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Function vs Inverse Function

Function

𝑓 : 𝑋 → 𝑌

𝑋 𝑌
well-defined

𝑥1

𝑥2

𝑥3

𝑦1

𝑦2

Well-definedness is all you need. Collisions are 
allowed:

𝑓(𝑥1) ≠ 𝑓(𝑥2) ⟹ 𝑥1 ≠ 𝑥2

different parameters can produce the same observable.

Inverse Function

𝑓−1 : 𝑌 → 𝑋

𝑋 𝑌

?𝑥1

𝑥2

𝑥3

𝑦1

𝑦2

Now 𝑦1 has two preimages. Which one? You need

𝑥1 ≠ 𝑥2 ⟹𝑓(𝑥1) ≠ 𝑓(𝑥2)⏟
injective

𝑌 = 𝑓(𝑋)⏟
surjective

one observable, ambiguous parameters = degeneracy.
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What is the inverse problem?

A model is a map from parameters 𝐶 to measurements 𝐸. One triplet (𝐶,ℳ︀,𝐸) frames every inverse problem. 
[Pierre Sabatier, 2000]

𝐶 𝐸
ℳ︀
direct

ℳ︀−1

inverse

𝐶: parameters (causes) · 𝐸: measurements (effects)

Direct problem

𝑐 ∈ 𝐶 ⟶
ℳ︀

𝑒 = ℳ︀(𝑐)

“Giving ℳ︀ explicitly.”

Inverse problem

𝑒 ∈ 𝐸 ⟶
ℳ︀−1

𝑐 = ?

“Going back from 𝐸 to 𝐶.”
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A Century of Inverse Problems
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DEEP-IN Working Group
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Can one hear the shape of a drum?

A membrane Ω clamped along its rim Γ vibrates; its pure tones 𝐹 = 𝑈𝑒𝑖𝜔𝑡 are the eigenvalues of the fixed-boundary 
Helmholtz problem: ∇2𝑈 + 𝜆𝑈 = 0 in Ω,𝑈 = 0 on Γ. [Mark Kac, 1966]
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Can one hear the shape of a drum?

Not exactly, but you still hear its area, perimeter, and holes. [Gordon-Webb-Wolpert, 1992]
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So what are we doing?

The same triplet, three times. Only (𝐶,ℳ︀,𝐸) change; the inverse and its degeneracy do not. [Sabatier, 2000]

Drum
spectral geometry

SMEFT
UV → Wilson coeff.

PBH
Hawking evaporation

𝐶  · model (unknown) shape Ω UV couplings 𝒈 mass function 𝜓(𝑀)

ℳ︀ · forward map Helmholtz solve EFT matching Hawking operator

𝐸 · data tones {𝜆𝑛} Wilson coeffs 𝒄 photon spectrum 𝑆(𝐸)

Inverse · 𝐸 → 𝐶 tones → shape WC → UV spectrum → 𝜓

Degeneracy isospectral drums
degenerate UV 

completions
FSR floor
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Direct searches are limited

ATLAS Preliminary, 
√
𝑠 = 13 TeV, Run 2; representative 95% CL limits in simplified models.

What does each row 
mean?

Model

What is produced and how it decays.

Signature

What the detector sees: jets, leptons, 
photons, or missing momentum.

Mass limit

The mass range excluded at 95% CL 
for that model.

These are conditional limits, 
not universal mass bounds.

And the reach ends near the 
collision energy: heavier states are 

simply out of range.
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Effective Field Theory
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Effective Field Theory
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Integrating Out Heavy Physics

At low energy, a heavy mediator looks like a contact interaction.

𝑔2(𝑝) 1
𝑝2 +𝑚2

𝜑
⟶

𝑝2≪𝑚2
𝜑 𝐶𝑔2(𝑝)
Λ2UV

ΛUV

Effective UV scale. Sets the 
interaction strength with 𝐶.

