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Disclaimer

This note is a placeholder, based on a lightly revised version of the 2023 Summer
School notes, and does not correspond one-to-one to the presentation of topics
in the 2026 Summer School. For instance, it lacks a full discussion of density
matrices and reduced density matrices, which are essential for understanding
why entanglement alone cannot be used to transmit information.
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CHAPTER 1

Mathematical Prerequisite

SECTION 1.1

Transition from wave mechanics

The stationary states from a complete, orthonormal set

∫
dx φ∗n(x)φm(x) = δnm Orthonormality

∑
n

φ∗n(x)φn(x′) = δ(x− x′) Completeness
(Closure relation)

(1.1)

(1.2)

The Dirac delta “function" is a generalized function, also known as a distribu-
tion, and only has meaning inside an integral.∫

dx′ f (x′)δ(x− x′) = f (x) (1.3)

Think of the delta function as a linear map fromH to C.
Given a function ψ(x). Suppose that we can write

ψ(x) = ∑
n

cn φn(x). (1.4)

Orthogonality implies that∫
dx φ∗n(x)ψ(x) = ∑

m
cm

∫
dx φ∗n(x)φm(x) (1.5)

= ∑
m

cmδnm = cn. (1.6)

In other words, we have an identity

cn =
∫

dx φ∗n(x)ψ(x) . (1.7)

Equipped with the orthonormality relation, we can show that the closure rela-
tion is equivalent to the spanning property.1 1Of course, a set that is not or-

thonormal (nor orthogonal) can
also span the space, in which case
the closure relation is generalized
to the frame condition.

Lemma 1 An orthonormal set {φn(x)}n spans the space of function if and only if it
satisfies the closure relation (1.2).

PROOF “⇐= " direction
Suppose that the closure relation is true. For an arbitrary ψ(x), compute
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ψ(x) = ∑n cn φn(x). We want to show that ∑n cn φn(x) is nothing but ψ(x).

∑
n

cn φn(x) =
∫

dx′ ψ(x′)∑
n

φ∗n(x′)φn(x) (1.8)

=
∫

dx′ ψ(x′)δ(x− x′) = ψ(x) (1.9)

as desired.
“ =⇒ " direction
Suppose that the expansion (1.4) is valid for an arbitrary function,

ψ(x) =
∫

dx′ ψ(x′)∑
n

φ∗n(x′)φn(x), (1.10)

then it must be that the sum acts like a Dirac delta function, which completes
the proof.

In quantum theory, |cn|2 has the meaning of the probability to find the sys-
tem in the state φn(x). It is straightforward to verify that

∑
n
|cn|2 =

∫
dx |ψ(x)|2. (1.11)

More generally, if ψ(x) = ∑n cn φn(x) and ϕ(x) = ∑n dn φn(x). Then the inner
product in the function space is the same as the inner product between infinitely
long vectors of sequences {cn}n and {dn}n:∫

dx ϕ∗(x)ψ(x) = ∑
nm

d∗ncm

∫
dx φ∗n(x)φm(x) (1.12)

= ∑
nm

d∗ncmδnm = ∑
n

d∗ncn (1.13)

=
(
d∗1 d∗2 . . .

)c1
c2
...

 (1.14)

Technically, these two kinds of inner product define different Hilbert spaces.
One is the space l2 of square-summable sequences,

∑
n
|cn|2 < ∞. (1.15)

The other is the space L2 of square-integrable functions,∫
dx |ψ(x)|2 < ∞. (1.16)

In Heisenberg’s original conception of quantum theory, he rejected ascrib-
ing (continuous-valued) dynamical variables such as position and momentum
to atomic orbitals on the basis that they are unobservable and that a theory that
included them so far had failed to make the correct prediction [2]. Heisenberg
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focused instead on discrete quantities n = 1, 2, . . . that label the atomic orbitals.
In this approach, known as matrix mechanics, there are only observables and
“quantum jumps" between different values of an observable. Notably, there is
no notion of a quantum state2 2So one is spared from having to

physically interpret a superposi-
tion of quantum states.

, but one can think of the coefficients {cn}n as a
“state". Thus, one is working in the Hilbert space l2 of square-summable se-
quences.

Schrödinger came from a different vantage point entirely. He took seriously
de Broglie’s idea that associated to every quantum particle is a wave and asked
what the wave equation for de Broglie’s waves are. This led to the Schrödinger
equation and the approach known as wave mechanics. In this approach, there
are only states, but no probability, at least at first.3 3Schrödinger hihmself even mis-

takenly believed that the wave
function describes a charge den-
sity of some sort.

It was Max Born that sup-
plemented the probabilistic interpretation in this approach. As a result, one is
working in the Hilbert space L2 of square-integrable functions.

However, the two approaches were the same all along as the two Hilbert
spaces are equivalent (Riesz-Fischer theorem). From this line of thinking, John
von Neumann developed a unified formulation of quantum mechanics as we
know today [1, 2]. For us, the whole point is that {cn}n and ψ(x) are simply
two representations of the same element |ψ⟩ of an abstract Hilbert spaceH.

Example (Particle in a box)

|φn⟩ ←→ φn(x) =

√
2
L
·
{

sin(knx), even n,
cos(knx), odd n,

(1.17)

where kn = nπ/L. Note the important fact that the ket |φn⟩ has no x-
dependence.

Example (Spin-1/2)

|ψ⟩ = α |↑⟩+ β |↓⟩ (1.18)

SECTION 1.2

Inner product spaces

The prerequisites of this section are definitions and basic properties related to
vector spaces and linear operators, which can be found in Appendix A.

Definition 1 A pairing

V ×V → C, (1.19)
ϕ, ψ 7→ (φ, ψ) (1.20)

is said to be an inner product if the following properties are satisfied.

• Linearity in the second argument:

(ϕ, aψ1 + bψ2) = a(ϕ, ψ1) + b(ϕ, ψ2) (1.21)
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• Conjugate symmetry:

(ψ, ϕ) = (ϕ, ψ)∗ (1.22)

• Positive-definiteness:

(ψ, ψ) ≥ 0 with equality iff |ψ⟩ = 0 (1.23)

Inner products in real vector spaces are bilinear, but inner products in com-
plex vector spaces are sesquilinear, i.e., they are conjugate linear in the first ar-
gument. Sesquilinearity follows from (1.21) and (1.22)

(aϕ1 + bϕ2, ψ) = (ψ, aϕ1 + bϕ2)
∗ (1.24)

= a∗(ψ, ϕ1)
∗ + b∗(ψ, ϕ2)

∗ (1.25)
= a∗(ϕ1, ψ) + b∗(ϕ2, ψ) (1.26)

Sesquilinearity is required to make (ψ, ψ) non-negative.

Example (Weird inner product)
The following formula defines an inner product in R2.

(x, y) = 5x1y1 + x1y2 + x2y1 + 3x2y2. (1.27)

The positive definiteness can be shown by noting that

(x, x) = 5x2
1 + 2x1x2 + 3x2

2 = (x1 + x2)
2 + 4x2

1 + 2x2
2 ≥ 0, (1.28)

with equality iff every term is zero.

An inner product with a fixed vector ϕ always can be thought as a mapping

(ϕ, _ ) : V → C, (1.29)
ψ 7→ (ϕ, ψ) (1.30)

This is an example of a linear functional, a linear map from V to C.

Definition 2 The dual space V∗ of V is defined as the vector space of linear functionals
with addition defined as4 4Scalar multiplication in V∗ fol-

lows directly from the the linear-
ity of linear functionals: f (aψ) =
a f (ψ).

( f + g)(ψ) = f (ψ) + g(ψ). (1.31)

Lemma 2 dim V∗ = dim V.

PROOF For any given basis {ej}j for V, we can define a basis { fk}k for V∗ by the
relation fk(ej) = δjk. If there is an element g of V∗ that cannot be represented
as a linear combination of { fk}k, then g(ej) = 0 for every j, which implies that
g is the zero map. Therefore, { fk}k spans V∗ and there are dim V of them.

For finite dimensional vector spaces, the characterization of linear func-
tionals are obvious in matrix form. By definition, any linear map from an n-
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dimensional vector space to C can be represented by a 1-by-n matrix,

f




c1
c2
...

cn


 =

(
∗ ∗ . . . ∗

)


c1
c2
...

cn

, (1.32)

which suggests that all linear functionals can be realized as an inner product.5 5But note that the notion of linear
functionals of the dual space does
not require the notion of an inner
product.

This is indeed true (Riez representation theorem). An inner product induces an
antilinear map † that identifies V and V∗,

|ψ⟩ †←→ ⟨ψ| , (1.33)

but the specification of the map itself will depend on the choice of the inner
product. If we choose an orthonormal basis {

∣∣ej
〉
}n

j=1,

(ej, ek) = δjk, (1.34)

this map is

c1 |e1⟩+ · · ·+ cn |en⟩
†←→ c∗1 ⟨e1|+ · · ·+ c∗n ⟨en| . (1.35)

In other words, f ∈ V∗ is identified with the vector ϕ f = ∑j[ f (ej)]
∗ej ∈ V, for

suppose that ψ = ∑j cjej, then

(ϕ f , ψ) = ∑
j

cj(v f , ej) Linearity in the second argu-
ment

(1.36)

= ∑
jk

cj{[ f (ek)]
∗}∗(ek, ej) = ∑

jk
cj[ f (ek)]δjk Conjugate linearity in the first

argument
(1.37)

= ∑
j

cj f (ej) = f

[
∑

j
cjej

]
= f (ψ), (1.38)

as it should be.

