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1 From Newtonian Theory to Special Rela-
tivity

Black holes is one of the interesting astronomical objects in which even light
cannot escape from a particular radius called the Schwarzschild radius. The
existence of black holes is formally based on a solution of the Einstein field
equation, which plays the main role in the gravitational theory called General
Relativity (GR). So, one of the main topics in this lecture, I will give you
the main concept of GR before providing you with the formal description of
black holes.

In order to formulate GR properly, it is worthwhile to introduce how
it significantly differs from the well-known gravitational theory, Newtonian
theory. In this lecture, I will review the important concept of Newtonian
theory in order to further connect to GR. Newtonian theory is a well-known
theory on the motion of objects influenced by something we call force. Even
though this theory is suitable to deal with particle motion, it cannot be valid
for the high velocity motion of a particle and high gravitational force. For
the high velocity (The velocity approaches the speed of light), the motion
can be well described by Special Relativity. I will give you an introduction
to SR in this lecture after providing the important concept of Newtonian
theory.

1.1 Newton’s laws

Newtonian theory is based on the Newton’s laws. In this subsection, I will
give you the description of the Newton’s laws in both intuitive and mathe-
matical viewpoints.

Conceptual description

1. Every body continues in its state of the rest, or uniform motion in a
straight line, unless it is compelled to change that state by forces im-
pressed upon it.

e This law describes a common property of matter, namely “inertia”.
Inertia is the resistance of all matter to having its motion changed.

e This law is used to define the reference frame or initial frame. There
exists a reference frame in which the particle motion can be mathemat-
ically described.

e The Galilean transformation will connect to this law and then can
be generalized to the Lorentz transformation, which is the key issue for
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SR. (We will discuss in detail later.)

2. The change of motion is proportional to the motive force impressed and
is made in the direction of the line in which that force is impressed.
e This law is used to define the motion of particles influenced by the
force acting on them.
e For the gravitational force, this law will be generalized to GR by us-
ing the concept of spacetime curvature. (We will discuss in detail later.)

3. To every action there is always imposed an equal reaction; or the mu-
tual actions of two bodies upon each other are always equal and directed
to the contrary part.

e [t is a consequence of the second law in case the particle does not
move following the force. The particle has to be impressed with the
force on the opposite side.

e This is a kind to define the conservation law initiated from our intu-
ition.

Actually, the laws are based on the common sense of our intuition. Everyone
seems to know these in everyday life. Newton just states them precisely in
order to collaborate with mathematical language.

Mathematical description

1. One of the most important things to describe the particle motion is
to identify the position of the particle at time t. For a given reference
frame system (discuss later), the position of a particle can be specified
by a vector 7(t). For the Cartesian coordinates the vector can be
written as

F(t) = xi + yj + zk.

e Since the position of the particle changes with time, the velocity of
the particle can be given by

—

r N ~ ~
u(t) = i Uyl + vy ) + vk

e The rate of change of the velocity of the particle can be described by

4
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a acceleration vector

. dv  d*7 A . .
at) = priaei azt + ayj + ak.

2. The motion of particle of mass m due to the force F; can be described

by
ZFZ = md.

i

3. In the case of particle case the particle does not move following the
force, there exist the reaction such that

—

ZEIO, — ﬁac:_Fre-

1.2 Conservation law

Linear momentum
It is worthwhile to write the second law in the other form by using the notion
of linear momentum 5 = m4 (The ability of the particle to impact the other

objects),
2 dv  d(mv) _ @
dt dt -
From this equation, one can obtain the conservation law for the linear mo-
mentum of a particle such that ”If the total force is zero, then the linear

momentum is conserved p = 0"

Angular momentum
For the particle moving with a direction change, one can find the pivot point
and then can define the angular momentum of the particle as follows

L=7x P.
The moment of the force or torque about the pivot point can be defined as

N =7xF.
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By playing the same fashion of the linear momentum case, the torque can be
written in terms of the angular momentum as

- d
N = TX@(TTL’IT),
= i( X )—ﬁx
= o (Txmb) — - mu,
d

= (frxﬁ) W

_ %(5).

As a result, the conservation of the angular momentum can be obtained such

that if the total torque is zero, the angular momentum is conserved, L=0.

Work done
The work done can be defined as the force F' upon the particle in going from
point 1 to point 2. Mathematically, one can write the work done as

2 2 — —
Wiy = /ﬁ-d§: md By
1

dt dt
m
= vdt =
1 / dt
m m
= 21}2‘%—5(1} —Ul T2 Tl,

where T' = mwv?/2 is the kinetic energy.
Conservative force

"If the force is such that the work done Wi, is the same for any physically
possible path between point 1 and point 2, then the force is said to be con-

servative”
%F-dg = /F-d§+/ F.ds=
1 2

From Stokes’ theorem, we have

%ﬁ-dé’ _ /(Wﬁ).dg:oﬁmﬁ:o.

From mathematical identity, if VxX= 0, then the vector X can be written
in terms of the gradient of a scalar function Y as X = VY. Therefore, if the

6
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force is conservative, one can define the potential energy V via such a scalar
function as

F=_-VV.

Note that the existence of the minus sign is just a convention, such that one
can find the reference of the potential energy at infinity. Actually, the poten-
tial energy can be defined as the work done from infinity to the considered
point.

2
j[ﬁ-dg’ - —/ AV =V — Vo= Wiy =Ty — Ty.
1

As a result, one can define the total energy as the sum of potential energy
and kinetic energy E =V + T, then the conservation of the total energy can
be obtained E; = FE,. ”If the force acting on the particle is conservative,
then the total energy of the particle is conserved.”

1.3 Central force

One can see that if the force is conservative, one can formulate a proper math-
ematical description of the motion. In fact, for the central force F' = F(r),
the force is conservative, so the mathematical description of the motion can
be obtained properly. This allows us to define the property of mass as the
field around it called the gravitational field.

Field and potential

One of the important properties of the object of mass M is the gravita-
tional field. The gravitational field Eg can be defined in the same fashion as
the electric field. The gravitational force per unit mass acting on the test
mass mg at every point in space.

mo T2

For the gravitation field associated with gravitational force which is conser-
vative, one can define the gravitational potential as an analog quantities of
the potential energy as



General Relativity and Black Holes I 2026 IF Summer school

One can apply the Gauss’s law to the gravitational case as found in the
electric case.

/E dA——47rGM—>E :—G—M.

r2

By using the divergence theorem, one can obtain the Poisson equation for
the gravitational field as

/ E,-dA = —4xGM,
/ﬁﬁgdv = —47rG/pdV,
/VQ(—cb)dv = —47TG/pdV,
V20 = 4rGp.

Note that this equation will be connected to the Einstein equation in GR
(We will see later).

Effective potential

Now we will apply the mathematical tool we have to analyze the motion of
a particle influenced by the gravitational force. It is worthwhile to analyze
the motion by using the effective potential. For motion due to the central
force, the system has spherical symmetry. For example, the force does not
depend on the angular parts ¢, ¢. In this case, there exists the conserved
quantity as the angular momentum, L = 7 x mi = const. It will be clearer
if we consider the system with a Lagrangian formulation. However, I do not
think we have enough time to study. Then, we can see that the motion is
always perpendicular to the vector L or the motion is always in the plane
perpendicular to L. In this case, one can choose the proper direction of L
(mostly pointing to the z dlrectlon), and then the magnitude can be written
as L = mr20. Now, let us consider the total energy which can be given by

E = %mf“Q + %m 26?2 — G]\;[m’
E = %7'"2+21—;—GTM, Wherel—%,
E = %fQ + Voss(r), where Vops(r) = 21—7: — GTM
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Figure 1: The effective potential

In order to analyze the motion, let us sketch the effective potential as shown
in Fig. .

