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Outline

Inverse Problems
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Function vs Inverse Function

Function
f: X—>Y

X Y

well-defined

Well-definedness is all you need. Collisions are
allowed:

f(z1) # f(z9) = 21 # 29

different parameters can produce the same observable.
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Inverse Function

1Yy - X

Now y, has two preimages. Which one? You need

T) #F z9 = f(z1) # f(2) Y = f(X)

injective surjective

one observable, ambiguous parameters = degeneracy.
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What is the inverse problem?

A model is a map from parameters C' to measurements E. One triplet (C, M, E) frames every inverse problem.
[Pierre Sabatier, 2000]

D>
direct
inverse

M—l

C: parameters (causes) - E:measurements (effects)
Direct problem Inverse problem
M M1
ceC — e=M(c) ec E — c¢c=7
“Giving M explicitly.” “Going back from E to C."
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A Century of Inverse Problems

A Century of Inverse Problems

From Abel (1826) to a discipline of its own - Sabatier (2000), “Past and future of inverse problems”

@ Foundations Exact analysis Applied / numerical @ Inverse methods @ Field-building
Abel Gelfand-Levitan Kac Backus-Gilbert Inverse Problems
First well-defined inverse Exact potential recovery "Can one hear the shape of Information content & The subject becomes its own
problem from the spectrum a drum?” resolving length discipline

1902 1967

Hadamard Tikhonov IST (GGKM) Calderon
Well-posedness: existence, Regularization of ill-posed Inverse scattering solves Inverse conductivity via
unigueness, stability problems KdV; integrable systems Dirichlet-to-Neumann map
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DEEP-IN Working Group

¥ DEEP-IN SCIENGE

Facilitators

Members

RA B

CONCEPT

learning for |Nverse problems ( )” in Sciences Working Group

The essence of discovery in sciences has always been rooted in the reverse engineering of natural phenomena and observational data. This
paradigm of deducing the underlying laws of nature from observable outcomes forms the cornerstone of our scientific inquiry. The DEEP-IN
working group is established with the recognition that the elucidation of such complex phenomena demands a fusion of physics

insights and advanced deep learning methodologies.

In response to the evolving landscape of scientific research, our objective is to integrate cutting-edge deep learning techniques, alongside
generative models and other advanced statistical learning methods, into the toolkit of scientists.

The DEEP-IN working group at RIKEN-ITHEMS is dedicated to creating an interdisciplinary platform that harnesses the transformative
potential of artificial intelligence(Al). This platform is designed to tackle inverse problems that span a diverse spectrum of sciences, from

biology to physics and more in the future.
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Can one hear the shape of a drum?

A membrane Q clamped along its rim T vibrates; its pure tones F' = Ue™* are the eigenvalues of the fixed-boundary
Helmholtz problem: V2U + AU =0 in Q,U = 0 on T'. [Mark Kac, 1966]

CAN ONE HEAR THE SHAPE OF A DRUM?

Forward is a solvable Laplace problem, but can the inverse be solved?

(@ Forwrp: sowve | (@ THE SOUND &

1

> V'U+XU=0 _> A < A2<)\3<...F_>

O INVERSE: 27?7 )

&~ -
hear the tones,
recover the shape?

e

— —
-

well-posed
Laplace problem ) )

fixed edge:
U=0on I @ solvable +h§op: rﬁexnes well-posed? unknown
< St i AT -
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Can one hear the shape of a drum?

Not exactly, but you still hear its area, perimeter, and holes. [Gordon-Webb-Wolpert, 1992]

= S0, CAN YOU HEAR THE SHAPE? =

No, not the exact shape — but you do hear a lot
(€ You CAN HEAR )

@ You CaNNoT HerR \‘ @ THE VERDICT W

f )

>> same Ssound, different shape “NO - shape is not u nigue !
@ but you DO hear:
_ ) A = e area
| perimeter perimeter
Ao IR
v/ number of holes TR T B g e o holes
the spectrum fixes these isospectral pair uniqueness fails, invariants survive

L —_— J L (Gordon-Webb-Wolpert, 1992) J J
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So what are we doing?

