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<latexit sha1_base64="gAKqfpQy04ofKmS3FY0ElckxoUA="></latexit>
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<latexit sha1_base64="SdWmz7f9R1M4FUuZZwC+PNL3SS4=">AAAB+HicdVDLSgMxFL3js9ZHqy7dBIvgqsyI1rorunFZwT6gHUsmzbShmSQkGaGWfokbF4q49VPc+TemD6GKHrhwOOde7r0nUpwZ6/uf3tLyyuraemYju7m1vZPL7+7VjUw1oTUiudTNCBvKmaA1yyynTaUpTiJOG9HgauI37qk2TIpbO1Q0THBPsJgRbJ3UyeeSThO1lZbKSoTvnFIIiv4UyF8k5YuzAH1bBZij2sl/tLuSpAkVlnBsTCvwlQ1HWFtGOB1n26mhCpMB7tGWowIn1ISj6eFjdOSULoqldiUsmqqLEyOcGDNMIteZYNs3v72J+JfXSm1cDkdMqNRSQWaL4pQj9+QkBdRlmhLLh45gopm7FZE+1phYl1V2MYT/Sf2kGJSKpZvTQuVyHkcGDuAQjiGAc6jANVShBgRSeIRnePEevCfv1XubtS5585l9+AHv/QtpsZL1</latexit>
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<latexit sha1_base64="gAKqfpQy04ofKmS3FY0ElckxoUA="></latexit>
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<latexit sha1_base64="hYLkuHXygOahKisE/6unTtO6vc4="></latexit>⇥
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<latexit sha1_base64="FVVIV6tRWGSWGd1RxWo9gQ01goY="></latexit>
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<latexit sha1_base64="wjf6cI0JttxREb65pws6UeMZgaU=">AAACC3icdVDLSsNAFJ34rPUVdelmaBFcSEiKtOqqKIjLCvYBTQiTybQdOpPEmYlQQvdu/BU3LhRx6w+482+ctBV8HrhwOOde7r0nSBiVyrbfjbn5hcWl5cJKcXVtfWPT3NpuyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYnuV++4YISePoSo0S4nHUj2iPYqS05JsllyM1EDw7j8UYutcpCiGC3O9AlzE4hO7BiW+Wbeu4Vqs4VfibOJY9QRnM0PDNNzeMccpJpDBDUnYdO1FehoSimJFx0U0lSRAeoj7pahohTqSXTX4Zwz2thLAXC12RghP160SGuJQjHujO/HL508vFv7xuqnpHXkajJFUkwtNFvZRBFcM8GBhSQbBiI00QFlTfCvEACYSVjq+oQ/j8FP5PWhXLqVrVy8Ny/XQWRwHsghLYBw6ogTq4AA3QBBjcgnvwCJ6MO+PBeDZepq1zxmxmB3yD8foBiymaGw==</latexit>

For amX ⌧ k :

<latexit sha1_base64="zv+DbgigQkabrStFUypSLH4vClE="></latexit>

For k ⌧ amX ⌧

qp
(n+ 1)(2n+ 1)kH :



<latexit sha1_base64="gAKqfpQy04ofKmS3FY0ElckxoUA="></latexit>
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<latexit sha1_base64="ryA30Tz2HnAEZkYEcYNKIk8zLKk="></latexit>
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<latexit sha1_base64="PS12wHWYtzyIP99Q60G3f8SpO+w="></latexit>
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<latexit sha1_base64="wjf6cI0JttxREb65pws6UeMZgaU=">AAACC3icdVDLSsNAFJ34rPUVdelmaBFcSEiKtOqqKIjLCvYBTQiTybQdOpPEmYlQQvdu/BU3LhRx6w+482+ctBV8HrhwOOde7r0nSBiVyrbfjbn5hcWl5cJKcXVtfWPT3NpuyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYnuV++4YISePoSo0S4nHUj2iPYqS05JsllyM1EDw7j8UYutcpCiGC3O9AlzE4hO7BiW+Wbeu4Vqs4VfibOJY9QRnM0PDNNzeMccpJpDBDUnYdO1FehoSimJFx0U0lSRAeoj7pahohTqSXTX4Zwz2thLAXC12RghP160SGuJQjHujO/HL508vFv7xuqnpHXkajJFUkwtNFvZRBFcM8GBhSQbBiI00QFlTfCvEACYSVjq+oQ/j8FP5PWhXLqVrVy8Ny/XQWRwHsghLYBw6ogTq4AA3QBBjcgnvwCJ6MO+PBeDZepq1zxmxmB3yD8foBiymaGw==</latexit>

For amX ⌧ k :

<latexit sha1_base64="zv+DbgigQkabrStFUypSLH4vClE="></latexit>

For k ⌧ amX ⌧

qp
(n+ 1)(2n+ 1)kH :



Numerical solution

Matched solution

Manual matching?
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<latexit sha1_base64="ryA30Tz2HnAEZkYEcYNKIk8zLKk="></latexit>
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<latexit sha1_base64="PS12wHWYtzyIP99Q60G3f8SpO+w="></latexit>
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Machine Learning
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F.Rosenblatt (1958)



<latexit sha1_base64="JBvRd/vcUJ/B1Q3nDEeYeBb/78Q="></latexit>0

BBB@

(W`)11 (W`)12 · · · (W`)1m
(W`)21 (W`)22 · · · (W`)2m

...
... . . . ...

