
Tripartite Entanglement in 
e+e− → tt̄Z

Alberto Navarro 
Seoultech

Based on arxiv.2606.11296 with D. Gonçalves and K. Sakurai

July 15, 2026



July 15, 2026 Alberto Navarro 2

Introduction
Recent interest on interpreting polarization and spin correlations observables as a 
density matrix to study quantum information phenomena at colliders.
Extensive work on bipartite systems: top-quark pairs, di-boson pairs, tau-pairs, etc.

Colliders offer an environment to study multipartite systems. Multipartite systems 
exhibit other types of separability, not present in bipartite systems. 
Few studies for multi-partite systems under certain assumptions

Need a general framework to study multipartite entanglement. In particular, one 
that can be apply to mixed quantum states.
This talk will introduce the theoretical framework for studying tripartite 
entanglement in colliders. This will be applied to .e+e− → tt̄Z

See D. Gonçalves and DW. Kang’s talks.

Sakurai, Spanowsky (2024)
Horodecki et al (2024)
Aguilar-Saavedra (2024)
Morales (2024)
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Density Matrix
In QM the state of a system is fully described by a state vector

This is only true for the so-called “pure states”, though. In general, one can have 
statistical mixtures of pure states, i.e., a “mixed state”.

The density matrix generalizes the state vector to pure and mixed states

In the density matrix formalism

<latexit sha1_base64="37g6a5m/tG5r6FNg+ARAYIDfZ5E="></latexit>

ρ =
X

i

pi |Ψi〉 〈Ψi| ,
X

i

pi = 1 , pi ≥ 0 .
Hermitian
Unit trace
Positive semidefinite

<latexit sha1_base64="t2Jvbc63mMuCG2KawgmB8llnlB0="></latexit>

Tr[ρO]

<latexit sha1_base64="pRIQ9GVJHt10ds0Ty2n6bYF+bEQ="></latexit>

ρ =
X

i

pi|Ψi〉〈Ψi|
Mixed states

<latexit sha1_base64="pnz7b6fDRZJOaT02AOPFcLgoVCQ="></latexit>

Tr[ρ2] < 1

<latexit sha1_base64="ZPTggsMpjG5G69JieGRrEeYy03w="></latexit>

|Ψ〉 or ρ = |Ψ〉〈Ψ|
<latexit sha1_base64="cUS9HU3F4RRmFWyOhF497gTs8LA="></latexit>

〈Ψ|O|Ψ〉 or Tr[ρO]

Pure states

<latexit sha1_base64="ojMaHGaFwqPmsjwxWnlWYFSmogY="></latexit>

Tr[ρ2] = 1
<latexit sha1_base64="hj0TXf8Elm75HAkGW54BV7T0GpA="></latexit>

ρ2 = ρ
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Entanglement
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Bi-partite Separability (Entanglement)
A system composed of two subsystems A and B is separable if it can be written 
as a convex sum

Non-separable systems are said to be entangled.

<latexit sha1_base64="hZAeX9/j1STrWCzx8S9KWJ5lkhs="></latexit>

ρAB
sep =

X

i

qi ρ
A
i ⊗ ρBi , ρAi ∈ S(HA), ρBi ∈ S(HB).
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Peres-Horodecki Criterion
If a quantum state is separable over some partition M, its partial transpose is 

The presence of at least one negative eigenvalue for  implies entanglement.
The converse also holds for systems with 2x2 and 2x3 dimensions.
States with positive partial transpose are called PPT-states whereas states with 
negative partial transpose are NPT.

ρTM

<latexit sha1_base64="M89yrqHTP9S9R/aIssE4+U6t3ws="></latexit>

ρTM =
X

i

qi (ρ
M
i )T ⊗ ρMi , qi ≥ 0 and

X

i

qi = 1 .
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2 × 2 , 2 × 3

tt̄ , tZ , t̄Z
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X
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dM × dM > 6
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Separability in Tripartite Systems

A system composed of three parties A, B and C, is called fully separable is it 
admits a convex decomposition

Fully separable states contain only classical correlations among the three 
subsystems. 
All entanglement measures vanish for such states.

It called M-separable if it admits a decomposition 

<latexit sha1_base64="tpc2VckWWJrtVJTuDcLq2MQAVZ8="></latexit>

ρfs =
X

i

qi ρ
A
i ⊗ ρBi ⊗ ρCi , qi ≥ 0, and

X

i

qi = 1 .

<latexit sha1_base64="BJZMnp1Jtn9WOpTmltc+iIiwIDk="></latexit>
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A tripartite state is called bi-separable if it can be expressed as a convex mixture 
of states that are separable across different bipartitions:

A general mixed state may be bi-separable even if it is non-M-separable for all 
cuts.

