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Introduction

- Hadron-hadron interaction
- Understanding hadron-hadron interaction plays a key role in delineating exotic hadrons

hadron molecule compact state

@ ‘lnteractlon
Yamaguchi-Hosaka-Takeuchi-Takizawa, J.Phys.G (2020)

How does it look like? | Chen-Chen-Liu-Liu-Zhu, Rept. Prog. Phys. (2023)

exotic hadron

- Particularly interactions with heavy flavors are important
— observation of (possibly) T,.,T.z, P..--- at KEK, LHC, BESIII, etc.

- Lattice QCD is also powerful tool to examine hadron-hadron interaction in exotic hadrons | M@ ”
— eg, HAL QCD collaboration, HadSpec collaboration, etc. £,
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- Parti(;ulk (HAL: Hadrons to Atomic nuclei from Lattice QCD) y
sibly) T,.,T.z, P..--- at KEK, LHC, BESIII, etc.

— observation of

- Lattice QCD is also erful tool to examine hadron-hadron interaction in exotic hadrons

— eg, HAL QCD collaboration, HadSpec collaboration, etc.




Introduction

- Two-pion exchange (TPE) potential found by HAL @ oA
_nearly physical: mr = 146.4MeV o 00011 MoV @ V()

. _ 2
D D* potential Eeg(r) = —In[V(r)r</a]/r
: ' ' ' ' ' 2o Lyu etal, PRL131, 161901 (2023)
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Introduction

- Two-pion exchange (TPE) potential found by HAL @ AT S
) \.
e . ’
i ical: mr = 146.4MeV
| nearly physical: m, = 1464 MeV | (@ = —0.0011 MeV~1) @V(T) " from Lattios QCD

: _ 2
D D* potential Eeg(r) = —In[V(r)r</a]/r
o ' ' ' ' ' 1200 Lyuetal, PRL131, 161901 (2023)
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=4U0E Y R ] “ &= this is the case!
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¢ tla=21 I t/a=23
~0000 0 05 1o 15 20 25 30 2.0 0.5 1.0 1.5 2.0
r [fm] rfm]

— My T
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$ D D* potential has a V(r) ~ o (e ) tail for 1 fm < r < 2fm

. . . o Lyu etal, PRD106, 074507 (2022)
- Similar TPE tail is also found in N — ¢ (¢ = ss,cc,---) systems by HAL Lﬁzt:l, PLB 860, 139178 (2025)
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» Two-pion exchange (TPE) potential found by HAL Eur(r) = — In[V (r)r2/a] /r

1200 I

2my
g ¢ tla=21
i t/a=22
800 | H i t/a=23 |

The TPE tail
;

o exchange @
oMt ) 2 # / o2t *gsgg My = 146.4 MeV
V(?") ~ - iémagag;ﬁ st g% %l%&égl
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Eet(r) [MeV]

Vi~ (S i an,

—MxT
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- Naively speaking, the TPE tail V(r) ~ o ( ) cannot be understood as a simple o exchange

r

Q: What is the origin of this TPE tail?
— |'ll study within the heavy-meson chiral perturbation theory (HMChPT)
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- Heavy-meson chiral perturbation theory (HMChPT)

- The leading-order HMChPT Lagrangian with HQSS reads

Maurer—Cartan 1 form
i 1
| {a’i = (@"enth —0"ere]) €G- H

1
off = -(0"¢rth +0"€1€]) € H

Lyvcnet = Lr + Lop)

L= f2(trlarof]f +tr[x + xT]y)
Loy = —tr[H(iv - D)H]p + gtrp[Hysv" o1, H]p

with
with €r = £} = exp(im®7%/2f,)

Spurion: X = £1.x€r (x — m2/4)
1+y,.