(W`)n1 (W`)n2 · · · (W`)nm

1

CCCA
<latexit sha1_base64="treUem5mRb/rb0OuZ2rrcs2afG8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiAIwjAjkugt6MVjAmaBZAg9nZqkTc9Cd48QhnyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVtaXlldy68XNja3tneKu3tNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx9dTf3WHUrF4+hGjxP0QjqIeMAZ1Uaqn/SKJce+qFRO3TL5TVzbmaEEC9R6xbduP2ZpiJFmgirVcZ1EexmVmjOBk0I3VZhQNqID7Bga0RCVl80OnZAjo/RJEEtTkSYz9etERkOlxqFvOkOqh+qnNxX/8jqpDs69jEdJqjFi80VBKoiOyfRr0ucSmRZjQyiT3NxK2JBKyrTJpmBC+PyU/E+ap7Zbtsv1s1L1chFHHg7gEI7BhQpU4Rpq0AAGCPfwCE/WrfVgPVsv89actZjZh2+wXj8AAE+NGg==</latexit>

+ <latexit sha1_base64="qnluZwfv0V8v7E/lmewcS2bFxM8=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0yQRA9C0IvHBMwCyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3a2l5ZXVtPbeR39za3tkt7O03VZxKhg0Wi1i2fapQ8AgbmmuB7UQiDX2BLX90NfVbdygVj6MbPU7QC+kg4gFnVBupftErFB37vFIpuWXym7i2M0MRFqj1Cm/dfszSECPNBFWq4zqJ9jIqNWcCJ/luqjChbEQH2DE0oiEqL5sdOiHHRumTIJamIk1m6teJjIZKjUPfdIZUD9VPbyr+5XVSHZx5GY+SVGPE5ouCVBAdk+nXpM8lMi3GhlAmubmVsCGVlGmTTd6E8Pkp+Z80S7Zbtsv102L1chFHDg7hCE7AhQpU4Rpq0AAGCPfwCE/WrfVgPVsv89YlazFzAN9gvX4AG5eNLA==</latexit>= <latexit sha1_base64="qnluZwfv0V8v7E/lmewcS2bFxM8=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0yQRA9C0IvHBMwCyRB6OjVJm56F7h4hDPkCLx4U8eonefNv7CyC64OCx3tVVNXzE8GVdpx3a2l5ZXVtPbeR39za3tkt7O03VZxKhg0Wi1i2fapQ8AgbmmuB7UQiDX2BLX90NfVbdygVj6MbPU7QC+kg4gFnVBupftErFB37vFIpuWXym7i2M0MRFqj1Cm/dfszSECPNBFWq4zqJ9jIqNWcCJ/luqjChbEQH2DE0oiEqL5sdOiHHRumTIJamIk1m6teJjIZKjUPfdIZUD9VPbyr+5XVSHZx5GY+SVGPE5ouCVBAdk+nXpM8lMi3GhlAmubmVsCGVlGmTTd6E8Pkp+Z80S7Zbtsv102L1chFHDg7hCE7AhQpU4Rpq0AAGCPfwCE/WrfVgPVsv89YlazFzAN9gvX4AG5eNLA==</latexit>=
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(Internal parameters)

<latexit sha1_base64="iaObVtljHt1hZdKbJgpJdvm1wm4="></latexit>0
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<latexit sha1_base64="vqAKYwsAQ00obkyG9lBJ1PgWVCE="></latexit>0
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<latexit sha1_base64="P6w/iP4vd8YDBpp9giYTvpzRvt0="></latexit>0
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<latexit sha1_base64="M3t32ERaUN9pjlKjP0g3IVHAjLg="></latexit>0
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<latexit sha1_base64="pYK5VUCKKZBbqThFh0BNxPv6S4A="></latexit>0
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Training

<latexit sha1_base64="QEvM9AaWmsvTSWtFQlBFXPhO3i4=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwUUOmlFZ3RTcuK9gHTIeSSTNtaOZBkhHqUPwVNy4Ucet/uPNvTB+CzwOXezjnXnJz/ERwpTF+txYWl5ZXVnNr+fWNza1te2e3qeJUUtagsYhl2yeKCR6xhuZasHYiGQl9wVr+8GLit26YVDyOrvUoYV5I+hEPOCXaSF1738WoXOwU4QlGeNIRQl7XLmB0Vq2WnAr8TRyEpyiAOepd+63Ti2kaskhTQZRyHZxoLyNScyrYON9JFUsIHZI+cw2NSMiUl02vH8Mjo/RgEEtTkYZT9etGRkKlRqFvJkOiB+qnNxH/8txUB6dexqMk1Syis4eCVEAdw0kUsMclo1qMDCFUcnMrpAMiCdUmsLwJ4fOn8H/SLCGngipX5ULtfB5HDhyAQ3AMHFAFNXAJ6qABKLgF9+ARPFl31oP1bL3MRhes+c4e+Abr9QOCGJIV</latexit>

[0.4, �0.0, ...]

<latexit sha1_base64="49x1rj/7jRt+DZ/o9p3ympcUe+U=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwUcNM0VZ3RTcuK9gHTIeSSTNtaCYzJBmhluKvuHGhiFv/w51/Y6at4PPA5R7OuZfcnCDhTGnHebfm5hcWl5ZzK/nVtfWNTXtru6HiVBJaJzGPZSvAinImaF0zzWkrkRRHAafNYHCR+c0bKhWLxbUeJtSPcE+wkBGsjdSxdz0HucV2ER456CTrCCG/YxccdFaplNwy/E1c5ExQADPUOvZbuxuTNKJCE46V8lwn0f4IS80Ip+N8O1U0wWSAe9QzVOCIKn80uX4MD4zShWEsTQkNJ+rXjRGOlBpGgZmMsO6rn14m/uV5qQ5P/RETSaqpINOHwpRDHcMsCthlkhLNh4ZgIpm5FZI+lphoE1jehPD5U/g/aZSQW0blq+NC9XwWRw7sgX1wCFxQAVVwCWqgDgi4BffgETxZd9aD9Wy9TEfnrNnODvgG6/UDhRiSFw==</latexit>

[0.1, �0.5, ...]

<latexit sha1_base64="FJbfzslVAvFnZEpov5+6FdFFJ6U=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwUcNMkbbuim5cVrAPmA4lk2ba0ExmSDJCHYq/4saFIm79D3f+jelD8Hngcg/n3EtuTpBwprTjvFsLi0vLK6u5tfz6xubWtr2z21RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLyY+K0bKhWLxbUeJdSPcF+wkBGsjdS19z0HVYudIjxxUGnSEUJ+1y446KxSKbll+Ju4yJmiAOaod+23Ti8maUSFJhwr5blOov0MS80Ip+N8J1U0wWSI+9QzVOCIKj+bXj+GR0bpwTCWpoSGU/XrRoYjpUZRYCYjrAfqpzcR//K8VIdVP2MiSTUVZPZQmHKoYziJAvaYpETzkSGYSGZuhWSAJSbaBJY3IXz+FP5PmiXkllH56rRQO5/HkQMH4BAcAxdUQA1cgjpoAAJuwT14BE/WnfVgPVsvs9EFa76zB77Bev0Ai4CSGw==</latexit>

[0.8, �0.2, ...]