The same triplet, three times. Only (C, M, E) change; the inverse and its degeneracy do not. [sabatier, 2000]

Drum SMEFT
spectral geometry UV — Wilson coeff.
C - model (unknown) shape UV couplings g
M - forward map Helmholtz solve EFT matching
FE - data tones {\,,} Wilson coeffs ¢
Inverse- £ — C tones — shape WC — UV

degenerate UV

Degeneracy isospectral drums .
completions
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PBH

Hawking evaporation
mass function (M)
Hawking operator
photon spectrum S(FE)

spectrum —

FSR floor
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Outline

Inverse Problem on SMEFT
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Collaborated with

Q‘L(PHO):Z‘-

8= agenL,

Alvaro Pastor Gutiérrez Lingxiao Wang Victor Maura
RIKEN iTHEMS RIKEN iTHEMS & UTokyo King's College London
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Direct searches are limited

ATLAS SUSY Searches* - 95% CL Lower Limits

ATLAS Preliminary

July 2019 Vs=13TeV
Model Signature  [Lat [ Mass limit Reference
T T T —— T T T —
33, G—qt] Oept 26jets  EM 361 [[@BXEXDegen] 0.9 1.55 m(F})<100GeV 1712.02332
& mono-jet  1-3jets EP 361 G [1x,8x Degen] 0.43 0.71 m(7)-m{F1)=5GeV 1711.03301
2 o0t Oe.p 2-6jets  EP™ 361 |Z m(i})<200GeV 1712.02332
% z Forbidden 0.95-1.6 m(¥})=900 GeV 1712.02332
&z goqaoOV Sep 4jets 3.1 |& 1.85 m(i}) <800 Gev 1706.08731
[ et 2jets  EP™ 361 g 1.2 m(g)-m(¥1)=50 GeV 1805.11381
3 FoaqWZE] Oecp  7-1ljets EP™ 361 |2 18 m(T) <400 GeV 1708.02794
3 SSeu  6lets 139 [z 115 m(z)}-m(¥})=200 GeV' ATLAS-CONF-2019-015
<
= gt 0-1eu 3b Ef™ 798 | & 225 mF})<200 GeV ATLAS-CONF-2018-041
SSe.n 6 jets 139 | & 1.25 m(g)-m(F})=300 GeV ATLAS-CONF-2019-015
byby, by —b¥) 110} Multiple 361 b 0.9 m(¥})=300GeV, BR(bY, 1708.09266, 1711.03301
Multiple 36.1 by 0.58-0.82 m(¥)=300 GeV, BR(6Y})=BR(t¥})=0. 1708.09266
Multiple 139 [ By 074 m(T)=200 GeV, m(¥{)=300 GeV, BR(tF{)=1 ATLAS-CONF-2019-015
o DibiBiobTs - bt} Oc.u 6b  EPS 139 | Forbidden 0.23-1.35 AmEES. 2 SUSY-2018-31
<S8 b 0.23-0.48 Ami SUSY-2018-31
5=
g§ i, i Wb or 28] 02ep 02jets/1-2bEP™ 361 | 1.0 mEE)=1 Gev 1506.08616, 1709.04183, 1711.11520
: g iy, o WbY, leu  Bjetsitb EP™ 139 i 0.44-0.59 m(¥})=400 GeV ATLAS-CONF-2019-017
S5 hi.ii=Tiby, T—1G Tr+lept 2jets/th EP™ 361 i 1.16 1803.10178
= L ook /e ol Oep 2¢  EMe 361 |z 0.85 1805.01649
S i 0.46 1805.01649
Oep mono-jet  EF 36.1 i 0.43 m(f, &-m(¥})=5GeV 1711.03301
