
Field Theory Problem set 2
Pongwit Srisangyingcharoen

1. Show that to obtain the canonical equal-time commutators

[ϕ(x, t),Π(y, t)] = iδ(3)(x− y),

[ϕ(x, t), ϕ(y, t)] = [Π(x, t),Π(y, t)] = 0, (1)

where

ϕ(x, t) =

∫
d3p

(2π)3
1√
2ωp

(
ape

−ip·x + a†pe
ip·x

)
(2)

Π(x, t) = −i

∫
d3p

(2π)3

√
ωp

2

(
ape

−ip·x − a†pe
ip·x

)
, (3)

it requires the following commutation relations for creation and annihilation operators:

[ap, a
†
q] = (2π)3δ(3)(p− q), [ap, aq] = [a†p, a

†
q] = 0. (4)

2. Compute the momentum operator for the scalar free theory from the expression

P = −
∫

d3xΠ(x, t)∇ϕ(x, t) (5)

in terms of creation and annihilation operators.

3. In QM, a propagator K = ⟨qf |e−
i
ℏ ĤT |qi⟩ is

K =

∫
Dq e

i
ℏS[q]. (6)

Consider a free particle theory (V (q) = 0). One can compute the free particle propagator by discretizing
the propagator into N steps with

ϵ =
T

N

such that the propagator becomes

K = lim
N→∞

( m

2πiℏϵ

)N/2
∫ N−1∏

n=1

dqn exp

[
i

ℏ

N−1∑
n=0

ϵ
(m
2
q̇2n

)]
(7)

where q̇n = qn+1−qn
ϵ . Using the relation

∫
dqj exp

[
im

2ℏϵ
(
(qj+1 − qj)

2 + αj(qj − qi)
2
)]

=

√
2πiℏϵ

m(1 + αj)
exp

[
im

2ℏϵ
αj

1 + αj
(qj+1 − qi)

2

]
and show that

K =

√
m

2πiℏT
exp

[
im(qf − qi)

2

2ℏT

]
,

Note that qf = qN and qi = q0 are the final and initial positions, respectively.



4. Show that the generating functional for the scalar field theory

Z[J ] =

∫
Dϕ exp

[
− i

2

∫
d4xϕ(□+m2)ϕ+ i

∫
d4xJϕ

]
. (8)

becomes

Z[J ] = Z[0] exp

[
−1

2

∫
d4x d4y J(x)DF (x− y)J(y)

]
. (9)

where DF (x− y) is a Feynman propagator satisfying

(□+m2)DF (x− y) = −iδ(4)(x− y). (10)

5. Consider a phi-4 theory with the Lagrangian density

L =
1

2
∂µϕ∂µϕ− 1

2
m2ϕ2 − λ

4!
ϕ4. (11)

The corresponding generating functional reads

Z[J ] = exp

[
−i

λ

4!

∫
d4x

(
1

i

δ

δJ(x)

)4
]
Z0[J ] (12)

where

Z0[J ] = Z0[0] exp

[
−1

2

∫
d4x d4y J(x)DF (x− y)J(y)

]
. (13)

Compute a two-point correlating function of this interacting field theory up to the order of λ2. Note
that

⟨Ω|T
{
ϕ̂(x2)ϕ̂(x1)

}
|Ω⟩

⟨Ω|Ω⟩
=

1

Z[0]

(−i)2δ2Z[J ]

δJ(x2)δJ(x1)

∣∣∣∣
J=0

. (14)