𝑚𝜑

Mass of the heavy mediator that 
cannot be produced on shell.

𝑝2 ≪𝑚2
𝜑

The propagator becomes local and 
loses its momentum dependence.

𝑔2

𝑚2
𝜑
≈ 𝐶
Λ2UV

The UV mediator is replaced by a Wilson coefficient in the low-energy theory.
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The SMEFT model we consider

ℒ︀SMEFT = ℒ︀SM +∑
𝑖

𝐶𝑖
Λ2
𝒪︀(6)𝑖

dimension-6 Warsaw basis ·  𝑈(2)5 flavour ·  tree-level Granada matching at 𝑚𝜑 = 1 TeV ·  scalar & fermion extensions only (no heavy 
vectors)

𝑔
43 UV couplings

𝑐
39 Wilson coefficients

tree-level matching

which 𝑔? many share one 𝑐

Forward 𝑔 → 𝑐: fixed by the matching, trivial | Inverse 𝑐 → 𝑔: degenerate

Warsaw basis: Grzadkowski et al. 2010 ·  Granada: de Blas et al. 2017 ·  tree-level matching via lsme: Gargalionis et al. 2024 ·  𝑈(2)5: Greljo et al. 2022
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Wilson coefficients as monomials

𝑐 = 𝑀𝜇(𝑔)
𝑀 ∈ ℝ39×60 constant ·  𝜇(𝑔): coupling monomials, degrees 2 to 4

𝑔
43 couplings

𝜇(𝑔)
60 monomials

𝑐
39 Wilson coeff.

nonlinear linear 𝑀

Forward one matrix product | Inverse rank 𝑀 ≤ 39 < 60, so ker 𝑀 ≠ 0

Granada dictionary: de Blas et al. 2017 ·  tree-level matching via lsme: Gargalionis et al. 2024
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Matching is sparse
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Matching is effectively low-rank

EFFECTIVE RANK [Thibeault et al., Nat. Phys. (2024)]

𝑝𝑖 = 𝜎𝑖/∑
𝑗
𝜎𝑗

𝑟eff = exp(−∑
𝑖
𝑝𝑖 ln 𝑝𝑖)

𝑟eff ≈ 17.6

rank 𝑀 = 39, but dimker𝑀 = 21 leave no 
trace.
𝜎 spans 16.3 → 0.18: only ∼ 18 directions 
are effectively constrained.
Inverse is doubly hard: hard null space + 
soft tail.
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What cannot be seen

NULL SPACE dimker𝑀 = 21

The unrecoverable directions split into 
structured + dispersed:

4
ℬ︀0 = {𝜆𝑆, 𝜅𝑆3 , 𝜆Ξ, 𝜆Ξ1}: each 𝑔2𝑎 leaves 
no WC trace (zero diagonals).

7
𝐶𝜑 narrow row: 8 monomials (incl. 
𝜆2Θ1 , 𝜆

2
𝜑) feed one WC → 7 indifferent 

directions.

10
dispersed redundancies: over-fed WCs, 
no single-monomial reading.

4 + 7 + 10 = 21

No measurement of 𝑐 resolves these 
directions. This is the degeneracy.
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The linear ceiling: BLUE

Best Linear Unbiased Estimator

𝜇̂ = 𝑀+𝑐
Moore-Penrose pseudo-inverse: no linear unbiased estimator beats its per-monomial 𝑅2. [Penrose 1955; Gauss-Markov: Christensen 2011]

26/60 reach 𝑅2 ≥ 0.95 ·  24/60 have 𝑅2 < 0 ·  escape needs a nonlinear or biased estimator
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The scale problem

Per-WC 𝜎𝑤 spread: 310 × (raw) → 139 × (signed-log)

ℒ︀MSE =
1
𝑁
∑
𝑤
(𝑐𝑤 − 𝑐𝑤)