<latexit sha1_base64="rIovXPVyUVj5lKa8uFuBjogn1Mo=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFclDBTpdVd0Y3LCvYB7VAyaaYNzWSGJCMMQ/0VNy4UceuHuPNvzLQVfB643MM595Kb48ecKe0479bS8srq2npho7i5tb2za+/tt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTy5zv3NLpWKRuNFpTL0QjwQLGMHaSAO71HNQtdKvQAed5A0h5A3ssoPO6/WqW4O/iYucGcpggebAfusPI5KEVGjCsVI914m1l2GpGeF0WuwnisaYTPCI9gwVOKTKy2bHT+GRUYYwiKQpoeFM/bqR4VCpNPTNZIj1WP30cvEvr5fo4MzLmIgTTQWZPxQkHOoI5knAIZOUaJ4agolk5lZIxlhiok1eRRPC50/h/6RdRW4N1a5Py42LRRwFcAAOwTFwQR00wBVoghYgIAX34BE8WXfWg/VsvcxHl6zFTgl8g/X6ARaLkd8=</latexit>

[0.2, 0.3, ...]

<latexit sha1_base64="c9+zz0biOnGDBjtkbi4T1xMRll8=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgooSZIlPdFd24rGAfMB1KJs20oZkHSUYYhvorblwo4tYPceffmGkr+DxwuYdz7iU3x084k8qy3o3Syura+kZ5s7K1vbO7Z+4fdGWcCkI7JOax6PtYUs4i2lFMcdpPBMWhz2nPn14Wfu+WCsni6EZlCfVCPI5YwAhWWhqaVddCTn1QhxZqFA0h5A3NmoXOm82G7cDfxEbWHDWwRHtovg1GMUlDGinCsZSubSXKy7FQjHA6qwxSSRNMpnhMXU0jHFLp5fPjZ/BYKyMYxEJXpOBc/bqR41DKLPT1ZIjVRP70CvEvz01VcOblLEpSRSOyeChIOVQxLJKAIyYoUTzTBBPB9K2QTLDAROm8KjqEz5/C/0m3gWwHOdentdbFMo4yOARH4ATYoAla4Aq0QQcQkIF78AiejDvjwXg2XhajJWO5UwXfYLx+ABtLkeI=</latexit>

[0.6, 0.2, ...]

<latexit sha1_base64="KTI9PK9LRU90IUvQljkir5jpV18=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgooSZIq3uim5cVrAPmA4lk2ba0ExmSDLCUOqvuHGhiFs/xJ1/Y6at4PPA5R7OuZfcnCDhTGnHebcKK6tr6xvFzdLW9s7unr1/0FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnM/e4tlYrF4kZnCfUjPBIsZARrIw3ssucgp9qvQgfV8oYQ8gd2xUHnjUbNrcPfxEXOHBWwRGtgv/WHMUkjKjThWCnPdRLtT7HUjHA6K/VTRRNMJnhEPUMFjqjyp/PjZ/DYKEMYxtKU0HCuft2Y4kipLArMZIT1WP30cvEvz0t1eOZPmUhSTQVZPBSmHOoY5knAIZOUaJ4Zgolk5lZIxlhiok1eJRPC50/h/6RTQ24d1a9PK82LZRxFcAiOwAlwQQM0wRVogTYgIAP34BE8WXfWg/VsvSxGC9Zypwy+wXr9ABHZkdw=</latexit>

[0.0, 0.2, ...]
<latexit sha1_base64="QymfX36Vsn5jr8zECH4zJZp1n7E=">AAAB/HicdVDLSgMxFM34rPU12qWbYBFclDBTtNVd0Y3LCvYB06Fk0kwbmskMSUYoQ/0VNy4UceuHuPNvzLQVfB643MM595KbEyScKe0479bS8srq2npho7i5tb2za+/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjC9zv3NLpWKxuNGThPoRHgoWMoK1kfp2yXPQaaVXgQ5y84YQ8vt22UHn9XrVrcHfxEXODGWwQLNvv/UGMUkjKjThWCnPdRLtZ1hqRjidFnupogkmYzyknqECR1T52ez4KTwyygCGsTQlNJypXzcyHCk1iQIzGWE9Uj+9XPzL81IdnvkZE0mqqSDzh8KUQx3DPAk4YJISzSeGYCKZuRWSEZaYaJNX0YTw+VP4P2lXkVtDteuTcuNiEUcBHIBDcAxcUAcNcAWaoAUImIB78AierDvrwXq2XuajS9ZipwS+wXr9ABgskeA=</latexit>

[0.5, 0.1, ...]
<latexit sha1_base64="jNGiTkie3F/MnlbSmC5OWEP8v7M=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgooSZIq3uim5cVrAPaIeSSTNtaCYzJBlhGOqvuHGhiFs/xJ1/Y9qO4PPA5R7OuZfcHD/mTGnHebcKK6tr6xvFzdLW9s7unr1/0FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP72c+91bKhWLxI1OY+qFeCxYwAjWRhra5b6D3OqgCvOGEPKGdsVB541Gza3D38RFzgIVkKM1tN8Go4gkIRWacKxU33Vi7WVYakY4nZUGiaIxJlM8pn1DBQ6p8rLF8TN4bJQRDCJpSmi4UL9uZDhUKg19MxliPVE/vbn4l9dPdHDmZUzEiaaCLB8KEg51BOdJwBGTlGieGoKJZOZWSCZYYqJNXiUTwudP4f+kU0NuHdWvTyvNizyOIjgER+AEuKABmuAKtEAbEJCCe/AInqw768F6tl6WowUr3ymDb7BePwAR4JHc</latexit>