From this figure, it is a combination of —1/r and 1/7? terms. Moreover,
one can see that the motion can be classified into two main cases depending
on the value of E. For E < 0, the orbit is open, corresponding to parabolic
E = 0 and hyperbolic £ > 0 as shown in Fig. P. For the closed orbit, it

e oo han

1

I

T >

Figure 2: The effective potential and the motion with £ < 0.

can be classified into two cases. For V,;, < E < 0, the motion is ellipsoidal,
and for £ = V,,;,, the motion is circular orbit as shown in Fig. . We can
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oS

Figure 3: The effective potential and the motion with V,,;, < E < 0.

see that all possible motions can be analyzed by using the effective potential.
From the Newtonian theory, the light cannot be influenced by gravitation.
How can the motion of light be inferred from this case? (The light motion is
a straight line, How?). This is one of the significant concepts different from
GR where the light can be influenced by the gravity so that it is possible to
have a light orbit. We will address this later.

1.4 Special Relativity

Inertial frame

Before moving our consideration to the SR, let us go back to the 1st law to
discuss in detail what the inertial frame of reference is. As I have mentioned
before, the existence of this frame allows us to define the coordinates to
identify the position of the particle. In this consideration, the frame can be
defined by demanding 3 main properties:

1. Rigidity: One can imagine the rigid frame as a rigid body as shown in
Fig. . In GR, it is allowed to be flexible

2. Synchronized time: all positions in the rigid body have a clock that
is synchronized with the others. In GR, it is possible to have clocks
ticking at different rates.

3. Euclidean space: The interval can be written as As? = Az? + Ay? +

10
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Az?. The interval is invariant under frame transformation, which is
known as the Galilean transformation. In SR, it is possible to include
time, and then the interval is invariant under Lorentz transformation.

i
v

)

®
i

N

Figure 4: The image of the inertial frame.

Galilean transformation

The inertial frame is constructed in order to define the dynamics of a particle
properly. This kind of frame is ideal but still sufficiently adopted, e.g., the
Earth frame. This satisfies our intuition. The key importance of this frame is
that there exists the transformation that leaves the interval invariant. This
also satisfies our intuition. For example, if we consider the moving frame
with constant velocity w in x direction as shown in Fig H, the position of the
two frames can be related by

¥=x—ut, y=vy, =2 =t

Moreover, for the rotating frame, it can be seen explicitly that the As? is
invariant as shown in Fig. . In this case, one can mathematically write
down as

As? = Az? + Ay? = Az + Ay”.

The important key here is that the intervals As and At are invariant sepa-
rately. Note that we will see this transformation formally in the next section.

SR postulates

The Newtonian mechanics seems to be useful to describe the particle mo-
tion. However, it has been demonstrated since 1888 that the speed of light

11
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Figure 5: The image of a moving frame with respect to the inertial frame.

Figure 6: The image of rotating frame with respect to the inertial frame.

is the same in all reference frames, ¢ = 3 x 10°m/s. (1888 was the year
of the Michaelson-Morley experiment). This does not satisfy our common
sense. Eventually, the resolution came from Einstein (principle of relativity
in 1905). The principle of relativity is based on two postulates:

1. All inertial frames are equivalent for the performance of all physical
experiments. This postulate implies that there is no absolute space,
there is no ether, there is no absolute velocity of an inertial frame, and
all inertial frames are totally equivalent.

2. Light travels rectilinearly at speed c¢ in every direction and in every
inertial frame. This postulate implies that we need the space and time
transform together in order to keep the speed of light the same. Then
the Galilean transformation needed to be replaced by another proper

12
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one.

It was found that Maxwell’s equations in electrodynamic theory are in-
variant under the Lorentz transformation;

/ / /

¥ o= v@—ut), Y=y, =z t'zy(t—%>70r

2\ —1/2
where v = (1_u_> :

Einstein introduced this transformation to mechanics, while keeping the
speed of light constant, and proposed the idea that "time is relative and
is not absolute. As a result, the interval is generalized to

As? = =N + Az? + Ay? + A2
Then the Euclidean space is now promoted to the Minkowski spacetime.

Time dilation and Length contraction

Let us find the consequences of the Lorentz transformation in mechanics.
Considering two trains labeled by A and B with length L, the train passes
another with the relative velocity v in the x direction. Two events E; and
E, are assumed as follows

E; : Front of B passes front of A (¢; = 0,2} =0), (ty = 0,2, =0)
F5 : Rear of B passes front of A (t, =T" 25, = —L), (to=T,25=0)

These events can be illustrated in Fig. H Now, let us apply these events to
the Lorentz transformation.

Ar' = (zy—a))=—L = v(0—v(ta—t)),
= _P}/UTv

-~ =T

At =ty —t, =T =~T

Since v > 1, the time interval in the moving frame is greater than one in the

stationary frame. In other words, the A’s clock goes slower than B’s clock.
In other difference situation, when there are no other references, one can

think that the train A is moving to the left while the train B stays at rest.

13
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Figure 7: Einstein Trains

In this case, the people in train B will see the clock slower than that in the
train A.

Whose clock is really going slower? (Twin Paradox)

This is one of the key ideas of SR, "only relative motion has physical sig-
nificance”. There is no meaning to say that A is at rest, B is moving, or
otherwise. The situation is known as time dilation. Now, let us move to
the other consequence. In this case, one can figure out what the length of
the train B observed by observer in train A, labeled by L4, By applying the
Lorentz transformation, one obtains

. _ L
La=xg—a =7 ' (dy—2)) =v"'Lp=—.

From this expression, one can see that the observer in the train A measures
the length of the train B as shorter than that in the train B. Also, in a
similar manner, if an observer in the train B tries to measure the length of
the train A, he would measure the length of the train A shorter than that of
the train A.

One can see that the time interval and length are not invariant under
the Lorentz transformation. In other words, dI?> = da? + dy? + dz? is not
invariant. As we have mentioned, the quantity which in invariant under
Lorentz transformation is the spacetime interval ds? = —c?dt? + da® + dy? +
dz%. In our case, dy = dz = 0, then we have

ds® = —dt* + dz® = —*(ty — t1)* + (19 — 11)* = —*T>.

14
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Let us check that this is invariant for one in the moving frame.
ds* = —c(ty —1y)" + (2 — 1) + 040,
— _EPT? 4 ARPTE = T2 |2 7.

= -T2

2 Special Relativity: Formal approach

2.1 Galilean transformation

A reference frame is a 1-1 correspondence between a physical event and R*
space (t,z,y,z) where each value represents how far the event is from the
reference point in space & time

Five since the

~
“Grart * 4
g ’L' *(+)’(137?) /; T
= 2 ' e . +e /B
\ 5 /
‘ — 4| 7a ‘7
M / » o Space-tine Al
T o&iagmvm x, XA, x

For example, a train leaving station A at time t4 — (t4,x4,0,0), after
that the train arrives at the station B at time tp — (t5,xp,0,0), the train
speed in this reference frame = (xp — x4)/(tp —ta)

Inertial frame = a reference frame in which the motions of free particles
are rectilinear

—

where @ and 7, are constants.
Remarks:
1. 7is a 3D vector (z,y, z)

2. Free (inertial) particles = particles with no force (influence) acting on
them

3. This is actually the first law of motion in Newtonian ( writing is a fancy
but simple way)

15
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What the Galilean transformations are

A transformation of spacetime is a change in reference frame or a change in

the reference point (space & time).