- chiral transformation law

ol — hat hT
aff — haﬁm — iO*hhT

____________________________________________



- Heavy-meson chiral perturbation theory (HMChPT)
- The leading-order HMChPT Lagrangian with HQSS reads

Lyvcnet = Lr + Lop)

L= f2(trlarof]f +tr[x + xT]y)
Loy = —tr[H(iv - D)H]p + gtrp[Hysv" o1, H]p

with

- Lop1) generate two types of vertices
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Weinberg-Tomozawa type

D, D*

D, D*
g A coupling type

DHH = (8“ — ?:(I””)H

Maurer—Cartan 1 form
1
off = (0"rth — 0"€1L]) €G- H

1
off = o (Oérth +0"618]) €M

with &r = €] = exp(i7°7%/2fx)

Spurion: X = £1.x€r (x — m2/4)
1+y,.

- chiral transformation law

ol — hat hT
aff — haﬁm — iO*hhT

____________________________________________



Model

* DD* (35;; 1 = pptential at LO

D(Q4) D*(g3)

LO: |------ — only a one-pion exchange (OPE) contributes

D*(q2) D(q:)

1
V2

N 1 A N
(DD*(*$1)[V|DD*(*81)) = 5 (1=0(DD*|V|D* D)1= + 1=0(D*D|V|DD") 10

- The wave function is |[DD*(3S,)) = (|DD*)I=O — |D*D)I=0) (bosonic system is symmetric in total)

extra minus sign appears

- The potential with §° () term subtracted reads

—MxT

. g’m? e _ 3 . .
Vio = _6487rf2 " with C = Tr-Tf = —3 (I =0) OPE for DD* (°S1,I = 0) is repulsive




D (g4) D(gs) D (g4) D(gs) D (g4) D(gs) D (g4) D(gs)
m
p ™ D* D* - D -
\."-I-—# ~7T\\s~ --""7;.._‘ --"'7:#
s
D" (@) D) D" (@) D) D" (@) D) D" (@) D) Kaiser-Brockmann-Weise, NPA625, 758 (1997)
NLO: -
D*(g4) D(gy) D" (g4) D(gs) D" (g4) Digs) D*(g4) D(gs) D(qa) D*(g3) D(qa) D*(gs)
- L a— - -
\NTT T T
D D )</D D D *;</D D D D ></D
™ s N _T s N _T _ 21 %
D*(g2) D(q1) D*(q2) D(q1) D*(go) D(q1) D*(g2) D(q1) D*(q2) D(q1) D*(g2) D(q1)
- The potential is derived via the dispersion relation representation
3 3 iq7
1 d°q d>q e’ 9

VA (r) = —

o 1 00
— —2 —1q-T —_ ! / _
4 (27!‘)3M(q Je 47 /;th ds'TmM(s’) (2m)3 ' + §2 — ie (s q-)



+ DD* (38;; I = pptential at NLO

- Summing up imaginary parts of all the NLO diagram reads (after S-wave projection)

C [ 4m2 4 [ 4m2
Im[Mnyro]| = 102 /i [ — (s — 4m?2) + 2¢%(5s — 8m?2) + g*(23s — 20m?r)] 1-— 5 + 162#48 1— 5
<

- Cmy
Viio = 1287% i [(1 — 10g* — 2394) marKo(2mgr) + (1 — 10g% — 23¢* — 4(9* + 3¢%) miT2)K1(2mwr)}

Mg 4 4 4, 2.2 'K,(z): mod. Bessel function’
TS 12" mar Ko(2mar) + (129" + 8g'm2r?) Ky (2mr)| HKn(2): mod. Bessel function .
92(3 + 792)m?r/2 e—2m.,.-r (r S m—l)
64m5/2 f1 r5/2 obtained potential shapes AL
nearly physical point of HAL 2 S
s ' ;
" B 2 10} NLO o
- With g = 0.55, fr =93 MeV, m, = 146.4MeV | s ) :
this NLO D D™ potential is also repulsive! £ of e [ TV wn
S — still contradicts HAL result! y N TR R R TR B T et

¢ [fm] attractive



- O(p*) HMChPT Lagrangian (with HQSS)

Low2y = hitr[Hgua! o' H]p + hotr[Hvyv,o!) o' H|p + hs(tr[Hy,v,0 o H|p + tr[Hv,y.0! o'l H]p)
+hatr[H(XT + ) H]p + ihstr[Ho ol o H]p + kltr[ng,E“D"ﬁ]D + kgtr[Hfu#fu,,E“D”ﬁ]D
-l—kg(tr[Hfmv,,E“D“E]D + tr[Hv,/yﬂg"’D“ﬂ]D)