by, hoh +h 1-2ep 4b EPS 361 B 0.32-0.88 m(E!)=0 GeV, m(7, )-m(¥})= 180 GeV 1706.03986
fsiy +Z 3ep 1b Eps 139 | & Fe 0.86 m(P)=360GeV, m(7,)-m(¥})= 40 GeV ATLAS-CONF-2019-016
B viawz 23epu EPs 361 if/)?‘?: 0.6 m(¥)=0 14035294, 1806.02293
ee, >1 EpS 139 Pt 0.205 m(Et)-m(i))=5 GeV ATLAS-CONF-2019-014
XX viaww 2eq EPs 439 | & 0.42 m(E))=0 ATLAS-CONF-2019-008
TS via wh O-1ep  2b2y EMS 139 | ¥/ Forbidden 0.74 m(i%)=70 GeV | ATLAS-CONF-2019-019, ATLAS-CONF-2019-XYZ
= Q Ui vialy 2epu Eps 39 [ 1.0 m(Z,7)=0.5(m (¥} )+m(E}) ATLAS-CONF-2019-008
WS s 7ok 27 EPs 139 | [FL.fRL) 0:16:0:31 0.12-0.39 m(E)=0 ATLAS-CONF-2019-018
Iirlig, e8] 2ep Ojets EPS 439 |7 0.7 m(E)=0 ATLAS-CONF-2019-008
2epu > EPS 139 |7 0.256 m(?)-m(F})=10 GeV ATLAS-CONF-2019-014
Oep >3h Eps 361 i 0.13-0.23 0.29-0.88 BR(Y) — hG; 1806.04030
dep Ojets  EF™ 361 i 0.3 BR( — Z 1804,03602
E o Direct¥1¥] prod., long-lived ¥} Disapp. trk 1 jet Eps 364 iI 0.46 Pure Wino 1712.02118
=3 X 015 Pure Higgsino ATL-PHYS-PUB-2017-019
2 ‘g Stable  R-hadron Multiple 361 |# 2.0 1902.01636,1808.04095
S 2 Metastable z R-hadron, g—qqt} Multiple 361 |& @ =10ns 02ns] 2005 2.4 m(E)=100 GeV 1710.04901,1808.04095
LFV pp—¥r + X. vr—ep/et/ut et 32 |% 1.9 Ay=011, Arsajuasana=0.07 1607.08079
TERTIXS - wwyzeeeew dep Ojets  EPS 361 |ERIENEOEIE0] 0.82 1.33 m(¥})=100 GeV 1804.03602
22 g—aa¥, ¥} - qqq 45 large-R jets 36.1 | [m(¥})-200 GeV, 1100 GeV] 13 1.9 ) Large 47,, 1804.03568
Q>. Multiple 36.1 & [4,=2e-4, 2e-5] 1.05 2.0 m(E!)=200 GeV, bino-like ATLAS-CONF-2018-003
(SN N Multiple 361 |& [p,=2ed 1e2] 0.55 1.05 m(¥})=200 GeV, bino-like ATLAS-GONF-2018-003
Rify, fi—bs 2jets+2b 36.7 | NENGaNEs) 0.42 061 1710.07171
A, i—gl 2ep 2h 31 | & 0.4-1.45 BR(7, —be/by1)>20% 171005544
1p DV 136 | & [e10<d, <1e8 3e-10< A, <3e-9] 1.0 1.6 BR(7;—qu)=100%, cos6,=1 ATLAS-CONF-2019-006
L s N N | N . s P
*Only a selection of the available mass limits on new states or 107! 1 Mass scale [TeV]

vn. M.

phenomena is sho
f. refs. for the

simplified model:

ny of the limits are based on
assumptions made.
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What does each row
mean?

Model

What is produced and how it decays.

Signature

What the detector sees: jets, leptons,
photons, or missing momentum.

Mass limit

The mass range excluded at 95% CL
for that model.

These are conditional limits,
not universal mass bounds.