Theorem 1 (Cauchy-Schwarz)

|⟨ϕ|ψ⟩|2 ≤ ⟨ϕ|ϕ⟩ ⟨ψ|ψ⟩

Figure 1.

PROOF Given a pair of vectors |ϕ⟩ and |ψ⟩, one can consider the triangle formed by∣∣∣ψ∥〉, the component of |ψ⟩ parallel to |ϕ⟩:

|ψ∥⟩ = ⟨ϕ|ψ⟩⟨ϕ|ϕ⟩ |ϕ⟩ , (1.39)

and the perpendicular component
∣∣ψ⊥〉 = |ψ⟩ − |ψ∥⟩, see Fig 1.
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The Pythagorean theorem tells us that

⟨ψ|ψ⟩ = ⟨ψ⊥|ψ⊥⟩+ ⟨ψ∥|ψ∥⟩ (1.40)

⟨ψ|ψ⟩ − |⟨ϕ|ψ⟩|
2

⟨ϕ|ϕ⟩ = ⟨ψ⊥|ψ⊥⟩ ≥ 0. (1.41)

from which the Cauchy-Schwarz inequality

|⟨ϕ|ψ⟩|2 ≤ ⟨ϕ|ϕ⟩ ⟨ψ|ψ⟩ (1.42)

emerges. Additionally, we see from (1.41) that the inequality is tight iff |ϕ⟩
and |ψ⟩ are scalar multiple of each other.

Definition 3 The norm of |ψ⟩ is ∥|ψ⟩∥ ≡ ∥ψ∥ :=
√
⟨ψ|ψ⟩.

Since an inner product defines a norm, a Hilbert space is also a normed vector
space.6 6The converse is not true. Even

though an inner product can be
constructed from the 2-norm via
the polarization identity, (the p-
norm is defined as ∥ψ∥p =

p

√
∑
∣∣∣cj

∣∣∣p), a normed space is not

always an inner product space.
Take the max norm, ∥ψ∥∞ =

maxj

∣∣∣cj

∣∣∣, for example.

By definition, a norm needs to satisfy the triangle inequality

∥|ψ⟩+ |ϕ⟩∥ ≤ ∥ψ∥+ ∥ϕ∥. (1.43)

But for a norm induced from an inner product, the triangle inequality can be
proved using the Cauchy-Schwarz inequality. Since the latter holds for any
inner product, the former holds irrespective of the choice of inner product used
to define the norm.

PROOF

∥|ψ⟩+ |ϕ⟩∥2 = ∥ψ∥2 + ∥ϕ∥2 + 2Re ⟨ψ|ϕ⟩ (1.44)

≤ ∥ψ∥2 + ∥ϕ∥2 + 2|⟨ψ|ϕ⟩| (1.45)

≤ ∥ψ∥2 + ∥ϕ∥2 + 2∥ψ∥ · ∥ϕ∥ Cauchy-Schwarz inequality(1.46)

= (∥ψ∥+ ∥ϕ∥)2 (1.47)

The vector space in quantum theory is a separable Hilbert space. A Hilbert
space, denoted by H, is a vector space equipped with an inner product and
some convergence properties. Separability means that there exists a countable
basis for the space.7 7Stationary states |φ⟩n form a

countable basis, but continuous
eigenvectors such as |x⟩ do not.

Additionally, since the norm of a vector has the meaning
of a probability, we demand that the norm of every vector is finite. (As a con-
sequence of the Cauchy-Schwarz inequality, this also means that every inner
product is finite.) For a finite-dimensional vector space, all these issues about
separability and finiteness of the norm never arises; in this case, a Hilbert space
is simply an inner product space.
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Given the correspondence between linear functionals and the inner prod-
uct, the bra-ket ⟨v|u⟩ is often regarded as merely another notation for the
inner product between two vectors in the Hilbert space. This interpreta-
tion is always valid in finite dimensions, but in an infinite-dimensional
Hilbert space, there are linear functionals that have no corresponding
vector. Take the bra ⟨x|, for example. Its squared norm is

⟨x|x⟩ =
∫

dx′
〈

x
∣∣x′〉 〈x′

∣∣x〉 = ∫
dx′δ2(x− x′) = δ(0) = ∞. (1.48)

Now we are ready to write down properties of an orthonormal basis (ONB)
in the Dirac notation. 〈

ej|ek
〉
= δjk Orthonormality

∑
j

∣∣ej
〉〈

ej
∣∣ = 1̂ Completeness

(1.49)

(1.50)

The equivalence of the spanning property and (1.50) can be shown similar to
the continuous case. Suppose

|ψ⟩ = ∑
j

cj
∣∣ej
〉

. (1.51)

Then 〈
ej|ψ

〉
= ∑

k
ck
〈
ej|ek

〉
(1.52)

= ∑
k

ckδjk = cj. (1.53)

That is, we have that

cj =
〈
ej|ψ

〉
. (1.54)

Then suppose that an arbitrary vector can be expanded in such a way,

|ψ⟩ = ∑
j

cj
∣∣ej
〉
= ∑

j

∣∣ej
〉 〈

ej|ψ
〉

. (1.55)

Then it must be the case that ∑j
∣∣ej
〉〈

ej
∣∣ = 1̂.

SECTION 1.3

Linear operators

Any linear operator takes as an input a vector and outputs another vector. From
this we observe that a ket-bra like |ψ⟩⟨ϕ| is a linear operator since

|ψ⟩ ⟨ϕ|ζ⟩ = ⟨ϕ|ζ⟩ |ψ⟩ , (1.56)

which is again a vector.8 8In particular, the vector space of
linear operators onH isH∗ ⊗H.

This is the magic of the bra-ket notation.
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If an orthonormal set {
∣∣φj
〉
}j spans a subspace S ⊂ V, then

P̂S = ∑
j

∣∣ej
〉〈

ej
∣∣ (1.57)

is a projection operator onto the subspace S and 1̂− P̂S is the projection operator
onto the orthogonal complement S⊥. That is, the total space is the direct sum
V = S⊕ S⊥, and for |v⟩ = |s⟩+ |p⟩ ∈ V, where s ∈ S and p ∈ S⊥, we have that
P̂S |v⟩ = |s⟩ and (1̂− P̂S) |v⟩ = |p⟩.
Matrix elements.

T̂ = 1̂T̂1̂ = ∑
jk

∣∣ej
〉 Tnm︷ ︸︸ ︷〈

ej
∣∣ T̂ |ek⟩ ⟨ek| (1.58)

T̂ |ψ⟩ = ∑
jk

Tjk

ck︷ ︸︸ ︷
⟨ek|ψ⟩ = ∑

j

dj︷ ︸︸ ︷(
∑

k
Tjkck

) ∣∣ej
〉

(1.59)

↔


d1
d2
...

dn

 =


T11 T12 . . . T1n

T21 T22
...

...
. . .

Tn1 . . . Tnn




c1
c2
...

cn

 (1.60)

We see that the components transform as

dj = ∑
k

Tjkck . (1.61)

The transformation of basis vectors is in a sense “opposite":

T̂
∣∣ej
〉
= ∑

k
Tkj |ek⟩ . (1.62)

The merit of the Dirac notation is that it streamlines matrix multiplications.

T̂Ŝ = ∑
jklm

TjlSmk
∣∣ej
〉
⟨el |em⟩ ⟨ek| = ∑

jk

(
∑

l
TjlSlk

)
︸ ︷︷ ︸

(T̂Ŝ)nm

∣∣ej
〉〈

ek
∣∣ (1.63)

For example, (1.62) can be derived without breaking a sweat.

T̂
∣∣ej
〉
= ∑

kl
Tkl |ek⟩

〈
el |ej

〉
= ∑

jk
Tkj |ek⟩ (1.64)
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The same is true for (1.61).

dj =
〈
ej
∣∣T̂∣∣ψ〉 = ∑

klm
Tklcm

〈
ej|ek

〉
⟨el |em⟩ = ∑

l
Tjmcm (1.65)

Trace. The manifestly basis-independent definition of the trace is

tr(|ψ⟩⟨ϕ|) = ⟨ϕ|ψ⟩ , (1.66)

which, in an ONB, equivalent to

tr T̂ = ∑
jk

Tjk tr
(∣∣ej
〉〈

ek
∣∣) Linearity of the trace(1.67)

= ∑
jk

Tjk
〈
ek|ej

〉
= ∑

j
Tjj = ∑

j

〈
ej
∣∣T̂∣∣ej

〉
. (1.68)

The trace has the cyclic property

tr
(

ÂB̂
)
= tr

(
B̂Â
)

. (1.69)

Beware that for three or more matrices in the product, the cyclic property means
that

tr
(

ÂB̂Ĉ
)
= tr

(
B̂ĈÂ

)
, (1.70)

whereas

tr
(

ÂB̂Ĉ
)
̸= tr

(
B̂ÂĈ

)
. (1.71)

SECTION 1.4

Spectral theorem

Definition 4 The adjoint T̂† of a linear operator T̂ is defined implicitly by its action

(T̂†v, u) = (v, T̂u) (1.72)

on any u, v ∈ H.

a priori this may not be the same as the † map between V and V∗, but we can
show immediately that the matrix elements of T̂† in an ONB must be the conju-
gate transpose of those of T̂

As is written, (1.72) is not straightforward to write in the Dirac notation,
which does not distinguish between the left- and right-action of an operator.

