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Pairing gaps and composition in the interior of a neutron star.
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In a two-fluid neutron–proton system, the mass currents are related to the transport
velocities by the entrainment matrix as(

jn

jp

)
=

(
ρnn ρnp

ρnp ρpp

)(
vn

vp

)
, (1)

jn, jp are the neutron and proton mass-current densities, vn, vp are the neutron and proton
superfluid velocities, ρnn, ρpp are the diagonal entrainment coefficients, ρnp is the
off-diagonal entrainment term. The diagonal and off-diagonal elements satisfy

ρnn + ρnp = ρn, ρpp + ρnp = ρp, (2)

where ρn, ρp are the total neutron and proton mass densities.
The components of the matrix are given by

ρnn = ρn
m

m∗
n
, ρpp = ρp

m
m∗

p
, (3)

ρnp = ρn

(
1 −

m
m∗

n

)
= ρp

(
1 −

m
m∗

p

)
, (4)

where m is the bare nucleon mass, and m∗
n ,m

∗
p are the neutron and proton effective masses.
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Ginzburg-Landau functional for a superfluid-superconducting mixture in the core of the
star

F = F0 + Fkin + Fcond + Fem, (5)

Condensate contribution (note static coupling between the condensates)

Fcond = ap |ψp|2 +
bp

2
|ψp|4 + an |ψn|2 +

bn

2
|ψn|4 + gnp |ψp|2 |ψn|2 . (6)

Kinetic energy contribution (note the entrainment)

Fkin =
1
2
ρppv2

p +
1
2
ρnnv2

n −
1
2
ρpn |⃗vp − v⃗n|2 . (7)

The velocities are given by the phase gradient of the order parameter, plus the coupling to
the vector potential for the protons,

ψj = |ψj| eiθj vj =
ℏ

2mj

(
∇θj −

2ej

ℏc
A
)
, j = n, p, (8)

where ℏ is the Planck constant, mn/mp is the mass of the neutron/proton, and θn/θp is the

phase of the superfluid neutron/superconducting proton order parameter.
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Minimization of the GL functional with respect to the order parameters yields the
equations of motion

apψp + bp |ψp|2 ψp + gnp |ψn|2 ψp

+
1

4mp

(
−iℏ∇−

2e
c

A
)2

ψp = 0, (9)

anψn + bn |ψn|2 ψn + gnp |ψp|2 ψn −
ℏ2

4mn
∇2ψn = 0, (10)

with an,p < 0 (superfluid phase), bn,p > 0. Here A is the vector potential, e the unit
charge, gnp the inter-component coupling, and mn/p the bare masses.

The boundary condition at the interface generalizes the standard GL form to include pair
tunneling

n ·
(
∇−

2ie
ℏc

A
)
ψ1,2,j

∣∣∣
Boundary

= ±
ψ2,1,j|Boundary

ζj
, (11)

where j = n, p, ζ−1
j measures barrier transparency, and n is the unit normal to the

boundary.
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Currents in Two-Component GL Theory

Minimization of the GL functional with respect to the A and vn gives the currents:

jp =
eℏ

2m2
p
(ρpp − ρpn)

(
∇θp −

2e
ℏc

A
)

+
eℏ

2mpmn
ρpn∇θn, (12)

jn =
ℏ

2mn
(ρnn − ρpn)∇θn +

ℏ
2mp

ρpn

(
∇θp −

2e
ℏc

A
)
. (13)

Unlike the ordinary currents in the GL theory, these expressions depend on the phase
gradients of both order parameters, coupled through the entrainment parameter ρnp.
Eliminate the phase gradients ∇θp/n from the expressions for the currents

(
ψ∗

j ∇ψj − ψj∇ψ∗
j
)
= 2i |ψj|2 ∇θj = i

ρjj

mj
∇θj, (14)

where we substituted ψj = |ψj| eiθj , j = n, p and defined 2mj |ψj|2 = ρjj.
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The combination of the current equations with gauge invariance A → A +∇θ yields the
Josephson currents across the interface

n · jp =
eℏ

mpζp

(ρpp − ρpn)