[0.1, 0.1, ...]
<latexit sha1_base64="dJ/IIGyvwExpts7sX1VTLsq7+20=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyyCixpmaml1V3TjsoJ9wHQomTTThmYeJBmhDsVfceNCEbf+hzv/xkxbweeByz2ccy+5OV7MmVSW9W7kFhaXllfyq4W19Y3NLXN7pyWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3ugi89s3VEgWhddqHFM3wIOQ+YxgpaWeueccW+ik1C1BC1WyhhBye2bRQme1Wtmuwt/ERtYURTBHo2e+dfsRSQIaKsKxlI5txcpNsVCMcDopdBNJY0xGeEAdTUMcUOmm0+sn8FArfehHQleo4FT9upHiQMpx4OnJAKuh/Oll4l+ekyj/1E1ZGCeKhmT2kJ9wqCKYRQH7TFCi+FgTTATTt0IyxAITpQMr6BA+fwr/J60ysquoelUp1s/nceTBPjgAR8AGNVAHl6ABmoCAW3APHsGTcWc8GM/Gy2w0Z8x3dsE3GK8fhoqSGA==</latexit>

[�0.3, 0.4, ...]
<latexit sha1_base64="3OMp9ILJGYUiLLoi4KSgFPfSHmU=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVwUcNMlVZ3RTcuK9gHTIeSSTNtaCYzJBmhluKvuHGhiFv/w51/Y6at4PPA5R7OuZfcnCDhTGnHebfm5hcWl5ZzK/nVtfWNTXtru6HiVBJaJzGPZSvAinImaF0zzWkrkRRHAafNYHCR+c0bKhWLxbUeJtSPcE+wkBGsjdSxd70jB7nFdhE66DhrCCG/YxccdFaplNwy/E1c5ExQADPUOvZbuxuTNKJCE46V8lwn0f4IS80Ip+N8O1U0wWSAe9QzVOCIKn80uX4MD4zShWEsTQkNJ+rXjRGOlBpGgZmMsO6rn14m/uV5qQ5P/RETSaqpINOHwpRDHcMsCthlkhLNh4ZgIpm5FZI+lphoE1jehPD5U/g/aZSQW0blq5NC9XwWRw7sgX1wCFxQAVVwCWqgDgi4BffgETxZd9aD9Wy9TEfnrNnODvgG6/UDgdiSFQ==</latexit>

[�0.1, 0.3, ...]

<latexit sha1_base64="GJ8RA+lm1AfXJKQIYSlsZMH+aJo=">AAACFHicdVDLSgMxFM34rPVVdekmWATFUmaKtOqq6EZ3Fdpa6JRyJ03b0ExmSDJiGfoRbvwVNy4UcevCnX9jpq3g80DgcM693JzjhZwpbdvv1szs3PzCYmopvbyyurae2disqyCShNZIwAPZ8EBRzgStaaY5bYSSgu9xeuUNzhL/6ppKxQJR1cOQtnzoCdZlBLSR2pkD1wfdl35clcAEEz031wENbm7vQoSRPhm5OezGN+2BO9pvZ7J2/rhUKjhF/Js4eXuMLJqi0s68uZ2ARD4VmnBQqunYoW7FIDUjnI7SbqRoCGQAPdo0VIBPVSsehxrhXaN0cDeQ5gmNx+rXjRh8pYa+ZyaTCOqnl4h/ec1Id49aMUviUUEmh7oRxzrASUO4wyQlmg8NASKZ+SsmfZBAtOkxbUr4TIr/J/VC3inmi5eH2fLptI4U2kY7aA85qITK6BxVUA0RdIvu0SN6su6sB+vZepmMzljTnS30DdbrB99Inrw=</latexit>

Training data (Input : {xk})

<latexit sha1_base64="nxcfxsjwETdCgRFVspWvPdN5DZk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU9ikpbW3ohePFWwtNKFstpt26WYTdzdiCf0TXjwo4tW/481/46atoKIPBh7vzTAzL0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPuipOJaEdEvNY9gKsKGeCdjTTnPYSSXEUcHoTTC5y/+aOSsVica2nCfUjPBIsZARrI/Wgl90PJt5sUK4gG1UbrtOEhtQQarg5qTabdRc6NpqjApZoD8rv3jAmaUSFJhwr1XdQov0MS80Ip7OSlyqaYDLBI9o3VOCIKj+b3zuDJ0YZwjCWpoSGc/X7RIYjpaZRYDojrMfqt5eLf3n9VIdnfsZEkmoqyGJRmHKoY5g/D4dMUqL51BBMJDO3QjLGEhNtIiqZEL4+hf+Trms7dbt+Vau0zpdxFMEROAanwAEN0AKXoA06gAAOHsATeLZurUfrxXpdtBas5cwh+AHr7RNDzpAn</latexit>

{xk}

<latexit sha1_base64="bT9/I38exlPeSIrjRC9pfvXsa+Q=">AAACDnicdVDLSsNAFJ3UV62vqEs3g6VQoZSkSKu7ohuXFfqCJoTJdNoOnUzCzEQoIV/gxl9x40IRt67d+TdO2go+D1w4nHMv997jR4xKZVnvRm5ldW19I79Z2Nre2d0z9w+6MowFJh0cslD0fSQJo5x0FFWM9CNBUOAz0vOnl5nfuyFC0pC31SwiboDGnI4oRkpLnllyAqQmIkjaAlFO+dipMOQTJp1KCstOMvGmTnrimUWret5o1Ow6/E3sqjVHESzR8sw3ZxjiOCBcYYakHNhWpNwECUUxI2nBiSWJEJ6iMRloylFApJvM30lhSStDOAqFLq7gXP06kaBAylng687sePnTy8S/vEGsRmduQnkUK8LxYtEoZlCFMMsGDqkgWLGZJggLqm+FeIIEwkonWNAhfH4K/yfdWtWuV+vXp8XmxTKOPDgCx6AMbNAATXAFWqADMLgF9+ARPBl3xoPxbLwsWnPGcuYQfIPx+gGTk5x3</latexit>

Training labels ({hk})

