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Motivations

Quantum Hardware and Qubits

Quantum superposition
Entanglement
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Motivations

Classical Vs Quantum resources
Let’s consider a simple 3D spin model system with N spin-1/2

−→ Hamiltonian 2N × 2N

(Hamiltonian approach is not feasible)

Let’s estimate the computational resources needed to study a system with N spins:
Z =

∫
dx dy dz e−S −→≈ 2N

Classical computer: 2N memory slots =⇒ Quantum computer: N qubits

Let’s double the system: N spins −→ 2N spins

Classically
2N −→

(
22N

)
=
(
2N
)2

(escape importance sampling Monte Carlo)

Quantum
N qubits −→ 2N qubits

Hamiltonian formalism is feasible on quantum computer!
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Motivations

Hamiltonian formulation =⇒ No Sign problem

Real-time evolution Non-zero chemical potential

propagations/collisions Imbalance matter-antimatter Early Universe QCD phase diagram
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Motivations

Challenges in using quantum computers: Hardware & Formalism

Few qubits
Low qubit connectivity
Noisy gates
No error correction ⇒ Error mitigation!

Hamiltonian formulation
Representation of the Hamiltonian
Scalability of the continuum limit
Scalability of the thermodynamic limit

Encoding challenges
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Motivations

The seminal work of Byrnes and Yamamoto

Simulating lattice gauge theories on a quantum computer

Tim Byrnes*
National Institute of Informatics, 2-1-2 Hitotsubashi, Chiyoda-ku, Tokyo 101-8430, Japan

Yoshihisa Yamamoto
E. L. Ginzton Laboratory, Stanford University, Stanford, California 94305, USA and National Institute of Informatics,

2-1-2 Hitotsubashi, Chiyoda-ku, Tokyo 101-8430, Japan
�Received 4 October 2005; published 17 February 2006�

We examine the problem of simulating lattice gauge theories on a universal quantum computer. The basic
strategy of our approach is to transcribe lattice gauge theories in the Hamiltonian formulation into a Hamil-
tonian involving only Pauli spin operators such that the simulation can be performed on a quantum computer
using only one- and two-qubit manipulations. We examine three models, the U�1�, SU�2�, and SU�3� lattice
gauge theories, which are transcribed into a spin Hamiltonian up to a cutoff in the Hilbert space of the gauge
fields on the lattice. The number of qubits required for storing a particular state is found to have a linear
dependence on the total number of lattice sites. The number of qubit operations required for performing the
time evolution corresponding to the Hamiltonian is found to be between a linear to quadratic function of the
number of lattice sites, depending on the arrangement of qubits in the quantum computer. We remark that our
results may also be easily generalized to higher SU�N� gauge theories.

DOI: 10.1103/PhysRevA.73.022328 PACS number�s�: 03.67.Lx, 11.15.Ha, 12.38.Gc

I. INTRODUCTION

The efficient simulation of quantum many-body problems
is today of vital importance to many fields of physics,
stretching from condensed matter physics, atomic physics,
molecular and optical physics, nuclear physics, quantum
chemistry, and high-energy physics. Despite advances in
various numerical techniques, a truly reliable, accurate, and
efficient method for extracting physical quantities for such
problems does not exist in general. For example, quantum
Monte Carlo methods suffer from the “minus-sign problem,”
and the more recent density matrix renormalization group
�DMRG� method possesses difficulties in dimensions greater
than 1 �1�. The impact of a method that is free from such
difficulties would undoubtedly offer new insights into the
physics of quantum many-body systems.

Quantum computers are hoped to offer an alternative to
such methods. The exponential parallelism that is employed
by quantum computers is believed to overcome the problems
associated with the exponential explosion of Hilbert-space
size inherent to quantum many-body problems �2�. It has
been shown that an efficient simulation is indeed possible for
a large class of spin, fermionic, and bosonic Hamiltonians
�3,4�. For example, fermionic Hamiltonians are implemented
via an algebraic mapping of operators via the Jordan-Wigner
transformation. This allows fermion operators appearing in
the Hamiltonian to be written entirely in terms of spin op-
erators. As discussed in Ref. �3�, this approach is free of the
“minus-sign problem” that is present in Monte Carlo meth-
ods. The simulation is then performed by evolving the sys-
tem according to the time-evolution operator by a series of
gates which evolve the system according to the system