ρpp

∣∣ψ1,p
∣∣ ∣∣ψ2,p

∣∣ sin (∆θp) +
eℏ

mpζn

ρpn

ρnn

∣∣ψ1,n
∣∣ ∣∣ψ2,n

∣∣ sin (∆θn) ,

(15)

n · jn =
ℏ
ζn

ρnn − ρpn

ρnn

∣∣ψ1,n
∣∣ ∣∣ψ2,n

∣∣ sin (∆θn) +
ℏ
ζp

ρpn

ρpp

∣∣ψ1,p
∣∣ ∣∣ψ2,p

∣∣ sin (∆θp) . (16)

The gauge-invariant phase difference

∆θi = θ2,i − θ1,i −
2π
Φ0
δi,p

∫
C

A · dl. (17)

Here Φ0 = πℏc/e is the proton flux quantum and δip the Kronecker delta.

Phase differences drive stationary supercurrents across the interface

Neutron phase mismatch ∆θn is the driver. Origin: 1S0 → 3P2–3F2 transition

Entrainment converts neutron phase gradients to proton supercurrent → coupled
neutron–proton Josephson transport
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Application to neutron stars

On secular time scales, neutron vortices move outward and cross the interface

∂N
∂t

+ div(NvL) = 0, vLr = −
Ω̇

2Ω
r. (18)

Assumption: On long time scales, proton flux tubes, intertwined with neutron
vortices, move with the same velocity vLr determined by the secular evolution.
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The outward motion of neutron vortex lines serves as a source of time-dependent
Josephson currents across the interface:

vn =
ℏ

2mn
∇θn =

nℏ
2mnϱ

φ̂. (19)

Neutron vortex is moving through the interface → neutron order parameter has a
time-dependent phase

∆θn = θ1,n − θ2,n + ωV t, (20)

where θ1,n and θ2,n are the static phases; ωV t is a time-dependent part induced by
the motion.
The period 2π/ωV is given simply by

ωV =
vLr

dn
. (21)

                                    Z                                       

X

P-wave superfluid

S-wave superfluid

B

Ax 𝛹1

𝛹2
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Entrainment implies that time-dependent neutron phase induces a time-dependent
proton current through the junction given by

jV ≡ n · jp(t) = j0,pn sin
(
θ2,n − θ1,n + ωV t

)
, (22)

j0,pn ≡
eℏ

mpζn

ρpn

ρpp
|ψ1,n||ψ2,n|. (23)

The time-dependent dipole, and therefore the associated current, radiates an
electromagnetic wave. The time-averaged radiated power is

⟨P⟩ =
2⟨İ2⟩d2

3c3
, (24)

where I is the current and d the characteristic length scale.

For a single vortex crossing the interface, the current is I = jV(ℓ⊥ℓz), giving

⟨PV⟩ =
(j0,pnωV)2

3c3
(dℓ⊥ℓz)

2. (25)

where ℓ⊥,z are the transverse and parallel extensions of the vortex in a spherical
container (star).
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Neutron vortex contribution

Summing over vortices, with vortex density on the equator NV = 2πR/dn and assuming
(approximate) cylindrical geometry yields

⟨P⋆,V⟩ = 3 × 107 τ−2
5 R5

6 Ω
3/2
100 erg s−1. (26)

𝛺

This is negligible compared to standard heating mechanisms such as Ohmic dissipation,

POhm ∼ 1027 erg s−1. (27)
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Proton flux tube contribution

Each neutron vortex carries on average 1013 proton flux-tubes → the frequency of
the oscillations due to flux-tube motion is much higher. The intervortex distances
for vortices and flux-tubes follow from rotation frequency and magnetic field for NS
are

dn ≃ 10−3 cm, dp ≃ 10−10 cm; (28)

The passage of a flux tube induces a time-dependent flux in the junction,

ωp =
vLr

dp
, Φ∗(t) = Φmax cos(ωpt), (29)

leading to an oscillating Josephson current

jΦ = j0,pp sin

[
∆θp +

Φ(t)
Φ0

]
. (30)

