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The invariant mass distribution of 𝑫(𝒔)
+ 𝑫(𝒔)
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𝑀𝑋(3930) = 3923.8 ± 1.5 ± 0.4MeV

Γ𝑋 3930 = 17.4 ± 5.1 ± 0.8MeV

𝐽𝑃𝐶 = 0++

LHCb Collaboration,
Phys. Rev. D 102, 112003 (2020)

𝑩+ → 𝑫+𝑫−𝑲+

This peak: 𝐽𝑃𝐶 = 0++

LHCb Collaboration,
Phys. Rev. Lett. 131, 071901 (2023)

𝑩+ → 𝑫𝒔
+𝑫𝒔

−𝑲+

𝑿(𝟑𝟗𝟑𝟎) “𝑿(𝟑𝟗𝟔𝟎)”
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A qualitative figure showing the influence of a state 

with a width below the threshold. M. Bayar, A. Feijoo, and E. Oset, 
Phys. Rev. D 107, 034007 (2023)

——A work on the 𝐷ഥ𝐷 and 𝐷𝑠ഥ𝐷𝑠 
coupled channel system.
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−
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It seems difficult to determine from the IMD alone

whether this state is above or below the threshold

If only there were other “observables” to help us distinguish.

CF? CF!
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The Femtoscopic Correlation Function (CF) 
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1. How can we study interactions through experiments?

We used to have the two subjects

collide with each other

And

observe the scattering results.

The scattering experiment:

BUT,

What if they are unstable?
(Which means beams and targets are hard to get)

Direct scattering experiments are inpossible!

The Femtoscopic Correlation Function!
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2. What is the Correlation Function (CF) ?

ALICE Collaboration, Nature 588 (2020) 232

Theoretically:
A source-modulated

relative momentum distribution

Experimentally:
An experimentally-corrected

relative momentum distribution

Source Function 𝑆(𝒓):
The information from

“the Former Stage”

Wave Function 𝜓(𝒌, 𝒓):
The information of interaction

𝜉(𝑘): The corrections of

the experimental effects

𝑁𝑠𝑎𝑚𝑒(𝑘): the relative momentum distribution

in same events

𝑁𝑚𝑖𝑥𝑒𝑑(𝑘): the relative momentum distribution

in mixed events
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3.  CFs with bound states
Zhi-Wei Liu, Jun-Xu Lu, and Li-Sheng Geng,
Physical Review D, 2023, 107(7): 074019 

𝐶 𝑘 = 1 + ∫ 𝑆12 𝒓 𝜓0 𝑘, 𝑟 2 − 𝑗0 𝑘𝑟 2 𝑑𝒓



𝑫 𝒔
+ 𝑫 𝒔

− 𝑪 𝒐 𝒓 𝒓 𝒆 𝒍 𝒂 𝒕 𝒊 𝒐 𝒏 𝒔： 𝑿 ( 𝟑 𝟗 𝟑 𝟎 ) 𝒗 𝒔 . " 𝑿 ( 𝟑 𝟗 𝟔 𝟎 ) "

The Femtoscopic Correlation Function (CF) 
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4. CFs with resonant and virtual states
Z.-W. Liu, J.-X. Lu, M.-Z. Liu, and L.-S. Geng,
Sci. Bull. 70, 3515 (2025)



𝑫 𝒔
+ 𝑫 𝒔

− 𝑪 𝒐 𝒓 𝒓 𝒆 𝒍 𝒂 𝒕 𝒊 𝒐 𝒏 𝒔： 𝑿 ( 𝟑 𝟗 𝟑 𝟎 ) 𝒗 𝒔 . " 𝑿 ( 𝟑 𝟗 𝟔 𝟎 ) "
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From the Koonin-Pratt formula:

𝐶 𝑘 = ∫ d3𝑟 𝑆12 𝒓 Ψ 𝒌; 𝒓 2

The most common situation:

Ψ 𝒌; 𝒓 = 𝑒𝑖𝒌 ⋅𝒓 − 𝑗0 𝑘𝑟 + 𝜓0(𝒌; 𝒓)

For identical particles:

Ψ 𝒌; 𝒓 = 2𝜒𝑠 cos 𝒌 ⋅ 𝒓 + 𝜓0 𝒌; 𝒓 − 𝑗0 𝑘𝑟 + 2𝑖𝜒𝑡sin(𝒌 ⋅ 𝒓)
For pairs with Coulomb interaction:

Ψ 𝒌; 𝒓 = Φ 𝒌; 𝒓 − 𝐹0 𝑘𝑟 + 𝜓0(𝒌; 𝒓)