(⟨v| T̂) |u⟩ = ⟨v| (T̂ |u⟩) = ⟨v|T̂|u⟩ (1.73)

Nevertheless, using the conjugate symmetry of the inner product, one can ex-
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press an equivalent condition,

⟨v|T̂†|u⟩ = ⟨u|T̂|v⟩∗ . (1.74)

Since (1.72) is valid for any u, v ∈ H, it must hold true for members of an
orthonormal basis set {

∣∣ej
〉
}j. Hence, we can immediately see that

(T̂†)jk =
〈
ej
∣∣T̂†∣∣ek

〉
=
〈
ek
∣∣T̂∣∣ej

〉∗
= T∗kj. (1.75)

Other properties of the adjoint follow:

(aT̂ + bŜ)† = a∗T̂† + b∗Ŝ†, (1.76)

(T̂Ŝ)† = Ŝ†T̂†, (1.77)

(T̂†)† = T̂. (1.78)

A particularly helpful rule is that

(|u⟩⟨v|)† = (⟨v|†)(|u⟩†) = |v⟩⟨u| . (1.79)

The reversing of the multiplication order can be see directly, not as a result of
the transposition, but as a result of the definition of the adjoint.

⟨v| T̂
V∗

|u⟩
V

= ⟨v|
W∗

T̂ |u⟩
W

(1.80)

The most important result from linear algebra that lies at the foundation of
quantum theory is the spectral theorem.

Theorem 2 (Spectral theorem)
Eigenvectors of T̂ can be chosen to be an ONB ⇐⇒ T̂ is a normal operator:
T̂T̂† = T̂†T̂.

A sketch of the proof utilizing projection operators is provided in Appendix A.
The theorem implies that the matrix of T̂ is diagonal in the basis of eigenvectors
{
∣∣ej
〉
}j:

T̂ = ∑
j

λj
∣∣ej
〉〈

ej
∣∣←→


λ1

λ2 0
λ3

0 . . .
λn

, (1.81)

An extremely useful consequence of which is that we can take any analytic
function of T̂ by taking the function of the eigenvalues directly.

Definition 5 A linear operator T̂ is said to be

1. Hermitian if T̂† = T̂,
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2. positive if ⟨ψ|T̂|ψ⟩ ≥ 0 for every |ψ⟩ ∈ H,

3. a projection operator if it is Hermitian9 9Hermiticity is a necessary condi-
tion, as there is an operator that
satisfies T̂2 = T̂, but is not a pro-
jection operator:(

1 1
0 0

)
.

and T̂2 = T̂,

4. unitary if T̂T̂† = T̂†T̂ = 1̂.

Normal operators are analogous to complex numbers. Any linear operator
can be written as a sum of its “real part" Ĥ and i times the “imaginary part" Ĝ,
both of which are Hermitian. That is, Ĥ† = Ĥ and Ĝ† = Ĝ.

T̂ =

Ĥ︷ ︸︸ ︷
T̂ + T̂†

2
Hermitian

+ i

Ĝ︷ ︸︸ ︷
T̂ − T̂†

2i
Hermitian

(1.82)

Ĥ and Ĝ do not commute in general, but they commute precisely when T̂ is
normal.

[Ĥ, Ĝ] =
1
4i
[T̂ + T̂†, T̂ − T̂†] (1.83)

=
1
4i
([T̂†, T̂]− [T̂, T̂†]) =

1
2i
[T̂†, T̂] (1.84)

Relations between subclasses of normal operators are visualized as a Venn
diagram in Figure 2. Their eigenvalues belong to the corresponding subclasses
of complex numbers, see Table 1.

Number Matrix

Complex Normal

Unit modulus Unitary

Real Hermitian

Positive Positive

Idempotent (0&1) Projection

Table 1. Taxonomy of op-
erators and their analogous
types of numbers.

Figure 2. Taxonomy of linear operators that possess the spectral decomposition.
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Lemma 3 Over the field C, positivity implies Hermiticity.10 10A counterexample over R:

(
x y
)(2 2

0 0

)(
x
y

)
= x2 + y2 + (x + y)2 ≥ 0

⟨ψ|T̂|ψ⟩ , ∀ |ψ⟩ ∈ H =⇒ T̂† = T̂. (1.85)

PROOF Let T̂ be a positive operator. Write T̂ = Ĥ + iĜ, and let
∣∣gj
〉

be normalized
eigenvectors of Ĝ corresponding to eigenvalues λj. For

0 ≤
〈

gj
∣∣T̂∣∣gj

〉
=
〈

gj
∣∣Ĥ∣∣gj

〉︸ ︷︷ ︸
Real

+iλj (1.86)

to be true, λj must vanish for all j. Since Ĝ is Hermitian and all its eigenvalues
vanish, it must be the zero operator. Therefore, T̂ is Hermitian.

Lemma 4 For any linear operator T̂, T̂†T̂ and T̂T̂† are positive operators

PROOF

⟨ψ|T̂†T̂|ψ⟩ = (⟨ψ| T̂†)(T̂ |ψ⟩) =
∥∥∥T̂ |ψ⟩

∥∥∥2
≥ 0. (1.87)

Lemma 5 T̂†T̂ = 1̂ ⇐⇒ T̂T̂† = 1̂ in finite dimensions.

PROOF Since TT† is Hermitian:

(TT†)† = (T††)T† = TT† (1.88)

and squares to itself:

(TT†)2 = T(T†T)T† = TT†, (1.89)

TT† is a projection operator. Moreover, the dimension of the space to which
it projects is Tr

(
TT†) = d. Therefore, TT† must be the identity operator.

The proof fails in infinite dimension. Despite the fact that {
∣∣ f j
〉
} is an orthonor-

mal set of infinite cardinality, there is no guarantee that it spans H. For an ex-
plicit counterexample, consider the left shift L̂ (A.14) and the right shift R̂ (A.15).
They are adjoints of each other (check this!), and it is evident that L̂R̂ = 1̂, but
R̂L̂ ̸= 1̂ because the left shift irrecoverably kills the first component of any vec-
tor.

SECTION 1.5

Tensor product

The quantum state of a joint system AB lives in the tensor product spaceHA ⊗
HB. The tensor product space can be defined without relying on specific bases
on HA and HB, but for the sake of simplicity, we will define the tensor product
via ONBs.

Suppose that {
∣∣ej
〉
}j and {| fk⟩}k are ONBs for HA and HB respectively.

(Their dimensions may not be the same.) HA ⊗ HB is simply the span (for-
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mal linear combinations) of elements in the Cartesian product {
∣∣ej
〉
}j×{| fk⟩}k,

denoting the elements by
∣∣ej
〉
⊗ | fk⟩.

A vector in HA ⊗ HB is said to be a product state if it can be written as
a simple product |ψ⟩ ⊗ |ϕ⟩ of some |ψ⟩ ∈ HA and |ϕ⟩ ∈ HB. Otherwise, a
vector is said to represent an entangled state. If needed, subscripts may be
added to indicate which vector belongs to which Hilbert space, for example,
|ψ⟩A ⊗ |ϕ⟩B. It is common to omit the tensor product symbol ⊗ and write a
product state simply as |ψ⟩ |ϕ⟩, or even |ψϕ⟩when no confusion may arise. The
latter is extremely common when the qubit basis states are labeled by binary
numbers, for example |00⟩ = |0⟩ ⊗ |1⟩ , |01⟩ = |0⟩ ⊗ |1⟩, and so on.)

Scalar multiplication

λ(|ψ⟩ ⊗ |ϕ⟩) = (λ |ψ⟩)⊗ |ϕ⟩ = λ(|ψ⟩ ⊗ (λ |ϕ⟩) (1.90)

Vector addition

(|ψ1⟩+ |ψ2⟩)⊗ |ϕ⟩ = |ψ1⟩ ⊗ |ϕ⟩+ |ψ2⟩ ⊗ |ϕ⟩ (1.91)
|ψ⟩ ⊗ (|ϕ1⟩+ |ϕ2⟩) = |ψ⟩ ⊗ |ϕ1⟩+ |ψ⟩ ⊗ |ϕ2⟩ (1.92)

Compare these to the rules A.11 and A.12 for the direct product (which is equiv-
alent to the direct sum) of vector spaces.

Linear combinations of product vectors with no common factor (entangled
states) are genuinely new objects inHA ⊗HB.

Inner product.

(⟨η| ⊗ ⟨ξ|)(|ψ⟩ ⊗ |ϕ⟩) = ⟨η|ψ⟩ ⟨ξ|ϕ⟩ (1.93)

Partial inner product.