Hamiltonian. A phase estimation algorithm using the quan-
tum Fourier transform or a similar algorithm is then per-
formed to calculate the eigenenergies of a given system �5�.
We assume implicitly here the standard model of quantum
computation with two-level spin qubits and unitary opera-
tions. For bosonic operators, there is no exact algebraic map-
ping of operators onto spin operators, as can be simply un-
derstood �6� by the disparate sizes of the Hilbert spaces—a
single boson has an infinite-dimensional Hilbert space,
whereas a spin has only two dimensions. However, it is still
possible to map the bosonic Hamiltonian onto a spin Hamil-
tonian via a transcription of the operator mappings �4�.
Clearly, due to the mismatch in the system dimensions of the
bosons and spins, there must be some truncation in the Hil-
bert space. However, this truncation can have little or no
effect in terms of the Hamiltonian if performed in the correct
way. For example, Hamiltonians that conserve particle num-
ber have a maximum of the total number of particles on a
given site and therefore have an effective cutoff equal to the
number of particles.

One problem that has received little attention is the prob-
lem of the quantum simulation of lattice gauge theories �7,8�.
Arguably this is the most computationally intensive quantum
many-body problem of all, due to the large numbers of de-
grees of freedom per site and the necessity of simulating in
three spatial dimensions. Since the first Monte Carlo simula-
tions over 25 years ago �9�, the lattice gauge theory program
has steadily advanced with increases in computer speed and
improvements in simulation techniques. For the first time in
the last few years it has become possible to perform a real-
istic simulation full QCD �i.e., with fermions� without
quenching �10�. However, should a method become available
that could give accurate results while being computationally
less expensive, this could offer a valuable alternative to the
methods being employed today.*Electronic address: tbyrnes@nii.ac.jp
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”Hamiltonian formulation of Wilson’s lattice gauge theories” by Kogut and Susskind [PhysRevD.11.395]

Building blocks for Hamiltonian construction in U(1), SU(2) and SU(3)
Guidelines for future quantum simulations on qubits
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Motivations

The nightmare... of using compact variables
14

where the sums over M and M ′ contain only a single nonzero term because the Clebsch-Gordan coefficients vanish
unless M = m+ s and M ′ = m′ + s′. Applying �1 to our initial state gives

�1 |ψinitial〉 =
∑

ME

∑

M ′
E

∑

MJ

∑

M ′
J

∑

MF

∑

M ′
F

∑

MI

∑

M ′
I

∑

mA

∑

m′
A

∑

mB

∑

m′
B

∑

mC

∑

m′
C

. . .
∑

mL

∑

m′
L

∑

JF

∑

JE

∑

JI

∑

JJ

∑

s1

∑

s2

∑

s6

∑

s5

(−1)s1+s2+s6+s5(−1)−2jE−2jJ−2jF−2jI+ME+M ′
E+MJ+M ′

J+MF +M ′
F +MI+M ′

I

√
2jE + 1

√
2JE + 1

√
2jJ + 1

√
2JJ + 1

√
2jF + 1

√
2JF + 1

√
2jI + 1

√
2JI + 1(

jA jE jI
m′A mE mI

)(
jC jE jJ
mC m′E mJ

)(
jC jG jK
m′C mG m′K

)(
jA jG jL
mA m′G mL

)

(
jB jF jI
m′B mF m′I

)(
jD jF jJ
mD m′F m′J

)(
jD jH jK
m′D mH m′K

)(
jB jH jL
mB m′H m′L

)

(
jE

1
2 JE

mE −s1 −ME

)(
jE

1
2 JE

m′E s2 −M ′E

)(
jJ

1
2 JJ

mJ −s2 −MJ

)(
jJ

1
2 JJ

m′J s6 −M ′J

)

(
jF

1
2 JF

mF s5 −MF

)(
jF

1
2 JF

m′F −s6 −M ′F

)(
jI

1
2 JI

mI s1 −MI

)(
jI

1
2 JI

m′I −s5 −M ′I

)

|jA,mA,m
′
A〉 |jB ,mB ,m

′
B〉 |jC ,mC ,m

′
C〉 |jD,mD,m

′
D〉 |JE ,ME ,M

′
E〉 |JF ,MF ,M

′
F 〉

|jG,mG,m
′
G〉 |jH ,mH ,m

′
H〉 |JI ,MI ,M

′
I〉 |JJ ,MJ ,M

′
J〉 |jK ,mK ,m

′
K〉 |jL,mL,m

′
L〉 . (A15)