The corresponding radiated power is

⟨PΦ⟩ =
(j0ωp)2

6c3
(dℓ⊥ℓz)

2. (31)
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Computation of the radiation from the entire star gives:

⟨P⋆,V⟩ =
αeπη2

n

6

(
vFn

c

)2 (
nnλ

2R
)2
(

R
dn

)3 ℏ
τ 2
, (vortex) (32)

⟨P⋆,Φ⟩ =
αeπη2

p

12

(
vFp

c

)2 (
npλ

2R
)2
(

R
dp

)3 ℏ
τ 2
, (flux-tube) (33)

where ηp ≡ (1 − κnp)/(2ζpkFp) and the pulsar lifetime is defined as τ−1 = |Ω̇|/Ω.
The final result for the flux tubes is

⟨P⋆,Φ⟩ = 2 × 1028 τ−2
5 R5

6 B3/2
13 erg s−1. (34)

This can be compared to Ohmic dissipation:

POhm ≃ 1027
(

Bcr

1013 G

)2 ( 1023 s−1

σ

)(
δR

0.5 km

)
erg s−1. (35)
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Conclusions

Stationary case:

The interface between S-wave and P-wave superfluids acts as a Josephson junction,
generating supercurrents driven by phase differences.

A stationary neutron current across the interface, entrains protons and induces a
co-moving proton current, which exhibits Josephson oscillations.

Time-dependent case:

The secular deceleration of a neutron star reduces the density of neutron vortices via
their outward motion from the rotation axis towards the boundary surface.

This motion of neutron vortices induces a similar motion of proton flux tubes and
produces time-dependent Josephson currents, with frequencies set by vortex
velocity and flux-tube spacing.

Phenomenological implications:

The oscillating Josephson currents generate electromagnetic radiation, leading to
heating of the neutron star interior.

The heating rate is temperature-independent, but depends on spin frequency, its
derivative, and the magnetic field strength.

The mechanism operates on secular timescales and is not suited for transient
phenomena such as glitches.
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Application to an atomtronic Josephson junction necklace

– Direct experimental realisation of the physics discussed in the preceding sections is
provided by the atomtronic Josephson junction necklace (JJN) of Pezzè, Xhani et al.
(2024) “Stabilizing persistent currents in an atomtronic Josephson junction necklace”

a shot-to-shot stability around 5%. Due to the finite lifetime of our
molecular BEC, the pair number decreases over the course of the
current decay by at most 20%, causing a decrease of the chemical
potential of the superfluid. Consequently the valueofV0/μ increasesby
up to ~15% depending on the holding time.

We initialize the superfluid ring in a quantized circulation state
with winding number w0∈ {1, 2, 3, 4}. Following the procedure
described in ref. 29, different values ofw0 are obtained on-demand by
shining a DMD-made azimuthal light intensity gradient onto the ring
over a duration tI≪ ℏ/μ, i.e., shorter than the characteristic density
response time,ℏ/μ. In thisway,we imprint a phaseΦ(θ) =U0(θ) × tI/ℏ to
the condensate wavefunction without modifying the atomic density70,
whereU0(θ) is the spin-independent potential exerted by the light field
on the atomic states that varies linearly with θ29. After the imprinting,
we wait 300ms to let the cloud reach equilibrium, allowing the pos-
sible density excitations following the imprinting procedure to damp
out43. We then progressively ramp up the n Gaussian junctions over
approximately 1ms (corresponding to ≈ 6 ℏ/μ). The barrier ramp-up
time is adjusted to be slow with respect to the density response of the
superfluid and fast relative to the typical current decay.