A ⟨η| (|ψ⟩A ⊗ |ϕ⟩B) = ⟨η|ψ⟩ |ϕ⟩B (1.94)

Linear operators.

Â⊗ B̂(|ψ⟩ ⊗ |ϕ⟩) = (Â |ψ⟩)⊗ (B̂ |ϕ⟩) (1.95)

(Â⊗ B̂)(Ĉ⊗ D̂) = (ÂĈ)⊗ (B̂D̂) (1.96)

Thus, the trace factorizes.

tr
(

Â⊗ B̂
)
= ∑

jk

〈
ej
∣∣ ⟨ fk| Â⊗ B̂

∣∣ej
〉
| fk⟩ (1.97)

= ∑
jk

〈
ej
∣∣Â∣∣ej

〉
⟨ fk|B̂| fk⟩ (1.98)

= tr
(

Â
)
⊗ tr

(
B̂
)

(1.99)
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Local operations always commute.

[Â⊗ 1̂, 1̂⊗ B̂] = Â⊗ B̂− Â⊗ B̂ = 0 (1.100)

If one wants to represent a tensor product operator in a matrix form, one needs
to fix the ordering of the bases of HA ⊗HB.11 11By doing this, we are represent-

ing higher-rank tensors as a two-
tensor (a matrix), and there is no
canonical way to do it. It is more
natural to represent them as they
are, using quantum circuit dia-
grams or tensor diagrams [3].

When the lexicographic ordering
is chosen, the matrix form has the form of the Kronecker product, which only
shown here for the 2-by-2 case:

ÂB̂←→
(

A00B A01B
A10B A11B

)
. (1.101)
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CHAPTER 2

Postulates of Quantum Theory

SECTION 2.1

Quantum states and basis measurements

State←→ Vector
Measurement←→ Projection operator

Dynamics←→ Unitary operator

(2.1)
(2.2)
(2.3)

Any ONB gives a basis measurement, which defines a probability distri-
bution,

pk = |⟨ek|ψ⟩|2 = ⟨ψ
P̂k

|ek⟩⟨ek|ψ⟩ = ⟨ψ|P̂k|ψ⟩ , (2.4)

∑k P̂k = 1̂. For pk to be a probability, the state must therefore be normalized to
1:

∥ψ∥ =
√
⟨ψ|ψ⟩ = 1. (2.5)

After the measurement, the state is updated to the basis state |ek⟩ through the
action of the projector,

P̂k |ψ⟩√
pk

=
P̂k |ψ⟩√
⟨ψ|P̂k|ψ⟩

. (2.6)

Observe that multiplying a state vector by a complex phase has no effect on any
empirical prediction. This can be seen from the following equation.

| ⟨ϕ|eiδ|ψ⟩ |2 =�
��*1
|eiδ|2|⟨ϕ|ψ⟩|2 (2.7)

This type of phase is commonly referred to as a global phase as opposed to a
relative phase, which, on the other hand, gives rise to interference phenomena,
a hallmark of quantum theory.

∣∣∣⟨ϕ| (|ψ1⟩+ eiδ |ψ2⟩)
∣∣∣2 = |

ψ1

⟨ϕ|ψ1⟩+ eiδ

ψ2

⟨ϕ|ψ2⟩|2 (2.8)

= |ψ1|2 + |ψ2|2 + 2Re(eiδψ∗1 ψ2)

Quantum interference

(2.9)

SECTION 2.2

Case study: qubit
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A two-level system, or a qubit, is any quantum system that can be described by
a two-dimensional Hilbert space. We denote the standard ONB as {|0⟩ , |1⟩}.

|ψ⟩ = α |0⟩+ β |1⟩ (2.10)
= aeiγ |0⟩+ beiδ |1⟩ Polar form where a, b, γ, δ are

positive real numbers.
(2.11)

= eiγ
[

cos
(

θ

2

)
︸ ︷︷ ︸

a

|0⟩+ eiφsin
(

θ

2

)
︸ ︷︷ ︸

b

|1⟩
]

(2.12)

δ− γ

By normalizing the state vector and eliminating the global phase, we have
parametrized the state of a qubit by two spherical coordinates 0 ≤ θ ≤ π and
0 ≤ φ < 2π.

Figure 3. Space of qubit states is represented by the Bloch sphere.

Why the one half in θ/2? Look at the operator space,12 12Given a general state of a two-
level system, |ψ⟩ = α |0⟩ +
β |1⟩, the orthogonal state (up to a
phase) can be written as

∣∣∣ψ⊥〉 =

−β∗ |0⟩+ α∗ |1⟩.

|n̂⟩ = cos(θ/2) |0⟩+ sin(θ/2)eiφ |1⟩ (2.13)

|−n̂⟩ = − sin(θ/2)e−iφ |0⟩+ cos(θ/2) |1⟩ (2.14)
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|n̂⟩⟨n̂| ←→ 1
2

(
1 + cos θ sin θ e−iφ

sin θ eiφ 1− cos θ

)
Angle doubling formulae:

sin(θ) = 2 sin(θ/2) cos(θ/2),

cos(θ) = cos2(θ/2)− sin2(θ/2)

= 2 cos2(θ/2)− 1.

=
1
2

(
1 + z x− iy
x + iy 1− z

)
(2.15)

=
1+ n̂ · σ

2
, (2.16)

where

σ =

σ̂x
σ̂y
σ̂z

 (2.17)

is the vector of Pauli matrices

σ̂x =

(
0 1
1 0

)
, σ̂x =

(
0 −i
i 0

)
, σ̂x =

(
1 0
0 −1

)
. (2.18)

Similarly,13 13The matrix form can also be ob-
tained from that of |n̂⟩⟨n̂| by set-
ting

θ ← π − θ,

φ← π + φ.

|−n̂⟩⟨−n̂| ←→ 1
2

(
1− cos θ − sin θ e−iφ

− sin θ eiφ 1 + cos θ

)
=

1+ (−n̂) · σ
2

(2.19)

Spin observable in any direction n̂

σ̂n̂ ≡ n̂ · σ = |n̂⟩⟨n̂| − |−n̂⟩⟨−n̂| ←→
(

cos θ sin θ e−iφ

sin θ eiφ cos θ

)
(2.20)

To further investigate the relation between the geometry of the Hilbert space
and that of the Euclidean space (inner product ⇐⇒ geometry), we need to
know some properties of Pauli operators.

Algebraic properties of Pauli operators

1. σ̂†
j = σ̂j,

2. σ̂2
j = 1,

3. σ̂jσ̂k = iσ̂l where (j, k, l) are cyclic,

4. tr σj = 0.

Properties 2 and 3 can be rephrased in terms of the commutator and the anti-
commutator are

[σ̂j, σ̂k] = 2iϵjkl σ̂l , {σ̂j, σ̂k} = 2δjk1̂. (2.21)

Both are encapsulated in the relation

σ̂jσ̂k = δjk1̂+ iϵjkl σ̂l , (2.22)
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which can be summarized concisely as follows: Pauli matrices either commute
or anticommute.

Levi-Civita tensor

The Levi-Civita tensor can be used to define the d-dimensional totally
anti-symmetric vector product. In three dimension,

ϵjkl =


+1, (j k l) is an even permutation (1 2 3), (2 3 1), or (3 1 2),
−1, (j k l) is an odd permutation (1 3 2), (2 1 3), or (3 2 1),
0, Otherwise.

(2.23)

Here is a few facts about the Levi-Civita tensor. The determinant of a
3 × 3 matrix M can be expressed as the anti-symmetric product of its
rows det M = ϵjkl M1j M2k M3l . Thus, we have an alternative expression
for the cross product:

A× B = êjϵjkl AkBl = det

 ê1 ê2 ê3
A1 A2 A3
B1 B2 B3

 (2.24)

A contraction of two Levi-Civita tensors gives an expression involving
the Kronecker deltas.

ϵjklϵjmn = δkmδlm − δknδlm, δjkδjk = δjj = tr 1̂d×d =
the dimension of the
space

(2.25)

ϵjklϵjkm = δkkδlm − δkmδlm = (dim−1)δlm = 2δlm (2.26)

Expectation value of Pauli observables.

⟨n̂|σ̂j|n̂⟩ = tr
(
|n̂⟩⟨n̂| σ̂j

)
= tr

[(
1̂+ n̂ · σ

2

)
σ̂j

]
(2.27)

=
1
2

tr

(
σ̂j + ∑

k
nkσ̂kσ̂j

)
(2.28)

The only term whose trace does not vanish is the identity term from (2.22).
Therefore,

⟨n̂|σ̂j|n̂⟩ =
1
2 ∑

k
nkδjk tr 1̂ = nj. (2.29)

Since a general spin observable is just n̂ · σ, the expectation value of spin in
m̂ direction is n̂ · m̂. One consequence of this result is that, to determine an
unknown state of a two-level system, it is sufficient to find the expectation value
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of the three Pauli matrices. nx
ny
nz

 =

⟨σ̂x⟩〈
σ̂y
〉

⟨σ̂z⟩

 (2.30)

This is an example of quantum state tomography.
Now we can compute the inner product in a painless way without needing to
use any trigonometric identity.

|⟨n̂|m̂⟩|2 =
1
4

tr [(1+ n̂ · σ) (1+ m̂ · σ)] (2.31)

=
1
4

tr

1+ n̂ · σ + m̂ · σ︸ ︷︷ ︸
Traceless

+(n̂ · σ)(m̂ · σ)

 (2.32)

=
1
2
+

1
4

tr[(n̂ · σ)(m̂ · σ)] (2.33)

What is the trace of (n̂ · σ)(m̂ · σ)? Use the index notation.

