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Distances in cosmology

e In this lecture, we will learn how to measure distances in
the universe.

e According to homogeneity and isotropy of 3D space of
the universe, the spacetime of the universe is describe by
the FLRW metric:
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where a(t) is a cosmic scale factor and r, 0 and ¢ are
comoving coordinates.

e The physical length / is related to the comoving length /.

via
I =al. (2)



Distances in cosmology

e In GR, the speed of light in vacuum is constant so that
light from a source at long distances was emitted long
time ago before reaching us today.

e Since the universe is expanding, a scale factor at which
the light was emitted from a long-distance source is
smaller than the one at present.

e We know that physical wavelength of light is stretched
due to the expansion of the universe as
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where subscripts . and o denote evaluation at emission
time and at present . In the above expression A, is a
comoving wavelength of light.



Distances in cosmology

e Distance to a light source cannot be quantified using only
redshift, because relation between redshift and time
strongly depends on cosmological models.

e In addition to redshift, information about the distance of
the light source is encoded in observed luminosity.

e We will learn that we can also use characteristic length
scales in the universe to quantify distances in the universe.



Luminosity distance

e Distances can be implied from luminosity and observed
flux of the light sources as follows:

Figure: The flux is the energy per unit time interval per unit
area.



Luminosity distance
e The flux measured by observer at distance r from the
light source with luminosity L is
L
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e In the expanding universe the energy of a single photon is
redshifted by

Ee X a

2= ="=147z, 5

EO /\e de e ( )
where we have used e, o< 1/\ and subscript ., denotes

photon.
e Physical distances between to adjacent photons at the

emitting and detecting time are related by
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where we have used dr./dt. = dry/dty = speed of light.




Luminosity distance

e From the definition of luminosity:
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e Using the definition of flux:
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e Luminosity distance is defined as
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Luminosity distance

e In the spatially flat universe, comoving distance
propagated by photon is computed from

ds® =0 = —dt* + a°(t)dr?, (10)

where we have assumed that light emitted from a source
has spherical symmetry.

e Hence, a comoving distance from a light source to
observer today can be computed as
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Luminosity distance

e From the above equations, the luminosity distance is

given by
z d7 2 d7
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where we have dropped subscript . and
H
E(z)= 12 (14)
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e The above equation gives a relation between luminosity
and redshift.



Standard candle

e We can use standard candle such as super nova type | to
measure luminosity-redshift relation:
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e Comparing d; from prediction of the model with d° from
SN data, we can constrain cosmological parameters.

e The cosmological parameters those satisfy observations
correspond to the universe that expand with acceleration
at late-time.



Angular diameter distance

e If we know diameter of a sphere, we can determine a

distance from us to a sphere by measuring size of a sphere

we seen in terms of as angular size as shown in the figure.
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Figure: An angle 0 is an angular size of a object.



Angular diameter distance

e The comoving angular diameter distance is defined as

/
= - 1

where | is comoving length scales which can be compute
model-independently, and # can be precisely measured.

e The ratio //6

/ o dt
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where 7 is a conformal time.
e The above equation relates to the cosmological models

through
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Standard ruler

e The important length scales in the universe that can be
computed theoretically for given models of the universe
and their angular size can be observed are the length

scales associated with the pattern of the CMB and matter
perturbations.



Horizons: particle horizon

e A distance that photon propagates since the big bang
until time t is a distance to the particle horizon.
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Figure: The particle horizon is the past light cone of the
observer at present.



Horizons: particle horizon

e Using the fact that light propagates along the trajectory
that satisfies

ds*>=0,=> — =dr, (19)
where r is a comoving distance.

e A particle horizon can be computed as

Rlt) = alt) | (20)



Horizons: event horizon

e The farthest distance that photon can propagate from
today to the far future is the event horizon.
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Figure: The event horizon is the future light cone of the
observer at present.



Horizons: event horizon

e The event horizon can be computed as

Ra(t) = a(t) /t N a‘(ﬁ) | (21)

e Compute Ry, using a o< tP where p is constant, and find a
range of p that make R}, finite.



Conservation of energy density

e Matter and energy in the universe can be modeled by a
fluid which a continuous substance.

e To satisfy homogeneity and isotropy of the background
universe, the cosmic fluid cannot flow and deliver energy
as well as momentum in the comoving frame of the
universe.

e Since both energy and momentum do not flow, the
properties of the fluid are characterized by energy density
and pressure.

e This type of fluid is a perfect fluid.