Applying a final state to that result allows all sums to be performed and the answer simplifies to

〈ψfinal|�1 |ψinitial〉 = (−1)jA+jB+jC+jD+2JE+2JF +2jI+2jJ

√
2jE + 1

√
2JE + 1

√
2jJ + 1

√
2JJ + 1

√
2jF + 1

√
2JF + 1

√
2jI + 1

√
2JI + 1{

jA jE jI
1
2 JI JE

}{
jB jF jI
1
2 JI JF

}{
jC jE jJ
1
2 JJ JE

}{
jD jF jJ
1
2 JJ JF

}
(A16)

as given in Eq. (6). Results for 〈ψfinal|�i |ψinitial〉 with i = 2, 3, 4 can be obtained simply by translation symmetry
from the i = 1 result or by explicit calculation.

The numerical values of the nonzero 6j symbols can be obtained from

{
j0 j1 j2
1
2 j2 + 1

2 j1 + 1
2

}
= (−1)1+j0+j1+j2

√
(1− j0 + j1 + j2)(2 + j0 + j1 + j2)

(2j1 + 1)(2j1 + 2)(2j2 + 1)(2j2 + 2)
, (A17)

{
j0 j1 j2
1
2 j2 − 1

2 j1 + 1
2

}
= (−1)j0+j1+j2

√
(1 + j0 + j1 − j2)(j0 − j1 + j2)

(2j1 + 1)(2j1 + 2)2j2(2j2 + 1)
, (A18)

{
j0 j1 j2
1
2 j2 + 1

2 j1 − 1
2

}
= (−1)j0+j1+j2

√
(1 + j0 − j1 + j2)(j0 + j1 − j2)

2j1(2j1 + 1)(2j2 + 1)(2j2 + 2)
, (A19)

{
j0 j1 j2
1
2 j2 − 1

2 j1 − 1
2

}
= (−1)j0+j1+j2

√
(1 + j0 + j1 + j2)(−j0 + j1 + j2)

2j1(2j1 + 1)2j2(2j2 + 1)
, (A20)

but a 6j symbol is zero unless all four of its triangle conditions are satisfied [77, 78].

Appendix B: VACUUM SECTOR MATRICES

As explained in Sec. III, three spatial symmetries can be used to block diagonalize each Hamiltonian matrix. One
explicit example was provided in Eq. (8). The largest blocks that arise from three additional physics systems are
provided here. Recall that the largest block is always the one containing the vacuum state.

[arXiv:2205.09247]
Emanuele Mendicelli, University of Liverpool 7 / 26
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Motivations

Progress of Quantum Computing for LGT

For a review of the progress in Quantum Simulation and Hamiltonian Formulations of LGT:

Figure 1. Simulating the dynamics of extreme physical environments (right) emerging from the SM of quarks, leptons, gauge
fields, and the Higgs boson (left) requires large-scale classical or quantum simulations (center). Quantum entanglement and
coherence utilized by quantum computers are expected to enable progress while providing new insights into the SM itself.

While some direct predictions of the SM are accessible by perturbative calculations, non-perturbative simulations are
required for most processes, which involve configuration-space, i.e., Hilbert space, sizes that easily exceed the number of atoms
in the universe. The quantum-mechanical probability of a given process is determined by Feynman’s path integral, summing
the amplitudes of all possible trajectories weighted by the complex exponential of their action, eiS . When iS is a negative
real number, these weights allow for systematic importance sampling central to lattice-field-theory programs on classical
computers—enabling first-principles simulations of e.g., mesons, their decays and scattering, the muon’s anomalous magnetic
moment, properties of nucleons and nuclei, and the phase diagram of dilute matter at high temperature, see Refs. [7–10] for
recent reviews. However, when iS becomes complex, as in finite-density systems and in real-time simulations, the sampling
techniques can fail due to large cancellations. While ideas are being pursued to tame many ‘sign problems’ [11–13], they are
believed to be NP-hard [14].