A state that is not bi-separable is called genuine multipartite entangled (GME).

<latexit sha1_base64="EV6RcyQj8/7elwZ1iAjE+RzPCA4="></latexit>

ρbs = q1 ρ
A|BC + q2 ρ

B|AC + q3 ρ
C|AB , qi ≥ 0 and q1 + q2 + q3 = 1 .

Separability in Tripartite Systems
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Entanglement Measures

An entanglement measure, . It has the property of vanishing for all 
separable states. Moreover, if such function is positive for all entangled states is 
also called faithful.   
Another property is the monotonicity. An entanglement measure is called an 
entanglement monotone if it is non-increasing under local operations and 
classical communication (LOCC).

The magnitude of the entanglement measure acquires a operational meaning: 
imposes a partial ordering on entangled states.

And the convexity. An entanglement measure E is said to be convex if it does 
not increase under probabilistic mixing

E(ρ) ≥ 0

<latexit sha1_base64="/fsGZo7FN8TwyF3x94LQMnQEWpQ="></latexit>

E(ΛLOCC(ρ)) ≤ E(ρ) .

<latexit sha1_base64="RlCz87YFVeqsCciN96Ny/3scUC0="></latexit>
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<latexit sha1_base64="O7kFEWRP3PGWcLqz4Bq2U0wpyKU="></latexit>

Concurrence 2× 2 Higher dim

Pure
Faithful

Easy to compute

Faithful

Easy to compute

Mixed
Faithful

Easy to compute

Faithful

Hard to compute
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Negativity

The Negativity for a state, , is defined as 

It can also be computed in terms of the negative eigenvalues of 

Is positive iff the state is NPT.  Vanishes for all separable states since separable 
states are PPT.

ρ

ρTM

<latexit sha1_base64="3FHD55+kqDX45XXnc7i0ard+elQ="></latexit>

NM (ρ) =
||ρTM ||1 − 1

2
.

<latexit sha1_base64="04XRhQXpS3ldJKJI6TtPBV39ix0="></latexit>

NM (ρ) =
X

i

|λi|− λi

2
=

X

λi<0

|λi| .

Vidal and Werner 
(2002)
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<latexit sha1_base64="zpcr4aEyTLlr+Yi44ilfLFgiz6M="></latexit>

Negativity 2× 2, 2× 3 Higher dim

Pure
Faithful

Easy to compute
Faithful

Easy to compute

Mixed
Faithful

Easy to compute
Non-faithful

Easy to compute
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Negativity

The Negativity for a state, , is defined as 

It can also be computed in terms of the negative eigenvalues of 

Is positive iff the state is NPT.  Vanishes for all separable states since separable 
states are PPT.

It is bounded.
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NM (ρ) ≤ dmin − 1

2
, dmin ≡ min(dM , dM ) .
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Negativity in the  Systemtt̄Z
Negativity can be used to test for entanglement between any two partition, A 
and B, after tracing out the other

We call this one-to-one entanglement. 

Can also consider entanglement between one partition and the rest of the 
system

This type of entanglement is called one-to-other entanglement.

<latexit sha1_base64="7zEuZSNzeadc0fvI/UfoCL6i9sI="></latexit>

ρtt̄ = TrZ [ρ] (2× 2), ρtZ = Trt̄[ρ] (2× 3), ρt̄Z = Trt[ρ] (2× 3).

<latexit sha1_base64="n5gXTIvxC/pxD/JwcTi3CvXMU+8="></latexit>

(separable) 0 ≤ Ntt̄, NtZ , Nt̄Z ≤ 1

2
(maximally entangled) .

<latexit sha1_base64="s3RvJH2B3VwMFY5foqVA/QUBPfw="></latexit>

N(Z|tt̄) ≡ NZ(ρ) (3× 4), N(t|t̄Z) ≡ Nt(ρ) (2× 6), N(t̄|tZ) ≡ Nt̄(ρ) (2× 6) .

<latexit sha1_base64="BKh03MdJMIF7fJRS0j4l0JgRoss="></latexit>

(PPT)
0 ≤ N(Z|tt̄) ≤ 1

0 ≤ N(t|t̄Z), N(t̄|tZ) ≤ 1

2

(maximally entangled)
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Genuine Multipartite Negativity
First define PPT mixtures

<latexit sha1_base64="vlyIm+VGDpTIQkAIXAYDuYjCq9I="></latexit>

pM ≥ 0 and
X

M

pM = 1
<latexit sha1_base64="g3zALkJGTUwf4syc1q+z+gezsb0="></latexit>

ρPPT-mix = pA ρPPT
A + pB ρPPT

B + pC ρPPT
C ,
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Genuine Multipartite Negativity
First define PPT mixtures