—_ 5}/ _ D“H = (8“ — ZCXHN)H
+c(tr[Hoyvsa! DY H|p — tr[H DY o} 0,75 H| D)

Maurer—Cartan 1 form

[ l Ottt _ grg, ¢l .
- We only consider h; — h5 terms hereafter = 212-( €r€p —0"¢rér) € G—H
off = - (0¢rth + 0"¢r€]) € H

@ with ér = EE = exp(im®7%/2fr)

- ki — k4 terms have derivatives acting on external D, D* - Spurion: ¥ =&Lxér (x = m2/4)
’ 1+y,.

— irrelevant to DD* potential - HQS-doublet: H =

_____________________________________________________________



+ DD* (38;; I = potential at N2LO

" (44) Dlgs) D (q4) Dlgs) D(gs) Dizs) D(q4) D*(g3)

D D(q) D*(gs)
- Y L.
T - T - 7T - s
_ - - - - - - E - - -
- - D* D* — D i - - D* D* — -
-~ - - = e
u - - - L -
™™ =" -7 T Wy | -
D@ bla D*(a2) Dla) D*(q2) D(q) D*(g2) a D*(g2) D(q1)

392 hi(s —2m2)2 4+ 2hym2(s —2m2) Chsg® s(s — 4m?2
mpzs, | 36 hals = 2m2) (s — 2m2) (s — 4m2)

64f7 Vs 96 f4 NE
<
2
VN2L0 1287?2f4r6 e~ 2m=T [3h1(6 + 12mr 4+ 10m2r? + 4m> 7> + mir?) + 3hgm2r3(1 + mﬂ'r)z}
Cqg?h
—Le_2m” (3 + 6m.,.r + 5m2r? + 2m?3 7“3) __________________________________________________________________
9672 fir6 d w
T : (3 47 2)m5/2 —2mgr
| e — :
392(h1 + h4)m,}47 g~ 2M=T 1 i NLO 647!'5/2_]0,# r5/2
- 12872 f4 2 (r>»>m_,) Vv LT

[ - The TPE tail of V ~ a (e7?™~"/r?) is derived at N2LO }




Numerical results

- The HAL QCD result is fitted very well with

Fit range: 0.5 fm <r<2.0 fm
x2/(d.o.f) = 0.034

f Mr g h1 hy hs
[MeV] [MeV] [MeV~™'] [MeV~!] [MeV 1]
93  146.4 0.55 0.328  0.005 —0.491

0
S s
E -1 ir E.g = —1111 (VDD*TQ)
E -15 T o
5 _sal 00k . . oS T ]
00 ¢
100

-2 . . . . . . . . : l
3.5 1.0 1.5 20 25 3.0 35 4.0 05 10 15 20 25 30 35
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[ - HAL result at semi-long range is reproduced well, but with very large values of ~1, ha, hs }




Numerical results

- Examination of the “dominance” of potential

1 1 1
Eeit = =~ In (Vr/af?) Beit = —~In (Vr*?/afi o) Ee = —~In (Vr?/adfr)
800 : : : : 800 : : : ; 800
NLO
= 600¢ . %. 600}
2 2
= o 400}
Ejaﬂ:.) (]
u W 200f
: 0
0 1 2 3 4 5
r [fm]
202 o—MyT —MyT
g m; € i 1r © i
VLG = 5 = a0 a I
16nfe T i - LO OPE dominance for 3.0fm < r
. 2 3_|_ 7 2 m?r/z e—2m,r’r - e—2mwr ) i
Vo ~ 2 (6%5?2}# 575 = ONLo 573 - No NLO TPE dominance regime
- N2 i
. 302(hy + ha)mb e=2mar g=2mar N2LO TPE dominance for 0.5 fm < r < 2.0 fm
VNQLO ~ = 12872 f4 r2 - aN2L0T—2 \ /