(n̂ · σ)(m̂ · σ) = njmkσ̂kσ̂k (2.34)

= njmk(δjk1+ iϵjkl) (2.35)

= njmj1+ i ϵjklnjmk︸ ︷︷ ︸
(n̂×m̂)l

σ̂l (2.36)

= (n̂ · m̂)1+ (n̂× m̂) · σ︸ ︷︷ ︸
Traceless

(2.37)

To sum up,

|⟨n̂|m̂⟩|2 =
1 + n̂ · m̂

2
, (2.38)

relating the geometry of the Hilbert space and the Euclidean space. In other
words, if the angle between the Euclidean vectors n̂ and n̂ is Θ, then

|⟨n̂|m̂⟩|2 =
1 + cos Θ

2
= cos2

(
Θ
2

)
. (2.39)

Notice the angle doubling effect again.

SECTION 2.3

Quantum dynamics

d
dt acts linearly on the state |ψ⟩, so we should be able to represent it by a linear
operator Ĝ. What kind of operator Ĝ is for the time evolution to preserve the
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inner product?

0 =
d
dt
⟨ψ|ψ⟩ =

(
d
dt
⟨ψ|
)
|ψ⟩+ ⟨ψ|

(
d
dt
|ψ⟩
)

(2.40)

= ⟨ψ|Ĝ†|ψ⟩+ ⟨ψ|Ĝ|ψ⟩ (2.41)

= ⟨ψ|(Ĝ† + Ĝ)|ψ⟩ (2.42)

implying that Ĝ is anti-Hermitian, Ĝ† = −Ĝ. The dimension of Ĝ should be
that of [time]−1. Physicists set it to be Ĝ = Ĥ/ih̄, where Ĥ is a Hermitian
Hamiltonian operator.14 14This “derivation" of the

Schrödinger equation contains no
physics, so we cannot expect it to
give the value of the constant h̄.Definition 6 (Schrödinger equation)

ih̄
d
dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ (2.43)

The Schrödinger equation relates an instantaneous change in the state vec-
tor to the Hamiltonian operator. A more “global", operator-version of Schrödinger
equation is also illuminating when Ĥ does not depend on time,15 15This requires in particular that

Ĥ at different times commute
with itself. Otherwise, we need to
use time-ordered exponentials.ih̄

d
dt

Û(t) |ψ(0)⟩ = ĤÛ(t) |ψ(0)⟩ (2.44)

ih̄
dU(t)

dt
= ĤÛ(t) (2.45)

dÛ(t)
Û(t)

= − i
h̄

Ĥdt The meaning of this strange-
looking matrix different equa-
tion is that we have differen-
tial equations for the eigenval-
ues in the basis in which Û is
diagonal.

(2.46)

Û(t) = e−iĤt/h̄ . (2.47)

SECTION 2.4

*Looking ahead

The Schrödinger equation only applies to a closed system, but “closed" here
does not mean the absence of an energy or mass exchange with the surround-
ings; it means the absence of communication with the outside world. Thus, it
is more accurate to say that quantum phenomena happen to systems that are
informationally isolated. For an open quantum system, the quantum formalism has
to be modified as follows.

State←→ Positive operator
Measurement←→ Positive operator

Dynamics←→ Completely positive map The meaning of complete pos-
itivity is outside the scope of
this lecture.

(2.48)
(2.49)
(2.50)

Therefore, the notion of information is already baked into the formalism of
quantum theory at a fundamental level. In my opinion, Rolf Landauer’s slo-
gan “information is physical" is at its most profound in the quantum world.
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CHAPTER 3

Quantum Correlation

SECTION 3.1

Probability

We will set up and formalize notations to talk about randomness using the con-
text of statistical experiments. These can be actual (“artificial") experiments in
the lab, or natural processes, the outcomes of which are random.

Denote by Ω the set of all possible outcomes (events) of a statistical exper-
iment, usually called the sample space or the “universe".

Example (Coin toss) The sample space consists of the outcome that the coin comes up
head (H) or tail (T): Ω = {H, T}.

Example (Die roll) The sample space is the number on the face of a die: Ω =
{1, 2, 3, 4, 5, 6}.

Logical

operation

Set
operation

NOT ¬A A
AND A ∧ B A ∩ B
OR A ∨ B A ∪ B

Table 2. Symbols for ele-
mentary logical operations
and the corresponding set
operations, which we use
interchangeably.

Each outcome of a statistical experiment can be associated with a logical
proposition in the obvious way. For example, the result “1" of a die roll is asso-
ciated with the proposition “the die is rolled and we obtained a 1". Every such
proposition can be assigned a binary value TRUE or FALSE. These outcomes
do not exhaust all possible events because we can combine events using logical
(Boolean) operations such as AND or OR to create new logical propositions.

An empty event (set) is denoted by ∅. Self-evidently,

A ∧ A = ∅, A ∨ A = Ω. (3.1)

Whenever Ω is a finite set, we can always find an elementary set of disjoint
(mutually exclusive) propositions called elementary events or atomic events
{Ej}j:

Ej ∧ Ek =

{
Ej, j = k,
∅, j ̸= k.

(3.2)

The set of all possible events i.e. logical combinations of all atomic events, con-
stitutes a Boolean algebra {0, 1}n whose size is 2n if there are n atomic events. It
is the set {0, 1}n because an event is defined by whether each atomic event is
absent or present in the Boolean formula Ej1 ∨ Ej2 ∨ · · · ∨ Ejm , m ≤ n.

Ω

B ∨ C A ∨ C A ∨ B

A B C

∅

Figure 4. The Hesse dia-
gram of a Boolean algebra
with three atomic events
A, B, and C. Going up
in the diagram corresponds
to the logical operation OR
(∨), while going down cor-
responds to AND (∧).

{0, 1}n is also the power set P(Ω), the set of all subsets of Ω. The power
set XY is the set of all functions from Y to X. There are exactly |X||Y| such
functions, hence the notation. (Why? For each input in Y, one can choose
an output from all possible choices of x ∈ X.)

So far we have not yet talked about assigning probabilities to events. There
is a long-standing debate about what a probability actually means, but for us a
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probability is just a number between 0 (the event never occurs) and 1 (the event
occurs with certainty).

Definition 7 (Probability axioms)

1. Pr(A) ≥ 0,

2. Pr(A) = 1 ⇐⇒ A is certain,

3. Pr(A ∨ B) = Pr(A) + Pr(B) if A ∧ B = ∅

These axioms are sufficient to derive any other identities such as

Pr(¬A) = 1− Pr(A), (3.3)
Pr(A ∨ B) = Pr(A) + Pr(B)− Pr(A ∧ B). (3.4)

Let us formalize one more thing: a random variable X is a variable that
takes a value x ∈ Ω with probability Pr(X = x). We usually write X ∼ f to
mean that values of X are distributed according to a probability distribution f .

Random variable↔ Statistical experiment

We will use interchangeably the notations

Pr(X = x) ≡ pX(x) ≡ p(x). (3.5)

Definition 8 (kth moment)

E[Xk]

Mathema-
ticians’

notation

≡
〈

Xk
〉

Physicists’
notation

≡
〈

xk
〉
= ∑

x
xk p(x) (3.6)

The mean value, also known as the average or the expectation value, is the
first moment, whereas the variance is the part of the second moment that is
independent of the first moment.16 16The variance is the second cu-

mulant. The Gaussian distri-
bution is the unique probability
distribution whose cumulants all
vanish except the first and the sec-
ond.

Var(X) ≡ σ2
x = ⟨(X− ⟨X⟩)⟩2 =

〈
X2〉− ⟨X⟩2 (3.7)

Example (Bernoulli trials)
Suppose that X takes values n, the number of heads obtained in N indepen-
dent tosses of a coin with a bias p. (More about independence later.) The
probability of such an event is given by the binomial distribution X ∼ B(N, p).
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
Probability of

obtaining a
particular

sequence with
exactly n heads

 = pn(1− p)N−n (3.8)

Pr(X = n) =


Probability of
obtaining any

particular
sequence with
exactly n heads

 =

(
N
n

)
pn(1− p)N−n (3.9)

The normalization can be verified directly. Let q = 1− p.

N

∑
n=0

Pr(X = n) =
N

∑
n=0

(
N
n

)
pnqN−n = (p + q)N = 1, (3.10)

where we have used the binomial theorem in the second-to-last equality.

⟨n⟩ =
N

∑
n=0

np(n) =
N

∑
n=0

n
(

N
n

)
pnqN−n (3.11)

= p
∂

∂p

N

∑
n=0

(
N
n

)
pnqN−n = p

∂

∂p
(p + q)N (3.12)

= Np������:1
(p + q)N−1 = Np (3.13)

The same trick can be used to calculate the variance σ2 = Np(1− p).