Conservation of energy density

e From theory of relativity, the energy of a particle is given

by
E=+p>+m?, (22)

where p? is a momentum square, m is a rest mass of a
particle and speed of light is set to unity.

e For a non-relativistic particle, we have m? > p?, and
therefore
E~m. (23)

e For a relativistic particle, we have m? < p?, and therefore

1
E ~ |p|. and for a massless particle E X (24)

where \ is a wavelength of a particle.



Conservation of energy density

e For a group of non-relativistic particles, the energy
density can be computed as

_NE _Nm 1 1 _3

= 7 ~ 7 X V X 33_/3 xXa ~,
where N is total number of non-relativistic particle and /3
corresponds to comoving volume.

e For a group of relativistic particles, the energy density can
be computed as

NE N 1
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where N is total number of relativistic particle.

e A group of non-relativistic particles in the universe is
described by a perfect fluid known as matter or dust,
while a group of relativistic particles is described by a
perfect fluid known as radiation.

p (25)



Conservation of energy density

e In the following consideration, quantities associated with
matter are denoted by subscript ,, while those for
radiation are denoted by subscript ,.

e We now have
pmoxa >, and p,oca?, (27)

e In general, the above relations can be derived from the
conservation of the energy-momentum tensor:

where V, is a covariant derivative.



Conservation of energy density

e In the background universe, the conservation of the
energy-momentum tensor yields

p=—3H(p+P), (29)

where a dot denotes derivative with respect to time, P is
a pressure of a fluid and H = 4/a is the Hubble
parameter.

e One of the properties of a fluid is the relation between
the energy density and pressure. This relation is the
equation of state.

e For a simple perfect fluid, the equation of state can be
written in the form
P=wp, (30)

where w is an equation of state parameter.



Conservation of energy density

3 we get p, = —3Hpp, so that

e From p,, x a~

Wy, =0. (31)

e Use the relation p, o< a=* to compute w,.

e Inserting P = wp into the Eq. (29), we get

p=-3H(1+w)p. (32)



Conservation of energy density

e For a constant w, Eq. (32) can be integrated as

p X a—3(1+w) )

e You can check that w,, = 0 yields p,, < a~* and
w, = 1/3 yields p, oc a~*.

(33)



Cosmological constant
e Let us consider the Einstein equation:

G =81GT,, , (34)

where G, is the Einstein tensor and G is the Newton's
gravitational constant.

e The above equation is the tensor equation. Hence, if we
would like to add a constant term into this equation, that
term has to be a tensor which the simplest form is

g\, (35)

where g, is a metric tensor and A is a constant.
e Inserting the above term into Eq. (34), we get
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Cosmological constant

e Comparing the energy-momentum tensor of A which is in

the form N
Buv
vN — 5~ 37
mwh = erG (37)
with that for a perfect fluid in the form
_(nr O
=5 ) (38)
we get
. (39)
PN = N TG

e Determine a value of wy from the above equation.



Cosmological constant

e Inserting wy into Eq. (32), we get
pn=0, = pp = constant. (40)

e This suggests that the energy associated with the
cosmological constant is proportional to 3D spatial
volume of spacetime, i.e.,

pan = constant, = Ep o V. (41)



Basic cosmological models

Using the FLRW metric for spatially flat spacetime and
the perfect fluid model for the energy and matter in the
universe, we obtain the Friedmann equation:

8rG
H? = T'OT’ (42)

where pt is the total energy density in the universe.

Let us first consider the universe containing only a
cosmological constant. For this case, the Friedmann
equation becomes

8rG

H? = —3 A= constant , (43)

which suggests that the Hubble parameter is constant.

Compute a scale facter a(t) as a function of time using
the above equation



Basic cosmological models

e If there is a cosmological constant only in the universe,

one can show that
a(t) oc e, (44)

e This model of the universe is the de Sitter model.

e Let us next consider the universe containing only matter.



Basic cosmological models

e If the universe contains only matter, the friedmann
equations becomes

H? = ?pm xa’. (45)

e The solution for the above equation is
axt??, = H= 2 (46)
’ 3t

e This model of the universe is the Einstein — de Sitter
model.



