vk(t0,!t) = ω0
k(t0,!t)C(t0)vk(t0,!t)

• Construct a ratio and fit to extract the energy shift
<latexit sha1_base64="Ux+3MNqIYlik35HrernGiwGMG9Q="></latexit>

Rω(t) =
C(→)

ω (t)

C(+)
ω (t)

t↑0→→→↑ Aωe
→!Eωt

• Solve for the matrix element
<latexit sha1_base64="ibyZ8XJNYDrsc5/xu3yupMiNtys="></latexit>

!Eω =

√

!E
2
0 + 4ω2

∣∣∣∣
→H2|J |H1↑↓

4E1E2

∣∣∣∣
2

• Perform a GEVP and project construct the projected correlators
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Transition matrix elements of Σ → n

13
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•  


• Lattice spacing 


• , -improved clover Wilson fermions


•  configurations

L3 × T = 323 × 64
a = 0.074 fm

NF = 2 + 1 𝒪(a)
𝒪(500)
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Transition matrix elements of Σ → n

14
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 decays help constrain Σ− → ne−ν̄e |Vus |

Good agreement with three-point function results
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 TransitionsK → π

15

Challenges:


• Smaller masses => larger twists required to get to 


• Cosh behaviour of correlators complicates ratios


• Backward propagating meson contributions contribute even at early times for time extent of 

Q2 = 0

T = 64

Changes sign under time-reflection
<latexit sha1_base64="YmjDFdaj6SuUbW3oJ+OoLG3S+vU="></latexit>

a = →ω(pω)|V4|K(pK)↑

Cλ
rs(t) = ∑

i

e(i)
r e(i)

s e(E+μ(i)
λ )t + ∑

i

v(i)
r v(i)

s e(E+μ(i)
λ )(T−t)

Forward and backward 
propagating states are 

diagonalised by different 
eigenvectors!
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Isolating forward propagating states

16

Solution: 

• Pseudoscalar mesons couple to  operator and  operator


• Calculate two-point correlator matrix using both operators

γ5 γ4γ5

C(t) = (
CPP(t) CPA4

(t)
CA4P(t) CA4A4

(t))

• We can do a GEVP near  and use the eigenvectors to project out correlators which 
only couple to the forward or backward propagating state

T/2

•  and  are even under time reflection while  and  are odd under time 
reflection
CPP CA4A4

CPA4
CA4P
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Isolating forward propagating states

17

C(t) = (
CPP(t) CPA4

(t)
CA4P(t) CA4A4

(t))

Kaon

Pion
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Eigenvectors of the 
GEVP give optimised 
operators for the 
forward/backward 
propagating meson 

We do the FH GEVP 
with these optimised 
pion and kaon 
operators
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Two-point function analysis

18

Construct ratio

<latexit sha1_base64="uFbjiY72gD5IOPFQi51cyC2BCl0="></latexit>

C̄(t) =
1

2
[Cfwd(t) + Cbwd(T � t)]

<latexit sha1_base64="4qzNLxxpXwZMJUpTWtPpkAWUGek="></latexit>

R�(t) =
C̄+

� (t)C̄⇡(t)

C̄�
� (t)C̄K(t)

! A� exp
h
�t

⇣p
(�E0)2 � 4�2|a|2 ��E0

⌘i

0.001 0.002 0.003 0.004
�

1.148

1.150

1.152

1.154

1.156

1.158

h
⇡
(p

⇡
)|
V
4
|K

(0
)i

FH O(�2
)

FH O(�3
)

FH O(�4
)

Good agreement 
between  and 

 for small 
𝒪(λ3)

𝒪(λ4) λ
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Systematics

19

Stability in  λ

Weighted average over fit windows
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E = 1.1496(18)
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3-pt function
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 dependence Q2

20

Four values of twisted boundary conditions on the u-quark
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Scalar current

21

Construct the same ratio to get the FH energy shift

<latexit sha1_base64="no4kF3xH62uQf2KL/CapyfHnms0="></latexit>

h⇡(p⇡)|S|K(pK)i |q2=0 = fK⇡
0 (0)

m2
K �m2

⇡

ms �mu

Magnitude of the matrix 
element is larger, so smaller 
lambda values are possible

Using the Ward-Takahashi identity we can relate 
the scalar matrix element to the vector form factor
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∏
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hº
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|K
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Only one twist value is required
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Comparison with 3-point functions

Preliminary three-point function 
results give reasonable agreement

22

�0.003 �0.002 �0.001 0.000
(aQ)2

0.98
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1.01

|f
0 K
⇡
(q

2
)|

FH vector

3-point

FH scalar

Good agreement between scalar and 
vector current FH results

q2
max => largest ΔE0 ≈ 140 MeV
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Quark mass dependence

23

FLAG average for  lattice QCD 
calucalations is

NF = 2 + 1
fKπ
+ (0) = 0.9698(17)

Second lattice ensemble with 
 and mπ = 310 Mev mK = 526 Mev
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Conclusion

24

• We extended the flavour-changing 
FH method to meson transitions


•  GEVP allows us to separate 
forward and backward propagating 
states


• Results for  trend in the right 
direction 


• Need more statistics and lattice 
ensembles to enable 
extrapolations to 

2 × 2
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