Stability phase diagram
To measure the winding w in the ring, we exploit an interferometric
probe29,33,79: weequip the atomic superfluidwith a central disk acting as
a phase reference [see panels (i) and (iv) in Fig. 3b] and measure the
relative phase between the disk and the ring from the interference
pattern arising after a short time-of-flight. The number of spiral arms in
the interferogram provides access to the value of the circulation
(winding number) at time t,w(t). The different panels of Fig. 3b display
typical examples of experimental images. In panels (i) and (iv) we show
the in-situ atomic density profile at t =0. The atomic density (averaged
over 10 experimental images) is characterized by a homogeneous bulk
both in the azimuthal and radial directions. The n = 2 (i) and n = 4 (iv)
junctions are clearly visible and are associated to local dips in the
density, similarly as in Fig. 1 and Fig. 3a. In panels (ii) and (iii) we show
examples of spiral interference patterns emerging for an unstable
dynamics, namely w(t) decreasing in time below w0 (here, w0 = 2 and
n = 2): in (ii) t = 1 ms and w(t) = 2, while in (iii) t = 7 ms and w(t) = 1. In
particular, panel (iii) shows the presence of a vortex identified as a
localized low-density defect and marked by the orange arrow. The
vortex emission signals the decrease of w by one quantum. In panels

(v) and (vi) we show instead the interferograms for stable dynamics,
namely w(t) =w0 (here, w0 = 2 and n = 4). A non-circular, polygonal
interference pattern is visible both at short [(v), t = 1ms] and at long
[(vi), t = 20ms] times due to the sharp phase gain at the junctions.

By averaging the winding number over approximately 15 experi-
mental realizations under the same conditions, we extract the evolu-
tion of the mean circulation hwðtÞi for various n. We study the
dynamics up to 250 ms, which is sufficient to observe steady current
states at long-times while still limiting particle losses. The measured
hwðtÞi is shown in Fig. 4a for w0 = 2. We fit each curve with an expo-
nential decay given by hwðtÞi =wf +Δw expð#ΓtÞ. The fitting para-
meterswf,Δw and Γ allowus to characterize themean supercurrent. As
hwðtÞi is obtained from statistical averaging, the figure shows that the
number of realizations w(t) that remain stable in time increases with
the number of junctions. In particular, the number of stable realiza-
tions increases substantially when changing the number of junctions
from n = 2 (red diamonds) to n = 4 (yellow squares). For n = 10 (blue
circles), all realizations are stable: this demonstrates the experimental
capability to create stable finite-circulation states in a JJN.

Figure 4b summarizes the results obtained for differentw0 and n,
in the form of a stability phase diagram. In particular, we plot the
quantity ~Γ=Δw Γ=max

n
ðΔw ΓÞ, where each horizontal line of the phase

diagram is normalized to itsmaximumvalue for fixedw0. This quantity
combines information on the difference between the initial and the
final winding numbers,Δw, namely howmuch the currents decay, and
on the timescale over which this decay takes place, Γ. Values of ~Γ≈ 1
(red regions) are obtained when most of the realizations w(t) rapidly
decay towards values of the circulation lower than the initialw0.On the
contrary, small values of ~Γ≈0 (blue regions) are obtained when most
of the realizations are stable over time, namely w(t) =w0. The phase
diagram clearly shows that, on average, the system supports a higher
number of stable realizationswhen increasing the number of junctions
(see further details in Supplementary Information). The right axis of
Fig. 4b reports the current of states with circulation w0 in the clean
ring. By the choice of normalization, ~Γ shows a sharp transition from
~Γ≈ 1 to ~Γ≈0 when increasing n. The dashed white line in Fig. 4b
denotes the critical winding number wc(n) and the corresponding
current (right axes) as a function of n, as computed numerically from
3D GPE simulations. The numerical critical curve wc(n) is obtained for
V0/μ = 1.8 and match the experimental phase diagram well. The need
for a larger V0/μ in numerical simulations with respect to the one

Fig. 3 | Sketch of the experiment and observables. a After preparing an initial
persistent current state with circulation w0, the n junctions are ramped up (see
text). The 3D density plots are isosurfaces obtained from 3D GPE numerical
simulations of the experimental set-up. Ifn is below a critical valuencdependingon
w0, the initial current is dissipated via the nucleation of vortices (here n = 2 and
vortices are highlighted by orange cycling arrows in the upper right plot). Con-
versely, if n≥nc (here n = 4), the system remains stable with w =w0 (lower right

plot). b Examples of experimental in-situ images and interferograms obtained for
w0 = 2 and for the same number of junctions n as in (a): n = 2 (unstable config-
uration), at t =0 (i), t = 1ms (ii) and t = 7ms (iii); and n = 4 (stable configuration) for
t =0 ms (iv), t = 1 ms (v) and t = 20 ms (vi). In the case (iii), the circulation has
decayed (w(t) <w0) and the vortex emission is identified by the single spiral arm
and the presence of a localized region of low density, i.e., a vortex.

