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Introduction

0 Recent interest on interpreting polarization and spin correlations observables as a
density matrix to study quantum information phenomena at colliders.

O Extensive work on bipartite systems: top-quark pairs, di-boson pairs, tau-pairs, etc.
See D. Gongalves and DWV. Kang’s talks.

O Colliders offer an environment to study multipartite systems. Multipartite systems
exhibit other types of separability, not present in bipartite systems.

O Few studies for multi-partite systems under certain assumptions  sakurai, Spanowsky (2024)
Horodecki et al (2024)
Aguilar-Saavedra (2024)
Morales (2024)

O Need a general framework to study multipartite entanglement. In particular, one
that can be apply to mixed quantum states.

O This talk will introduce the theoretical framework for studying tripartite
entanglement in colliders. This will be applied to eTe™ — tfZ.
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Density Matrix

O In QM the state of a system is fully described by a state vector

O This is only true for the so-called “pure states’, though. In general, one can have
statistical mixtures of pure states, I.e., a “mixed state’.

O The density matrix generalizes the state vector to pure and mixed states

> Hermitian

,O:sz|\lfz><\lfz|, szzl, pzZO ﬁ > Unit trace

> Positive semidefinite

O In the density matrix formalism
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Entanglement
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Bi-partite Separability (Entanglement)

O A system composed of two subsystems A and B Is separable If it can be written
as a convex sum

phan =Y aipl@pl,  pir €SMa), pf €S(Hp).

O Non-separable systems are said to be entangled.
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Peres-Horodecki Criterion

O If a quantum state Is separable over some partition M, its partial transpose s
p = g @p! Jq>0and Y qi=1.
i i

O The presence of at least one negative eigenvalue for p’ implies entanglement.
O The converse also holds for systems with 2x2 and 2x3 dimensions.

0 States with positive partial transpose are called PPl-states whereas states with
negative partial transpose are NPT.
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Peres-Horodecki Criterion

O If a quantum state Is separable over some partition M, its partial transpose s
P = qi(p) @pM ¢ >0and Y g =1.
i i

O The presence of at least one negative eigenvalue for p’ implies entanglement.

0 The converse also holds for systems with 2x2 and 2x3 dimensions.

0 States with positive partial transpose are called PPl-states whereas states with
negative partial transpose are NPT.

2X2,2X%X3

tt, 1/, t/
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Peres-Horodecki Criterion

O If a quantum state Is separable over some partition M, its partial transpose s
P = qi(p) @pM ¢ >0and Y g =1.
i i

O The presence of at least one negative eigenvalue for p’ implies entanglement.
0 The converse also holds for systems with 2x2 and 2x3 dimensions.

0 States with positive partial transpose are called PPl-states whereas states with
negative partial transpose are NPT.

2X2,2%X3 dyy X dy; > 6

tt, 12,172 Z\|tt, t|tZ,t|tZ
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Separability in Tripartite Systems

O A system composed of three parties A, B and C, is called fully separable is it
admits a convex decomposition

pe = Z%P?®ﬂ?®ﬂga q; = 0, and Z%‘Zl-

O Fully separable states contain only classical correlations among the three
subsystems.

O All entanglement measures vanish for such states.

O It called M-separable if it admits a decomposition

MM =N "gip @p!, ¢ >0, and Yy ¢ =1.
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Separability in Tripartite Systems

O A system composed of three parties A, B and C, is called fully separable is it
admits a convex decomposition

pfs — N a0t 0B 0aC 4. >0 and szl.

O Fully separab ong the three
subsystems.

O All entanglem:

O It called M-se, °
M

P = 1.
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Separability in Tripartite Systems
O A tripartite state is called bi-separable if it can be expressed as a convex mixture
of states that are separable across different bipartitions:

p™ = q1 pMPY + go P11 + g3 P g >0and g1 + 2 + g3 = 1.

0 A general mixed state may be bi-separable even if it 1s non-M-separable for all
cuts.

O A state that i1s not bi-separable is called genuine multipartite entangled (GME).
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Separability in Tripartite Systems

O A tripartite state is called bi-separable if it can be expressed as a convex mixture
of states that are separable across different bipartitions:

p> = q1 pMPY 4+ go pPIY 4+ g3 p“MP g >0and g1 + g2 + g3 = 1.

O A general v
cuts.

>parable for all

O A state that 1igled (GME).

Genuine Multipartite
Entangled
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Entanglement Measures

O An entanglement measure, E(p) > 0. It has the property of vanishing for all
separable states. Moreover; It such function iIs positive for all entangled states Is
also called faithful.

0 Another property Is the monotonicity. An entanglement measure Is called an

entanglement monotone If It Is non-increasing under local operations and
classical communication (LOCC).

E(Avocc(p)) < E(p).

O The magnitude of the entanglement measure acquires a operational meaning:
imposes a partial ordering on entangled states.