And the reach ends near the
collision energy: heavier states are
simply out of range.
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Effective Field Theory

= WHY LOOK INDIRECTLY? =

No new particles yet, so read their low-energy imprint

X ~ Lambda
N
A A

no new states
since 2012 Higgs

Direct: make it !
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4

Observable

@ Indirect: feel it \)

faint imprint
of heavy %

N O {

|
|
\ \
!
|

5

~
el

Energy E

Precision
measurement
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—
@ One common |an3uage

UV theory

UV theory

*

UV theory

~

model-independent
\:

[SMEFT]

/ syste ma.tqcally

improvable
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Effective Field Theory

> WHAT 1S AN EFFECTIVE FIELD THEORY?.

Low-energy physics without the full high-energy theory N

energy

@ Two separated scal

heavy

new physics
~ Lambda

out of

direct reach =4

our

experiments,
E << Lambda

es

=

S
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@ Integrate out &
heavy modes

heavy line
shrinks to
a poirﬁ'

4,
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Legr = Ligw +

ordered by dimension = relevance

¢; O; many UV theories, one EFT
An.
same
operator
form
(E/ Lambda)n
: smaller
unknown physics
lives in the ¢;

@ Model-independen’rw

_J
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Integrating Out Heavy Physics

At low energy, a heavy mediator looks like a contact interaction.

2 2
p<my, 0 ( )
02 (p)—— s
2 2 2
p* +m; Aty
2 2
Ayy m, p* K< mg,
Effective UV scale. Sets the Mass of the heavy mediator that The propagator becomes local and
interaction strength with C. cannot be produced on shell. loses its momentum dependence.
g C
2 Moo
mi  Agy

The UV mediator is replaced by a Wilson coefficient in the low-energy theory.
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The SMEFT model we consider

Lsyerr = Lov + Z FQ;( )

dimension-6 Warsaw basis - U(2)° flavour - tree-level Granada matching at m, =1TeV - scalar & fermion extensions only (no heavy
vectors)

tree-level matching

9 Y C

43 UV couplings  °*

"--.........---"" 39 Wilson coefficients

which g? many share one ¢

Forward g — c: fixed by the matching, trivial | Inverse ¢ — g: degenerate

Warsaw basis: Grzadkowski et al. 2010 - Granada: de Blas et al. 2017 - tree-level matching via lsme: Gargalionis et al. 2024 - U(2)®: Greljo et al. 2022
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Wilson coefficients as monomials

c = Mu(g)

M € R39%60 constant - u(g): coupling monomials, degrees 2 to 4

nonlinear linear M
g > 14(9) > C
43 couplings 60 monomials 39 Wilson coeff.
Forward one matrix product | Inverse rank M < 39 < 60, so ker M + 0

Granada dictionary: de Blas et al. 2017 - tree-level matching via lsme: Gargalionis et al. 2024
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Matching is sparse o R

Cop
1Css
(C1es
iC.eket |
[c%]aa I
[C%as

[Coulss H BN

[Cl1sa3s . . i p

[Coudlas ||
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[ |
|
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Matching is effectively low-rank

EFFECTIVE RANK [Thibeault et al., Nat. Phys. (2024)]

101 L

100}

Tae-Geun Kim (£ %)

10

15

20 25
index

PARTIQAL 2026

30

35

p; :Ji/zaj
J

Teff = €XP (— ZP@' lnpi)
i

[ r ~ 17.6 }

® rank M = 39, but dim ker M = 21 leave no
trace.

® o spans 16.3 — 0.18: only ~ 18 directions
are effectively constrained.

e Inverse is doubly hard: hard null space +
soft tail.
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What cannot be seen

NULL SPACE dimker M = 21

The unrecoverable directions split into
structured + dispersed:

@ By = {Xs, ks, A=, Az, }: each g2 leaves
no WC trace (zero diagonals).

C,, narrow row: 8 monomials (incl.
2o, A2) feed one WC — 7 indifferent
directions.

null vector index

dispersed redundancies: over-fed WCs,
no single-monomial reading.