For example, the reference frame O’ (point O’) could be moving with

respect to O, or the frame of axes is rotating with respect to O.

e A change in reference frame — a change in the value of (¢, x,y, 2)

e Galilean transformation = a spacetime transformation which leaves the

following structures invariant

1. Time intervals of any two events At = ¢y — ¢; (Synchronized time)

2. Spatial distances of any two events which happen at the same time (a

set of simultaneous events) AS = |7, — 7| (Rigid)

3. The rectilinear motion of free particles 7(t) = ut + 7 where @, are
arbitrary constant vectors (Here, invariance means w, 7y are different

after transformation, but the motion takes the same form)

It turns out that all Galilean transformations have the form (in coordinate

transformation form)

t' = t+a (a= constant)

7 = RF—@t+b
where R is a rotation matrix RTR = 1 and 7, b = constants

Proof:
property 1: ( time interval invariant) is easy to see

At’:t’Q—t’l:t2+a—(t1+a):t2—t1:At

16
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property 2: (spatial distance inyariant) needs a little calculation. Let’s us
consider the first part only 7 = R

ASI = |7’2 — 7’1/| = \/(772/ — 7?1,) (FQ/ — 771/> (4)
ASQ = (7"2 —7"1) (TQ/—Fl/):A’Fy‘AT_’ (5)

One useful thing about the inner product of vectors is the matrix represen-
tation of vectors: in Cartesian coordinates

B,
A-B=AB,+AB,+A.B. = (A, A, A)|B,
B

z

This means that we can write a vector in column form.

(choosing & agreeing or using Cartesian coordinates)

A, Aq
A=A, | 2 |AP=A- A=ATA= (A, A, A)[A4,
A, A,

This will become a very useful representation later.

Now it is easy to see that the spatial distance is invariant under the
rotation part

P =RF— AF =7 — 7 = R(F, — 7)) = RAF (6)
AS? = A7 - AF = Ar'TAY = ArTRTRAr = ArTAr = AS? (7)

For the translation part of the Galilean transformation, the simultaneity is
crucial for the invariance since 7 = R — 0t — b

AT = 7 (8)— 7/ (t) = (R 7+ D) — (RF —#+D) = R(Fy—71) = RAT (8)
Hence,
AS? = AP Ar = Ar"RTRAr = ArTAr = AS? (9)
property 3: If i"(t) = ut + 7 then the transformation leads to
7(t) = RF(t) — Ut + b = R(iit + ) — 0t + b = (Ri — 0)t + Ry + b (10)

which is a rectilinear motion (with velocity R — o)

17
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2.2 Lorentz transformation

From the previous section, the velocity after the Galilean transformation
(R = 1) is simply additive. i.e. @ =@ — ¥

However, it has been demonstrated since 1888 that this velocity transfor-
mation does not quite work with the speed of light. (1888 was the year of
the Michaelson-Morley experiment). Eventually, the resolution came from
Einstein (principle of relativity in 1905)

Poincaré and Lorentz transformations

In classical mechanics, we assume that the space (set) of events (t,z,v, 2)
forms a Galilean space (a space equipped with Galilean transformation). In
Special Relativity (SR), the structure for invariance is different. Instead of
a separate time interval & spatial distance, there is a single interval defined
between pairs of events:

AS? = —(cAt)® + Az® + Ay* + A2® (11)

e First shortcut! There will be too many ¢’s to write in the future, and this
is just a constant. — We will choose a system of units in such a way that
¢ = 1. This is not so surprising as it seems since a constant can be different in
different units, for example ¢ = 2.99 x 108m/s = 1.08 x 10°km/hr. However,
a peculiar thing about this is that we don’t write unit at all for ¢! — In this
new system of units, the length is space & the length in time shares the same
unit!

Transformations which leave AS? = —At? + Ax? + Ay? + Az? invariant
are called Poincare’ transformation

In order to discuss the general form of Poincaré’s transformation. We
start by writing the interval AS in matrix representation:

AS? = — AP + Az’ + Ay? + A2 = ArTGAr (12)
where
t At -1 0 0 0
x Ax ~ 0 100
r= nE Ar = Ay and G = 0 010 (13)
z Az 0 001
It is easy to see that
-1 0 0 0 At
(At Az Ay Az) 0 0 10 Ay | = AS (14)
0 001 Az

18
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Note that the spatial distance in Galilean space can be written in a similar
structure AS? = ArTAr = ArT1Ar

The Poincaré transformation takes a general form as
r=Ar+a (15)

where A is 4 x 4 matrix, a is a constant column vector

t t
x x .

= + 16
; aEas (16
Z z

The Subset of Poincaré’s transformation with no translation (a = 0) is called
Lorentz transformation. Then we have

Ar' =71l — 1 = Ary + a — (Ary + a)

= A(ry — 1) = AAr (17)

Therefore, the invariance of the interval AS requires A to have the fol-
lowing porperty:
AS? = ArTGAr = ArTATGAAr
AS? = ArTGAr

(19)

This is the property of the Lorentz transformation.

(18)

19
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e The second shortcut! (The Einstein summation convention)
In the component form of vector/matrix operation, we have

!
T 0 AOO A01 AO2 AO3 xo

!
i [ A AL AL AL 21

= W | =

T 2 A20 A21 A22 A23 .1'2

!
T 3 A30 A31 A32 A33 11:3

where 2° =t a2l =z, 22 =y, 2% = 2

Note: The motivation for choosing the position of indices are 1) z'&x are
objects of the same type — both are up 2) The summation must happen
with up-down AY,z#

Writing 4 equations explicitly as

3 3
0 __ o ,.u 1 _ 1 . 02 2 . 3 3 .
x—EAux,x—gAugﬂ,x— At = A
u=0 1=0

We can do better by writing generically as

3
o =Ar > 2" = ZAVMZEM

n=0
The Einstein’s convention is the realisation that every time the ) appears,

there are 2 repeating indices on the same side of the equation
There is no need to write ) at alll!

e /
o' =Ar =z =N 2"
The rule is repeating indices = summation
/

V __ AV W
"’ =N x

index v is free index that must appear on both sides of the equation, and
index p is a dummy index that can be changed to anything.