O And the convexity. An entanglement measure E is sald to be convex if it does
not Increase under probabilistic mixing

E (Z Qipz') < Z%E(Pz)
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Entanglement Measures

00 Recall the entanglement measure, E(p) > 0. It has the property of vanishing for
all separable states. Moreover, If such function is positive for all entangled states s

also called faithful.

0 Another property Is the monotonicity. An entanglement measure Is called an
entanglement monotone If It Is non-increasing under local operations and
classical communication (LOCC).

E(Arocc(p)) < E(p).

O The| Concurrence 2 X 2 Higher dim | nne
Mk Faithful Faithful
Pure . _
0 An F.asy to compute  Hasy to compute | does
glo]i
: Faithful Faithful
Mixed Easy to compute  Hard to compute

\ ¢ / i
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Negativity

L HIOTM ‘ |1 —1 Vidal and Werner

0 The Negativity for a state, p,is defined as Ny (p) = : . (2002)

O It can also be computed in terms of the negative eigenvalues of p’u

Na(p) = Y A S,

1 A <0

O Is positive iff the state 1s NPT. Vanishes for all separable states since separable
states are PPT.
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Negativity

T —1 .
O The Negativity for a state, p, is defined as Ny (p) = Ills . (Vz'gg';”d Yerner

2
O It can also be computed in terms of the negative eigenvalues of p’u

i — A
Nu(p) = ) ;=

A -
A; <0

O Is positive iff the state 1s NPT. Vanishes for all separable states since separable
states are PPT.

Negativity 2X2,2%x3 Higher dim

Faithful Faithful
Easy to compute Easy to compute

Pure

Mixed Faithful Non-faithful
Easy to compute Easy to compute
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Negativity

T —1 .
O The Negativity for a state, p, is defined as Ny (p) = Ills . (Vz'gg';”d Yerner

2
O It can also be computed in terms of the negative eigenvalues of p’u

i — A
Nu(p) = ) ;=

A -
A; <0

O Is positive iff the state 1s NPT. Vanishes for all separable states since separable
states are PPT.

Negativity 2% 2, 2x%x3 Higher dim
Pure Faithful Faithful
Easy to compute Easy to compute
Mixed Faithful Non-faithful
Easy to compute Easy to compute
[ It 1s bounded.
dmin — 1 L .
Nyr(p) < 5 : dmin = min(dys, d37) -
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Negativity in the f£Z System

O Negativity can be used to test for entanglement between any two partition, A
and B, after tracing out the other

pir = Trzlp] (2x2),  piz = Trelp] (2x3),  piz = Trefp] (2% 3).

O We call this one-to-one entanglement.

1
(separable) 0 < Ny, Nyz, Niz < 5 (maximally entangled) .

O Can also consider entanglement between one partition and the rest of the
system

N(Z|t]) = Ny (p) (3x4), N(tFZ)= Ni(p) (2x6), NEtZ)= Nip) (2x6).

O This type of entanglement is called one-to-other entanglement.

0 < N(Ztt) <1
PPT _ _ 1 maximally entangled
( ) 0 < N(t|tZ), N(t|tZ) < 5 ( )
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Genuine Multipartite Negativity

3 First define PPT mixtures

PPETmi — ) pBPT 4 pp BT 4 po pbPT e 2 0and ) pu =1
M

Genuine Multipartite
Entangled
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Genuine Multipartite Negativity

3 First define PP T mixtures
PP — ) pBPT 1 pp pBPT 4 pe pBPT, o > 0and ) pay =1
M

O We want to construct a witness that detects non-PPIT-mixtures. Follow the
construction of Jungnitsch, Moroder and Guhne (JMG).  Jungnitsch, Moroder, Giihne (2011)

O Consider a fully decomposable hermrtian witness
W=Py+Qy, 0<Py, 0<Quc<I,

O To quantify how strongly a state violates the PPT mixture condition, we minimize
over the set of all fully decomposable witnesses

N = min Tr[pW].
a(p) (PO W)

O The genuine multipartite negativity (GMN) Is then defined as
Ne(p) = =Na(p) = 0.
O By construction

p¢ SPPT-mix o AL(p) > 0.
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Genuine Multipartite Negativity

3 First define PP T mixtures
PP — by oBFT 4 pp PR+ po pEFT, pv > 0and ) py =1
M

O We want to construct a witness that detects non-PPIT-mixtures. Follow the
construction der, Giihne (2011)

3 Consider a f

O To quantify N, we minimize

over the set

O The genuine

Genuine Multipartite

O By construct Entangled
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Genuine Multipartite Negativity

3 First define PP T mixtures
PP — ) pBPT 1 pp pBPT 4 pe pBPT, o > 0and ) pay =1
M

0 We want to construct a witness that detects non-PPIT-mixtures. Follow the
construction of Jungnitsch, Moroder and Guhne (JMG).  Jungnitsch, Moroder, Giihne (2011)
O Consider a fully decomposable hermrtian witness
W=Py+Qy, 0<Py, 0<Quc<I,

O To quantify how strongly a state violates the PPT mixture condition, we minimize
over the set of all fully decomposable witnesses

N = min Tr[pW].
a(p) (PO W)

O The genuine multipartite negativity (GMN) Is then defined as
Ne(p) = =Na(p) = 0.