<latexit sha1_base64="aHKn8dPPBfe1I0lO0HFoyzSLtow=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFSZtae2u6MZlBfuAJpTJdNIOmUzCzESooR/hxoUibv0ed/6Nk7aCih64cDjnXu69x084UxqhD6uwtr6xuVXcLu3s7u0flA+PeipOJaFdEvNYDnysKGeCdjXTnA4SSXHkc9r3w6vc799RqVgsbvUsoV6EJ4IFjGBtpL6b3Y9Cdz4qV5CNas2q04KG1BFqVnNSa7UaVejYaIEKWKEzKr+745ikERWacKzU0EGJ9jIsNSOczktuqmiCSYgndGiowBFVXrY4dw7PjDKGQSxNCQ0X6veJDEdKzSLfdEZYT9VvLxf/8oapDi68jIkk1VSQ5aIg5VDHMP8djpmkRPOZIZhIZm6FZIolJtokVDIhfH0K/ye9qu007MZNvdK+XMVRBCfgFJwDBzRBG1yDDugCAkLwAJ7As5VYj9aL9bpsLVirmWPwA9bbJ/B/j/8=</latexit>

{zk}
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<latexit sha1_base64="XGJqfwr3WM3CQvB0t31LkKtOBJk=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLT0tpd0Y0LFxXsAzpDyaSZNjSTGZKMUIb+hhsXirj1Z9z5N2baCip6IHA4517uyQkSzpRG6MMqrK1vbG4Vt0s7u3v7B+XDo66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gulV7vfuqVQsFnd6llA/wmPBQkawNpLnRVhPCObZzRwOyxVko2rDdZrQkBpCDTcn1Waz7kLHRgtUwArtYfndG8UkjajQhGOlBg5KtJ9hqRnhdF7yUkUTTKZ4TAeGChxR5WeLzHN4ZpQRDGNpntBwoX7fyHCk1CwKzGSeUf32cvEvb5Dq8MLPmEhSTQVZHgpTDnUM8wLgiElKNJ8ZgolkJiskEywx0aamkinh66fwf9J1badu129rldblqo4iOAGn4Bw4oAFa4Bq0QQcQkIAH8ASerdR6tF6s1+VowVrtHIMfsN4+ATrVkdc=</latexit>

L

<latexit sha1_base64="TZCo0X81/miHCvRxkUraL/OkmLY="></latexit>

✓i 2 {(W
l)ij , (bl)i}

Minimizing the errors

<latexit sha1_base64="G1edmQtK3ZxG0FmxuLjur+FHlFw="></latexit>

{�(Wl)ij , �(bl)i} = ⌘rL((Wl)ij , bi)

<latexit sha1_base64="2VvFHiDeemmgoV1SLplxdVaCrd4=">AAACC3icdVDLSsNAFJ3UV62vqEs3Q4vgxpAUaXUhFN24cFHBPqCNYTKdtEMmD2YmQk27d+OvuHGhiFt/wJ1/46St4PPAhcM593LvPW7MqJCm+a7l5uYXFpfyy4WV1bX1DX1zqymihGPSwBGLeNtFgjAakoakkpF2zAkKXEZarn+a+a1rwgWNwks5jIkdoH5IPYqRVJKjF7sBkgOMWHo+hsewK5LA8UejG8eH+4OMXZUdvWQaR9Vq2arA38QyzAlKYIa6o791exFOAhJKzJAQHcuMpZ0iLilmZFzoJoLECPuoTzqKhiggwk4nv4zhrlJ60Iu4qlDCifp1IkWBEMPAVZ3Z5eKnl4l/eZ1Eeod2SsM4kSTE00VewqCMYBYM7FFOsGRDRRDmVN0K8QBxhKWKr6BC+PwU/k+aZcOqGJWLg1LtZBZHHuyAItgDFqiCGjgDddAAGNyCe/AInrQ77UF71l6mrTltNrMNvkF7/QAWbpsf</latexit>

L =
X

k

||zk � hk||2

10



• M.Raissi, P.Perdikaris, G.Karniadakis(2019)

<latexit sha1_base64="ZLRp3BiUx3mHhyn68g/yKP0REpk=">AAACL3icdVDLSgMxFM3UV62vqks3wSIIQpkp0upCKAriwkUF+4B2KHfSTBuaeZBkhDLMH7nxV7oRUcStf2E6rVC1Hgice8695N7jhJxJZZovRmZpeWV1Lbue29jc2t7J7+41ZBAJQusk4IFoOSApZz6tK6Y4bYWCgudw2nSGVxO/+UCFZIF/r0YhtT3o+8xlBJSWuvnrjgdqQIDHtwm+mCu6cVoIL+6BgiTBJ3ixy1w3Sbr5glk8r1RKVhn/JVbRTFFAM9S6+XGnF5DIo74iHKRsW2ao7BiEYoTTJNeJJA2BDKFP25r64FFpx+m9CT7SSg+7gdDPVzhV5ydi8KQceY7unGwpf3sTcZHXjpR7ZsfMDyNFfTL9yI04VgGehId7TFCi+EgTIILpXTEZgACidMQ5HcL3pfh/0igVrXKxfHdaqF7O4siiA3SIjpGFKqiKblAN1RFBj2iMXtGb8WQ8G+/Gx7Q1Y8xm9tEPGJ9fHaarow==</latexit>

L = Ldata + Ldi↵

Physics Informed Neural Network

<latexit sha1_base64="XXpF8ssDHpYjQk7ePgQz9MYza6U="></latexit>

Ldi↵ =
X

k

|D[g(x)]|2

11

<latexit sha1_base64="iQPojxQyn5Dwan935arMSYxvSz4=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoMQL2FXNMaDENSDxwjmgZslzE5mkyGzs8vMrBiW/IUXD4p49W+8+TdOHkIULWgoqrrp7vJjzpS27U8rs7C4tLySXc2trW9sbuW3dxoqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9AeXY795T6VikbjVw5h6Ie4JFjCCtZHurtyg+HDooXO7ky84JXsCZM+TytmJg76tAsxQ6+Q/2t2IJCEVmnCslOvYsfZSLDUjnI5y7UTRGJMB7lHXUIFDqrx0cvEIHRili4JImhIaTdT5iRSHSg1D33SGWPfVb28s/uW5iQ4qXspEnGgqyHRRkHCkIzR+H3WZpETzoSGYSGZuRaSPJSbahJSbD+F/0jgqOeVS+ea4UL2YxZGFPdiHIjhwClW4hhrUgYCAR3iGF0tZT9ar9TZtzVizmV34Aev9C87Yj7k=</latexit>