Unfortunately, sign problems arise frequently in nuclear and high-energy physics, challenging the pursuit of answers to
many forefront questions, as identified and elaborated in recent studies, e.g., Refs. [15–18]. For example, first-principles
predictions for phases and phase transitions of matter, e.g., those probed at the Large Hadron Collider (LHC) at CERN and
the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Laboratory, and those relevant to the interior cores of
neutron stars and the evolution of supernovae, are currently out of reach. The non-equilibrium and thermalization dynamics of
matter produced during heavy-ion collisions and in the early universe also remain unresolved. In particle colliders, available
calculational strategies at high energies tend to break down at the lower energies relevant to fragmentation and the subsequent
cascades of hadrons. In astrophysical environments, neutrinos play a significant role in transporting energy during core-collapse
supernovae. Background matter and neutrino densities influence the evolution of flavor as the neutrinos radiate from the core.
Given the resulting mixed-state entanglement structure of the neutrino fields, accurate simulations of these coherent processes is
challenging. Experimental programs probing the fundamental nature of neutrinos include searches for CP-violation in the Deep
Underground Neutrino Experiment (DUNE) experiment, and for the violation of lepton number in 0⌫��-decay experiments
in nuclei. Simulations of nuclear-physics ingredients for these experimental programs present a significant challenge for
classical computation. Last, but not least, theories involving inflationary epoch of the universe, dark-matter models involving
composite ‘dark hadrons’, CP-violating scenarios occurring out of equilibrium in the early universe, or strongly-interacting
QFTs living on the boundary of a bulk containing quantum-gravity models, all require simulations of various quantum fields in-
and out-of-equilibrium, which are often intractable.

Amidst such challenges arose a key perspective: Information is physical, computation is the science of information

2/23

Zohreh Davoudi

University of Maryland, College Park

Quantum Simulation of Gauge Theories for Particle 
and Nuclear Physics: Past, Today, and Future
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WHAT ARE THE BIG PROBLEMS WE ARE AFTER 
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Hamiltonian formulations of Lattice 
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Motivations

The encoding challenge

Ĥ = g2

2

 ∑
i=links

Ê 2
i − 2x

∑
i=plaquettes

□̂i


Gate decomposition

H = 3
8 (7 − 3Z0 − Z0Z1 − 3Z1)

− x
2(3 + Z1)X0 − x

2(3 + Z0)X1

⇓

R
Y
(−

1 2
x
t)

R
Z
(−

3 8
t)

R
Y
(−

3 2
x
t)

R
Z
(−

9 4
t)

R
Y
(−

3 2
x
t)

R
Z
(−

3 8
t)

R
Y
(−

1 2
x
t)

R
Z
(−

9 8
t)

R
Y
(−

3x
t)

R
Y
(−

x
t)

R
Z
(−

9 8
t)

Spin-like systems H −→ quantum circuit (Ok)
No spin-like systems:

Matrix representation (scales exponentially)
Convert matrix to quantum gates, Pauli decomposition (worst-case O(4Q) [arXiv:2310.13421] )
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Motivations

The encoding of Kogut-Susskind Hamiltonian

The Kogut-Susskind Hamiltonian remains challenging to efficiently encode on a quantum hardware
It is difficult to write quantum circuits explicitly
Exponential classical preprocessing is often required
No systematic analysis of resource scaling for quantum simulations

Whether an efficient encoding is achievable remains an open question
Emanuele Mendicelli, University of Liverpool 10 / 26



The Orbifold lattice approach

A scalable formalism? maybe the Orbifold lattice
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The Orbifold lattice approach

Why do I like the Orbifold Lattice for QCD and Yang-Mills ?

The Hamiltonian is given explicitly for any gauge group, lattice size and truncation level

Quantum circuit can be written explicitly

Gate count grows polynomially with qubits

The Kogut-Susskind Hamiltonian is obtained as Orbifold large-mass limit

It requires a substantial number of bosons!