Short Summary

- HAL's TPE tail is reproduced within a simple HMChPT description with a few parameters,

but very large O(p?) couplings hi, hy, hs are necessary

I
L ]

hi,ha,hs ~ O(1072 — 10~ ) MeV ! = O(10° — 10!) /100 MeV

==

Potential [MeV]
] 1
L

cf, O(p') coupling is g = 0.55

I
[ B %

I
o O

5 10 15 20 25 30 35 40

- Resonance saturation model predicts hi, hy, hs ~ O(107* —1073) MeV ™! = O(1072 — 1071) /100 MeV

— N2LO TPE is suppressed and the HAL's TPE tail is understood as just an effective behavior

Wang-Meng, PRD(2023)

isospin independent

- We need more information on O(p?) couplings: hy, h, by« 'SOSPIN dependent

V2T 392(h1 + h4)mi g~ 2mar
N2LO

1282 /1 = Is isospin independent $ [Q: How about other channels withI =1 ? }




Other channels

- Potential for other channels

- When considering S-wave for D*) D(*) system, the followings are possible

DD(*Sp; I = 1)|V|DD(*Sp; I = 1))
D*D*(1Sy; I = 1)|[V|D*D*(}Sp; I = 1))
D*D*(3Sy;1 = 0)|V|D*D*(3S1; I = 0))

DD*(381;I = 0)|[V|DD*(351;I =0)) « | already showed (relevant to the observed Tcc)

(
(
(
(D*D*(°So; I =1)|V|D*D*(°Sy; I = 1))
(
(

DD*(38y;I =1)|V|DD*(381;1 =1)) « DD* system with =1

+ coupled channel (off-diagonal)
(D*D*(381; I = 0)|V|DD*(3S1;1 = 0))
(DD(*So; I = 1)|[V|D*D*(*S¢; I = 1))

D™ can be replaced by B*)
(HQSS is more accurate)




Other channels

1 fx Mmx g h h h
- Potential for other channels (LO + NLO + N2LO) MeV] MeV] MoV [Mev-"] [Mev-"]
93 1464 055 0328  0.005 —0.491
O D — bt
'§ -10¢ DD(’8: 1 =1) § -10} DD('Ss; 1 =1)
-15} -15}
. I S— DD 8,1 =0) § -20¢
28510 15 20 25 30 35 40 “285770 15 20 25 30 35 40
¢ [fm) r [fm)
of - Mgl _ o ; ok e
3 2 D'D('S:1=1) 8 ~10 D*D*(*8y; 1 =0) [ -10} D'D*(*Ss:1 =1)
«§ -15 § -15 § -15}
o -20 o -20 [+ -20
285 10 15 20 25 30 35 40 285 10 15 20 25 30 35 40 “285710 15 20 25 30 35 40
r [fm) r {fm) r [fm)

- The other channels have stronger attractive potential within the present simple description



Other channels

- E_¢ for other channels (LO + NLO + N2LO) . me g m h M

[MeV] [MeV] [MeV~'] [MeV~'] [MeV™']
93 146.4 0.55 0.328 0.005 —0.491

Definition: 800 —— e z 8OO~ -
/SO .1 — | | 1.1 — :
Eeff(f‘) = — ln[V('r‘)TQ/(x]/'r — DD*(78;1 =1) . . | DD("Sy:1=1) '
= 600 ! 2 600} '
& is dependent on channel 3 o = <001 MoV ! ! = ; o = 0016 MeV
2 400} *™ \ ’ 2 400/ ]
g u a | é -’ 4 |
.................................. 1 Pesccorscsaceoniimansanhsssaseaetanss el
! ! 1
& 200 N I 5 20 d .
n = —0001 MeaV ! : '. v = —0.002MeV :
0 - 0! J
1 2 3 4 5 1 2 3 4 5
r [fm] r [fm]
200 r—v———— 800 v p————— B0
| D*D* (81 =1) g D*D*(*S,: 1 =0) . DD (°8;: 1 =1)
% 600; & 600}..-- 0.005 MeV ! % 600
= | n = —D 015 MeV ~ . ‘ = o 001 MoV !
2 400} . % 400| % 400 P
: | = | / : |
= 200} » = 200 " = 200 »
-~ : o = 000 MeV ! - : = —0.0005 MoV~ w 0 = ~0.001 MeV
0'L ..................... O‘. ettt et ———————— {1 L e
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
r[fm) r [fm] r [fm)