44+7+10=21

No measurement of ¢ resolves these
directions. This is the degeneracy.
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The linear ceiling: BLUE

Moore-Penrose pseudo-inverse: no linear unbiased estimator beats its per-monomial R?. [Penrose 1955; Gauss-Markov: Christensen 2011]

A=Mte |

Best Linear Unbiased Estimator

T

A2 >0.95
0 < R?<0.95
B A2 <0
Bo-diagonal g2

26/60 reach R? > 0.95

Tae-Geun Kim (£ #Fi1E)

24/60 have R? < 0
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escape heeds a nonlinear or biased estimator

Neural Inverse Problems and Degeneracy



The scale problem & R

[Clsass
[Cg;)]saas
[Césu)]ssas

c,t
Py Per-WC o, spread: 310 x (raw) — 139 x (signed-log)
[Cgéu]saas 3
[Clyleass |

8) b
[Cf,.,qd] 3333

[Coalas 1

[Cledglasss |

b N 2

[Clialsass E - _

s} MSE — E (Cw — Cu)

[Coelsa N

[Ce,laa

[Coulss

[Coudles

- loud WCs dominate, quiet informative ones ignored

[Cgelsaas

[Cle]CiC!CZS
C.o

[Calasss

[c/U}SCiSS £ ~ A 2
[couSSSS p— —
w

[Cealazss

[Ceulssas

[Claleaan

[Cllso

1Css 2 —Pp 2 -p

(3) ~ _ A A

(o @, = (62+7) "/ E (62, +71)

[Ciasas /

[Ciasas

[C{asss ] 2 ] g . . g

(€ o normalized inverse-variance weights (p = 0.5): every WC weighs equally
Conf

[Coloasf ——=*

[Cilassf —®

Ow
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Variance weighting rescues quiet WCs b R

quiet WC (o, ~ 0.0097)

plain MSE variance-weighted
or [R2 = +1.00 / 1 o [R?=+1.00 / 1
1 o q 1 / 4
g 0 V4 . 4
5 //’ /./
=3 g
“
8 -3 -3 ‘/
° %
2
2
B a4t 4 y
@ »
e 4
_s5 -5
_6 —6
6 5 4 ‘3 2 1 0 6 5 ‘4 ‘3 2
1 1
true [Cgu)qdlssas true [C‘(,L,)qd]aws
R? =+0.85 R? = +1.00
0.04 0.04
0.03 0.03 &
8 »°
3 po
< »
c§ f
O oF
—  0.02 0.02 ‘/
g F
5 g
i+]
g 0.01 './ % 0.01 /
% &
0.00 ¥ 3 0.00 /(
7 //
$ /
0.01 /. L L L L L 0.01 K// ' L ' L L
—0.01 0.00 0.01 0.02 0.03 0.04 0.01 0.00 0.01 0.02 0.03 0.04
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Loubwe ¢! o, ~1.4

quqdr
MSE R2 =1.00 ~ VW R? =1.00

loss choice: no effect

QUIETWC ) &

qq 1Y u

MSE R? = 0.85 — VW R? =1.00

, ~ 0.01

loss choice: decisive

Variance weighting bites only where the scale gap
does: the quiet WCs.
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But the inverse?

well-recovered (o, ~ 0.81)
predicted y,.q

degenerate (o, =~ 0.066)
predicted «

R? = +0.99
251
20
34 &,
15 o
b
4 %
g oF e
L /}‘ ot /l/
0.0 05 10 15 20 25 0.0 [ 10 15 20 25
true y,q true ..
0.20 |- RZ =_-157 0.20 |- F|‘2 ~_-1.33
0.10
005
- DD HEDSIEET 10BN WD BED ® & WE B B R L ——
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0.10
true k=

o.10
true Yoqu,
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Well-recovered Ioud, o, ~ 0.8

High-variance couplings recover cleanly, R2 ~ .99 .

Degenerate quiet, o, ~ 0.06

The MLP collapses to ~ 0, worse than the mean:

ke RZ2=—1.5 R2=-14

yqu1

VW loss fixes the scale, but a plain MLP cannot resolve
the degenerate directions. — a new architecture is
needed.
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The PLEX architecture

/ e %
UV couplings

9

9>

Ium

Tae-Geun Kim (£ %)

[. !.

