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Exercise 2:

Let us consider a universe containing matter and dark energy with a constant equation-of-state parameter w, where
the present values of their density parameters are ⌦0

m = 0.3 and ⌦0
d = 0.7, respectively.

2.1. Compute the redshift at which the expansion of the universe starts to accelerate.

Solution:

From the acceleration equation:

ä

a
= �4⇡G

3
(⇢T + 3PT ) , (1)

we can write

ä

a
= �4⇡G

3
(⇢m + (1 + 3w)⇢d) , (2)

The universe starts to accelerate when ä = 0, so we have

⇢m = �(1 + 3w)⇢d . (3)

For constant w, we have

⇢d = ⇢
0
da

�3(1+w)
, (4)

Eq. (3) can be written as

⇢
0
ma

�3 = �(1 + 3w)⇢0da
�3(1+w)

, (5)

which yields

a
3w = �(1 + 3w)

⇢
0
d

⇢0m

= �(1 + 3w)
7

3
. (6)

Using z ⌘ 1/a� 1, the redshift at with the universe starts to accelerate is given by

z = �1

✓
�(1 + 3w)

7

3

◆�1/3w

. (7)

Note that w < �1/3.

2.2. Compute the redshift at which the dynamics of the universe starts to be dominated by dark energy.

Solution:

The equality of the energy density of dark energy and matter yields

⇢
0
m(1 + z)3 = ⇢

0
d(1 + z)3(1+w)

. (8)

Hence, the redshift at which the dynamics of the universe starts to be dominated by dark energy is

z = �1 +

✓
⇢
0
d

⇢0m

◆�1/3w

= �1 +

✓
7

3

◆�1/3w

. (9)

2.3. Determine how the di↵erence between these redshifts changes when w varies near ?1.

Solution:

2

The di↵erence between the redshifts given by Eqs. (7) and (??) can be conveniently considered from
the ratio of the scale factor associated to those redshifts as

A ⌘ a2

a1
= (�(1 + 3w))�1/3w

, (10)

where a2 and a1 are scale factor associated to the redshifts in Eqs. (7) and (??), respectively. Expansion of A
around w = �1 can be performed by defining w = �1 + �w and expanding A around �w = 0. The expansion
up to the first order in �w gives

A ⇠ 21/3 � 3� log 4

322/3
�w . (11)

One sees that when �w increases a bit from zero, A decreasses towards unity. Hence, if w is slightly greater than
�1, the redshift at which the universe begins to accelerate approaches the redshift at which the energy density
of dark energy starts to dominate that of matter.

Exercise 4:

4.1. Ultra-slow-roll inflation is a class of inflation satisfying the condition dV/d� = 0.

(a) Find the solutions to the equation of motion for the inflaton field.

Solution:

If dV/d� = 0, the equation of motion for a scalar field becomes

�̈+ 3H�̇ = 0 . (12)

The solutions for this equation are

�̇ = 0 , and �̇ = Ca
�3

, (13)

where C is constant.

(b) Compute the slow-roll parameters ✏ and ⌘.

Solution:

From

✏ =
1

2

�̇
2

H2
, (14)

we have

✏ =

⇢
0 for the first solution
1

1+r for the second solution
, (15)

where

r =
2V a

6

Z2
, (16)

which grows rapidly when a increases during inflation. Hence, for the second solution, ✏ can be assumed
to also vanish. For ⌘, we use

⌘ ⌘ �̈

H�̇
, (17)

so that

⌘ = �3 , (18)

which follows from Eq. (12).

3

(c) Does this inflationary model admit a graceful exit?

Solution:

No. This is because ✏ is constant for the first solution, while ✏ decreases towards zero when infla-
tion undergoes.

4.2. Constant-roll inflation is defined by �̈ = bH�̇

(a) Find the solutions to the equation of motion for the inflaton field.

Solution:

From the equation

�̈ = bH�̇ , (19)

the solutions are

�̇ = 0 , and �̇ = Ka
b
, (20)

where K is constantt.

(b) Compute the slow-roll parameters ✏ and ⌘.

Solution:

For this model of inflation, we have

✏ =

⇢
0 for the first solution
1

1+r for the second solution
, (21)

where

r =
2V

a2bZ2
, (22)

which can increase if b < 0 or decrease if b > 0 when a increases during inflation. Hence, if b > 0, ✏ can
increase towards 1 when a increases during inflation. For ⌘, we have

✏ = b . (23)

(c) Does this inflationary model admit a graceful exit?