Standard model of the universe

e In the ACDM model of the universe, the energy and
matter relevant to important phenomena in the universe
are the follows:

Photon = radiation

Massless Neutrino = radiation

Baryon = matter

Cold Dark Matter (CDM) = matter

Cosmological Constant = mysterious form of energy
driving an accelerated expansion of the late-time universe



Standard model of the universe

e The cosmological parameter that quantifies the energy
fraction of each energy components in the universe is the
density parameter defined as

81 G pq k
Q, = TR and quadQ), = 2

where index « runs over 7, v, b, ¢ and A for photon,
neutrino, baryon, CDM and cosmological constant,
respectively. Here, {2, quantifies the contribution from
the spatial curvature of the universe.
e From the definition of the density parameter, we can
write the Friedmann equation with spatial curvature,
831G k
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(48)

as
1=, +Q, 4+ Qp+ Qe+ Qp + Q. (49)



Dark energy

e According to observation, the present values of the
density parameter of each species are

Q) ~ 107*, Q) ~107%, Q) ~1077,
Q) ~ 0022, Q°~03, Q,~068. (50)

e Hence, usually we suppose that the universe is spatially
flat.



Dark energy

e Observations strongly indicate that the universe is
expanding with acceleration at late-time.

e We now discuss how an accelerated expansion of the
universe at late-time can be achieved.

e Differentiating the Friedmann equation in Eq. (42) with
respect to time, and using the conservation equation in
Eq. (32), we get

: 3
H:—§(1+WT)H2, (51)

where the equation of state parameter of the total fluid is
wWr = 'DT/pT-



Dark energy

e Hence, we can compute the acceleration equation as
3 . 4G
g —H H?= —”TH2(1 +3wr) . (52)
e This suggests that the expansion of the universe will be
accelerate if

1



Dark energy
e From wr = P1/pt and the fact that the energy density

of radiation can be ignored at a late-time, we get

wp = T o WP+ Wapa _ o (54)
pT Pm + Pd ’

where wy is the equation of state parameter and py is the
energy density of unknown form of energy called dark
energy.

e Inserting the above equation into Eq. (53), we obtain

1
Wy < _3_Qd ~ —0.5. (55)

e From observation, we have

Wq ~ —1. (56)



Dark energy

e The constraint on the previous slide is satisfied well by a
cosmological constant.

e Moreover, since a cosmological constant is the simplest
model for dark energy, the model of the universe in which
an accelerated expansion of the late-time universe is
driven by a cosmological constant and dark matter is the
cold dark matter is ACDM model. The ACDM is the
standard model of the universe.



Dark matter

e An orbital speed of a point mass with mass m that

rotates around a galaxy with mass M is
GMm  mv? 1 (57)
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e However, the observed rotation curve is approximately
“flat”, i.e., the orbital speed is approximately constant
over a large range of distances. This seems to indicate
that there is a non-visible matter distribution in the
galaxy.

e This non-visible matter is dark matter, which could be
cold dark matter or hot dark matter, where cold dark
matter is non-relativistic matter while hot dark matter is
relativistic one.



epochs of the universe

e From observations, the density parameter of dark energy
is largest compared with others at present, so that the
universe is in the acceleration epoch at a late-time.

e Since the energy density of matter decays faster than that
of dark energy, and the energy density of radiation decays
fastest, the energy density of the universe will be
dominated by matter and radiation respectively when we
look back in time.



epochs of the universe
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Figure: Plots of the energy density of radiation, matter and dark
energy as function of redshift z.



epochs of the universe

In the standard model of the universe, the universe undergoes
the following eras after the big bang.

Inflation

Baryon & Lepton synthesis
Neutrino decoupling & n,/n,
freezes out

electron-positron pairs annihi-
late

Nucleosynthesis

Recombination & Last scatter-
ing

Structure formation
Acceleration

t ~ 1071 —107%s; T ~
10 TeV — 10'° Gev

t <107'*s; T > 10% GeV
t~02s; T ~1—-2MeV

t~1s; T ~ 0.5 MeV
t ~ 200 — 300s; T ~
0.05 MeV

t ~ 102 — 1085

t ~ 105
late time




Cosmic Microwave Background

e Before recombination, photons are coupled to electrons
through the Compton scattering and the effects of
scattering are transfered to baryons through the Coulomb
interaction between (charged) baryons and electrons.

e Since the number density of charged particles is high,
photons and baryons are tightly coupled and can be
treated as a single fluid known as a photon—baryon fluid.

e Photons and baryons do not uniformly distribute over 3D
space because there are deviations from homogeneity and
isotropy in the universe.

e Small inhomogeneities and anisotropies are created in the
early universe during inflation.



Cosmic Microwave Background

e In the standard notion, such inhomogeneities and
anisotropies are seeds of the large-scale structures in the
present universe.

e Sizes of these inhomogeneities and anisotropies are small
so that they can be treated as perturbations in the
homogeneous and isotropic universe (Friedmann
universe).

e Due to these inhomogeneities and anisotropies, gradients
of gravitational potential are developed.

e The evolution equation for the perturbations in energy
density of the photon—baryon fluid takes a form of forced
oscillation where a force relevant to the perturbations in
photon—baryon fluid is the well of gravitational potential.