2

loud WCs dominate, quiet informative ones ignored

ℒ︀vw =∑
𝑤
𝜔̃𝑤(𝑐𝑤 − 𝑐𝑤)

2

𝜔̃𝑤 = (𝜎̂2𝑤 + 𝜏)
−𝑝/∑

𝑤′
(𝜎̂2𝑤′ + 𝜏)

−𝑝

normalized inverse-variance weights (𝑝 = 0.5): every WC weighs equally
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Variance weighting rescues quiet WCs

LOUD WC 𝐶(1)𝑞𝑢𝑞𝑑, 𝜎𝑤 ≈ 1.4

MSE 𝑅2 = 1.00 ≈ VW 𝑅2 = 1.00

loss choice: no effect

QUIET WC 𝐶(1)𝑞𝑞 , 𝜎𝑤 ≈ 0.01

MSE 𝑅2 = 0.85 → VW 𝑅2 = 1.00

loss choice: decisive

Variance weighting bites only where the scale gap 
does: the quiet WCs.
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But the inverse?

Well-recovered loud, 𝜎𝑤 ∼ 0.8

High-variance couplings recover cleanly, 𝑅2 ≈ 0.99 .

Degenerate quiet, 𝜎𝑤 ∼ 0.06

The MLP collapses to ≈ 0, worse than the mean:

𝜅Ξ 𝑅2 = −1.5 𝑦𝑞𝑞𝜔1  𝑅
2 = −1.4

VW loss fixes the scale, but a plain MLP cannot resolve 
the degenerate directions. → a new architecture is 
needed.
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The PLEX architecture

Piecewise-Linear Embedding × Cross-Attention (X)
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Two ingredients

Piecewise-Linear Embedding [Gorishniy et al. 2022]

A raw scalar gets only one linear projection: the 
tabular bottleneck of Transformers.
PLE lifts each coupling into a per-feature ReLU(𝑔𝑖 − 𝑏𝑘) 
basis, a rich token, reaching GBDT-level accuracy.

Learnable WC queries [Carion et al. 2020, DETR]

A shared MLP head makes all WCs compete in one 
pooled representation.
Instead, one learnable query per WC: each attends 
only to its sparse sector of 𝑀  (≤ 10 monomials/WC).
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Forward: both nice, PLEX sharper

Both near-exact (MLP 0.999, PLEX 0.9999), yet PLEX cuts per-WC error ∼ 10–50 ×.
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Inverse: clearly different
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Better reconstruction, still not enough
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Null-Aware Gauss-Newton

01 Train and freeze the forward surrogate

𝑓𝜃 : 𝑔 → 𝑐, 𝑓𝜃 ≈ℳ︀

02 Initialize with the inverse model

𝑔0 = ℎ𝜑(𝑐) ∈ ℳ︀−1(𝑐)

03 Null-aware spectral update

𝛿𝑡 = 𝑉 diag( 𝜎𝑘
𝜎2𝑘 + 𝜆

)𝑈𝑇 𝑟̃𝑡, 𝛿𝑡 ← 𝛿𝑡 ⋅ min(1,
𝜏

‖𝛿𝑡‖∞
)

𝑔𝑡+1 = max(𝑔𝑡 − 𝜂𝛿𝑡, 0)

where

𝑟𝑡 = 𝑓𝜃(𝑔𝑡) − 𝑐, 𝐽𝑡 = (𝜕𝑓𝜃/𝜕𝑔) |𝑔𝑡 , 𝑟̃𝑡 = 𝑊 1/2𝑟𝑡, 𝐽𝑡 = 𝑊 1/2𝐽𝑡 = 𝑈Σ𝑉 𝑇

𝑊 : diagonal inverse-variance weighting in WC space. Small 𝜎𝑘 directions receive vanishing spectral weight.
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NAGN refines without drifting
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NAGN lifts the inverse
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NAGN nails reconstruction
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Refinement amplifies the surrogate

Refining against its own biased forward, MLP+TTR drops below its init (0.959 → 0.935); PLEX+TTR, against a faithful surrogate, rises 
(0.988 → 0.999). The basin selector matters as much as the refinement.
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Reconstruction solved, UV capped

NNLS: non-negative least squares, a sign-constrained linear baseline. [Lawson & Hanson 1974]
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What solved the SMEFT inverse?