Piecewise-Linear Embedding x Cross-Attention (X)

:

.
-

2

. g N
/_ Piecewise-Linear \ Transformer Encoder
Embedding
RelU(x-1;) S g
: Multi-Head
‘: — € Self-Attention
Lo AR v
ReLU(x-1,) e, [ Add&Nom |

{ Feed Forward ]

RelU(x-1)
. ([ Add&Norm |
[ M Ex
Tk e l
i O S
PARTIQAL 2026

Cross-Attention
Decoder

Multi-Head
Cross-Attention

[ Add&Norm |
l Feed Forward

V,

Learnable WC queriesj

Neural Inverse Problems and Degeneracy

Wilson
coefficients

ﬂa

E
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Two ingredients

ReLU(g; — by) ein RK token z; in R¢
" .

— @ 0

y [ )

— | ||

2 — - aiOhnd!

. L
== . e
by b, by D; (positional) :

— @ O

_4 S Ne—

Each scalar coupling becomes a rich per-feature token

Piecewise-Linear Embedding [Gorishniy et al. 2022]

e Araw scalar gets only one linear projection: the
tabular bottleneck of Transformers.

e PLE lifts each coupling into a per-feature ReLU(g, — b;.)
basis, a rich token, reaching GBDT-level accuracy.
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One query per WC, attending to a sparse subset of UV tokens

Learnable WC queries [Carion et al. 2020, DETR]

® A shared MLP head makes all WCs compete in one
pooled representation.

e Instead, one learnable query per WC: each attends
only to its sparse sector of M (< 10 monomials/WC).
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inverse R? (per UV, VW loss)
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Inverse: clearly different
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Null-Aware Gauss-Newton

01 Train and freeze the forward surrogate

fgig—>C, fH%M

02 Initialize with the inverse model

g0 = hy(c) € M7 (c)

03 Null-aware spectral update

g T
5, =V di  _|\UTF, b, 6, -min| 1, ——
'f lag(aiJr)\) Mo % tmm( ||5t||oo>

gt11 — max(gt — 1y, 0)

where
Tt = f9<gt) - C’ Jt = (afe/ag> |gt7 %t — W1/2Tt, jt == W1/2Jt = UEVT

W diagonal inverse-variance weighting in WC space. Small o, directions receive vanishing spectral weight.
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NAGN refines without drifting

(a) physical reconstruction
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(b) boundedness
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NAGN lifts the inverse
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Refinement amplifies the surrogate

Refining against its own biased forward, MLP+TTR drops below its init (0.959 — 0.935); PLEX+TTR, against a faithful surrogate, rises

Tae-Geun Kim (£ #Fi1E)

1.00 0.9987
0.99¢ 0.988
0.98}
[aY)
T o907t
c
S
°©
2
@ 0.961
c
o
(&]
o
095/
0.94+
0.931
MLP (own forward)
-@- PLEX (own forward)
0-92 neural init + NAGN (TTR)

(0.988 — 0.999). The basin selector matters as much as the refinement.
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Reconstruction solved, UV capped

(a) UV space: raw-UV R? (b) reconstruction: recon R?
' ‘ l ‘ I +0.é389 +0.999

1.0

+0.856 +0.865

BLUE NNLS PLEX PLEX + NAGN BLUE NNLS PLEX PLEX + NAGN

NNLS: non-negative least squares, a sign-constrained linear baseline. [Lawson & Hanson 1974]
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What solved the SMEFT inverse?

A good basin selector + a good refinement

( )
Basin selector Null-aware refinement
—
PLEX inverse + VW loss NAGN: Jacobian filter + trust region
Selects a strong initial UV basin. It does not pretend to Refines only identifiable directions and keeps the

identify the null directions. surrogate bounded.