- Clear Eog ~ 2m, is observed in DD(*Sy;I =1) and D*D*(*Sp; I =1)



Conclusions

- | investigated two-pion exchange effects in DD* system motivated by HAL QCD simulation Hgké _

from Lattice QCD

This talk: TPE tail of V(r) ~ « (e""’”‘-'f"'"/far')2 is derived at N2LO diagram of HMChPT,
with very large ©(p?)couplings (higher-order couplings) needed

@ Distinct two scenarios 85 10 15 20 25 30 35 40

r [fm]
Previous work: N2LO TPE is suppressed and the HAL's TPE tail is just an effective behavior

Wang-Meng, PRD(2023)

- | also presented predictions for other channels

Potential [MeV]
=

- We need more HAL results with other channels to pin down this issuel!



Conclusions
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effective/QCD theory
ChPT, pQCD, etc.

D)
D™ H) couplin
T pling -
This is what we want to know
D™

hadron experiment
J-PARC, Belle II, BES IlI, J-Lab, etc.




Back up



TPE calculation

* Dispersion relation method 4—__?
- T ~
- Potential V(r) is derived from Fourier transformation of amplitude M (g?) (in NR limit) R |
— not easy to see its analytic expression Q
D D*

- Dispersion relation (DR) is useful (s = ¢* with go = 0)

1 /dS,M(s’) _ L/ ds’M(S + i) — M(s" —1ie) 1/‘ v ImM(s’)
c Sth

M(S)Z 2—7I'Z s’ — s — 1€ AIIIIS

s’ —s ™

o :
s'—s _ 2m Jg,

when sufficiently suppressed at |s’| — oo ] '
x S (no Pole elsewhere)
simple Yukawa F.T.
then
— _ 19T — d fI / — __;2
V) = [ rsMae = 2 [ ) [ (= )

1 > 7
f ds'e™ V' TImM(s)

)
4ar J,. .




TPE calculation

- Renormalization /doesn’t hold 4—__?
. N gl T
- The integrand may not go zero fast: M(s) = - f PNELCOR / g U8+ 1) = M5 — ie)
omi Jo  s'—s 2w ), s’ —s Se o~
™
- When M(s') ~ s"® — logarithmic divergences D (5= &) D*
s=q

(s" —5)(s" — s — ie)

s—s5 [, ImM (s’
once-subtracted DR: M(s) = C1 + f ds ) {Renormalization condition:}
Sth
ImM(s')

M(5) = C}
=C'1—1/ d’ImM()Jrl/ ds’
T Js, s'—5 T Js, S8 —s—ie
/ 1 L Renormalization condition:
- When M(s") ~ s'* — quadratic divergences M) =C, M (5)=C,

__3\2 o0 I /
twice-subtracted DR: M(s) =C1 + Cy(s — 5) + (s =3) / dS'(S, mM(s)

s — 5)2%(s" — s — i€)

:Cl_lf d,ImM() L Cyls —5) — S—Ef d’ImM(S)—I—lf d,ImM(s)

A / (S! — 8)2 T !/

s’ —3 T s’ —s—1€



TPE calculation

- Renormalization /doesn’t hold 4—__?
. N gl T
- The integrand may not go zero fast: M(s) = - [ a1 2L / g U8+ 1) = M5 — ie)
omi Jo  s'—s 2w ), s’ —s Se o~
™
- When M(s') ~ s"® — logarithmic divergences D (5= &) D*
s=q

— o0 I /
once-subtracted DR: M(s) = C; + >—° / ds' mM(s")
Sth

(s' —5)(s" — s — i€)

_c, - 1/ o' TOM(S') {_/ g TOM(s )] (ren. independent)
™ Js s’ — 3§ ™ Js s’ — s — 1€ . . .
) th ) th & information on large is
§3(r) after F.T. derived by those terms
— ’ |
-When M(s’) ~ s’* — quadratic divergences Let s focus!