SECTION 3.2

Classical correlation

Things become interesting when there are two or more random variables.

Definition 9 (Joint probability)

Pr(X = x, Y = y) ≡ pXY(x, y) ≡ p(x, y) (3.14)

is the probability that both the outcomes x and y happen.

Definition 10 (Marginal probability)

p(x) = p(x, y)
Probability
that both x
and y occur

+ p(x,¬y)
Probability

that x occurs
but y doesn’t

(3.15)

p(x) = ∑
y

p(x, y), p(y) = ∑
x

p(x, y), (3.16)

A marginal probability is the probability that an outcome described by one of
the random variables may occur without looking at the outcome of the other
random variable.
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Definition 11 (Conditional probability)
For Pr(Y = y) ̸= 0,

Pr(X = x| Y = y
Condition

) ≡ p(x|y) = p(x, y)
p(y)

(3.17)

is the probability that the event x occurs if the event y also occurs.

A conditional probability distribution for a fixed value of Y must normalize to
1.

∑
x

p(x|y) = 1
p(y) ∑

x
p(x, y) = �

��p(y)

�
��p(y)

= 1 (3.18)

Other useful equalities are obtained from these basic definitions.

Lemma 6 (Law of total probability)

p(x) = ∑
y

p(x|y)p(y) (3.19)

Lemma 7 (Bayes’ theorem)

p(x|y) = p(y|x)p(x)
p(y)

. (3.20)

Bayes’ theorem emphasizes that p(x|y) and p(y|x) are not equal in general. As
an example, the probability of having Covid given a positive test result is not
equivalent to the probability of testing positive when actually having Covid.
Usually when computing p(x|y) via Bayes’ theorem, one computes the denom-
inator p(y) using the law of total probability.

Definition 12 Events x and y are independent if

p(x, y) = p(x)p(y). (3.21)

Otherwise, they are correlated. We also say that two random variables X and
Y are correlated if p(x, y) ̸= p(x)p(y) for some x and y.

In words, events x and y are independent if looking at the outcome of one of
them does not give you any information about the other event i.e. does not
make the other event more or less likely to occur.

p(x|y) = p(x, y)
p(y)

=
p(x)���p(y)

���p(y)
= p(x). (3.22)
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Mutually exclusive events cannot be independent. If I flip a coin and it
comes up head, it could not have come up tail. Mathematically, this is
because, if x ∧ y = ∅, then p(x, y) = 0 but p(x)p(y) cannot be zero if
both p(x) and p(y) are nonzero.

The concept of tensor product is typically introduced to students in a
highly unintuitive setting of quantum theory, and as a result, the idea
may appear alien at first. However, the tensor product is already present
in ordinary probability theory as a self-evident means of combining the
probabilities of two independent random variables.

(
p

1− p

)
⊗
(

q
1− q

)
=


pq

p(1− q)
(1− p)q

(1− p)(1− q)

 (3.23)

In ordinary probability theory, a state that cannot be written as a product
state |p⟩ ⊗ |q⟩ is a correlated state. Entanglement is a form of correlation,
but we will see in Section A that it can be stronger than any classical
correlation.

SECTION 3.3

Entanglement

The four Bell states are defined to be

|Φ±⟩ ≡
|00⟩ ± |11⟩√

2
, (3.24)

|Ψ±⟩ ≡
|01⟩ ± |10⟩√

2
. (3.25)

It is straightforward to verify that they form an ONB. Therefore, they constitute
a basis measurement called the Bell measurement.17 17The Bell measurement is a

prime example of a basis measure-
ment that is not conventionally
associated to any observable (i.e. a
Hermitian operator).

Alternatively, they can be
arranged in a convenient form,

|Ωab⟩ ≡ 1̂⊗ X̂aẐb |Ω⟩ , (3.26)
Parity bit Phase bit
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obtained from |Ω⟩ ≡ |Φ+⟩ via a local Pauli operation. In particular,

|Ω00⟩ = 1̂⊗ 1̂ |Ω⟩ = |00⟩+ |11⟩√
2

, (3.27)

|Ω01⟩ = 1̂⊗ Ẑ |Ω⟩ = |00⟩ − |11⟩√
2

, (3.28)

|Ω10⟩ = 1̂⊗ X̂ |Ω⟩ = |01⟩+ |10⟩√
2

, (3.29)

|Ω11⟩ = 1̂⊗ X̂Ẑ |Ω⟩ = |01⟩ − |10⟩√
2

. (3.30)

Lemma 8 For any linear operator T̂,

1̂⊗ T̂ |Ω⟩ = T̂t ⊗ 1̂ |Ω⟩ , (3.31)

where t denotes the matrix transposition in the standard basis {|0⟩ , |1⟩}. In
particular, we have that

|Ω11⟩ = 1̂⊗ X̂Ẑ |Ω⟩ = ẐX̂⊗ 1̂ |Ω⟩ . (3.32)

PROOF

1̂⊗ T̂ ∑
j
|j⟩A |j⟩B = ∑

jk
|j⟩A |k⟩B ⟨k| T̂ |j⟩B (3.33)

= ∑
k

∑
j
(Tt)jk |j⟩A︸ ︷︷ ︸

T̂t|k⟩A

|k⟩B = T̂t ⊗ 1̂ |Ω⟩ (3.34)

In the followings, we suppress the tensor product symbol when writing
two-body Pauli operators: σ̂jσ̂k = σ̂j ⊗ σ̂k. Since

ẐẐ |x1⟩ |x2⟩ = (−1)x1⊕x2 |x1⟩ |x2⟩ , X̂X̂ |x1x2⟩ = (−1)x1⊕x2 |x1 ⊕ 1⟩ |x2 ⊕ 1⟩ ,
(3.35)

we can see that ẐẐ measures the parity bit and X̂X̂ measures the phase bit,

ẐẐ |Ωab⟩ = (−1)a |Ωab⟩ , (3.36)

X̂X̂ |Ωab⟩ = (−1)b |Ωab⟩ . (3.37)

For ŶŶ, note that

−ŶŶ = (ẐẐ)(X̂X̂). (3.38)

Therefore

−ŶŶ |Ωab⟩ = (−1)a⊕b |Ωab⟩ . (3.39)
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Special attention should be paid to the singlet state |Ψ−⟩ = (|01⟩− |10⟩)/
√

2
with the property that simultaneous spin measurements on the two qubits in
the same direction are always anti-correlated. In particular, the state can be writ-
ten as

|n̂⟩ |−n̂⟩ − |−n̂⟩ |n̂⟩√
2

(3.40)

The singlet state can be prepared, for instance, via the process of spontaneous
parametric down-conversion (SPDC) that produces a photon pair with opposite
polarizations.

Example (Superdense coding)
Equation (3.26) implies that if Alice and Bob possess an entangled pair |Ω⟩,
Alice can communicate two bits of information (the parity bit and the phase
bit) to Bob by choosing to perform a Pauli operation on her side and send the
qubit to Bob. In the form of Bennett’s law, we state that

1 ebit + 1 qubit ⪰ 2 bits, (3.41)

where ⪰means “can perform a task in place of".

Example (Teleportation)
The “converse" to (3.41),

1 ebit + 2 bits ⪰ 1 qubit, (3.42)

is quantum teleportation. Alice and Bob again begins the protocol with a pre-
shared entanglement |Ω⟩, but now Alice has an unknown state |ψ⟩ that she
wants to send to Bob. Rather than sending the qubit directly (which would
need a high-fidelity quantum channel, for example), what Alice can do is per-
forming the Bell measurement on her unknown state and one half of the Bell
pair. Remarkably, depending on the two-bit outcome ab that Alice obtained,
the post-measurement state on Bob’s side becomes∣∣ψ′〉 = X̂bẐa |ψ⟩ , (3.43)

which is not exactly the state |ψ⟩ that Alice wants to send, but the extra Pauli
operators can be corrected away with the information of the bits ab that Alice
can tell Bob by calling him on a phone, for example.18 18Therefore, the “speed" of quan-

tum teleportation is limited by
the speed of ordinary information
transfer. There is no superluminal
signaling involved.

Proofs of the teleportation protocol found in textbooks are often quite long
and involve some unintuitive steps. The following short proof is inspired from
the tensor diagrammatic proof [3]. Let the subscripts A, B, and C denote the
Hilbert space of Alice’s unknown qubit state, the Hilbert space of one half of
the Bell pair that Alice holds, and the Hilbert space of the other half of the Bell
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pair that Bob holds, respectively.

AB ⟨Ωab| (|ψ⟩A |Ω00⟩BC) =
1
2

[
∑

j
⟨j|A ⟨j|B (ẐaX̂b)†

A ⊗ 1̂B

]
|ψ⟩A ∑

k
|k⟩B |k⟩C

(3.44)

=
1
2 ∑

jk
⟨j|A X̂bẐa |ψ⟩A︸ ︷︷ ︸

|ψ′⟩

⟨j|B |k⟩B︸ ︷︷ ︸
δjk

|k⟩C (3.45)

=
1
2 ∑

j

〈
j
∣∣ψ′〉 |j⟩C (3.46)

=
1
2

∣∣ψ′〉C (3.47)

The subnormalization factor 1/2 tells us that the outcome probabilities for the
Bell measurement are uniform.