Solution:

Yes. This is because ✏ increases when a increases for b > 0, and finally ✏ can reaches 1 at some
value of a at which inflation ends.
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⇢m = �(1 + 3w)⇢d . (3)

For constant w, we have

⇢d = ⇢
0
da

�3(1+w)
, (4)

Eq. (3) can be written as

⇢
0
ma

�3 = �(1 + 3w)⇢0da
�3(1+w)

, (5)

which yields

a
3w = �(1 + 3w)

⇢
0
d

⇢0m

= �(1 + 3w)
7

3
. (6)

Using z ⌘ 1/a� 1, the redshift at with the universe starts to accelerate is given by

z = �1

✓
�(1 + 3w)

7

3

◆�1/3w

. (7)

Note that w < �1/3.

2.2. Compute the redshift at which the dynamics of the universe starts to be dominated by dark energy.

Solution:

The equality of the energy density of dark energy and matter yields

⇢
0
m(1 + z)3 = ⇢

0
d(1 + z)3(1+w)

. (8)

Hence, the redshift at which the dynamics of the universe starts to be dominated by dark energy is

z = �1 +

✓
⇢
0
d

⇢0m

◆�1/3w

= �1 +

✓
7

3

◆�1/3w

. (9)

2.3. Determine how the di↵erence between these redshifts changes when w varies near ?1.

Solution:

2

The di↵erence between the redshifts given by Eqs. (7) and (??) can be conveniently considered from
the ratio of the scale factor associated to those redshifts as

A ⌘ a2

a1
= (�(1 + 3w))�1/3w

, (10)

where a2 and a1 are scale factor associated to the redshifts in Eqs. (7) and (??), respectively. Expansion of A
around w = �1 can be performed by defining w = �1 + �w and expanding A around �w = 0. The expansion
up to the first order in �w gives

A ⇠ 21/3 � 3� log 4

322/3
�w . (11)

One sees that when �w increases a bit from zero, A decreasses towards unity. Hence, if w is slightly greater than
�1, the redshift at which the universe begins to accelerate approaches the redshift at which the energy density
of dark energy starts to dominate that of matter.

Exercise 4:

4.1. Ultra-slow-roll inflation is a class of inflation satisfying the condition dV/d� = 0.

(a) Find the solutions to the equation of motion for the inflaton field.

Solution:

If dV/d� = 0, the equation of motion for a scalar field becomes

�̈+ 3H�̇ = 0 . (12)

The solutions for this equation are

�̇ = 0 , and �̇ = Ca
�3

, (13)

where C is constant.

(b) Compute the slow-roll parameters ✏ and ⌘.

Solution:

From

✏ =
1

2

�̇
2

H2
, (14)

we have

✏ =

⇢
0 for the first solution
1

1+r for the second solution
, (15)

where

r =
2V a

6

Z2
, (16)

which grows rapidly when a increases during inflation. Hence, for the second solution, ✏ can be assumed
to also vanish. For ⌘, we use

⌘ ⌘ �̈

H�̇
, (17)

so that

⌘ = �3 , (18)

which follows from Eq. (12).

3

(c) Does this inflationary model admit a graceful exit?

Solution:

No. This is because ✏ is constant for the first solution, while ✏ decreases towards zero when infla-
tion undergoes.

4.2. Constant-roll inflation is defined by �̈ = bH�̇

(a) Find the solutions to the equation of motion for the inflaton field.

Solution:

From the equation

�̈ = bH�̇ , (19)

the solutions are

�̇ = 0 , and �̇ = Ka
b
, (20)

where K is constantt.

(b) Compute the slow-roll parameters ✏ and ⌘.

Solution:

For this model of inflation, we have

✏ =

⇢
0 for the first solution
1

1+r for the second solution
, (21)

where

r =
2V

a2bZ2
, (22)

which can increase if b < 0 or decrease if b > 0 when a increases during inflation. Hence, if b > 0, ✏ can
increase towards 1 when a increases during inflation. For ⌘, we have

✏ = b . (23)

(c) Does this inflationary model admit a graceful exit?

Solution:

Yes. This is because ✏ increases when a increases for b > 0, and finally ✏ can reaches 1 at some
value of a at which inflation ends.