Φ 𝒌; 𝒓, 𝑧 = 𝑒−
𝜋𝛾
2 Γ 1 + 𝑖𝛾 e𝑖𝑘𝑧 1𝐹1(−𝑖𝛾; 1; 𝑖𝑘(𝑟 − 𝑧))

𝑗𝜈 & 𝐹𝜈 are spherical Bessel function & Coulomb function of order ν ,

Φ 𝒌; 𝒓, 𝑧 is the complete Coulomb wave function

Γ(𝑧) is Euler gamma function,

1𝐹1(𝑎; 𝑏, 𝑧) is the confluent hypergeometric function,

𝛾 is the Sommerfeld parameter (𝛾 = 𝑍1𝑍2𝜇𝛼/𝑘)

𝐶 𝑘 = 1 + ∫ 4𝜋𝑟2d𝑟 𝑆12 𝑟 𝜓0 𝑘, 𝑟 2 − 𝑗0 𝑘𝑟 2

𝐶 𝑘 = 1 −
1

2
𝑒−4𝑘

2𝑅2 +
1

2
∫ 4𝜋𝑟2d𝑟 𝑆12 𝑟 𝜓0 𝑘, 𝑟 2 − 𝑗0 𝑘𝑟 2

𝐶 𝑘 = ∫ d3𝒓𝑆12 𝒓 𝚽 𝐤; 𝐫 2

+∫ 4𝜋𝑟2𝑑𝑟 𝑆12 𝑟 ሾ 𝜓0 𝑘, 𝑟 2

Here we adopt a Gaussian source function

𝑆12 𝑟 =
1

4𝜋 3/2𝑅3
𝑒
−
𝑟2

4𝑅2

𝑫𝒔
+𝑫𝒔

− !



𝑫 𝒔
+ 𝑫 𝒔

− 𝑪 𝒐 𝒓 𝒓 𝒆 𝒍 𝒂 𝒕 𝒊 𝒐 𝒏 𝒔： 𝑿 ( 𝟑 𝟗 𝟑 𝟎 ) 𝒗 𝒔 . " 𝑿 ( 𝟑 𝟗 𝟔 𝟎 ) "

CFs without Coulomb interaction
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P A R T F O U R

Conc lus ion
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Conclusions and Outlook
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• The invariant mass distribution alone can hardly distinguish whether a state 

is bound, virtual, or resonant.

• The Correlation Function can be used to distinguish the different scenarios of 

a state.

• Even in systems with Coulomb interaction, CFs can also work well to show 

the difference between scenarios.

• The resolution is expected to be better in smaller collision systems.

What if we consider simultaneously the CFs and scattering observable (e.g. Phase Shift)?

We are working on the 𝜅(700) resonance (𝜋𝐾 interaction).
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𝑲

𝑫 𝝆

𝑫𝒔𝟎(𝟐𝟑𝟏𝟕): 𝑰(𝑱
𝑷) = 𝟎(𝟎+) 

𝑲

𝑫 𝝆

𝑲𝟏(𝟏𝟐𝟕𝟎): 𝑰 𝑱𝑷 =
𝟏

𝟐
(𝟏+) 

𝑫: 𝐼 𝐽𝑃 =
1

2
(0−)

𝑲: 𝐼 𝐽𝑃 =
1

2
(0−)

𝝆: 𝐼𝐺 𝐽𝑃𝐶 = 1+(1−−)

To study the properties of :

1. 𝐷𝑠1
∗ 2860 : 𝐼 𝐽𝑃 = 0 (1−):    Considered to be a 𝐾1 1270 𝐷 resonance.

2. The exotic state 𝑐 ҧ𝑠𝑢 ҧ𝑑 𝐼 = 1 : Considered to be a 𝐷𝑠0 2317 𝜌 resonance.

Malabarba, Khemchandani, Torres, and Oset
PHYS. REV. D 107, 036016 (2023)The reference studying the 𝑿 𝟐𝟗𝟎𝟎 ሾത𝒄ത𝒔𝒖𝒅]:



Thanks for

Your Attention
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Backup  S l ides
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LHCb Collaboration,
Phys. Rev. Lett. 131, 071901 (2023)

T. Ji, X.-K. Dong, M. Albaladejo, M.-L. Du, F.-K. Guo, and J. Nieves, 
Phys. Rev. D 106, 094002 (2022),

Resonance Bound & Virtual

Different ways to understand the Invariant Mass Distribution (IMD) of 𝐷𝑠
+𝐷𝑠

−
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M. Bayar, A. Feijoo, and E. Oset, 
Phys. Rev. D 107, 034007 (2023)

“The conclusion is then that there is not need to invoke a new 𝑿 𝟑𝟗𝟔𝟎 state, 

and the experimental observation is due to the presence of the 𝑿 𝟑𝟗𝟑𝟎 .”

