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Motivation

P(X=H)=09, P(X=T)=0.1

P(HHHHHHHHHH) = 0.9%°
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Among the total /V of samples,
- Number of a samples:

N, = P(a)N
X; € {a,b} Number of b samples:

N, =N — N, = P(b)N




Why do we always see N, number of as
and N, number of bs?

* Consider [N = 2 X1, X5 € {a,b}
* Four assignments cover all possibilities:

2
X;=a,Xo=a PX.,X3)=P@)? < Pl

Xi1=a,Xo=0b  PX1,X2)=Pa)P(b)
X1=b0Xo=0a  PX1,X2)=Pa)P(d)

X1 =0,X9=0 P(X1,X5) = P(b)’ — P(b)?
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Why do we always see N, number of as
and N, number of bs?

* With N trials, X1, Xo,...,Xn € {a,b}
* Probability of having NV, number of as and N, numberof psis

PN = ( Ny, ) P@Y PO

N ([ N\ N
NNy ) — \ N, ]~ N,IN,!



Why do we always see N, number of as
and N, number of bs?

» With N trials, X1, Xo,..., Xy € {a,b}

* Probability of having N, number of as and N, number of psis

PN = ( Ny, ) P@Y PO

NaaNb \

( Nlj,VNQ ) > ( Nj\,[o ) P(a)N1P(b)N2 < P(a)V



Now let’s derive the equation like this!

S N Na Nb
PN = ( Ny ) P@Y P
Stirling’s approximation for large n,

logn! ~nlogn —n

N

N
I:> log( N.. N, ) log NN,

NNlogN— {N log N, }V/} {Nplog Ny — )l/}
Ng Ny




Now let’s derive the equation like this!

N o\ N, N, N, N,

N
Let (i = N

N
og ( Ny ) =N X —aisa

i€{a,b} Entropy of empirical
— distribution
_ N - Ent[Q]
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Free Energy

e Let

P(N,, N;) = exp ( _ { — N, log P(z = a|\) — N, log P(x = b|)\)

N,. N, N,. N
_N (——log— AL P8 —b) })

N N N N
( E—TS)
=exp | ——
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Free Energy

E-TS
P =exp (— )
I Data fitting
N, N [
E=——log Pz = a|) ~ Wb log P(z = b|\)
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Temperature

1 dS

T  dE

1 log P(a) — log P(b)

T =
N logQq —logQy

At T = % , the equilibrium occurs at

Qo = P(a’)aQb — P(b)
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Flux .J: Netnumber of particles passing
through the membrane per unit time

J = pv _ ]

@/ U

p : mass density

27: net orthogonal velocity

A velocity field Uassociated with J (flux) is of our interest!
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Helmholtz Free Energy (Dynamics with Fixed 1)

Flpd = (U} = T8 = [ p)UGdx + T [ pu(x)log pu(x)x

i — | Zidx=—=] =] V. U)d
- I . 5 X D0y N (peV)dx
. oOF _ _O0F
— /ptv(x)Tva— dx = U,Va— <—— Maximally decrease
pt Pt pt Pt Pt
OF 1
TR v L _ 4+ 112
U X 9, with fixed K 5 /PtH’UH dx

Pt
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Flow for Diffusion Models

* Flow that maximally decreases free energy
¥(x) = —-V— = —VU — TV log p

J(x) = pe(x)U(x) = —p(x)VU = T'Vp,

* Forward process
B o

Fixed potential energy and temperature U (x) = TR 1T =

s
2

Jp = —peqVU —TVpeq =0 —  peq(x) xx exp(—U(x)/T) = exp (—x7/2)

Forward flux
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Flow for Diffusion Models

* Flow that maximally decreases free energy
¥(x) = —-V— = —VU — TV log p

J(x) = pe(x)U(x) = —p(x)VU = T'Vp,

* Reverse process

With learned (time-varying) potential energy,

Jr=—JF
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Properties of Helmholtz Free Energy Dynamics

[1] Helmholtz free energy does not increase

OF

7(x) = Vo = —VU — TV log p;
dpy

dF — —

E = —<’U,’U>pt S 0

[2] The rate of change decreases over time during the forward
process 92

* The second derivative " ;2 is positive, as implied by results on the
dissipation of Fisher information provided that the potential is “convex”.
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Flow to Maximize Free Energy Decrease

—_— N
_1dF|  p1 . ,
W= 5G| = a2 wl

Helmholtz free energy dissipation rate
during Forward process




Flow to Maximize Free Energy Decrease

1 dF

W= _"—
T dt

N
6 1 A~
“ON Z HVt(Xt,z‘)HQ

Helmholtz free energy rate
under repeated training examples
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2D Vector held (Linear beta) at t=500.00
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Continuous-time Diffusion of a 0-function