D[f(x)] = 0



• M.Raissi, P.Perdikaris, G.Karniadakis(2019)

<latexit sha1_base64="ZLRp3BiUx3mHhyn68g/yKP0REpk=">AAACL3icdVDLSgMxFM3UV62vqks3wSIIQpkp0upCKAriwkUF+4B2KHfSTBuaeZBkhDLMH7nxV7oRUcStf2E6rVC1Hgice8695N7jhJxJZZovRmZpeWV1Lbue29jc2t7J7+41ZBAJQusk4IFoOSApZz6tK6Y4bYWCgudw2nSGVxO/+UCFZIF/r0YhtT3o+8xlBJSWuvnrjgdqQIDHtwm+mCu6cVoIL+6BgiTBJ3ixy1w3Sbr5glk8r1RKVhn/JVbRTFFAM9S6+XGnF5DIo74iHKRsW2ao7BiEYoTTJNeJJA2BDKFP25r64FFpx+m9CT7SSg+7gdDPVzhV5ydi8KQceY7unGwpf3sTcZHXjpR7ZsfMDyNFfTL9yI04VgGehId7TFCi+EgTIILpXTEZgACidMQ5HcL3pfh/0igVrXKxfHdaqF7O4siiA3SIjpGFKqiKblAN1RFBj2iMXtGb8WQ8G+/Gx7Q1Y8xm9tEPGJ9fHaarow==</latexit>

L = Ldata + Ldi↵

Physics Informed Neural Network

True solution

Model prediction

<latexit sha1_base64="XXpF8ssDHpYjQk7ePgQz9MYza6U="></latexit>

Ldi↵ =
X

k

|D[g(x)]|2
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• M.Raissi, P.Perdikaris, G.Karniadakis(2019)

<latexit sha1_base64="ZLRp3BiUx3mHhyn68g/yKP0REpk=">AAACL3icdVDLSgMxFM3UV62vqks3wSIIQpkp0upCKAriwkUF+4B2KHfSTBuaeZBkhDLMH7nxV7oRUcStf2E6rVC1Hgice8695N7jhJxJZZovRmZpeWV1Lbue29jc2t7J7+41ZBAJQusk4IFoOSApZz6tK6Y4bYWCgudw2nSGVxO/+UCFZIF/r0YhtT3o+8xlBJSWuvnrjgdqQIDHtwm+mCu6cVoIL+6BgiTBJ3ixy1w3Sbr5glk8r1RKVhn/JVbRTFFAM9S6+XGnF5DIo74iHKRsW2ao7BiEYoTTJNeJJA2BDKFP25r64FFpx+m9CT7SSg+7gdDPVzhV5ydi8KQceY7unGwpf3sTcZHXjpR7ZsfMDyNFfTL9yI04VgGehId7TFCi+EgTIILpXTEZgACidMQ5HcL3pfh/0igVrXKxfHdaqF7O4siiA3SIjpGFKqiKblAN1RFBj2iMXtGb8WQ8G+/Gx7Q1Y8xm9tEPGJ9fHaarow==</latexit>

L = Ldata + Ldi↵

Physics Informed Neural Network
Model prediction

True solution
<latexit sha1_base64="XXpF8ssDHpYjQk7ePgQz9MYza6U="></latexit>

Ldi↵ =
X

k

|D[g(x)]|2
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<latexit sha1_base64="tiDVqlMTQBjulyNCzWa4D8xs30g=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjLT0tpd0Y3LFuwD2qFk0kwbm8kMSUYsQ7/AjQtF3PpJ7vwbM20FFT1w4XDOvdx7jx9zpjRCH1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tHpWKRuNGzmHohHgsWMIK1kVr3w2IJ2ahcc506NKSCUM3NSLler7rQsdECJbBCc1h8H4wikoRUaMKxUn0HxdpLsdSMcDovDBJFY0ymeEz7hgocUuWli0Pn8MwoIxhE0pTQcKF+n0hxqNQs9E1niPVE/fYy8S+vn+jgwkuZiBNNBVkuChIOdQSzr+GISUo0nxmCiWTmVkgmWGKiTTYFE8LXp/B/0nFtp2pXW5VS43IVRx6cgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvOWs0cgx+w3j4BRheNRw==</latexit>

x

GlueNN

<latexit sha1_base64="fMd7AcXpzDEuEVX3NRIXYpE1hRY=">AAACEnicdVDLSgMxFM34rPVVdekmWIQOyDBTpNVd0Y3LCvYBnXHIpJk2beZhkiktQ7/Bjb/ixoUibl25829MH4LPA4HDOedyc48XMyqkab5rC4tLyyurmbXs+sbm1nZuZ7cuooRjUsMRi3jTQ4IwGpKapJKRZswJCjxGGl7/fOI3BoQLGoVXchQTJ0CdkPoUI6kkN6d3CkMd2uQmoQNoiyRwe9B3e4XhEcTXaYHqYzftjVVGd3N50zgtl4tWCf4mlmFOkQdzVN3cm92OcBKQUGKGhGhZZiydFHFJMSPjrJ0IEiPcRx3SUjREARFOOj1pDA+V0oZ+xNULJZyqXydSFAgxCjyVDJDsip/eRPzLayXSP3FSGsaJJCGeLfITBmUEJ/3ANuUESzZSBGFO1V8h7iKOsFQtZlUJn5fC/0m9aFglo3R5nK+czevIgH1wAArAAmVQARegCmoAg1twDx7Bk3anPWjP2sssuqDNZ/bAN2ivHw0MnIE=</latexit>

g(x) ⌘
X

j

fj(x, c
(i)
j (x))