The inverse Lorentz transformation can be written as

= Az — x* = AF ¥ (20)

/

A = A Az — (AN = (A2 AR, 2 (21)

20
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using (A—l)p”AuU = (A_1A>pz/ = (]l)py
A =1z =2 — (AH 2" = (1)°,2" = 6° 2" (22)

Since 1 is the identity matrix, we define the Kronecker delta:

1, ifpu=
= ) 1 H="v, (23)
0, if p#wv.
We get
A = o (24)

Back to our space-time interval. We can also write it in component form
with Einstein’s convention

AS? = AdTGAz — AS* = Axt(G),, Az (25)

Now we define (G),, = 7,, as a component form of the metric tensor where

0, ifp#v
77;w = _17 lfﬂ =V= O: (26)
1, ifu=v>0

Exercisel: Derive the definition of Lorentz transformation in component
form (Ans: G = ATGA = n,, = N ,n,A%,)

Exercise2: Check that det(A) = £1
Exercise3: Check that for any Lorentz transformation, we have either
B RT

0 1 0 1

_ 0 T _ 0 T
A% > 1or A% < —1 [Hint: Workout< 1 O)z(AO A)( 1 O) <A0 B

Exercise4 What is the physical meaning of Lorentz transformation with

A% > 1 and Lorentz transformation with A% < —1
At

o |
0

The set R* of spacetime coordinates with this Poincaré invariant interval
structure is called Minkowski space(= the set of events)

However, Minkowski space # vector space in the linear algebra sense.
Since the linear combination of 2 events does not necessarily have the Poincaré

[Hint: look at At =

21

A R

)
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invariant property. Let z# & y* be 2 events, z# 4 by* does not transform as
Poincare’ transformation

oMbyt = A + a4 b(ARYY + )
= A", (2" + by”) + (1 + b)a” (27)
~——

not invariant

But the difference between any two events does form a vector space since
:L‘/“ . y/u _ A'uy(xy _ yV)
e Minkowski space is an affine space

2.3 4-vectors
o« Objects x = z'¢, = 1%¢) + x'é; + 2%é5 + 63 are called 4-vectors

e The metric tensor has the inverse, n** defined by
7]“”7711,) - 55 (28)
e One can immediately check that the inverse has identical elements

0, ifp#r
UW - _17 1f:u =V= 07 (29)
1, ifpu=v>0

e 1 & " will be used to “ switch” between lower & upper index objects
For example, u, = n,u", u* = n""u,

e For two 4-vectors A = A*¢, and B = B*¢,, we can define their inner
product to be the scalar

n(A,B) = A*B,, = A"y, B" = A B" = A,n""B, (30)

o We say that 2 vectors are orthogonal if A*B, = 0

« The magnitude of a 4-vector is defined as A*A,

A non-zero 4-vector A* is called
— null if A*A, =0
— timelike if A*A, <0
— spacelike if A*A, >0

22
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e The set of all null 4 vectors is called the null cone

e The light cone at point p in Minkowski is the set of points in M that
are connected to p by a null vector

Exercise5: Check that the “boost” with velocity v in the z-direction
satisfies G = ATGA

v —yv 0 0
= v 00

A= 0 0 10 (31)
0 0 01

where v = 1/y/1 — v?
This transformation is equivalent to changing the frame of reference to
an inertial frame with speed v in the z-direction

Exercise6: Verify that performing two Lorentz transformations with ve-
locities v, and v, in x-direction successively is equivalent to a single Lorentz
transformation with velocity

V1 + U2

S L 32
v 1+U1U2 ( )

2.4 Relativity

» Consider 2 events p = (t1,x1,y, 2) and ¢ = (ta, 2, y, z) which happens
at the same time At = t, —t; = 0. They are called simultaneous in an
inertial frame O.

» However the concept of simultaneity does not make sense in special relativity
since a boost in z-direction is enough to break the simultaneity of two
events

Az’ = y(Ax — vAt), At =~(At —vAx) (33)
For At =0 in O frame, At' = —yvAx # 0 if 29 # 24

— relativity of simultaneity
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o Now consider a clock at rest in O’ frame make a successive ticks at
(t, 2"y, ) & (ty, 2,y 2'), time difference in O frame (let O’ be a
moving frame with v with respect to O) is given by the inverse Lorentz

transformation
At = (A + vAZ") =yAY (A’ =0 in O)
At 34
At = ——= > At since v < 1(v <¢) (34)

V1 -2

This is an effect known as time dilation (“a moving clock appears to
slow down”)

o Now consider a rod of length [ = Az at rest in O

o How do we measure a “ moving ” rod in O’ frame?

— We measure 2 simultaneous events at the endpoints (in O’). Con-
sider the inverse Lorentz transformation

[ = Ax = y(Az' + vAl) = yAx'

35
l':Ax’:le:\/l—UZZSZ (35)
7

13

This is the effect known as length contraction (“ a rod is contracted

when viewed by a moving observer ”)

o Let a particle have velocity @ = (uy,uy,u;) in O frame and @ =

!/ / !/ : /
(), uyy, u’,) in O frame
' d
o Let set u, = ‘fi—f,u; = ‘C%,uy = %, etc...

o From the Lorentz transformation, it is easy to derive the relativistic
transformation of velocities

, d d d dt dt

= (e —vt) =y (@ —vt) 2 = y(u —v)

Yo =g — av

(36)
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Consider " g
o EV(t—U@ =7(1 — vuy,) (37)

Combining the two equations, we get

, Uy — V
— 38

Exercise7: show that
R S S (39)

(1 —wvuy)” 7 (1 —vuy)
Exercise8: Using the inverse Lorentz transformation to show that

/ u/ !/
by = etV Uy = = (40)
1+ vul, v(1 4 vul) v(1 + vul)

Exercise9: Show that if the speed of particle is |u| = 1 the velocity in
any inertial frame is also |d'| =1

y'q v
¢ =1
9’)._
@ 7 g ‘f(/

Exercisel0: Show that the relativistic formula of light aberration

V1 — v2sind’

41
1 + vcost’ (41)

sinf =

2.5 Particle Dynamics

« In Minkowski space, a series of continuous events can form a “World-
line”

o We can parametrise the World-line using a parameter A

« For example, a particle at rest has a straight line as the World line in
space time diagrame
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A

— —>
X

The “natural” parametrisation of this world line is just “t”

o Let’s define the tangent 4-vector to the curve at point p to be the
4-vector u given by

dzt

N e (42)

u=ule, where "=

where p is at x#(\g)
+ Note that this 4-vector is independent of the basis choice (€,)

e The direction in the space-time diagram = direction of the world-line

o The world-line of a physical object is assumed to stay inside the light-
cone (null cone) of every point in the World-line

o This translates to the requirement on the tangent 4-vector to be time-
like:
dzt dx”

M), 1) = Rt (Ve () = ' -2 <0 (43)
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we have

0> Eﬂ__ﬁ2+ d_$2+ @Z =)’

K N S W W)Y ) ) )

dt\? de\>  [(dy\® [dz\®

U T I Y i 44
o> () [+ (@) (&) (%) &

dt\? )
0>(ﬁ) (-1+0*) —wv<l1

— the velocity of physical objects is always less than 1

o Now let’s talk about the choice of parametrisation A First consider two
neighbouring events on the Wolrd-line z(\) and z(A + A)X) where the
difference is timelike vector (Az#* = x# (X + AX) — zH):

AS? =, Az'Az” <0 (45)

o There always exists an inertial frame of reference where x#(\ + A\) &
xt are seperated only in time coordinate

— The object stays at rest in this period A\

— this is called “instantaneous rest frame ”(i.r.f) which can be varied
from point to point

In this frame we can define AS as the difference in time in ir.f (We
can do this since AS is invariant & Az = Ay = Az = 0 in ir.f)
— —AT? = AS? =1, Azt Az” <0

Now, let’s take the limit AX — 0

() () () ()

dt \ 2 dt \ 2 1
2 2 2 2 2 2
Ar ——(—1+v)(—) AN —(1_U>(_d>\> AN = A

AN?