. J/
RAW UV R? ROUND-TRIP R?
0.856 — 0.865 + 0.989 — 0.999

The null space is not removed. The method stops forcing an answer where the data are silent.
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Outline

Inverse Problem on PBH
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Collaborated with

Jeonghwan Park Min Gi Park Yeji Park

Yonsei University Yonsei University CTPU, IBS

Hyunjoo Jung Seong Chan Park

Yonsei University Yonsei University & KIAS
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Primordial Black Holes

NOT COLLAPSED STARS

N
A

}:f B ° Origip: gravitatif)nal .collapse of large
o density fluctuations in the early
i Energy fluctuations immediately universe, not stellar death.
= after the birth of the universe
‘10 billion years ‘ 0.1 ms e Mass function: d fU” diStribution ¢(M)
set by the formation model, not a

single stellar mass scale.

e Dark matter: a leading candidate
across a wide mass window.

Black hole Primordial black hole [image: Science Tokyo]
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Hawking Radiation

e Hawking radiation is thermal emission at T}, % filtered by greybody factors.

e Particles lighter than T}, are emitted, then decay and hadronize into secondary photons.

Mass Function] Primary Spectrum ] Secondary Spectrum
Y(M) J d’NPt [ dEdt J d’Ns* /dEdt
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Extended Mass Functions

Log Normal Critical Collapse (Smooth) Power Law
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The Hawking operator
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Operator Learning

[Lu et al., Nat. Mach. Intell. (2021)]

e Consider an operator G : F — G, where f(x) € F and g(y) € G are functions.

Discretized Input Function

{f($3)|z =1,2,-- G‘[Branch Net
Query Point
-[ Trunk Net

PARTIQAL 2026

Mapped Function
at Query Point

a(y) = G(H()

Tae-Geun Kim (£ %) Neural Inverse Problems and Degeneracy 43 /62




Decoder

Add & Norm

Feed Forward
4

GLAON (GLA + Operator Network) - l;:Add & Norm je—
: Gated Linear Attention encoder Multi—HeaiJ

Attention
+ Transformer decoder —— P : XLz

Ly x GLA Add & Norm
[Gated Linear Attention: Yang et al., ICML (2024)] Block

} Multi-Head

RMSN Attention
orm

. 1

—_—

' Positional -
(e P By |

P Em
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Dataset: Generalized Beta Prime

Y(M) [97]

Tae-Geun Kim (£ %)

Stacy: combine known mass functions

A0 (a0, exp(~ 1/ 01,)°)

wStacy = M F(O{)
s

10714 .
10715
10— 18
10— 17
10718
1071
1072

1072 |

0—22 L

1013

105 10'® 10"7 108

Mgl

10"
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GBP: Stacy + evaporation tails

B

" . —(a+y)

(M/M)* 1+ (M/M,)"]

both tails power-law, 1) o< M*5~1 & M~1=87; Stacy = v — oo limit

T T T T

10—14 | |

10" 1 — GBP.y =10
—— GBP,~ =30

GBP, ~ = 10.0

108 4 —— GBP ~ =100.0
—-—- Stacy (v — o0)
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Forward results

Log Normal
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Forward results

Critical Collapse
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Forward results

Smooth Power-law
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Forward performance

10° ¢

Per-sample evaluation time [s]
o o
! L

—
9
w

Tae-Geun Kim (£ #Fi1E)

BLACKHAWK-style numerical (1 core) -
Numerical (parallel, 32 threads) i
—&— DeepONet
i —&— FNO
—&— GLAON
L " 4
—— —u
S| L L . ] . L L e =
10° 10' 102

Batch size B
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Inverse results

Log Normal
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Inverse results

Critical Collapse
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Inverse results

Smooth Power-law
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Degeneracy: FSR floor

10— 14 T
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Degeneracy: accurate reconstruction

Input Inverse
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Why not just refine like SMEFT?

