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Stationary Josephson effect at the S-P interface

Uossplien Pairing gaps and composition in the interior of a neutron star.
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1Sy pairing of neutrons in the crust
3P, pairing of neutrons in the core
1Sy pairing of protons in the core
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Stationary Josephson effect at the S-P interface

Josephson .

S S In a two-fluid neutron—proton system, the mass currents are related to the transport

neutron stars velocities by the entrainment matrix as

A Sedrakian

jn Pnn Pnp Vn

Stationary . = ) (1)
Josephson Jp Pnp Ppp \/d
effect at the S-P
interface

Jn, Jp are the neutron and proton mass-current densities, v;, v, are the neutron and proton
superfluid velocities, pu,, ppp are the diagonal entrainment coefficients, py is the
off-diagonal entrainment term. The diagonal and off-diagonal elements satisfy

Pnn + Pnp = Pn, Ppp + Pnp = Pp, ()

where py, pp are the total neutron and proton mass densities.
The components of the matrix are given by

m m
P = Pn——s Ppp = Ppo ©)
my m;

m m
pn(lfﬁ):pp el I “

*
n n,

Pnp
where m is the bare nucleon mass, and m;, m are the neutron and proton effective masses.

ns"p
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Ginzburg-Landau functional for a superfluid-superconducting mixture in the core of the
star

F = Fo+ Fxin + Feond + Fem, 5
Condensate contribution (note static coupling between the condensates)

b,,

Feorda = ap |”¢’p|2 |”¢p|4 + an W’n|2 + - W’n|4 =+ 8np |¢p|2 |'¢’n|2 . (6)

Kinetic energy contribution (note the entrainment)

I T
Fin = Epl’ﬂvp+ipilnvnfipl7n [Wp — Vil O]

The velocities are given by the phase gradient of the order parameter, plus the coupling to
the vector potential for the protons,

; h 2e;j
= [abj| €% ; ve -~ j = 8
wl I'ij‘ € Vi = 2m ( he ) y n,p, ( )

where 7 is the Planck constant, m,/my, is the mass of the neutron/proton, and 6,,/6), is the

phase of the superfluid neutron/superconducting proton order parameter.
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Joseph T . . .
Li:,\;p”::olllll Minimization of the GL functional with respect to the order parameters yields the

neutron stars equations of motion
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app + bp Wp‘z Uy + &mp |7/)n|2 Up
Stationary | ne )
Josephson . _
effect at the S-P +E <—1hV — 714) wp = 07 (9)
interface P

2 2 ﬁz 2
an¢n + by |7/)n‘ "pn + 8np I"ppl wn - m v '(/}n = 07 (10)
n

with a, p < O (superfluid phase), b, , > 0. Here A is the vector potential, e the unit
charge, gnp the inter-component coupling, and m, , the bare masses.

The boundary condition at the interface generalizes the standard GL form to include pair
tunneling

4+ w2,1,j‘Boundary

(v - @A) Y2 : (1)

where j = n, p, ( ~! measures barrier transparency, and n is the unit normal to the

Boundary CJ

boundary.
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Stationary Josephson effect at the S-P interface

J h e . . . .
L::‘\:]::ol.]z Minimization of the GL functional with respect to the A and v, gives the currents:
neutron stars
A Sedrakian , 2e eh
Jp = 2 (pPP pon) { VO — —A | + ———pp VO, (12)
2m he 2mpmy
Stationary h A 2
Josephson . 1 e
effect at the S-P Jn = (Pnn - pﬁ") Ve'l + Ppn V‘917 - —A. (13)
interface 2my sz’ fic

Unlike the ordinary currents in the GL theory, these expressions depend on the phase
gradients of both order parameters, coupled through the entrainment parameter py;p.
Eliminate the phase gradients V6, /,, from the expressions for the currents

(4] 94y = 4 947) = 2| 96 =iV, (14)

where we substituted 1; = |1/;] /%, j = n, p and defined 2m; |7,Z)]| = pj.
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The combination of the current equations with gauge invariance A — A + V6 yields the
Josephson currents across the interface

. eh (ppp — Ppn) eh Ppn
n-j, = Y1 p| |t2,p ] sin (AG)) + V1| |2, sin (AB,),
= ) i (80, 4 2 g sin (A0,
15)
. h — Ppn h ppn
n-j,= |'¢J1 n| |'[/}2 n| Sll’l Ae ) + = }'ll)l,p| }¢2’p| SlIl AG ) (16)
Cn Pnn C
The gauge-invariant phase difference
27
AO;=0,;—01;— —0bip [ A-dl (W)
D0 c

Here ®) = 7hc/e is the proton flux quantum and J;, the Kronecker delta.