(46)

o Therefore, we get the usual time dilation formula A7 = %At where At
is interpreted as the clock carried by the particle

o We can take this infinitesimal piece and integrate along the world-line

a fa dt
Tpg = / dr = / — (47)
p tp Y
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This is called the proper time from p — ¢

If we fix p and let ¢ vary we can use this as a parameter A
bt
ty Y

A=7= (48)

In this propertime parametrisation, the tangent 4-vector becomes the
4-velocity defined as

dz#  dz* dz# &z 1
[ — — e dt e
e T T Ve | = (17) (49)

It is quicker to write the vector component in 1 row as follows

Vit =1(1,7) (50)
Exercisell: Show that 4-velocity always has magnitude = —1

Exercisel2: Show that the 4-acceleration can be written as

dVe o dy dy  dF
A= x:7<—7a—7+7—”> (51)

dr dr? dt’  dt dt
Exercisel3: Show that 4-velocity is always L to 4-acceleration
[Hint: consider £(V,V*) = 4(1) = 0]
2.6 Relativistic Particle Dynamics

We assume that each particle has a constant, m, attached to it called “rest
mass”. This can be considered as the inertia mass in an i.r.f. of the particle
satisfying F' = ma in that frame

e The 4-momentum of the particle is defined as

Pr=mVF =m~(1,0
ﬂ( ) (52)
= (my, ym7)
o We will defined P* = (E,p), where E is energy, p = momentum
m muv

L =ymi= ——
V1—2? =7 V1—1?
28
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o We call them energy & momentum because in v << 1 limit

U 1
p= # = mi(1 —v?)"Y2 =2 mi(1 + 51)2 +0(") =2 mv
_ m _ 2\—1/2 ~ 1, AN A I,
E—m—m(l—v) _m(1+§v —I—O(v))_m+§mv

(54)
(in the usual unit the last equation reads £ = mc® + 1mv?)

The energy contribution £ = m, which is the energy of a particle at

rest
 The 4-momentum has magnitude m? since P*P, = m*V#V, = —m?

o Therefore, we have the dispersion relation of a relativistic particle

~ (—1 0\ (E

E® = p® +m’ (56)
e Also ~ .

£ _ — 57

E ym v ( )

« The above relation still holds even in the case v — 1 as long as m = 0.
This is a photon which satisfy

E=|p| & P'=(E,En) & P'P,=0 (58)
where n is the direction of propagation.

e We can define a 4-force as follows

Pl == = mA" (59)
T

which is always orthogonal to V#
. ~ dp
o Define the 3-force in the usual way as f = ¥

e We have
dP* dt

d
F“: — T — E . —_—
dr dt( 7 dr

dF -
F/»L_
7(dt’f)

Exercisel4: Show that the definition of power f -
from F*V, =0

(60)

‘fi—f can be derived
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3 Equivalence Principle

The equivalence principle (EP) is one of the crucial ideas leading to the argu-
ment why we think the spacetime is curved, as well as how to generalize the
idea from SR to GR. In this lecture note, we will classify EP into two parts:
Weak Equivalence Principle (WEP) and Strong Equivalence Principle (SEP).

What is the WEP?

For the WEP, it states that "No experiment in mechanics can distinguish
between a gravitational field and an accelerating frame of reference.” This
idea has a root from Galileo’s demonstration shown in Fig. §. This implies
that ”All bodies fall at the same rate in a gravitational field.” Now let us

I *
i

Figure 8: Objects with different masses are dropped to the ground at the
same time.

do the Galileo in a rest box influenced by a gravitational field as illustrated
in the left panel of Fig. E Then changing the situation to a box with an
acceleration in the same magnitude of the gravitational field, as shown in
the right panel of Fig. E By means of WEP, the results of the experiment
are the same. We cannot distinguish between the two situations by using
mechanical experiments.

What is the consequence of WEP?
According to Newton’s second law, the particle of mass m; can be accelerated
by the applied force as

—

Note that the mass m; denotes the inertial mass of a particle. This kind of
mass plays the role to resist of the moment of the particle. The greater the

30



General Relativity and Black Holes I 2026 IF Summer school

7| ¥ee| |Too|a
TINTT] AT

Figure 9: Observers do the experiment in the boxes, then he obtains the
same result.

value of m;, the more force to make its movement.
There is another kind of mass called "gravitational mass”. It measures
the response of the particle to the gravitational field,

F= ngg = —mgﬁtb.

It plays the similar role to electric charge in terms of electric force, F= qE .
Therefore, m, is essentially gravitational charge. These two kinds of mass
are completely different in this sense. By using the argument from the WEP,
we then have

F=myE, =m;d, = m;=myg.

Sometimes, the WEP is known such that "The inertial mass and gravitational
mass of any object are equal”.

It is important to note that EP is a local principle. To see this property,
let us consider the Einstein box, but now it is much bigger as seen in Fig. [L0.
From this figure, the masses are falling to the center of the Earth, then (for
the box large enough) the masses become closer as they fall. In this case, we
can distinguish between Eg and @ so that the principle is not valid. Actually,
the principle is valid for a small enough box. Note that most gravitational
fields are not uniform, so the EP treats a gravitational field at a single point,
which is equivalent to the uniform acceleration.

Strong Equivalence Principle
The WEP, it is only for the experiments associated with mechanics. It may
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*.'Centre of Earth

S

Figure 10: Two masses become closer while they are falling in the large

enough box in a gravitational field.

be asked if it is possible to use this principle in other areas of physics? In this
consideration, we will discuss the experiments in optics. To see this, let us
consider the Einstein box with the laser attached on the top and the receiver
at the bottom as illustrated in Fig. . By considering two situations, with
and without acceleration. From this experiment, one can measure the travel
time for both cases. By comparing these, we can find the difference in the

L
At

Q
I
]

/ Emitter \

g

\ Re.ceiver' —J

___In
At

Figure 11: The laser and receiver in the Einstein box with/without a gravi-

tational field.
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light wavelength since the speed of light is constant, as

8l
A

where [ is the height of the box. This actually is due to the Doppler shift.
One can perform the experiment in the same way, but now consider the
box at rest in a gravitational field. It is found that the light wavelength is
also shifted in the same way, but now it is not the Doppler effect since the
box is at rest. We called this effect the gravitational redshift. From this,
one can summarize that "No experiment in optics can distinguish between a
gravitational field and an accelerating frame of reference”. Moreover, we can
generalize the idea to all areas of physics, and this is the statement of the
SEP: ”All the laws of nature are affected in the same way by a gravitational
field and a constant acceleration.”

More thought-experiment in optics

Set up the experiment in a similar way, but now let_us attach the emitter
and receiver in the horizontal part as shown in Fig. . Using EP and this
thought experiment, one can see that the light travels in a curved path in a
gravitational field. Note that this conclusion is also obtained from the varia-
tional principle: the light follows the path with using minimum time. In any
Euclidean space, the shortest path is a straight line, but the curved path in
a gravitational field. This leads Einstein to obtain the idea that the grav-
ity makes a curved spacetime, and then the light moving in such a curved
spacetime making the curved path.

7-17 g g
1S presyemem— \L

)

Straight line Curved path

I.'_\_t/ = %u At?

Figure 12: The laser and receiver attaching in the horizontal part of the
Einstein box with/without a gravitational field.
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In order to study the gravity, one has to study the curved spacetime.
This leads to learning a vector of tensors in curved spacetime and also how to
differentiate them. This subject is formally known as "differential geometry”.