——A work on the 𝐷ഥ𝐷 and 𝐷𝑠ഥ𝐷𝑠 coupled channel system.

The invariant mass spectrum of 𝑫𝒔
+𝑫𝒔

−
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𝑻 𝟐 and 𝝆 𝑻 𝟐
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𝑻 𝟐 𝝆 𝑻 𝟐
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Coulomb interaction in CFs
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Then, the Coulomb potential in momentum space: 

The S-wave component:

𝑉0
𝐶 𝑝′, 𝑝; 𝑅𝐶 =

1

2
න
−1

1

d(cos 𝜃𝒑𝒑′) 𝑉
𝐶 𝒑′ − 𝒑 ;𝑅𝐶

=
2𝜋𝜀𝛼

𝑝𝑝′
Ci 𝑝′ − 𝑝 𝑅𝐶 − Ci 𝑝′ + 𝑝 𝑅𝐶 + ln

𝑝′ + 𝑝

𝑝′ − 𝑝

𝑉𝐶 𝒑′ − 𝒑 ;𝑅𝐶 = න
0

𝑅𝐶

d3𝑟 𝑒𝑖 𝒑
′−𝒑 ⋅𝒓

𝜀𝛼

𝑟

=
4𝜋𝜀𝛼

𝒑′ − 𝒑 2 ሾ1 − cos( 𝒑′ − 𝒑 𝑅𝐶)]

Where the Ci 𝑥 = ∫𝑥
∞
d𝑡

cos 𝑡

𝑡
 is the cosine integral function.

Then, the relativistic corrections:

𝑉0
𝐶,𝑟𝑒𝑙 𝑝, 𝑝′; 𝑠 = 2𝜔1(𝑝) 2𝜔2(𝑝) 𝜉 (𝑝; 𝑠)

× 𝑉0
𝐶 𝑝′, 𝑝

× 2𝜔1(𝑝′) 2𝜔2(𝑝′) 𝜉 (𝑝′; 𝑠)

𝜉 𝑝; 𝑠 = 2𝜇
𝑠 − 𝜔1(𝑝) − 𝜔2(𝑝)

𝜆 𝑠,𝑚1
2, 𝑚2

2

4𝑠 − 𝑝2

Where the 𝜇 = 𝑚1𝑚2/(𝑚1 +𝑚2) is the reduced mass, 

and 𝜆 𝑠,𝑚1
2, 𝑚2

2 = 𝑠 − 𝑚1 +𝑚2
2 𝑠 − 𝑚1 −𝑚2

2 .

The 𝜔𝑖 term is related to the form of loop function.

The kinematic factor:

We first divide the Coulomb interaction into 

short-range and long-range part

𝑉𝑡𝑜𝑡𝑎𝑙
𝐶 = 𝑉𝐶Θ 𝑅𝐶 − 𝑟 + 𝑉𝑙𝑜𝑛𝑔

𝐶 Θ(𝑟 − 𝑅𝐶)

𝑉0(𝑝, 𝑝
′; 𝑠) = 𝑉0

𝑆 + 𝑉0
𝐶,𝑟𝑒𝑙(𝑝, 𝑝′; 𝑠)

P. Encarnacion, A. Feijoo, V. M. Sarti, and 
A. Ramos,Phys. Rev. D 111, 114013 (2025) 

Then, we have a complete S-wave 𝑉 in the short-range:
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Coulomb interaction in CFs

21

Then, by solving the Bethe-Salpeter equation (Off-shell),

We can obtain the T-matrix:

𝑇 𝑝, 𝑝′; 𝑠 = 𝑉0 𝑝, 𝑝′; 𝑠 + 𝑉0 𝑝, 𝑞; 𝑠 𝐺𝑞 𝑠 𝑇 𝑞, 𝑝′; 𝑠

But in our work, we make a Born approximation to the 

Coulomb interaction to simplify the calculation. And also 

obtain a T-matrix.

Then, the wave function can be obtained 

by the Lippmann-Schwinger equation:

𝜓 𝑘, 𝑟 = 𝑗0 𝑘𝑟 + න
0

𝑞𝑚𝑎𝑥 𝑞2d𝑞

2𝜋2
1

2𝜔1 2𝜔2

𝑇 𝑘, 𝑞; 𝑠 𝑗0(𝑞𝑟)

𝑠 − 𝜔1 − 𝜔2 + 𝑖𝜀

This wave function contains the information of the strong 

interaction and the short-range Coulomb interaction, but 

does not have a proper asymptotic behavior. 