@ Phase differences drive stationary supercurrents across the interface
@ Neutron phase mismatch A#@, is the driver. Origin: 1Sy — 3P,-3F, transition

@ Entrainment converts neutron phase gradients to proton supercurrent — coupled
neutron—proton Josephson transport
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@ On secular time scales, neutron vortices move outward and cross the interface

ON | Q
o + div(Nvy) =0, vir = =257 (18)

@ Assumption: On long time scales, proton flux tubes, intertwined with neutron
vortices, move with the same velocity vz, determined by the secular evolution.
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Dynamical Josephson effect and energy radiation

Josephson . . .
ATETe @ The outward motion of neutron vortex lines serves as a source of time-dependent
neutron stars Josephson currents across the interface:
A Sedrakian h nh
vp=—V0, = . (19)
2my, 2my 0
@ Neutron vortex is moving through the interface — neutron order parameter has a
time-dependent phase
. A9n = el,n — 02,}1 + wyt, (20)
Dynamical
Josephson where 01, and 6, , are the static phases; wy¢ is a time-dependent part induced by
gitgia the motion.
energy radiation

@ The period 27 /wy is given simply by
2D

P-wave superfluid

e / Ax

S-wave superfluid

L7
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Dynamical Josephson effect and energy radiation

Josephson
currents in @ Entrainment implies that time-dependent neutron phase induces a time-dependent
neutron stars proton current through the junction given by
A Sedrakian
Jv =1y (1) = jopunsin (62,0 — 01,0 + wyt) (22)
. el ppn
JO,pn = le,nlle,nl- (23)
man Ppp
Dynamical . . . .
Josephson @ The time-dependent dipole, and therefore the associated current, radiates an
effect and electromagnetic wave. The time-averaged radiated power is
energy radiation
2(1%)d?
3¢

where [ is the current and d the characteristic length scale.

@ For a single vortex crossing the interface, the current is I = jy (¢ ¢;), giving

. 2
(Py) = %(%&)2. 25)

where £ . are the transverse and parallel extensions of the vortex in a spherical
container (star).
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Dynamical Josephson effect and energy radiation

Summing over vortices, with vortex density on the equator Ny = 2wR/d,, and assuming
(approximate) cylindrical geometry yields

(Puyv) =3 x 107 72 RS QY7 ergs ™. 26)

Q

This is negligible compared to standard heating mechanisms such as Ohmic dissipation,
Ponm ~ 1077 erg s™h 27)

11/21



Dynamical Josephson effect and energy radiation

Josephson
currents in @ Each neutron vortex carries on average 10'3 proton flux-tubes — the frequency of
neutron stars the oscillations due to flux-tube motion is much higher. The intervortex distances
A Sedrakian for vortices and flux-tubes follow from rotation frequency and magnetic field for NS
are
dy >~ 1073 cm, d, ~ 10710 cm; (28)
Dynamical @ The passage of a flux tube induces a time-dependent flux in the junction,
Josephson
effect and
energy radiation _ VLr — -
gy wp = T D (1) = Prmax cos(wpt), (29)
P

leading to an oscillating Josephson current

D(t
Jjo = Joppsin [Mp + 20 )} : 30)
Do
@ The corresponding radiated power is
; 2
W
(Pp) = %(duz)z. 31
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Computation of the radiation from the entire star gives:

e’ (v 2 2 /R\* h
(Pey)y = e677n ( fn) (nnAZR) (E) =t (vortex)
2 2 3
_ aﬂ”]p VFp ) 2 R h
(Pr@) = B (7) (np)\ R) E = (flux-tube)

where 13, = (1 — rp)/(2Cpkrp) and the pulsar lifetime is defined as 7~ = |Q[/Q.

The final result for the flux tubes is
(Pos) = 2x10% 7 2R3B) ergs™.

This can be compared to Ohmic dissipation:

B 2 7108 51 SR
Ponm =~ 107 [ —< -1
Ohm <10'3 G o 05km /) &°

(32)

(33)

(34)

(35)
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Dynamical Josephson effect and energy radiation

Josephson
T 0 Stationary case:
neutron stars

@ The interface between S-wave and P-wave superfluids acts as a Josephson junction,

A Sedrakian . . .
generating supercurrents driven by phase differences.
@ A stationary neutron current across the interface, entrains protons and induces a
co-moving proton current, which exhibits Josephson oscillations.
Time-dependent case:

Dynamical @ The secular deceleration of a neutron star reduces the density of neutron vortices via
Josephs . - - :
L‘::LCLPT 1::;1] their outward motion from the rotation axis towards the boundary surface.
energy radiation @ This motion of neutron vortices induces a similar motion of proton flux tubes and

produces time-dependent Josephson currents, with frequencies set by vortex
velocity and flux-tube spacing.