4 Spacetime curvature

4.1 Intrinsic and Extrinsic curvature

Physically, the curvature can be classified into two types: Intrinsic curvature
and extrinsic curvature.

O Intrinsic curvature: a curvature measured by one in the surface itself
does not need the information from the higher dimension.

O Extrinsic curvature: a curvature measured by one who needs the in-
formation from the higher dimension.

.Q-‘
@% 5

— A < 7r? A > mr?

Figure 13: Show how cylinder, sphere, and saddle differ in terms of curvature.

Example

1. Cylinder (see the left figure of Fig. ): In 2 dimensions, it is flat.
However, its shape is curved in 3 dimensions. We need the information
from 3 dimensions in order to identify the curve of the cylinder = Extrinsic
curvature. If we unfold the cylinder into 2D, it will look like flat paper. In
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other words, if we write down the circle on the cylinder, it can be put in the
flat completely. or the area is still the same A = 7r? as illustrated in the left
panel of Fig. [13. In this case, the cylinder is intrinsically flat.

2. Sphere (see the middle figure of Fig): = From the middle panel, one
can see that the circle on the sphere cannot be put in the plane completely,
or the area is less than the usual one A < 7wr2. This object is intrinsically
curved.

3. Saddle (see the right figure of Fig): = From the right panel, one can
see that the circle on the saddle cannot be put in the flat completely, or the
area is greater than the usual one A > 7r?. This object is also intrinsically
curved.

Let us consider how to define curvature from a mathematical point of
view. In order to define the curve properly, one can take a vector in close
path. If the vector becomes the same at the same point, the surface we take
such the vector is called flat. If the vector is not the same, the surface is
curved.

O Flat: From Fig. , one can see that after we take the vector to the

Figure 14: Taking a round trip of the vector on a flat surface, and then we
will find that the vector becomes the same at the same point.

closed path, the vector will be the same. The surface is called flat in this
case.

O Sphere (example of curve): From Fig. @, We move the vector along
A— B —C— D — A. It is found that we do not obtain the same vector
‘71- = ‘7]” #+ ‘_/; —. It is the curved surface.
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Figure 15: Taking a round trip of the vector on a non-flat surface, and then
we will find that the vector is not the same.

4.2 Vector in curved space

From the previous section, in order to properly deal with spacetime curvature,
we have to define the vector on the surface. However, we need to first define
the mathematical object referred to the curved surface. Mathematically, such
an object is called a manifold. Conceptually, the manifold is a mathematical
object that is smooth and locally flat. The locally flat property is compatible
with the notion obtained in EP. This allows us to connect the vector defined
in flat space to a curved manifold. For rigorous speaking, the definition of
manifold is any set that can be continuously parameterized (We would not
consider more details about this definition).

Now, let us move to consider the vector. Recall the 3-vector, it can be
written in terms of basis and components as follows

V = Vii+V,j+ Vik, (61)
= V,&, + V,08y + Vyéy, (62)
= V'e,. (63)

For four-dimensional spacetime (in SR), it can be promoted to a vector in
an n-dimensional manifold as

V =Vke, (64)

where g runs over 0, 1,2, 3.
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Figure 16: A curve on the manifold M parametrized by A with assignment
of coordinates z*(\) at a particular point

O For a manifold M, the curve on the manifold can be parametrized by a
parameter \.

O A point on the curve can be assigned by the local coordinates z#()\) as
shown in Fig. .

O Supposed f(z*) is a function on manifold (Mapping from M to R), then
we can write

fat(A) = g(A) eR. (65)
The differential of the function along the curve can be written as

d of o

o) = LS (66)

As a result, one can write the object in a similar form of a vector in flat space
as

d oxt 0 oz

— = = 0 67
dA O\ Ozt ox (67)
where
d . oxt . :
I s vector, 55 82 component of vector, 0, is a basis of vector.(68)
Note that since % varies with point in manifold, it plays the role of a vector

field. Note also that there are other non-coordinate basis but we do not
consider them in this lecture. In this lecture, we restrict our attention to the
coordinate basis.

O Tangent space

A vector defined at point p lies in the tangent space, denoted by T,. At
point p, there are actually many curves, and then the plane tangent to the
surface at this point is visualized as 7}, as shown in Fig . In other words,
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T, is obtained by taking all possible curves passing through point p. Note
that vectors defined at two different points (different 7},) have no relation
to each other. This is a crucial property of the vector on a manifold which
significantly differs from that in flat space.

Ty

Z

Figure 17: Tangent space

O General coordinate transformation

In SR, the vector is constructed under the Lorentz transformation. It is valid
only in flat spacetime (Minkowski spacetime). This is just a local frame of
the curved manifold. For GR, we need to generalize the transformation to
cover the whole manifold. In this sense, we introduce the general coordinate
transformation (GCT) as

' — M (x). (69)
Now let us consider how the component of the vector changes under GCT

Ouf(x) = Ouf(2(x)),
o1 01"
oz Oxt’
6xll/ ,

- a. . (70)

ozt 7

Then, we obtain the transformation of the basis as follows

axly , . al‘”j )

0, = D ad,, or €= Zn (71)
where %“T/: is GCT matrix. For the case of the matrix is invertible, we can
write

oxt . oxh _

(91’, = ﬁaﬂ, or :, = w@u. (72)

with the property
ox'™ 9xP  Odxt Ox'P
=" (73)

oxP Oz - ox'P Oxv v
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As a result, the vector, V under GCT can be rewritten as
Vo= Ve,
e
oxr V)’

In order to obtain that the vector is unchanged (V = V#é, = V&' = V'),
the component must be transformed as

ax/l/

oz

VII/

vh, (74)

Note that the Lorentz transformation is a special case of GCT.

A ox'”

Vo Qg

(75)

O Dual vector
There exist other objects on a manifold called "dual vector”. To visualize this
kind of vector, let us consider the infinitesimal transformation of coordinates,
x — x + dz. For any function f = f(z) on manifold, it is changed as

of

By comparing to the usual form of vector, we have

df is a dual vector,
of .
— is a component of dual vector,
Oxt
dxt is a basis of dual vector.

Mathematically, the dual vector is a map of the vector to R. In the same
fashion as vector, V defined in T}, the dual vector 1 is defined in T (called
dual tangent space or cotangent space). By choosing f to be the new coor-
dinate, z’#, we obtain the transformation rule of the coordinate of the dual
vector as
v
dz" = aidx“ : (77)

oz

Similar to a vector, the component of dual vector should be transform

,  OzH

w, = qu,

(78)

39



General Relativity and Black Holes I 2026 IF Summer school

in order to obtain the invariant dual vector under GCT, w = w,dz" =
wy,dz’ = w'.

O Tensor

A tensor is an object that combines the description of both a dual vector
and a vector. More precisely, an object that has components such that the
Cartesian product of "r” basis vector and ”s” basis of dual vector. Therefore,
rank (7, s) tensor can be defined

T = T’ulmurlq...us 8#1 Q- ® aﬂr & dz™ K- des’ (79)
The transformation rule can be written as
ox’t Ot 0xg 0x?
T//lzl'nur — 1 . T 1 . S Tpl"'pr 80
s Qal ozt ox'v Oxlv oLas (80)
Notation Convention
Tl ey ¢ (r—=1,5—1) tensor, (81)
Tl o= —(Sum over all permutation), (82)
7!
1
TR v = —'(Alternative sum over all permutation). (83)
s s!
e.g.
g 1 ag g
T = (T +T7), (84)
1
Tp[;w} - 5 (pr/ o Tpuu) : (85)

It is important to note that, if there exists the metric tensor g,, on the
manifold, it is called a Riemannian manifold. From SR, the spacetime is a
kind of rigid body, and the metric tensor 7, is somehow fixed. However, as
we have mentioned, the spacetime is a kind of flexible object in GR viewpoint.
Physically, the metric tensor is the object that characterizes the flexibility of
spacetime. Therefore, the curvature of the spacetime will be related to the
property of the metric tensor. We will see later on this issue.