Cosmic Microwave Background

e To get a basic picture of the oscillation of the
photon-baryon fluid, we consider the evolution equation
for the perturbations in photon temperature in the form

r/

1+r

AT+ AL+ KPEAr = F, (58)
where a prime denotes derivative with respect to a
conformal time n = [ dt/a, Ar = At/ T, r = 3ps/(4p-)
and F is the driving force produced by gravitational
potential.

e Here, c2 is the sound speed of the photon-baryon fluid

defined as
1

1+r"

2
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Cosmic Microwave Background

e The solution for this equation can be written in the form
[1+ r]1/4AT = Cy cos kry + Cysin kr, (60)
/ d7'[1 + r(7)]¥sin[kry(7) — krs(7))]F ('),

e Here, r. is the sound horizon defined as
rs E/ c.dt'. (61)
0

e The quantity rs is the one of important length scales in
cosmology, e.g. the cosine term in the above equation
has extrema at the wavelength A\ = 2nr;



Cosmic Microwave Background

e After last scattering, photons freely propagate so that
they cannot be described by a perfect fluid, e.g., shears
are developed in the photon fluid.
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Figure: The angular power spectrum of the Cosmic
Microwave Background .



Shortcomings of the hot BB

e According to observations, the universe is nearly
homogeneous and isotropic on large scales, e.g.,
Atcnvp ~ 107°.

e We will learn that the smooth universe cannot be realized
by Big Bang (BB) model unless the initial conditions of
the universe is fine tuned.



Shortcomings of the hot BB

e We first discuss the horizon problem.

e The horizon scales of the present universe can be
computed from the particle horizon which is
approximately given by cty where tg is the age of the
universe and c is a speed of light.

e At the initial time t;, the scale factor is a; and therefore
the comoving size of this horizon can be written in terms
of the quantities at the initial time as

[; ct, aj
<L~ —0, = /,' ~ Cto—l . (62)
aj do do

e Compare this scale with the size of a causal region
Il = ct;, we get

/,' o toa;
" tay (63)



Shortcomings of the hot BB

e We suppose that the initial conditions for the universe are
specified at the Planck time.

e Hence, t; = t, ~ 107%s, T; = T, ~ 10*K, and then the
ratio in Eq. (63) becomes

o otTe  (10Y)(2.7)

R _ N]. 28 4
LT o7, ooy 0T (64

where we have used aoxx T, Ty >~ Toup ~ 2.7K and
to ~ 10175.

e We see that at initial time the present horizon scale is 28
of magnitude larger than the size of causal region. This is
the horizon problem in the standard hot Big Bang
universe.



Shortcomings of the hot BB

e \We now consider the flatness problem.
e Let us consider the Friedmann equation

k 8
H?> + = = —p, 65
where p in the above equation is the total energy density.

e This equation can be written as

k
a2H? "

QO-1= (66)



Shortcomings of the hot BB

e Based on observations, we can suppose for convenience
that |Q — 1] ~ O(1) at present, so that at the initial
epoch we have

H2
2H2 :

€ — 1| = Q0 — 1’ (67)

e If the dominant energy component of the universe has a
constant equation of state parameter, one can show that
a < tP where p is constant.

e Hence, Eq. (67) can be approximate as

t2
1 — 1) ~ |Q — |"”0 ~ 1075 (68)

0



Shortcomings of the hot BB

e This implies that in order to obtain |Q — 1| ~ O(1) at
present, the initial amount of matter must be fine tuned
such that the universe is extremely flat at the initial
epoch.

e This is the flatness problem.

e To understand how the mentioned problems can be
solved, we note that Eqgs. (63) and (67) can be
approximately written as

/,' toa; H,-a,- é,'

= ~ ~ — 69
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asHz a3
Q-1 = Q-1 =% -15, (70)
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where we have used H ~ 1/t and H = a/a.



Solution for the horizon and flatness problems

e From the above approximation, we have

[; aj
7 ~ 3_0 >1, (71)
3

e The main problem is that the ratio ay/a; is extremely
small.

e This ratio is small because in the BB model the universe
expands with deceleration during radiation and matter
dominated epochs.



Solution for the horizon and flatness problems

e This suggests that the problems can be solved if there is
a mechanism that can enhance a4 before the radiation
dominated epoch starts.

e This mechanism is the cosmic inflation in which an
expansion of the universe is accelerated before radiation
dominated epoch.

e The accelerated expansion of the early universe is known
as inflationary epoch.