<latexit sha1_base64="plFx2q6xffi6TrJFYpzOIMQbc4Q=">AAAB9XicdVDLTsJAFJ36RHyhLt1MJCawaVogIDuiG5eYyCOBQqbDFEam02ZmqpKm/+HGhca49V/c+TdOARM1epKbnJxzb+69xw0ZlcqyPoyV1bX1jc3MVnZ7Z3dvP3dw2JZBJDBp4YAFousiSRjlpKWoYqQbCoJ8l5GOO71I/c4tEZIG/FrNQuL4aMypRzFSWhrgQVygxWQY3ySF++Iwl7dMq1wr2XWoScWyaqWUlOv1agnapjVHHizRHObe+6MARz7hCjMkZc+2QuXESCiKGUmy/UiSEOEpGpOephz5RDrx/OoEnmplBL1A6OIKztXvEzHypZz5ru70kZrI314q/uX1IuWdOTHlYaQIx4tFXsSgCmAaARxRQbBiM00QFlTfCvEECYSVDiqrQ/j6FP5P2iXTrprVq0q+cb6MIwOOwQkoABvUQANcgiZoAQwEeABP4Nm4Mx6NF+N10bpiLGeOwA8Yb58hlpJO</latexit>

c(i)j (x)
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GlueNN 
<latexit sha1_base64="avj20vKfTlLuABTZN28Pe+lrPV0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjLT0tpd0Y0LFxXsA6ZDyaSZNjSTGZKMUIZ+hhsXirj1a9z5N2baCip6IHA4515y7gkSzpRG6MMqrK1vbG4Vt0s7u3v7B+XDo66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gulV7vfuqVQsFnd6llA/wmPBQkawNpI3iLCeEMyzm/mwXEE2qjZcpwkNqSHUcHNSbTbrLnRstEAFrNAelt8Ho5ikERWacKyU56BE+xmWmhFO56VBqmiCyRSPqWeowBFVfraIPIdnRhnBMJbmCQ0X6veNDEdKzaLATOYR1W8vF//yvFSHF37GRJJqKsjyozDlUMcwvx+OmKRE85khmEhmskIywRITbVoqmRK+LoX/k65rO3W7flurtC5XdRTBCTgF58ABDdAC16ANOoCAGDyAJ/BsaevRerFel6MFa7VzDH7AevsE4NSRrQ==</latexit>

L
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GlueNN 
<latexit sha1_base64="WIV6weq8wWebeDy0BhxjOeQYzzM=">AAACTnicdVHLSgMxFM3UV62vqks3wSIIQpkRaXUhFN24cFHBPqAt5U6aaUMzD5I7QhnmC92IOz/DjQtFNH0IvnogcO4595KbEzeSQqNtP1mZhcWl5ZXsam5tfWNzK7+9U9dhrBivsVCGqumC5lIEvIYCJW9GioPvSt5wh5djv3HHlRZhcIujiHd86AfCEwzQSN08b/uAAwYyuU7P6beim0wK5Sc9QEhTejTHFZ43340A2SBNu/mCXTwrl4+dEv1LnKI9QYHMUO3mH9u9kMU+D5BJ0Lrl2BF2ElAomORprh1rHgEbQp+3DA3A57qTTOJI6YFRetQLlTkB0on6fSIBX+uR75rO8Zr6tzcW//NaMXqnnUQEUYw8YNOLvFhSDOk4W9oTijOUI0OAKWF2pWwAChiaH8iZEL5eSueT+nHRKRVLNyeFysUsjizZI/vkkDikTCrkilRJjTByT57JK3mzHqwX6936mLZmrNnMLvmBTPYTIaW4Aw==</latexit>

L = Ldata + Ldi↵ + Lpatch
<latexit sha1_base64="T7ldmFx/m9+7/FZWy7Qc6VsDKjg="></latexit>

Ldata =
�a

Na

X

x2{x↵}

������

X

i,j

fj
⇣
x, c(i)j (x)

⌘
� h(x)

������

2

<latexit sha1_base64="Pe93GY3L9gCoe4k6NIgmNT9hD54="></latexit>

Ldi↵ =
�b

Nb

X

x2{x�}

������

D
hP

i,j fj
⇣
x, c(i)j (x)

⌘i

N
hP

i,j fj
⇣
x, c(i)j (x)

⌘i

������

2

<latexit sha1_base64="mxCUstaCrQWt4uagegFb7+0ju/w="></latexit>

Lpatch =
�c

Nc

X

x2{x�}

�����
X

i

fj
⇣
x, c(i)j (x)

⌘�����

2
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Ex1. Freeze out
<latexit sha1_base64="+FEUMLacuRvTh4EPTcNN/Ujnh/o="></latexit>

D[Y (x)] =
dY

dx
+ ⌘x�2(Y 2 � Y 2

eq) = 0

<latexit sha1_base64="wtbwJvgljDNwWnbYULUA4IamO5o=">AAACCXicdVDLSgMxFM34rPU16tJNsAguZJgp0qqrqhuXFewDOkPJpJk2NJkMSUYoQ7du/BU3LhRx6x+482/MtBV8Hggczrn35t4TJowq7brv1tz8wuLScmGluLq2vrFpb203lUglJg0smJDtECnCaEwammpG2okkiIeMtMLhRe63bohUVMTXepSQgKN+TCOKkTZS14Y+R3ogeXamRjzRQlPsH0IlWJr76nTctUuuc1Ktlr0K/E08x52gBGaod+03vydwykmsMUNKdTw30UGGpBnNyLjop4okCA9Rn3QMjREnKsgml4zhvlF6MBLSvFjDifq1I0NcmUVDU5nvrX56ufiX10l1dBxkNE5STWI8/ShKGdQC5rHAHpUEazYyBGFJza4QD5BEWJvwiiaEz0vh/6RZdryKU7k6KtXOZ3EUwC7YAwfAA1VQA5egDhoAg1twDx7Bk3VnPVjP1su0dM6a9eyAb7BePwD8Hpsy</latexit>

Asymptotic solutions :