A good basin selector + a good refinement

01

Basin selector

PLEX inverse + VW loss

Selects a strong initial UV basin. It does not pretend to 
identify the null directions.

→

02

Null-aware refinement

NAGN: Jacobian filter + trust region

Refines only identifiable directions and keeps the 
surrogate bounded.

RAW UV 𝑅2

0.856 → 0.865 + ROUND-TRIP 𝑅2

0.989 → 0.999

The null space is not removed. The method stops forcing an answer where the data are silent.
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Primordial Black Holes

NOT COLLAPSED STARS

Origin: gravitational collapse of large 
density fluctuations in the early 
universe, not stellar death.

Mass function: a full distribution 𝜓(𝑀) 
set by the formation model, not a 
single stellar mass scale.

Dark matter: a leading candidate 
across a wide mass window.

[image: Science Tokyo]
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Hawking Radiation

Hawking radiation is thermal emission at 𝑇𝐻 ∝ 1
𝑀 , filtered by greybody factors.

Particles lighter than 𝑇𝐻  are emitted, then decay and hadronize into secondary photons.
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Extended Mass Functions

Log Normal

𝜓(𝑀|𝜎,𝑀𝑐) =
1√
2𝜋𝜎𝑀

exp(−ln
2(𝑀/𝑀𝑐)
2𝜎2

)

Critical Collapse

𝜓(𝑀|𝛼,𝑀𝑓) =
𝛼2𝑀𝛼

𝑀1+𝛼
𝑓 Γ(1/𝛼)

exp
(
−( 𝑀

𝑀𝑓
)
𝛼

)


(Smooth) Power Law

𝜓(𝑀|𝑀min, 𝛼, 𝛽)

= 𝛽𝑀𝛼−1
min

Γ((𝛼 − 1)/𝛽)
𝑀−𝛼 exp(−(𝑀min

𝑀
)
𝛽

)
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The Hawking operator

𝑆(𝐸) = ℌ[𝜓](𝐸) = ∫
𝑀max

𝑀min

d2𝑁 sec
𝛾

d𝐸d𝑡
𝜓(𝑀)d𝑀

𝜓(𝑀)

ℌ

⇨

𝑆(𝐸)
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Operator Learning

[Lu et al., Nat. Mach. Intell. (2021)]

Consider an operator 𝐺 : ℱ︀ → 𝒢︀, where 𝑓(𝑥) ∈ ℱ︀  and 𝑔(𝑦) ∈ 𝒢︀ are functions.
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GLAON

GLAON (GLA + Operator Network)
: Gated Linear Attention encoder

+ Transformer decoder

[Gated Linear Attention: Yang et al., ICML (2024)]
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Dataset: Generalized Beta Prime

Stacy: combine known mass functions

𝜓Stacy =
|𝛽|

𝑀𝑠 Γ(𝛼)
(𝑀/𝑀𝑠)

𝛼𝛽−1 exp(−(𝑀/𝑀𝑠)
𝛽)

GBP: Stacy + evaporation tails

𝜓GBP =
𝛽

𝑀𝑠𝐵(𝛼, 𝛾)
(𝑀/𝑀𝑠)

𝛼𝛽−1[1 + (𝑀/𝑀𝑠)
𝛽]
−(𝛼+𝛾)

both tails power-law, 𝜓 ∝ 𝑀𝛼𝛽−1 & 𝑀−1−𝛽𝛾 ; Stacy = 𝛾 → ∞ limit
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Forward results

Log Normal
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Forward results

Critical Collapse
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Forward results