* Diffusion of delta (or mixture of delta) function

p(x;t) = k(x;t) = N(0, 5t1)

Xi+At = Xt + / BAL € e, ~ N(0,1)
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Continuous-time Diffusion of a 0-function

e Diffusion of delta function

V- (U k(x;t)) = —dkg;?t) & k(x;t+ At) = /k(x’;t)k(x’ — x; At)dx’
k(x; )V - 7+ 7 - VE(x; 1) :—dk(d’;;t) .
oo x 1 X . — ’Ut = —X
k() [V-v——t ——Qt(ﬁt—d>k(x,t) ot

2
V- U — i i _1 (X_ _ d) Velocity is 3 -independent




t=0.01

2.0 4
1.5
1.0 4 AAAA
“XhAAAA
- RS AAAAT
XYY L AT YT
- - € -~ v > >
' - € 4 « s e
d-de A b v « 4 A B
el L E P Y Y4AN
B AABRR
—1.01 AAR
-1.5 4
—2.0 1

— + 70

- 60

-2.0 -1.5 —ll.CI -0.5 0.0 0.5 1.0

[v(x, t)]



https://www.youtube.com/watch?v=AL-WRIEr54M
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Helmholtz free energy rate
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Generated
| Helmholtz free energy rate

A by training-set size
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Helmholtz free energy rate
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Helmholtz free energy rate
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Generated

Helmholtz free energy rate
B under repeated training examples
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Sample-level Memorization Detection

e Stable diffusionv1.4

Method Time step AUC TPR@1%FPR

|55 (x4)| 1,000  0.937 £0.012  0.771 £0.027

= ”Sf?,cond — S uncond | [19] 1 0.972 £+0.005 0.909 +0.020

|HA (x7)s8 (x7)||” 17 1,000  0.962 +0.008  0.856 40.024
| 0.970 £0.005 0.874 1+-0.021

Vet |l — [Vuncondl|? (Ours) 1 0.982 +0.003  0.905 +0.019
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CelebA-HQ Fine Tunning with Velocity Suppression

Condition LPIPS < 0.1 LPIPS < 0.3 FID
Pretrained model 0.00% 0.08% 14.93
No reference scale 28.53% 33.11% 24.33

Full velocity Vi = =+ + sg(x¢,t) | X =10"2 Score-only v = sg(x¢,t) | A =105

Condition LPIPS < 0.1 LPIPS < 0.3 FID LPIPS < 0.1 LPIPS< 0.3  FID

~=1.0 31.85% 36.79% 26.19 23.14% 31.59% 2271
~=0.8 11.39% 28.14% 17.99 2.47% 18.01% 53.80
~ = 0.7 3.50% 20.65% 15.88 1.46% 15.75% 25.74
~=0.5 0.05% 15.31% 14.38 0.29% 2.31% 156.08
~=0.3 0.00% 3.80% 15.87 0.02% 0.23% 295.58
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Summary

* Data generation and the shift of distributions are naturally
associated with Helmholtz free energy dissipation under diffusion
dynamics (using the equation of continuity).

* Thermodynamic singularities in the diffusion of delta functions are
characteristic of memorization, and its absence indicates non-
memorization.
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Thank youl!

Yung-Kyun Noh
nohyung@hanyang.ac.kr



	Slide 1: Diffusion Models and Thermodynamic Singularity
	Slide 2: Contents
	Slide 3: Motivation (Free Energy)
	Slide 4
	Slide 5: Why do we always see       number of    s  and       number of    s?
	Slide 6: Why do we always see       number of    s  and       number of    s?
	Slide 7: Why do we always see       number of    s  and       number of    s?
	Slide 8: Now let’s derive the equation like this!
	Slide 9: Now let’s derive the equation like this!
	Slide 10: Free Energy
	Slide 11: Free Energy
	Slide 12: Temperature
	Slide 13
	Slide 14
	Slide 15: Helmholtz Free Energy (Dynamics with Fixed      )
	Slide 16: Flow for Diffusion Models
	Slide 17: Flow for Diffusion Models
	Slide 18: Properties of Helmholtz Free Energy Dynamics
	Slide 19: Flow to Maximize Free Energy Decrease
	Slide 20: Flow to Maximize Free Energy Decrease
	Slide 21
	Slide 22: Continuous-time Diffusion of a  δ-function
	Slide 23: Continuous-time Diffusion of a  δ-function
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31: Sample-level Memorization Detection
	Slide 32: CelebA-HQ Fine Tunning with Velocity Suppression
	Slide 33: Summary
	Slide 34: Thank you!