Note that we will use g, for curved spacetime, while the flat Minkowski
spacetime is dented by 7,,. As a result, the transformation for the metric
tensor can be generalized as

oxP 0x°
o oz I

The other properties such as dot product of vectors, raise or lower indecies
still be the same.

N = MoAT e = g, = (86)
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4.3 Covariant derivatives

In order to find the proper derivatives on curved spacetime, let us consider
the transformation of the derivative of V*,

/ v a v
OV = SV
p v
_ Oxf 0 Ox v,
oz’ OxP o0x°
Oz 9z O _,  OxP PV _
Q' Qx® Oz ox'm QxPOx°®
Oxf Ox' Oz Oz _
B e P e (87)

We see that 0,V does not transform like a (1,1) tensor (because there exists
the exceed term, gwi,i 8225),;0 V7 in the above equation). This is due to the
differentiation of a vector in this manner, defined by comparing two vectors
in different tangent spaces. In this sense, the normal derivative can be per-
formed only in the flat spacetime of comparing Vi(z7) and Vi(2’ + dz?) =
Vi4dV' (see Fig. ) as follows

Vi(x? +da?) = V' + dV*
Vi(a?)

/

Figure 18: In 3D, two vectors in different points can be compared only in
flat space

ovi  Vi(ad +dad) — Vi(ad)
Oxd dglcljrgo da’ ' (88)

According to the curved spacetime, one has to compare two vectors at the
same point (same tangent space). Therefore, we have to move the vector
to the same point. Let denote the vector resulting from this transport as
VH(z") + 0V* as shown in Fig. .

Thus, the genuine derivative should be constructed from the difference
between V#(z") + 6V# and VF(z¥) + dV* as

DV# = (VH(z") + dVH) — (VE(a) + §VH) = dVH — §VH, (89)
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\ 7 L (4[.1/ ) A1 ()“ qv

A VHE(xY 4+ da”) = VH(x¥) + dVH

Figure 19: Two vectors in different points can be compared in curved space-
time, if we move one of them to the same point.

Since 0V* is obtained by parallel transport of vector V?, it should depend
on the vector V7 itself. Moreover, it is in the same tangent vector of dV7 so
that it has to be proportional to dz?. As a result, we have,

SVH o VPda® — JVH = —T% VPda®, (90)

where, 'V is the connection coefficient. Considering derivative (@) along
the curve parametrized by a parameter )\, it reads

Dv# dve  sVvH

d\ dy d)’
dz® gV# dz°
- T# VP
oz eV
dz° ovH dz?
[ — I‘# P - 1
VY (81’” TV ) ar (51)

Then the component of the covariant derivative of vector V# can be written
as

V,VHE=9,Vi 4 TH VP, (92)

For the dual vector, one can find the covariant derivative from the fact that
a scalar quantity is covariant and is not affected by the transport,

Vo (VIW,) = 0,(VIW,). (93)

Exercise show that the component of the covariant derivative of the dual
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vector can be written as

VoW, =0,W, -1, W,. (94)
Generally, one can find the covariant derivative of the tensor as
p
VT, = QT Y TRk
i=1
q
_ Z FZVZ-TM'“WV1~~~V1-_10V2-+1~~Vq' (95)
i=1

Exercise Show that the connection, I'f, transforms as the transformation rule

ox'? x> 0xP _ Ox'P O%a°
Oxe dx'm Oz~ P Qxo a/rda
One found that I'/, does not transform as a tensor. However, I'f, — IV

transforms as tensor. Therefore, it is possible the define the torsion tensor
as

(96)

p __
I

T, =1, -1, (97)

Note that the torsion is a result of the round-trip transport of the scalar
function T%, [V, V,]f. In GR, we consider only the torsion-free space-
time 77, = 0. In principle, I',, does not depend on the metric tensor g,,. It
is a structure we introduce to the manifold, like g,,. However, if we impose
the metric compatibility V,g,, = 0, it will depend on the metric tensor can
called the Christoffel symbol.

Exercise By using the metric compatibility V ,g,,, = 0, show that

1 loa
F/ij/ = §gp (OuGvo + OvGuo — OoGyuw) - (98)

Exercise Show that
1

v,V
TV

O (V—=gV*) . (99)
4.4 Parallel transport and geodesic equation

Considering directional derivative along a vector U, it reads

DV¥
d\ lu

= UMV, V. (100)
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Now let us specify the direction of the derivatives along the tangent vector
(U —t),

D v¥

| = v, (101)
dx?
- %VMV”. (102)

From this equation, one can see that it implies the transport of the vector
along a curve parametrized by A. If we want to keep the vector constant
along the path, the covariant derivative of the vector should not be changed.
In this sense, one can define the parallel transport as

Dv¥
=t Y =0. 1
ol V,V¥ =0 (103)
The properties of parallel transport can be listed as
D
— —Trmecke o=t e = 0. (104)
dA 1t 1t
D
— (g, V*W") = 0. 105
0 0 !
D DV, DWW/
heck IW v v v K = .
(Chec + 9u i W" + g,V %d/\ 0)
— If C'(X) is an arbitrary curve, the tangent vectors are not parallel-transported
into the tangent vectors. (106)

SLLL| | gt
X /

Figure 20: There exists a special subset of all arbitrary curves to satisfy the
tangent vectors are parallel-transported into the tangent vectors

There exists a special subset of all arbitrary curves that satisfy the tangent
vectors are parallel-transported into the tangent vectors. This curve is called
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"geodesic path” or auto-parallel curve as shown in Fig @ From the condition
for parallel transport,

AV}
da#
Yoy 4
de?
a%—l“ﬁyt#t,, = 0,
A2z p da# da#

demdat ) 107
Dz eI (107)

This is called the geodesic equation. The parameter, A, satisfying the geodesic
equation is called the affine parameter. In the other word,

Parallel transport of V# along a geodesic path.
\

Moving vector by fixing direction and magnitude.

It is important to note that the geodesic equation can be derived from
the variational principle. Generally, it can be written as

w0+ D0 @i = f(N)i?, (108)

From this equation, it follows that the geodesic equation can be obtained
from the notion of the parallel transport by fixing only the direction of the
vector V# (not fixing the magnitude). However, this is still equivalent since
we can find another proper affine parameter \.

Exercise Show that it is possible to find the other affine parameter to obtain
the usual geodesic equation.