<latexit sha1_base64="ILS2dHYfQU9N+OCJ9exPIllmwYc=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmeCJIqXoBePEbJBMoaeTiVp0tMzdvdEw5D/8OJBEa/+izf/xs4iuD4oeLxXRVU9P+JMacd5t1ILi0vLK+nVzNr6xuZWdnunpsJYUqjSkIey4RMFnAmoaqY5NCIJJPA51P3BxcSvD0EqFoqKHkXgBaQnWJdRoo10fYbvcAtuYjbEwVGlnc059mmxmHcL+DdxbWeKHJqj3M6+tTohjQMQmnKiVNN1Iu0lRGpGOYwzrVhBROiA9KBpqCABKC+ZXj3GB0bp4G4oTQmNp+rXiYQESo0C33QGRPfVT28i/uU1Y9098RImoliDoLNF3ZhjHeJJBLjDJFDNR4YQKpm5FdM+kYRqE1TGhPD5Kf6f1PK2W7ALV8e50vk8jjTaQ/voELmoiEroEpVRFVEk0T16RE/WrfVgPVsvs9aUNZ/ZRd9gvX4Am92R+g==</latexit>

;x ⌘ m/T
<latexit sha1_base64="4QO76vAyKYprQ2Qj8u1pzRT9c9A=">AAAB9XicdVDJSgNBEO2JWxy3qEcvjUHwNM4ESfQW9OIxglkkGUNPp5I06ekZu3siYch/ePGgiFf/xZt/Y2cRXB8UPN6roqpeEHOmtOu+W5mFxaXlleyqvba+sbmV296pqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9WBwPvHrQ5CKReJKj2LwQ9ITrMso0Ua6sfE1bsFtwoZYHKl2Lu86p6VSwSvi38Rz3CnyaI5KO/fW6kQ0CUFoyolSTc+NtZ8SqRnlMLZbiYKY0AHpQdNQQUJQfjq9eowPjNLB3UiaEhpP1a8TKQmVGoWB6QyJ7quf3kT8y2smunvip0zEiQZBZ4u6Ccc6wpMIcIdJoJqPDCFUMnMrpn0iCdUmKNuE8Pkp/p/UCo5XdIqXx/ny2TyOLNpD++gQeaiEyugCVVAVUSTRPXpET9ad9WA9Wy+z1ow1n9lF32C9fgBPTZHK</latexit>

Y ⌘ n/s

<latexit sha1_base64="XGX0oGatroWFIxifZ8wipTnD2L8="></latexit>

Y (x) =

(
c(1)1 x3/2e�x for x < 1

c(1)2 for x > 1
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Ex1. Freeze out
<latexit sha1_base64="+FEUMLacuRvTh4EPTcNN/Ujnh/o="></latexit>

D[Y (x)] =
dY

dx
+ ⌘x�2(Y 2 � Y 2

eq) = 0

18



Ex2. Vector production
<latexit sha1_base64="XtbaUnAQ+Xfm147g85Uz1C2D15Q="></latexit>

D [XL(a)] =
d
2
XL

da2
+

2

a

dXL

da
+

⇢
k
2

H2a4
+

m
2

H2a2
� k

2

k2 +m2a2

✓
2

a2
� 3m2

k2 +m2a2

◆�
XL = 0

<latexit sha1_base64="6fS1EzK1L7wNpqsfDHUp/9IufZ0="></latexit>

XL(a) =

8
>><

>>:

c
(1)
1 H

(1)
3/2

✓
k

aH

◆
+ c

(2)
1 H

(2)
3/2

✓
k

aH

◆
for a ⌧ k/m,

c
(1)
2 J�1/2

✓
k

ma

◆
+ c

(2)
2 J1/2

✓
k

ma

◆
for a � k/m,

<latexit sha1_base64="wtbwJvgljDNwWnbYULUA4IamO5o=">AAACCXicdVDLSgMxFM34rPU16tJNsAguZJgp0qqrqhuXFewDOkPJpJk2NJkMSUYoQ7du/BU3LhRx6x+482/MtBV8Hggczrn35t4TJowq7brv1tz8wuLScmGluLq2vrFpb203lUglJg0smJDtECnCaEwammpG2okkiIeMtMLhRe63bohUVMTXepSQgKN+TCOKkTZS14Y+R3ogeXamRjzRQlPsH0IlWJr76nTctUuuc1Ktlr0K/E08x52gBGaod+03vydwykmsMUNKdTw30UGGpBnNyLjop4okCA9Rn3QMjREnKsgml4zhvlF6MBLSvFjDifq1I0NcmUVDU5nvrX56ufiX10l1dBxkNE5STWI8/ShKGdQC5rHAHpUEazYyBGFJza4QD5BEWJvwiiaEz0vh/6RZdryKU7k6KtXOZ3EUwC7YAwfAA1VQA5egDhoAg1twDx7Bk3VnPVjP1su0dM6a9eyAb7BePwD8Hpsy</latexit>

Asymptotic solutions :
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Ex2. Vector production
<latexit sha1_base64="XtbaUnAQ+Xfm147g85Uz1C2D15Q="></latexit>

D [XL(a)] =
d
2
XL

da2
+

2

a

dXL

da
+

⇢
k
2

H2a4
+

m
2

H2a2
� k

2

k2 +m2a2

✓
2

a2
� 3m2

k2 +m2a2

◆�
XL = 0
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EX3. Quantum tunneling
<latexit sha1_base64="thl3eJIvV/MGUeHAhyvTiGOTCXo="></latexit>

D[ (x)] = � ~2
2m

d2 

dx2
+ V (x) � E = 0

<latexit sha1_base64="idoCV87TwWYaJYF0dlbttrC9vGc="></latexit>

V (x) = V0

✓
1

e�(x+d/2)/� + 1
+

1

e(x�d/2)/� + 1
� 1

◆

<latexit sha1_base64="5pMl5eM35U093jN2f5l6c3tuu8A="></latexit>

Im[ (x)] =

(
c(1)3 cos(kx) + c(2)3 sin(kx) for |x| � d/2

c(1)4 ex + c(2)4 e�x for |x| ⌧ d/2

<latexit sha1_base64="FIfMKCFKkTjUMPcPxo1SFZLawK4="></latexit>

Re[ (x)] =

(
c(1)1 cos(kx) + c(2)1 sin(kx) for |x| � d/2

c(1)2 ex + c(2)2 e�x for |x| ⌧ d/2
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EX3. Quantum tunneling
<latexit sha1_base64="thl3eJIvV/MGUeHAhyvTiGOTCXo="></latexit>

D[ (x)] = � ~2
2m

d2 

dx2
+ V (x) � E = 0
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• Pull the physics out of the black box
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