Therefore, a correction is required.

The correction begins with forming two asymptotic 

wave functions:

𝜓𝑠ℎ𝑜𝑟𝑡
𝑎𝑠𝑦

= 𝑗0 + ℎ0𝜌𝑇

𝜓𝑙𝑜𝑛𝑔
𝑎𝑠𝑦

= 𝐹0 + 𝐻0𝜌 ෨𝑇

Where the 𝑗0 & ℎ0 are the spherical Bessel function & 

Hankel function; the 𝐹0 & 𝐻0 are the Coulomb function 

and Coulomb-Hankel function. 

𝜓𝑠ℎ𝑜𝑟𝑡
𝑎𝑠𝑦

′(𝑘, 𝑟)

𝜓𝑠ℎ𝑜𝑟𝑡
𝑎𝑠𝑦

𝑘, 𝑟
ቚ
𝑟=𝑅𝐶

=
𝜓𝑙𝑜𝑛𝑔
𝑎𝑠𝑦

′ 𝑘, 𝑟

𝜓𝑙𝑜𝑛𝑔
𝑎𝑠𝑦

𝑘, 𝑟
ቚ
𝑟=𝑅𝐶

Then, the correction function is:

𝜁 𝑘 = 𝜓𝑙𝑜𝑛𝑔
𝑎𝑠𝑦

𝑘, 𝑅𝐶 /𝜓𝑠ℎ𝑜𝑟𝑡
𝑎𝑠𝑦

𝑘, 𝑅𝐶

Finally, the wave function we use for CF writes:𝜁 𝑘 𝜓(𝑘, 𝑟).

The ෨𝑇 can be obtain by the boundary condition:



𝑫 𝒔
+ 𝑫 𝒔

− 𝑪 𝒐 𝒓 𝒓 𝒆 𝒍 𝒂 𝒕 𝒊 𝒐 𝒏 𝒔： 𝑿 ( 𝟑 𝟗 𝟑 𝟎 ) 𝒗 𝒔 . " 𝑿 ( 𝟑 𝟗 𝟔 𝟎 ) "

Invariant mass distribution → potential

22

𝑞𝑚𝑎𝑥 = 1 GeV 𝑞𝑚𝑎𝑥 = 0.5 GeV

𝑑Γ

𝑑𝑀𝑖𝑛𝑣
=

1

2𝜋 3

1

4𝑚𝐵
2 𝑝𝐾+ ෤𝑝𝐷𝑠 𝑡

2

𝑡(𝑀𝑖𝑛𝑣) = 𝑐ሾ1 + 𝐺 𝑀𝑖𝑛𝑣 𝑇 𝑆 (𝑀𝑖𝑛𝑣)]

In our work: 𝑉𝑆 = 𝑎 + 𝑏𝑘2

(The parameter 𝑎 and 𝑏 are considered to be the LECs of EFT)



𝑫 𝒔
+ 𝑫 𝒔

− 𝑪 𝒐 𝒓 𝒓 𝒆 𝒍 𝒂 𝒕 𝒊 𝒐 𝒏 𝒔： 𝑿 ( 𝟑 𝟗 𝟑 𝟎 ) 𝒗 𝒔 . " 𝑿 ( 𝟑 𝟗 𝟔 𝟎 ) "

Parameters
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𝑚𝑋 3960 = 3956 ± 5 ± 10 MeV,   Γ𝑋 3960 = 43 ± 13 ± 8 MeV

𝑚𝑋 3930 = 3924 ± 2 MeV,          Γ𝑋 3930 = 17 ± 5 MeV

𝑉 = 𝑎 + 𝑏 𝑘2 𝑎0 = ฬ
𝑇 𝑆

8𝜋 𝑠 𝑠=𝑠𝑡ℎ

𝑟0 = ฬ
𝜕2

𝜕𝑥2
(−8𝜋 𝑠𝑇 𝑆 −1

+ 𝑖𝑘)
𝑠=𝑠𝑡ℎ
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Off-shell ambiguities 

``The analysis of the differences
between the correlations of the
various interactions shows that
for momenta between 0 and 500
MeV there are variations of up
to 5.9 % for the nn system, of up
to 1.8 % for the np system, and
of 1.4 % for the pp system.”
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Off-shell ambiguities

``We find that using realistic
interactions based on chiral
dynamics the uncertainties are
small, of the order of 2 - 3 %,
but could be much bigger if
other methods are used.”
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