Graceful exit

e Let us consider the simplest model of inflation in which
an accelerated expansion of the early universe is driven by
a cosmological constant.

e \We suppose that the universe contains only a
cosmological constant, so that the Friedmann equation
gives

811G
H? = 7TTp/\ — constant, = aoe. (73)

e From the above equation, we get
i=H%a, (74)

which implies that an accelerated expansion of the
universe never stops.



Graceful exit

e A realistic inflationary model has to naturally stop after
last sufficiently long otherwise the structures in the
universe cannot be created.

e The natural end of inflation is known as graceful exit.

e To find a necessary condition for the existence of the
graceful exit, we consider a time derivative of the Hubble
parameter as

H=>-H>. = Z=H+H. (75)
a a
e A graceful exit can be realized if 4 in the above equation
can change from positive (acceleration) to negative
(deceleration).



Graceful exit

e Such change can be achieve when H is negative, i.e., H
decreases with time.

e Moreover, |H| has to smaller than H? initially and then
becomes larger than H? at the end of inflation.

e Hence, to get a graceful exit, H has to decrease with time
during inflation.



Simple model of inflation

e For the simple model of inflation, an accelerated
expansion of the universe is driven by a scalar field known
as inflaton.

e The action of scalar field in gravitational field is
‘ M; o 1
5= [ dxvmg{ PR~ 50,00~ V(0)} . (76)

where M, = 1/v/87G is the reduced Planck mass, g is
the determinant of the metric tensor g,,, R is the Ricci
scalar and V/(¢) is the potential of scalar field ¢.



Simple model of inflation

e Varying the action (76) with respect to the field ¢, we get

1 gy 9V _
\/?gau(\/—_ga ?) a0 0. (77)

e Variation of the action (76) with respect to the metric
tensor g yields

G =8rGT,, . (78)

e The energy-momentum tensor of a scalar field is

T! = 0,00"¢ + ) <—%6a<z58°‘qb - V(qb)) : (79)



Simple model of inflation

e In the homogeneous and isotropic universe, the scalar
field has to homogeneous, i.e., does not depend on spatial
coordinates, so that

1. . 1.
—T8:p¢=§¢2+v, and7’i’:P¢:§d)2—V. (80)

e Hence,

P, ¢ —2V

Py P2 +2V

e To drive an accelerated expansion of the universe,
wy ~ —1, so that ¢* < V (slowly rolling) is required
during inflation.

Wy = (81)



Simple model of inflation

e In the homogeneous and isotropic universe, EOM of a
scalar field is

¢+3Hp+ V, =0, (82)
e The Friedmann equation is
G /1.
H? = 8% <§¢2 + v) . (83)

e The conditions on the inflaton potential for slow-roll
inflation will be analyzed.



Slow-roll Inflation

e In the slow-roll approximation:
¢ < V(9), [0 <3HI|g|. (84)
e Based on these slow-roll approximation, we get

871G

3Hp ~ —V,, H?>~ —— 3

V(¢). (85)

e The slow-roll evolution during inflation is quantified by
slow-roll parameters.



Slow-roll Inflation

e The conditions for the graceful exit, \H] < H?, can be
characterized by .
H
€= —m , (86)
where € < 1 during inflation.
e Inflation must last long enough to resolve the horizon and

flatness problems, so that
€1 = —. (87)

e The inflation ends when € ~ 1.



Slow-roll Inflation

e The parameter € is written in the terms of the field as

e=41G— . (88)

6247TGL£ = Lﬁ (89)
9H* 167G V2’
and
=22 12 (90)



Slow-roll Inflation
e Differentiating 3H¢ = V; with respect to time gives

=———"" < 1. 1
Mg v (91)
e Using H = dIna/dt, the EOM of a scalar field becomes
dp Vg
dlna  3H?2' (92)
e Further using Eq. (85), we get
I vV
dnaz_SﬂG ' (93)
do Vo

e This equation can be integrated as

a(t) ~ a;exp (—87rG /: V%sdgb) : (94)

i



Slow-roll Inflation

e Hence, during the slow-roll evolution, the number of
e-foldings can be computed as

bi
N = In (3> ~ 87TG/ V. do'. (95)
h ® V¢>’

e The total number of e-folding depends on the field value
at the beginning ¢; and the end ¢ of inflation as

o\
N ~ 87rG/ —do. (96)
bf Ve

e According to observation, the horizon and flatness
problems can be solved if the inflation has to last longer
than N > 60.