Phenomenological implications:

@ The oscillating Josephson currents generate electromagnetic radiation, leading to
heating of the neutron star interior.

@ The heating rate is temperature-independent, but depends on spin frequency, its
derivative, and the magnetic field strength.

@ The mechanism operates on secular timescales and is not suited for transient
phenomena such as glitches.
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Dynamical Josephson effect and energy radiation

Joseph: . . L L . . . .
infepmiolz — Direct experimental realisation of the physics discussed in the preceding sections is
neutron stars provided by the atomtronic Josephson junction necklace (JIN) of Pezze, Xhani et al.
A St (2024) “Stabilizing persistent currents in an atomtronic Josephson junction necklace”

(@

initial persistent-current w;,

Dynamical

Josephson n < n,: unstable, w < w,
effect and

energy radiation

n > n,:stable, w = w;,

Fig. 3 | Sketch of the experiment and observables. a After preparing an initial
persistent current state with circulation wo, the n junctions are ramped up (see
text). The 3D density plots are isosurfaces obtained from 3D GPE numerical
simulations of the experimental set-up. If n is below a critical value n. depending o
wo, the initial current is dissipated via the nucleation of vortices (here n=2 and
vortices are highlighted by orange cycling arrows in the upper right plot). Con-
versely, if n=n. (here n=4), the system remains stable with w=wy (lower right

—A molecular Bose-Einstein condensate (BEC) of °Li dimers is confined in a ring-shaped
trap of mean radius.
— Persistent current states with quantized winding number w

— The critical winding number w.(n) the current decays grows monotonically with n.
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Gross-Pitaevskii model of two coupled Bose condensates

From time-dependent variational principle ih 6,%; = 0E/§ v

iq
he

OV n? R2pia w
ih 8I =73 *( PR g2y, Ly (811|‘1’1\2+g12\‘1’2\2) Uy,
t m?

2
A) U+
) 2m1m2 ‘\I’ll

Varying E with respect to ¥ yields the GP equation for the passive condensate,

v 2
n?%2 I gy
ot 2m3

iq
he

fZ
L4 Frew (V

S ) 2 2
A ) ¥y + (82]|T2|” + g12|¥1]7 ) ¥2,
2mymy [T,

— When pj, = 0 both equations decouple into standard single-species GP equations, with

effective masses m;‘ = m]2 / pjj modifying the kinetic terms.

— The cross terms < pi; encode the non-dissipative drag (entrainment) between the two
condensates.

—The gauge field A enters the equation of motion for the passive condensate 2 through the
entrainment term: even though condensate 2 carries no charge, it is subject to the gauge

field indirectly via its coupling to condensate 1.
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Extension would be to load a second hyperfine state of °Li simultaneously into the same
ring trap, creating a two-component BEC. The two spin states interact via the interspecies
contact coupling g;» = 2mwh2a, /mi2, which is tunable over a wide range via Feshbach

resonances.
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Dynamical
Josephson
effect and
energy radiation

Active condensate 1: the spin state that is phase-imprinted and carries the initial winding
number w. It couples to the rotating-frame vector potential Ao

Passive condensate 2: the second spin state, initially prepared with w, = 0 (no imprinted

circulation). It carries no phase winding and hence no net angular momentum.
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(3 ramp barriers and (@) spin-resolved
hold for ¢, interferometric readout

Through the entrainment coupling p;, it is dragged by condensate 1 and acquires a
time-dependent Josephson current given by

- I .
ey (1) = _7&|‘I’k:1,1||\1’k:2,1| sin[A8; + ¢(1)] . (38)
miCy p11

Oscillating at the same frequency w; as the active condensate.
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(active) | / w, =wy
o

before phase slip component 1 component 2

winding
wy =wy—1

spin-resolved

component 2 winding winding
(passive) wy ~ 0 T wy #£0
Dynamical
Josephson
effect and
energy radiation Through spin-resolved interferometry observe entrainment-induced current in the passive

component osicllating at the Josephson frequency. In the limit pj; — O (tuning the
Feshbach resonance) this signal vanishes, providing a direct, in-situ measure of the
entrainment coupling.
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Josephson Possible other signatures

currents in
neutron stars

A Sedrakian Theory shows that:

— the critical current is reduced by k12 = (p11 — p12)/p11 relative to the
single-component value. Measuring the stability phase diagram (Pezze et al., Fig. 4 ) as a
function of the Feshbach field, which tunes g1, and hence pi,, should reveal a downward
shift of the critical line w,(n) as entrainment is switched on.

Dynamical

Josephson . . . . . .

effect and — Phase-difference control via chemical-potential mismatch p; # p,. This sets Afp # 0
energy radiation across each junction and thereby directly controls the entrainment-mediated current of

condensate 2.

Thank you for your attention
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