SECTION 3.4

EPR argument

A philosophical troubling aspect of quantum theory is that one cannot in gen-
eral think of an act of measuring as revealing a pre-existing value of the mea-
sured property. When the system is in an eigenstate of an observable Â with
an eigenvalue λ, subsequent measurements of Â do not alter the state, hence
there is a tendency to think of the value λ as pre-existed. Einstein, Padolsky,
and Rosen (EPR) devised a clever argument using quantum correlation and the
principle of relativity to argue that values of incompatible (non-commuting)
observables can simultaneously pre-exist.

Alice Bob

Alice Bob

Figure 5. Measurement settings in the EPR argument.

The singlet state |Ω11⟩ is an eigenstate shared by ẐẐ and X̂X̂ with both
eigenvalues -1. (Verify that they commute.) Now, while Alice cannot make a
local Z and X measurements at the same time, if she chooses to measure one, say
ẐA and find the value zA = ±1, then the spin of Bob’s particle would need to
have the opposite value to satisfy zAzB = −1. Since the spins are anti-correlated
in every direction in the singlet stat, the same conclusion follows if Alice were
to measure X̂A. But, EPR argued, the act of measurement by Alice over here
cannot effect the state of Bob’s particle over there. Thus, the fact that Alice
could have chosen to measure either observable and inferred zB or xB without

– 29 –



disturbing Bob’s particle means that those values already existed before the
measurement.

 Entanglement
Anti-correlation

in the singlet state

+


Relativity

The choice of
measurement on
A cannot have an

influence on B

 =⇒
(

Quantum theory
is incomplete

)

The EPR correlation in the Z and X measurement outcomes can be explained
by classical hidden variables, in particular, Spekkens’ toy theory [5]. See also
[6] for diagrams similar to Figures 5 and 7.

SECTION 3.5

CHSH inequality

The hope that quantum theory can be completed with hidden variables that be-
have entirely classically is dashed by an experimental violation of the CHSH
inequality.19 19Named after John Clauser,

Michael Horne, Abner Shi-
mony, and Richard Hol, the
inequality is formulated to be
more suitable for experimental
tests, an improvement over Bell’s
inequality.

Here we present a derivation of the CHSH inequality in the setting
of a communication game, called a nonlocal game in this context [4].

Consider a communication game involving two players, Alice and Bob. In
this cooperative game, Alice and Bob initially have the opportunity to consult
and share their strategies before separating and traveling to two distant refer-
ees. The players are allowed to communicate in advance, but once the game
begins, they are unable to communicate due to the restriction imposed by the
speed of light.

Game structure. At the referee stations, two binary questions are randomly
chosen, denoted by x ∈ {0, 1} for Alice’s question and y ∈ {0, 1} for Bob’s
question. Alice and Bob must give answers immediately, represented by vari-
ables a ∈ {0, 1} and b ∈ {0, 1}, respectively. Because of the random choices,
neither player knows the question in advance, and they cannot communicate
the questions they received fast enough to change their answers. The referees
then record the answers and later compare notes.

Winning Condition. The goal for Alice and Bob to win the game is for the
logical AND of their answers a ∧ b to be equal to the product of the choices
of the questions xy. Here, a ∧ b represents whether the answers agree (0) or
disagree (1). In other words, they win if the following condition is satisfied:

xy = a ∧ b. (3.48)

The only instance where Alice and Bob’s answers must disagree is when x =
y = 1, see Figure 6. The agreement-disagreement relationship between the

Alice Bob
Agree

Disagree

Figure 6. Diagram illustrat-
ing the rule of the nonlocal
game.

questions and answers forms a frustration graph. It becomes evident that it is
impossible to assign simultaneous edge values (a and b) to satisfy the winning
condition. In the case of a deterministic strategy where Alice and Bob always
answer yes or no, the game can be won with a probability of 3/4. Remarkably,
this represents the best achievable winning probability for Alice and Bob. (The
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winning probability for mixed strategies is at most equal to that of deterministic
strategies.) This bound on the winning probability

Pr
win

classical

≤ 3
4

. (3.49)

is one form of the CHSH inequality; it signifies the limit of any classical local
hidden variable theory.

( Classical
correlation

)
+


Relativity

The choice of
measurement on
A cannot have an

influence on B

 =⇒ (CHSH inequality)

Now we show that if Alice and Bob have shared the singlet state before-
hand, they can win the game with a probability greater than what is permissible
by the CHSH bound.

Alice Bob

Figure 7. Measurement settings that leads to a violation of the CHSH inequality given
that Alice and Bob pre-shared the singlet state.

Pr
win

=
1
4
(p(+)

00 + p(+)
01 + p(+)

10 + p(−)11 ) (3.50)

=
1
4

〈
P̂(+)

00 + P̂(+)
01 + P̂(+)

10 + P̂(−)
11

〉
(3.51)

Solve for P̂(±) in terms of the observables.{
P̂(+) + P̂(−) = 1̂,
P̂(+) − P̂(−) = σ̂xy,

=⇒ P̂(±) =
1̂+ σ̂xy

2
(3.52)

Thus,

Pr
win

=
1
2
+

1
8
⟨σ̂00 + σ̂01 + σ̂10 − σ̂11⟩ . (3.53)
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Specialize to the measurement angles given in Figure 7.

Pr
win

=
1
2
+

1
8

〈
Ẑ⊗ −Ẑ + X̂√

2
+ Ẑ⊗ −Ẑ− X̂√

2
+ X̂⊗ −Ẑ + X̂√

2
− X̂⊗ −Ẑ− X̂√

2

〉
(3.54)

=
1
2
+

1
8
√

2

〈
ẐẐ + X̂X̂

〉
=

1
2
+

√
2

4
≈ 85% >

3
4
≥ Pr

win
classical

, (3.55)

where the expectation value is taken with respect to the singlet state.
The original form of the CHSH inequality, Sclassical ≤ 2, is phrased in terms

of expectation values, especially two-point correlation functions,

S = |⟨σ̂00⟩+ ⟨σ̂01⟩+ ⟨σ̂10⟩ − ⟨σ̂11⟩|. (3.56)

The maximum violation allowed by quantum theory is S = 2
√

2, which is what
we achieved in the computation above, called the Tsirelson bound. The winning
probability of 1 corresponds to the value S = 4, which is achievable in non-
quantum theories that, surprisingly enough, still do not violate special relativity
(called non-signaling theories) [7]. However, there can be some highly unlikely
consequences in a universe in which such super-quantum theory is obeyed such
as trivial communication complexity [8].
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CHAPTER A

Linear Algebra

SECTION A.1

Vector space, basis, and dimensionality

To define vector space axiomatically, it is convenient to define an abelian group
first.

Definition 13 A group G is a set closed under an associative binary operation · (group mul-
tiplication) satisfying the following properties.

1. There exists an identity element e such that e · g = g · e = g for every
element g ∈ G.

2. For every g ∈ G, there exists an inverse denoted by g−1 such that g ·
g−1 = g−1 · g = e.

We often omit the symbol · and simply write a product g · h as gh. A group in
which the order of multiplication doesn’t matter (gh = hg) is called a commu-
tative group or an abelian group.

Example (Z,+) (The group of integers with addition as group multiplication) is an
abelian group with 0 as the identity and −a as the inverse of a.

Example (Z,−) (The group of integer with subtraction as group multiplication) is not
a group, since subtraction is not associative (a− (b− c) ̸= (a− b)− c).

Example (C/{0},×) (The group of complex numbers excluding zero with multiplica-
tion) is an abelian group with 1 as the identity and 1/a as the inverse of a.

Example ({±1,±i},×) is an abelian group with 1 as the identity. −1 is its own inverse,
and ±i is an inverse of each other.

Example (GL(n),×) (The group of invertible matrices with matrix multiplication) is a
non-abelian group with the identity matrix 1 as the identity and the matrix
inverse A−1 as the inverse.

Example (Quantum information example) ({±1,±iX,±iY,±iZ},×), where

X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
(A.1)

are Pauli matrices, forms a non-abelian group with 1 as the identity and ±iX
is an inverse of each other, for example.

Armed with the definition of an abelian group, we now proceed to define
a vector space over the number field K = R (reals) or C (complex numbers).
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Definition 14 A vector space V over K is a set closed under the following operations.

1. Vector addition: u + v, where u, v ∈ V,

2. Scalar multiplication: au, where a ∈ K and u ∈ V,

such that (V,+) is an abelian group, and

1u = u, (A.2)
a(u + v) = au + av, (A.3)
(a + b)u = au + bu, (A.4)

(ab)u = a(bu), (A.5)

where u, v ∈ V and a, b ∈ K

The three-dimensional Euclidean space R3 is a prototypical example of a
vector space over R. As a set, R3 contains infinitely many vectors, but a finite
representative set {x̂, ŷ, ẑ}, called a basis, is sufficient to represent any vector in
R3. To define a basis, we first define the notion of a span.

Definition 15 Given a set S = {u1, u2, . . . , un} ⊂ V of a finite number of vectors, span S is
the set of all linear combination (L.C.) of these vectors

a1u1 + a2u2 + · · ·+ anun, ∀aj ∈ K. (A.6)

A vector space V is said to be finite dimensional if it is spanned by some finite
set of vectors in V. Otherwise, it is infinite dimensional.