4.5 Curvature tensor

As we have mentioned before, in order to find the intrinsic curvature, we
have to move the vector in a closed path. In this sense, it is natural to use
the parallel transport to move the vector. Therefore, in this subsection, we
will find the spacetime curvature by performing the parallel transport of a
vector along the closed path as shown in Fig. ﬁ

It is found that, in general, the change of vector is

VP = —I% Vodat, (109)
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:CV

(66", 6a")

(6b*, 0)

Tk

Figure 21: Round trip parallel transport of a vector

According to the above figure, we have

AL = VIB) VI == [ Thveas, (110)
AL = W(O)_mm:—/ T Vodat, (111)
¥ =5§bv
5 = v -ve) = [ mveas, (112)
AP — vf(A)_vf(D):/ I Vodat. (113)
xH=0

Then

Afl) + Ag N (/”—5 v B /1/—0) Fﬁgvadxﬂ’

5@”/8,, (FZUV”) dzt,
~ da’ob"o, (T1,V7). (114)

Q
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and

AL+ A = (—/ +/ )FZUV"dx“,
TH=5br

b / 9, (I, V) d
—5b8a” 9, (T, V) . (115)

Q

Q

The whole parallel transportation can be written as

A= N6
~ 6a”b" [(8,1%, — 0,I%,) V7 +T%5,0,V7 —T%,9,V°],
= ba”ob" [(O,1%, — 0,1%,) VI + 10, L0,V =17 7 V],
= da”ob" (9,10, — 8,10, + 0,1, —T0, 1, ) V7,
= ba"6V'R*,,, V. (116)

where the tensor R?,,,, = 0,1, =0, +17,T'5, —I'",T called Riemannian

ovp
tensor which describes how the manlfold curves.

Next, we will discuss the alternative approach to defining the Riemannian
tensor. Let us consider the parallel transportation of a vector along different
?Ejaths in which the starting and ending points are the same, as seen in Fig.

Round trip

(Previous discussion) 2 different paths

Figure 22: Other way to obtain the curvature tensor

The difference of parallel transported vectors along path 1 and path 2
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can be written as

(VuiVy = VU,V ) VP = 0,(V,VP) =TIV VP + 1% V, V7 =09, (V. V) + T, V.,V —
= 9, (O +T0 V) =0, W+ I v7)
+I0 (O,VO+ T V) = 1%, (0,VO + T V) — (19, —T7,) V,V?,
= 0,0 VY + 1L 0" — a rﬂ VY -T2,V
+I0 (BN + T V) =T, (9 V7 + T V) — (I, —T7,) Vo V7,
= (8,10, — 0,10 +10,T7 — F’,jal“;‘w) VY — Mvgvp,
R, vV — ZF[W V. V"

Notice that this difference between 2 vectors is considered in the spacetime
with torsion because the term F‘[LV] does not vanish. Hence, for torsionless
spacetime, we also have

SO AAIUCIAT r I e
Next, we will consider the torsionless spacetime. Let us first define
Ow=V,V, -V, V,. (119)
From (@), we can write
O, VW, +VrO,W, = 0,
VeOo,W, = —R° VW, (120)

The difference of the dual vector parallel transported along paths gives us

OuwW, = —R, W, (121)

puv

In general, for any (p, q) tensor, we have

e — H1 YH2: . [ L g — 1Y i1 . H
O T le 2 R 'y,uuT vy puq R %//J,I/T - ' vy pz/q R };;w
— R THL " HEp _..._R’Y Tﬂl _,___R’Y

[ ZY0% YV2---vg u1 Vi 1YVit1Vq

4.6 Properties of Riemann tensor
From the definition of Riemanian tensor,

R’ = 0.0, — 0,10, + 10T, —T0,T) (123)

o
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Contracting with g,,,

9o B = Byopw = 97004176 — 93000175 + gvprﬁxri\a — gyl

po
= 0u(9vl'0s) = 0ugypl 'y, — &,(ngfM,) + an’YPPZU + g’YPFZ/\PIi\U - ng‘;Afﬁw
(124)

Choosing to consider in geodesic coordinate (I',, = 0, but 9,1, # 0), we
can write

Riou = 0u(gy,1%,) _au(gvaZU)a

L 1
= 2 O (9409 (Dgx + 05 Gun — OrGuo)| — =00 [9409" (8,e95n + O Gur — OrGuor) |
Y (auao’gw — 04079 + 0,0190y — auaagw) . (125)

It is easy to see that

R’yauu = _R'ym/,ua (126)
R’YO’;,LV = _Ra'y;un (127)
Rvauy = R,u,lwo . (128)

These properties not only exist in the geodesic coordinates, but also in all
coordinates.
Let consider

diy = Via, 0" A6, (129)
&@, = VV,a,00 AGYA G = 0. (130)
Since the basis does not vanish, the components are
0 = ViViay,

1
-9 (v[uvvap} - V[Vvuap]) J

1
— 2

We obtain another property of the Riemannian tensor

Y _
R (o] = 0. (132)
It can be alternatively written as
Riropa) = 0. (133)
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Eventually, we have 4 independent properties which are ([126)-(128) and
(i32)or (153)

Counting degrees of freedom
In n-dimensional spacetime, from the property in (), we can consider the
Riemannian tensor as the 2-rank tensor,

Ry = T, (134)

where the new indices are defined as the pair of the old ones, a = yo and
b = uv. Suppose that each a and b contains m degrees of freedom. Since T},
is symmetric, the number of degrees of freedom is m(m + 1)/2.

From the properties in () and (), it is anti-symmetric for each pair
vo and pv. Thus a and b contain n(n — 1)/2 degrees of freedom. Then the

properties ()—() give us that
n(n—1) n(n—1)
() (52 +1)
- . (135)

using (2d)—(28) 2

However, there is 1 property left which is ([L32) or () We choose to
use () It is found that (@) will eliminate n(n — 1)(n — 2)(n — 3)/4!
degrees of freedom. Thus we have

n(n—1) n(n—1)
+1 N 2\ —
# of dofof Ryppy = ( ? ><2 2 >_n(n )<n4' J(n=3)

_ n(n—1)
=~ Brn—1)+6-(n-2)n-3),
_on(n—-1)

*(n—1)(n+1). (136)

# of d.o.f of Ryopm

12"
We can see that there are 20 degrees of freedom for 4-dimensional spacetime.
Notice that the number of degrees of freedom in 1 dimension is zero. This
means that there is no curvature in 1 dimension. We need information in
higher dimensions in order to identify whether the line in 1 dimension is
straight or curved.

Bianchi Identity
Considering

= 0 by (132)

VAW, — R,V W (137)

oluv

OV Wo =

A Jepv
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and
VipOuWo = =V (R’\|0|W]W>\) ’
= —VpR\ W — B,V Wa. (138)
In order to obtain () = (), the term V[pR)‘|U|M W, must be zero. Then
Vi Rpolum W = 0, (139)
or

VipeBolw) = 0,
V[pR,u,l/]AU = 07 (140)
which is called the Bianchi identity.

Ricci tensor

In order to R”,,, =0

Riccei tensor

R, =R (141)

pyv

Ricci scalar
Ricci scalar

R - gMVR;W' (142)

Einstein tensor

Contracting () with gPghe,

1
gpkgudv[prjp\a = gp)\glufg (VpR/u/)\a + v;tRupAU + VuRpp)\J) )

1
0 — 3 [V (=Ru») + V(=Ry») + V,R],
2 1
— —gv“ <RW — égwR) ,
)
= —§V“GW. (143)

The tensor G, = R, — %gw,R is called the Einstein tensor. Note that
this tensor is divergence-less, V*G,,, = 0, corresponding to the behaviour of
matter which obeys the law of conservation of energy. Hence, the Einstein
tensor is useful to explain the curvature of spacetime due to the existence of
matter, as we will discuss later.
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