Article https://doi.org/10.1038/s41467-024-47759-7

Nature Communications | ��������(2024)�15:4831� 4

–A molecular Bose-Einstein condensate (BEC) of 6Li dimers is confined in a ring-shaped
trap of mean radius.
– Persistent current states with quantized winding number w

– The critical winding number wc(n) the current decays grows monotonically with n.
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Gross-Pitaevskii model of two coupled Bose condensates

Gross-Pitaevskii model of two coupled Bose condensates

From time-dependent variational principle iℏ ∂tΨj = δE/δΨ∗
j :

iℏ
∂Ψ1

∂t
= −

ℏ2

2m∗
1

(
∇−

iq
ℏc

A
)2

Ψ1 +
ℏ2ρ12

2m1m2
∇2Ψ2

Ψ1

|Ψ1|
+
(

g11|Ψ1|2 + g12|Ψ2|2
)
Ψ1, (36)

Varying E with respect to Ψ∗
2 yields the GP equation for the passive condensate,

iℏ
∂Ψ2

∂t
= −

ℏ2

2m∗
2
∇2Ψ2 +

ℏ2ρ12

2m1m2

(
∇−

iq
ℏc

A
)2

Ψ1
Ψ2

|Ψ2|
+
(

g22|Ψ2|2 + g12|Ψ1|2
)
Ψ2, (37)

– When ρ12 = 0 both equations decouple into standard single-species GP equations, with
effective masses m∗

j = m2
j /ρjj modifying the kinetic terms.

– The cross terms ∝ ρ12 encode the non-dissipative drag (entrainment) between the two
condensates.

–The gauge field A enters the equation of motion for the passive condensate 2 through the

entrainment term: even though condensate 2 carries no charge, it is subject to the gauge

field indirectly via its coupling to condensate 1.
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Extension would be to load a second hyperfine state of 6Li simultaneously into the same

ring trap, creating a two-component BEC. The two spin states interact via the interspecies

contact coupling g12 = 2πℏ2a12/m12, which is tunable over a wide range via Feshbach

resonances.
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Active condensate 1: the spin state that is phase-imprinted and carries the initial winding
number w. It couples to the rotating-frame vector potential Arot

Passive condensate 2: the second spin state, initially prepared with w2 = 0 (no imprinted

circulation). It carries no phase winding and hence no net angular momentum.
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Through the entrainment coupling ρ12 it is dragged by condensate 1 and acquires a
time-dependent Josephson current given by

n̂ · j∗2 (t) = −
ℏ

m1ζ1

ρ12

ρ11
|Ψk=1,1||Ψk=2,1| sin[∆θ1 + ϕ(t)] . (38)

Oscillating at the same frequency ω1 as the active condensate.
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Through spin-resolved interferometry observe entrainment-induced current in the passive
component osicllating at the Josephson frequency. In the limit ρ12 → 0 (tuning the
Feshbach resonance) this signal vanishes, providing a direct, in-situ measure of the
entrainment coupling.
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Possible other signatures

Theory shows that:

– the critical current is reduced by κ12 = (ρ11 − ρ12)/ρ11 relative to the
single-component value. Measuring the stability phase diagram (Pezze et al., Fig. 4 ) as a
function of the Feshbach field, which tunes g12 and hence ρ12, should reveal a downward
shift of the critical line wc(n) as entrainment is switched on.

– Phase-difference control via chemical-potential mismatch µ1 ̸= µ2. This sets ∆θ2 ̸= 0
across each junction and thereby directly controls the entrainment-mediated current of
condensate 2.

Thank you for your attention
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