Smooth Power-law
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Forward performance
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Inverse results

Log Normal
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Inverse results

Critical Collapse
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Inverse results

Smooth Power-law
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Degeneracy: FSR floor
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Degeneracy: accurate reconstruction
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Why not just refine like SMEFT?
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DeCLA: UQ on the decoder manifold

Decoder-manifold Constrained Laplace Approximation

01 Decoder-manifold MAP

𝜓(𝑚) = 𝐷𝜑(𝑚), 𝑚0 = 𝐸𝜑(𝑆obs)

𝛿 = argmin
𝛿

‖ℌ𝜃(𝐷𝜑(𝑚0 + 𝛿)) − 𝑆obs‖
2

2
+ 𝜆‖𝛿‖22

𝑚̂ = 𝑚0 + 𝛿

𝜓 = decoder output

Encoder sets the initial 𝑚0

MAP fits 𝑆obs

02 Rank-truncated Laplace in memory space

𝐽𝑚 =
𝜕(ℌ𝜃 ∘ 𝐷𝜑)

𝜕𝑚
|𝑚̂ = 𝑈Σ𝑉 𝑇

𝐶𝑚 = (𝜆𝐼 + 𝐽𝑇𝑚𝐽𝑚/𝜎2𝑛)
−1

𝑚̃(𝑘) = 𝑚̂ + 𝑉𝑟(𝜆𝐼 + Σ2𝑟/𝜎2𝑛)
−1/2𝜀(𝑘), 𝜀(𝑘) ∼ 𝒩︀(0, 𝐼𝑟)

Curvature 𝐽𝑚 → posterior width

Keep top-𝑟 directions

Sample latent 𝑚, not 𝜓

03 Decode and refine each draw

𝑚(𝑘)
∗ = argmin

𝑚
‖ℌ𝜃(𝐷𝜑(𝑚)) − 𝑆obs‖

2

2
+ 𝜆‖𝑚− 𝑚̃(𝑘)‖2

2

𝜓(𝑘) = 𝐷𝜑(𝑚(𝑘)
∗ ), 𝑘 = 1,…,𝐾

Re-fit each draw near 𝑚̃(𝑘)

Every 𝜓(𝑘) stays smooth

Ensemble → uncertainty band
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DeCLA, the idea in pictures
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DeCLA Results
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DeCLA Results
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How we approach the PBH inverse

Plain TTR wiggles → stay on the manifold + quantify the rest

01

Decoder manifold

𝜓 = 𝐷𝜑(𝑚)

Every draw is a decoder output, so 𝜓 stays a smooth, 
plausible function, no pointwise wiggles.

→

02

Constrained Laplace UQ

DeCLA: latent Laplace + refine

Samples and refines in latent memory, then decodes an 
ensemble, a band where the FSR floor leaves 𝜓 

unresolved.

NAIVE TTR

wiggly 𝜓(𝑚𝑖), fits data not physics → DeCLA

smooth 𝜓 ensemble with honest band

The FSR floor is not removed. DeCLA reports a band instead of forcing one 𝜓 where the data are silent.
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Summary

My Webpage

Degeneracy forces a bias. Every inverse problem is a triplet (𝐶,ℳ︀,𝐸) with a built-in 
degeneracy (isospectral drums, the SMEFT null space, the PBH FSR floor). There the data 
are silent, so a bias (prior) is required to answer at all.

SMEFT (𝑐 → 𝑔), a data-driven bias: NAGN refines only the identifiable directions and holds the null 
space at the learned inverse’s prior, a biased point estimate.

PBH (𝑆(𝐸) → 𝜓), a manifold bias: DeCLA confines 𝜓 to the learned decoder manifold (plausible mass 
functions) and reports the residual uncertainty as a band on it.

Takeaway. A bias is unavoidable, so make it physically meaningful, and stay honest about what the 
data cannot decide.
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