Definition 16 A set S = {u1, u2, . . . , un} ⊂ V is linearly independent (L.I.) if the equation

a1u1 + a2u2 + · · ·+ anun = 0 (A.7)

implies that aj = 0 for all j = 1, . . . , n.

In other words, linear independence means that no vector in S can be written as
a non-trivial L.C. of other vectors in S. Otherwise, if a1 ̸= 0, for instance, then

u1 = −(a2u2 + · · ·+ anun)/a1. (A.8)

Definition 17 S ⊂ V is a basis for V if it is L.I. and spans V.

The size of S is an invariant of a vector space called the dimension, denoted by
dim V. The dimension is the minimum numbers of vectors that spans V. For
any nontrivial (not {0}) vector space, there are infinitely many choices of bases.

Example The field K itself is a one-dimensional vector space over K.

Example Kn is an n-dimensional vector space over K, with the standard basis
{uj}j=1,...,n, where uj is a vector with 1 at the jth entry and 0 elsewhere.
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In the two-dimensional case, the followings are equivalent fot a set S =
{(a1, a2), (b1, b2)}.

• S is L.I.

• S spans K2.

• The determinant
∣∣∣∣a1 b1
a2 b2

∣∣∣∣ = a1b2 − a2b1 ̸= 0.

Example The set of n×m K-valued matrices is an n×m-dimensional vector space with
the basis {Ejk}k=1,...,m

j=1,...,n , where Ejk is a matrix with 1 at the jkth entry and 0
elsewhere.

Example Polynomials over an indeterminate x form an infinite-dimensional vector
space. Restricting to n-degree polynomials gives an (n + 1)-dimensional vec-
tor space with a basis {1, x, x2, . . . , xn}.

Example The set of solutions of a linear, kth-order differential equation, for example,

f ′′ + f ′ + f = 0

for k = 2, forms a vector space of dimension k.

By choosing a basis, every vector in a finite-dimensional vector space can
be specified by its components vj defined as.

v = ∑
j

vjuj, (A.9)

which is typically stacked into a column vector

v↔


v1
v2
...

vn

. (A.10)

The arrow↔ is there to remind us that the components constitute only a repre-
sentation of the vector. The vector itself is a geometric object (visualized as an
arrow, for example) that exists independent of the choice of basis, whereas the
components change when we perform a change of basis. (More on that later.)

A subset S ⊂ V of a vector space that is also a vector space is called a
subspace. A vector space U is said to be a direct sum V ⊕W if every u ∈ U
can be decomposed uniquely as a sum of v ∈ V and w ∈ W. Equivalently, any
u ∈ U can be specified by a unique pair (v, w) ∈ V ×W such that20 20Hence for vector spaces, the di-

rect sum and the direct product
are the same. Compare proper-
ties A.11 and A.12 to the algebraic
rules for the tensor product.

(v1, w1) + (v2, w2) = (v1 + v2, w1 + w2), (A.11)
a(v, w) = (av, aw). (A.12)

SECTION A.2

Linear maps, eigenvalues, and eigenvectors
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Morphisms that preserve the structure of vector spaces are linear maps.

Definition 18 Given a map T : U → V, T is said to be a linear map if

T(au + bv) = aT(u) + bT(v). (A.13)

For now, we will focus on linear maps between the same input and output
vector space, in which case linear maps are also called linear operator, or just
operators in short. Just keep in mind that linear maps between different vector
spaces are no less important. For instance, we will see in a moment that a bra ⟨u|
is a linear map from a vector space over a field K to K itself, a one-dimensional
vector space.

Example Left shift

(c1, c2, c3, . . . ) 7→ (c2, c3, c4, . . . ), (A.14)

and right shift

(c1, c2, c3, . . . ) 7→ (0, c1, c2, . . . ), (A.15)

are linear operators in an infinite-dimensional vector space.

Example Differentiation

d
dx

(a f + bg) = a
d f
dx

+ b
dg
dx

(A.16)

is a linear operator in the space of differentiable functions.

Example The trace tr
(

Â
)
= ∑j

〈
ej
∣∣Â∣∣ej

〉
is a linear map from the vector space of L(H)

of linear operators overH to C.

As vectors can be specified by their components, so too can linear operators
by their “matrix elements". Pick a basis {u1, u2, . . . , un} for U. T(uj) is another
vector in U, and hence can be expanded using the same basis. The matrix ele-
ment Tjk is defined as

T(uj) =
n

∑
k=1

Tjkuk, (A.17)

where j is the row index and k is the column index.

T ↔


T11 T12 . . . T1n

T21 T22
...

...
. . .

Tn1 . . . Tnn

 (A.18)

From this point onward, suppose that T̂ : U → U maps a vector space to
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the same space. That is, T̂ is a linear operator. The equation of the form

T̂ |u⟩ = λ |u⟩ (A.19)

is called an eigenvalue equation. The scalar λ is called an eigenvalue of the linear
operator T̂, and |u⟩ is called an eigenvector of T̂. It is straightforward to show
that eigenvectors corresponding to the same eigenvalue form a subspace called
an eigenspace.

Not all linear operators possess an eigenvalue. Take rotations in R2, for
example, (

cos θ − sin θ
sin θ cos θ

)(
x
y

)
. (A.20)

No vector with real coefficients remain fixed under a rotation by an arbitrary
angle. However, if one allows for complex linear combinations, x̂± iŷ are eigen-
vectors of the rotations. In fact, this example highlights a broader phenomenon
when we work in an algebraically closed field.

Theorem 3 In an algebraically closed field such as C, every linear operator always possess
at least one eigenvalue (and eigenvector).

The following is a proof of this statement without using the determinant [9].

PROOF In an n-dimensional vector space V, pick any nonzero vector |v⟩ ∈ V and
consider the set {|v⟩ , T̂ |v⟩ , T̂2 |v⟩ , . . . , Tn |v⟩}. Since the cardinality of the set
is n + 1, the set must be linearly dependent. There exist c0, c1, · · · , cn, not all of
them zero, such that

0 = (co1̂+ c1T̂ + · · ·+ cnT̂n) |v⟩ (A.21)

= α
d

∏
k=1

(T̂ − λk1̂) |v⟩ , (A.22)

where in the second line we have used the fact that every polynomial can be
factorized into linear factors over C:

c0 + c1z + c2z2 + · · ·+ cnz2 = α
n

∏
k=1

(z− λk). (A.23)

Thus, some T̂ − λk1̂ must be the zero operator, and λk is an eigenvalue of
T̂.

SECTION A.3

Proof of the spectral theorem for normal operators

The key property for a linear operator T̂ to be diagonalizable is that, if S ⊂
V is an T-invariant subspace, then the orthogonal complement S⊥ is also T-
invariant. You might sort of already see how this is sufficient for diagonaliza-
tion, because if |v⟩ is a eigenvector T̂ (at least one of which always exist because
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of Theorem 3), then one can cut down V to a smaller subspace S⊥ orthogonal to
|v⟩. But if S⊥ is also T-invariant, then one can again find at least one eigenvec-
tor in S⊥. This process can then be repeated until we find all the eigenvectors
of T̂ which form an ONB for V.

Let P̂ be a projection operator onto S respectively. Then

S is T-invariant ⇐⇒ (1̂− P̂)T̂P̂ = 0, (A.24)

S⊥ is T-invariant ⇐⇒ P̂T̂(1̂− P̂) = 0. (A.25)

The goal is to show that (A.24) implies (A.25) if and only if T̂ is normal. In
particular, (A.25) is the statement that X̂ ≡ P̂T̂(1̂− P̂) is unequivocally the zero
operator, which we is equivalent to the vanishing of the Hilbert-Schmidt norm∥∥∥X̂

∥∥∥2
= tr

(
X̂†X̂

)
= 0. (A.26)

tr
(

X̂†X̂
)
= tr

[
(1̂− P)T̂†P̂P̂T̂(1̂− P̂)

]
(A.27)

= tr
[
(1̂− P̂)2T̂†P̂2T̂

]
Cyclicity of the trace(A.28)

= tr
[
(1̂− P̂)T̂†P̂T̂

]
Property of projection opera-
tors

(A.29)

= tr (T̂T̂†P̂− T̂† P̂T̂P̂︸︷︷︸
T̂P̂ by (A.24)

) (A.30)

= tr
[
(T̂T̂† − T̂†T̂)P̂

]
. (A.31)

The last line vanishes if T̂ is normal, thus concluding the proof.
The singular value decomposition makes it obvious the significance of the

condition T̂T̂† = T̂†T̂. For an arbitrary matrix T̂ (may be non-square), the SVD
implies that

T̂ = ∑
j

σj
∣∣ej
〉〈

f j
∣∣ , (A.32)

where the two orthonormal sets {
∣∣ej
〉
}j and {| fk⟩}k are eigenvectors of T̂†T̂ and

T̂T̂†, respectively, and σj are non-negative singular values. It is clear then, that
the equality T̂T̂† = T̂†T̂ implies that the two orthonormal sets are the same.
That is, it is the basis in which the matrix of T̂ is diagonal.
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