We want to construct a witness that detects non-PPT-mixtures. Follow the 
construction of Jungnitsch, Moroder and Gühne (JMG).
Consider a fully decomposable hermitian witness

To quantify how strongly a state violates the PPT mixture condition, we minimize 
over the set of all fully decomposable witnesses

The genuine multipartite negativity (GMN) is then defined as

By construction

<latexit sha1_base64="vlyIm+VGDpTIQkAIXAYDuYjCq9I="></latexit>

pM ≥ 0 and
X

M

pM = 1
<latexit sha1_base64="g3zALkJGTUwf4syc1q+z+gezsb0="></latexit>

ρPPT-mix = pA ρPPT
A + pB ρPPT

B + pC ρPPT
C ,

Jungnitsch, Moroder, Gühne (2011)

<latexit sha1_base64="FfhLeCwRZyjLROKWTUKwmYyuBa4="></latexit>

ρ /∈ SPPT-mix ⇐⇒ NG(ρ) > 0 .

<latexit sha1_base64="yGfpuWXoU2L7wHg26ZXvA4r5O5s="></latexit>

NG(ρ) ≡ min
{PM ,QM}

Tr[ρW] .

<latexit sha1_base64="KahofSw2e27LPRgy9ngZBSn7/94="></latexit>

NG(ρ) ≡ −NG(ρ) ≥ 0 .

<latexit sha1_base64="Tn4X4nDVzwhs5e7kIesiKPvR/R0="></latexit>

W = PM + QTM
M , 0 ≤ PM , 0 ≤ QM ≤ 1 ,
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(PPT-mixture) 0 ≤ NG(ρ) ≤ 1

2
(maximally GME) .
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The  Systeme+e− → tt̄Z
Consider  production at electron-positron colliders. 

Describe the kinematics by four observables 

tt̄Z



July 15, 2026 Alberto Navarro 25

Entanglement Across the Phase Space
One-to-one negativities 
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Entanglement Across the Phase Space
One-to-other negativities
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Entanglement Across the Phase Space
GMN
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Entanglement in the Inclusive Phase Space 
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Predictions for Future Colliders 
Projections for probing in two semi-inclusive regions

<latexit sha1_base64="/sy6hF/qSx1itcUTtO27sUBCt84="></latexit>

N(Z|tt̄) N(t|t̄Z) NG
significance,
luminosities σv L1σ L2σ σv L1σ L2σ σv L1σ L2σ

Unpol 1.1 6.2 24.8 1.5 3.3 13.2 0.65 19.1 76.4
Pol+ 1.0 7.9 31.7 1.4 4.1 16.4 0.57 24.6 98.4
Pol− 1.9 2.3 9.1 2.6 1.2 4.7 1.01 7.8 31.1

<latexit sha1_base64="l6J28d0Ni0p8in4M/lnamKl2UVE="></latexit>

ΣGME : | cos θZ | < 0.5 and mtt̄ < 420 GeV .

<latexit sha1_base64="z13gZzAJEK+pv7XXYuELi3dEGZk="></latexit>

Σ1|2 : | cos θZ | < 0.7 and mtt̄ < 550 GeV .
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Summary
Introduced a general framework to study multipartite entanglement in collider 
environments. 

Applied this formalism to  and showed that bi-partite and GME is 
present in certain kinematic regions. Integration over the full phase space reduces 
the entanglement significantly. Nevertheless, one can consider partially inclusive 
regions.
Possibility to extend this study to other tripartite systems or future colliders.

e+e− → tt̄Z

Thank you!
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Beam Polarization Effects
Weak dependence on beam polarizations
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Weak dependence on beam polarizations

32

Beam Polarization Effects
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Quantum Tomography
Density matrix parametrized in terms of the irreducible tensor operators

Full differential distribution described in term of spherical harmonics

Density matrix parameters extracted using the orthogonality of the spherical 
harmonics

<latexit sha1_base64="QSmd04ApJHwn86ql64zOwnN/1+0="></latexit>
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L3
Y M1
L1

(Ω1)Y
M3
L3

(Ω3) + C23
L2M2L3M3

B2
L2
B3

L3
Y M2
L2

(Ω2)Y
M3
L3

(Ω3)

+ C123
L1M1L2M2L3M3

B1
L1
B2

L2
B3

L3
Y M1
L1

(Ω1)Y
M2
L2

(Ω2)Y
M3
L3

(Ω3)

#
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L1,2 = 1, −L1,2 ≤ M1,2 ≤ L1,2, L3 = 1, 2 and −L3 ≤ M3 ≤ L3, and

B1,2
1 = 2

√
π

3 β1,2, B3
1 = −

√
2π η3 and B3

2 =
p

2π/5 (1− 3δ3)