WHY TEST-TIME REFINEMENT BREAKS HERE

Refining psi node-by-node forgets it is a function, so you get a wiggly implausible

mass function
_ﬁ

inverse PSio
EipAe

refine psi

@ Recall the idea 1

to fit S(E)

~
”~

S(E) observed
@orked for SMEFT |

J

Tae-Geun Kim (£ %)

ft@\\

) T L] L]
M My Mg e

psi = psi(m;) at nodes

Ejusf o vector of values]

§

@ But psi is discre’re\

-
L
m, M

7
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—
@ Pointwise update

each node
optimized alone

G\o function prioa
L

J

Result

wi%ly psi

wiggle

w@@e
[

plauslb\e
/ psi

L

L
+—

L] T
m m, m;

fits data,

not Ph\;sical

M

T
mn
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DeCLA: UQ on the decoder manifold

Decoder-manifold Constrained Laplace Approximation
01 Decoder-manifold MAP

Y(m) = D,(m), my= E,(Sos) v = decoder output

N i 2
0 = argmin 1996 (D, (mo +8)) — S , T AL « Encoder sets the initial m,
= mg + 5 o MAP fits S,

02 Rank-truncated Laplace in memory space

_ 8(59 ° D«J) o T o Curvature J_ — posterior width

m o
C. = (\ + J,Z:Jm/(fi)_l « Keep top-r directions
A®) =i+ V(M + 23/0721)—1/28(@, £®) ~ N(0, 1) « Sample latent m, not ¢

03 Decode and refine each draw

« Re-fit each draw near m*)
mfkk) = argmin Hﬁe (Dcp(m)) - S

obs

2 2
+ A||m —m®) ]]2

2 « Every ¢(*) stays smooth
W =D, (m¥), k=1,.,K ,
v « Ensemble — uncertainty band

Tae-Geun Kim (£ #Fi1E)
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DeCLA, the idea in pictures

DeCLA: UNCERTAINTY ON THE DECODER MANIFOLD

Sample in a latent memory space, decode each draw into a smooth mass function

(Q Encode to latent i

work in latent m

not poin+wise psi

o >

Tae-Geun Kim (£ #Fi1E)

(9 Decode = smooth psi W

|a+en+ \a{-en‘t'
S \ memory M memory m
obs
decoder psi (M)
Dowi
observed
spectrum M

every decode is smooth

MAP 'Fl+5 Sgbs
X

PARTIQAL 2026

sample top-r directions

(e Decode -> band j

=7 —BE A

'\ psi (M) band

7 I\

Familg of plausible psi
Vv no wiggles

5 _J
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DeCLA Results

GeneralizedBetaPrime
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DeCLA Results

LogOscillatory

Laplace r=5 + TTR refine
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How we approach the PBH inverse

Plain TTR wiggles — stay on the manifold + quantify the rest

Constrained Laplace UQ

Decoder manifold

; DeCLA: latent Laplace + refine
¥ = D,(m)
. Samples and refines in latent memory, then decodes an
Every draw is a decoder output, so v stays a smooth, P Vi
. . o . ensemble, a band where the FSR floor leaves
plausible function, no pointwise wiggles.
\ y unresolved.
NAIVE TTR DeCLA
—

wiggly ¢ (m,), fits data not physics smooth ) ensemble with honest band

The FSR floor is not removed. DeCLA reports a band instead of forcing one ¢ where the data are silent.
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Outline

Summary
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Summary

e Degeneracy forces a bias. Every inverse problem is a triplet (C, M, E) with a built-in
degeneracy (isospectral drums, the SMEFT null space, the PBH FSR floor). There the data My Webpage
are silent, so a bias (prior) is required to answer at all.

e SMEFT (c — g), a data-driven bias: NAGN refines only the identifiable directions and holds the null
space at the learned inverse’s prior, a biased point estimate.

e PBH (S(E) — %), a manifold bias: DeCLA confines v to the learned decoder manifold (plausible mass
functions) and reports the residual uncertainty as a band on it.

e Takeaway. A bias is unavoidable, so make it physically meaningful, and stay honest about what the
data cannot decide.
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