Emanuele Mendicelli, University of Liverpool 12 / 26



The Orbifold lattice approach

Orbifold lattice approach for SU(N)
Compact Variables −→ Cartesian Coordinate:

SU(N) ⊂ CN2 ∼= R2N2

Ẑj,n⃗
•

j
•
j + n⃗

Zj ,⃗n =

√√√√ad−2

2g2
d

Wj ,⃗n Uj ,⃗n

Wj ,⃗n = exp (agdϕj ,⃗n) positive-definite Hermitian −→ ϕj adjoint scalar field

Uj ,⃗n = exp(iagdAj ,⃗n), unitary link variable −→ Aj gauge field
(Note: det(U) is not fixed to 1)

Toward a Yang-Mills theory coupled to scalars

Emanuele Mendicelli, University of Liverpool 13 / 26
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The Orbifold lattice approach

The SU(N) Orbifold Hamiltonian

Ĥ =
∑
n⃗

Tr
 d∑

j=1
P̂j ,⃗n

ˆ̄Pj ,⃗n + g2
d

2ad

∣∣∣∣∣∣
d∑

j=1

(
Ẑj ,⃗n

ˆ̄Zj ,⃗n − ˆ̄Zj ,⃗n−ĵ Ẑj ,⃗n−ĵ

)∣∣∣∣∣∣
2

+ 2g2
d

ad
∑
j<k

∣∣∣Ẑj ,⃗n Ẑk ,⃗n+ĵ − Ẑk ,⃗n Ẑj ,⃗n+k̂

∣∣∣2
+∆Ĥ

where

∆Ĥ = m2g2
d

2ad−2
∑
n⃗

d∑
j=1

Tr
∣∣∣∣∣Ẑj ,⃗n

ˆ̄Zj ,⃗n − ad−2

2g2
d

∣∣∣∣∣
2

+
m2

U(1)ad−2

2g2
d

∑
n⃗

d∑
j=1

∣∣∣∣∣∣
(

ad−2

2g2
d

)−N/2

det(Ẑj ,⃗n) − 1
∣∣∣∣∣∣
2

first term forces W → 1N

second term forces det(U) → 1

The Kogut-Susskind limit: m2 and m2
U(1) → ∞:

(W = 1N), scalar fields ϕj with large mass decouple
det(U) = 1 −→ Z ≡ U −→∈ SU(N)

Pure Yang-Mills is recovered!

Emanuele Mendicelli, University of Liverpool 14 / 26
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Pure Yang-Mills is recovered!
Emanuele Mendicelli, University of Liverpool 14 / 26



The Orbifold lattice approach

Quantum computing for SU(N) Orbifold lattice
Ẑj,n⃗

•
j

•
j + n⃗

Z and P ∈ R2N2 −→ 2N2 components (x1, . . . x2N2), (p1, . . . p2N2) −→ 2N2 bosons
Q qubits per each boson, truncation level Λ = 2Q

Λ point on 2R circle δx = 2R/Λ

x̂a = −δx
2 ·

(
σ̂z;a,1 + 2 · σ̂z;a,2 + · · · + 2Q−1 · σ̂z;a,Q

)
Λ point on 2R circle δp = π/R

p̂a = −δp
2 ·

(
σ̂z;a,1 + 2 · σ̂z;a,2 + · · · + 2Q−1 · σ̂z;a,Q

)

Quantum Fourier Transform for connecting the coordinate and momentum bases

#Qtot = d Nsite 2N2 Qboson

#Gates ∝ Nsite Q4
bosonN4
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The Orbifold lattice approach

Computationally cheaper SU(N) Hamiltonians
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Toward cheaper Hamiltonians

Two cheaper SU(N) Orbifoldish Hamiltonians

Ĥ =
∑
n⃗

Tr
 d∑

j=1
P̂j ,⃗n

ˆ̄Pj ,⃗n + g2
d

2ad

∣∣∣∣∣∣
d∑

j=1

(
Ẑj ,⃗n

ˆ̄Zj ,⃗n − ˆ̄Zj ,⃗n−ĵ Ẑj ,⃗n−ĵ

)∣∣∣∣∣∣
2

+ 2g2
d

ad
∑
j<k

∣∣∣Ẑj ,⃗n Ẑk ,⃗n+ĵ − Ẑk ,⃗n Ẑj ,⃗n+k̂

∣∣∣2
+∆Ĥ

In the K-S limit (m2 → ∞) =⇒ (Ẑj ,⃗n
ˆ̄Zj ,⃗n → 1N), the second term → 0, so it can be omitted:

Ĥ1 =
∑
n⃗

Tr
 d∑

j=1
P̂j ,⃗n

ˆ̄Pj ,⃗n + 2g2
d

ad
∑
j<k

∣∣∣Ẑj ,⃗n Ẑk ,⃗n+ĵ − Ẑk ,⃗n Ẑj ,⃗n+k̂

∣∣∣2
+∆Ĥ

Additionally, other terms (Ẑj ,⃗n
ˆ̄Zj ,⃗n → 1N) inside the modulus can be omitted:

Ĥ2 =
∑
n⃗

Tr
 d∑

j=1
P̂j ,⃗n

ˆ̄Pj ,⃗n − 2g2
d

ad
∑
j<k

(
Ẑj ,⃗n Ẑk ,⃗n+ĵ

ˆ̄Zj ,⃗n+k̂
ˆ̄Zk ,⃗n + h.c.

)+∆Ĥ

Is the K-S limit well under control for H1 and H2? −→ Monte Carlo Lattice Simulations
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Toward cheaper Hamiltonians

Orbifold for SU(2)
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Toward cheaper Hamiltonians

SU(2) Orbifold-ish Lattice on R4

Let’s halve the number of boson per link:

Orbifold −→ Orbifold-ish

SU(2) ⊂ C4 ∼= R8 −→ SU(2) ∼= S3 ⊂ R4

8 bosons per link −→ 4 bosons per link

Ẑj,n⃗
•

j
•
j + n⃗ Zj ,⃗n =

√√√√ad−2

2g2
d

Wj ,⃗n Uj ,⃗n

m2 → ∞ −→ Z →∈ SU(2)
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Kogut-Susskind limit

The Kogut-Susskind limit for SU(2) Orbifoldish Lattice on R4(
m2 → ∞

)

Emanuele Mendicelli, University of Liverpool 20 / 26



Kogut-Susskind limit

Spatial plaquette ⟨Tr(ZZZ̄ Z̄ )⟩
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Orbifold lattice agrees with Wilson action
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Kogut-Susskind limit
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Kogut-Susskind limit

Spatial plaquette ⟨Tr(UUU†U†)⟩temporal
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Ū
Ū
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Kogut-Susskind limit

⟨Tr(W − 1N)2⟩
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Numerical confirmation that the large mass scalar ϕj decouples (W = 1N)
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Conclusions

Conclusions
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Conclusions

Take-home message
Quantum hardware has revived interest in the Hamiltonian formulation of LGT

The challenges in encoding Kogut–Susskind should be addressed by the community

There is the need of a formalism that can make quantum advantage tangible

Orbifold lattice seems to go in the right direction but there is much more to explore

Orbifold lattice reproduce Kogut-Susskind in a controlled limit (m2 → ∞)

Lattice simulations confirm no issues in extracting the K-S limit for SU(2) in (2+1)d

Ongoing work:

Explore Orbifold lattice properties, like phase diagram etc.

Quantify the bosons truncation effects for quantum simulations

Quantum simulation of Orbifold lattice for SU(2) and SU(3) systems
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Announcement



Thank you all for your time!
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Time for Questions!
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Backup Slides

Orbifold Lattice for Quantum Computing: A Timeline

2002 D. B. Kaplan, E. Katz and M. Unsal [arXiv:hep-lat/0206019]
(Original formulation, Orbifold projection)

2020 A. J. Buser, H. Gharibyan, M. Hanada, M. Honda and J. Liu [arXiv:2011.06576]
(Orbifold for quantum simulations of U(k))

2024 G. Bergner, M. Hanada, E. Rinaldi, A. Schafer [arXiv:2401.12045]
(Orbifold lattice for quantum simulations of QCD)

2024 J. C. Halimeh, M. Hanada, S. Matsuura, F. Nori, E. Rinaldi and A. Schäfer [arXiv:2411.13161]
(Universal framework for quantum simulations of SU(N) Yang-Mills)

2025 G. Bergner and M. Hanada [arXiv:2506.00755]
(Lattice simulations (2+1)d: Kogut-Susskind as Orbifold limit)

2025 J. C. Halimeh, M. Hanada and S. Matsuura [arXiv:2506.18966]
(Universal framework with fermions)
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