_2\2 oo I
twice-subtracted DR: M(s) =C1 + Cy(s — 5) + (s =3) / dS'(S, mM(s)

T —5)%(s' —s—

201_1/ mME) s—§/ ImM(52)+[/ d,ImM(s_)]
T Jsen s'—5 T Sth S—S) Sen s’ —s—1e

0 7
63(r) after F.T. V25°(r) after F.T.




TPE calculation

- TPE potential

d3q I R |
V21r — M —2 igr T II / / — 22
(r) (2)3 (7%)e W/;t ds'TmM(s") (27)3 &/ —|—q e (s q°) C:ut
= 12 / ds’e_‘/s_""ImM(s’) T i S
4mer 4m? !
T
1 >0 X
VT (r) = dppe™ " ITmM(p?) (s' = p?) D ¢ D
(s =¢")

27T2T 2m
¥ origin of 2m._.in the exponent




TPE calculation

- TPE potential

d3q I R |
V21r — —2 igr T II / — 22

0= [ M@ = [t [ (5= ) a
_ Y [T v “7Ts

= 1= Lmz ds'e ImM(s) i
7l

V) = s [ dume " ImMe) (7 = ) D «—d D*

T (s =%

"~ origin of 2m..in the exponent
potential is defined

at whichqo =0

NOTE

- Since s = —¢% < 0 (go = 0) within the HQET formalism, it looks always ImM(s) =0 ..

@ however

- There must be remnant contribution of O(Aqep/mp) which could exceed 27 threshold

[> The “analytic continuation” is justified in this sense



Computation of NLO

- For instance, the box diagram reads

4

Myox = =T D1V L

—1 ddp

f4 box

(°S1)

p-p"— (v-p)(v-p)p'p”

with LY =

box

(2m)¢ (p* —mZ)(p” —

mz)(2v - p")(2v - p™)

dlp Ap- (0'+ @)p'p"”

fd:cf dA
1 o0 Y
=6/d$] dA
0 0 (4

(2m)

(% + A7)

€ : polarization of D*

5 i 722 —Tx+1 , . z(l—1x)s .
R Y %) / 1.7 ST e ¥ ¥ | T
2[ 246 lnA—I—( 1 qq + 1 0

9=4q1 — g3 =4q4 — Q2

(s =¢%

1)155

(I =0|(r
A'=m2 —z(1-2)s+ A2 —i0

Definitions
°79) ® (1°7%)|1I = 0)

1

Formulas

a+pf z)P~1

A>BB ~

A"‘BS -

e J,

F —|—s
I‘r

[zA + (1 - :n)B]fH‘ﬁ

As—l
/ N AT 2By




: D*(g4) D(gs)
- Computation of NLO (°Sy) ! -
- For instance, the box diagram reads € : polarization of D* 7 .
4 me D D 1pﬂ
Mpox = —FD 1€ Ly I
with Lz_’)‘ — -—1 ddP [p ) p’ — ('U : p)(’U : pf)]pip’j *( )p — D(Q1)
P @ (2 - m2) (2 — mE) (20 p) (20 p) “
’ 1= —B=0u—q@ (s=g¢
o[ [ ] s 0 ¢ =)
(2m)? (I +A)! -
Definitions
1 oo 2 _ .. — . a a
:6/ dﬂ;/ d)\ )‘2 _55ijlnAr_|_(7$ 7$+1q1qj_|_$(1$)8513)1’ oo D, = (I = 0/(7°7%) ® (7°7%)|I = 0)
o o (4m) 24 4 4 3A A= m2 — 2(1 — )5+ A — i0
Im part —m
Im part
R Formulas
6r  [TF R T 722 —Tx+1 ; . z(1—2x)s A1
Im[LY ] = f dx / dA 0% + ( ‘¢’ + —6”) 1 a+6 f z)
ox - (4m)2 J, [ 0 24 24 74q 24 A>BE ~ T[a]T i [zc/—l—|— (1 _x)B]a+ﬁ
s—1
1 4m?2 or cid N _ F —I—S/ P
= —1\/1——F —1 -2 14 A"‘BS r A+ 2)\B)Tts
68 5 [(78 6m2)5" — 2(s 4 14m?2)*= p [T (A+2AB)
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