0 For the 2 X 2 X 3 systems

(PPT-mixture) 0 < Ng(p) < (maximally GME) .

1
2
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The e"e™ — ttZ System

O Consider tfZ production at electron-positron colliders.

e (k1)

et (kz2)

O Describe the kinematics by four observables

lab-frame tt rest frame
7
e 0, €+
tt_ mt{
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Entanglement Across the Phase Space

O One-to-one negativities

Unpol: Vs =1 TeV, cosf, =0, ¢ =0
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Entanglement Across the Phase Space

O One-to-other negativities

Unpol: vis =1 TeV, cosf; =0, ¢=0
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Unpol: v's =1 TeV, cosf; =0, ¢p=0
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Entanglement Across the Phase Space

0 GMN
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Entanglement in the Inclusive Phase Space
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Predictions for Future Colliders

0 Projections for probing in two semi-inclusive regions

Y12 cosfz| < 0.7 and my; < 550 GeV .
Y GME cosllz| < 0.5 and my < 420 GeV .
N(Z|tt) N (t|tZ) Na
illgélliggglréfeeé Oy Lla /:'20 Oy Lla LQO‘ oy Ela LQO‘
Unpol 111 6.2 | 248 | 1.5 | 3.3 | 13.2 | 0.65 | 19.1 | 76.4
Pol+ 1.0 79 | 31.7 | 1.4 | 4.1 | 16.4 | 0.57 | 24.6 | 98.4
Pol— 1.9 | 2.3 9.1 26 | 1.2 4.7 | 1.01 7.8 | 31.1
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Summary

O Introduced a general framework to study multipartite entanglement in collider
environments.

O Applied this formalism to eTe™ — tfZ and showed that bi-partite and GME s
present Iin certain kinematic regions. Integration over the full phase space reduces
the entanglement significantly. Nevertheless, one can consider partially inclusive

regions.

O Possibility to extend this study to other tripartite systems or future colliders,

Genuine Multipartite
Entangled

Thank you!

July 15,2026 Alberto Navarro 30



Beam Polarization Effects

0 Weak dependence on beam polarizations
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(Pe Pei)=(+08, —03): V5 =1 TeV
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Beam Polarization

Effects

0 Weak dependence on beam polarizations

July 15,2026
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Quantum Tomography

0 Density matrix parametrized in terms of the irreducible tensor operators

1

P= 12

(]I12+AL1M1 i ®Leli+ A7 ety @I+ A}y Lok Ty
L L L
+ CLlMlLQMQt Rty - ® I3+ CL1M1L3M3 v, @l @THP + Ce Myanis 2 ® thr, @ 1Toag
L L L
+ C’11921%\/111'12]\421)3]\/[375]\411 ® t]WQg ® TM?,) )

O Full differential distribution described in term of spherical harmonics

1 do 1
O'dQldQQdﬂg B (471’)3

+ AL3M3BL3YM3 () + C1? 0t Lonts BilB%QYMl (Ql)YM2 (€22)
+ CLlMngMgBLlBLgyMl (Ql)YM (Q23) + CLgMngMgBLgB%;J,YI{\fQ(QQ)YI{\:{B (923)

1 1 My Mo Lis =1, —L1o < Mys < Lyo, Ly = 1,2 —Ls < M3 < L d
1 +AL1M1BL1YL1 (Q ) —|— ALlMlBLQY Lo (Qg) 1o 1722\/E ) 1:;2 =~ 1,2 > 1,273 3 ,2 and 3 > 3 >~ L3, an
By = 2B, BY = —V2mn3 and By = /27/5 (1 — 343)

+ Ci?%wngMngMgBilBI%QB%:J,Y[],\fI (QI)YL]\;[Q (92)YLA§3 (23)

O Density matrix parameters extracted using the orthogonality of the spherical
harmonics

- YMi(0,)* A0, d0yds = =L AL =123
/O’dQldQQdﬁg L ( ) 1 2 3 A7t L;M; t
! do M; M; B}, B} _
Y ()Y (0,)7d0,dQpd Qg = —L2 L gl
/ UdQldQngg ( ) L ( ‘7) 1 2 3= Am AT L;M;L;M; > i 7é J s

1 dO' YMl Q *YM2 Q *YMg Q *dQ dQ dQ Bllll B%Q B%g C123
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