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Main Results: Construction of EWs from a Small Set of Measurements
S = E CijAZ‘@Bj A, B;e{l,X,Y, Z}
1)

Example: only three observables (X X)est = —0.95, (XY)est = 0.03, (ZX)est = —0.96.

Theorem

—1 < Zcijtr[Ai X Bjasep] <1 \V/O-sep
]

Subject to HCHOO — ]

Detection ~ Unknown state p is entangled if the maximimum is larger than 1

mglx @ (X X)est + B{XY )est + V(ZX)est] fxn[?%( |—0.95a + 0.038 — 0.96y| = 1.35
X,D,Y oy

x p 0
subjectto || [ 0 0 0 | |leo = 1.

v 0 0O



Background & Clarifications



Motivation Entanglement is a useful resource: verifying entanglement before verifying a quantum state
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Bell inequalities (BI) vs. Entanglement witnesses (EW) (- :‘4_®_,E —D—

Bell CHSH inequality

Eoo + Eo1 + E1o — B11 < 2 E(ry) = Z (—1)a+bp(&b‘$y)

Entanglement witness (EW)

(A+A)YeB+(A-—A)® B A=X, A'=2Z, B=



Motivation Learning if a state is entangled.

PAB
Violation of Bell inequalities I:> Non-local, therefore Entangled

PAB
Violation of steering inequalities > Steerable, therefore entangled

PAB
Observables
I:I |:| (trusted measurement settings) > Not separable, therefore entangled



Motivation Behind the logics ; what are the useful states?

In terms of states

In terms of probabilities

States exhibiting nonlocality

Steerable states

Unsteerable states




Motivation  All entangled states are useful

All entangled states can be used to activate (entanglement, nonlocality)

LI. Masanes 2006
LI. Masanes, Y.C. Liang, A. Doherty 208
J. Kim. A Bera, D. Chruscinski, J. Bae 2026

All entangled states can improve channel discrimination
More entangled, more useful

M. Piani and J. Watrous 2009,
J. Bae, D. Chruscinski, and M. Piani 2018

States exhibiting nonlocality

Steerable states o
Activation

Q(p®@ o) > Q(p) for Q(o) =0

Unsteerable states

Entangled, not nonlocal, not steering, but is useful!




Bell CHSH inequality

Local probability

Convexity

Bell inequalities

Example: o Natbtay _
CHSH inequality ;( 1) pr(ablry) < 2
abxy
Statement p(ablry) € L ~ Blp| <b

Detecting p ¢ L




Preliminaries: Entanglement Witness
Definining Entanglement Witnesses (EWs): W

W characterizing SEP
tr|Wosep| >0 V 0gep

EWs Decomposable EW

W characterizing PPT _
(Partial Transpose) tr[WPent] <0 = Pent

opT Detection criteria:  tr[WW p7] < 0 =l p- 1s entangled

W is a collection of Local Observables W = ciiA; @ B,
v)
tr[Wp] =t} cijAi © Bjp)
1)
— Cf,;th'[Ai X ij]
—— i ]

Non-decomposable EWs
(Detecting entangled states not detected by the partial transpose)

from an experiment



A probability has a quantum realization: Ep, Méf, MgJ £ N Y
e
P
- O ®
plablay) = txlpMF @ My ./ ~
A state is separable oAb — Zpigf R 07{9 c S a € [0, 1] OAB, 4B c g
)
Convexity oo + (1 — Oé)TAB cS ./‘/.
Probabilities . .
from separable states ps(ab\azy) — tl"[UABMa, ) My sztr AM BMy szp Q‘CE 2 (b\y, )
Expectation (wight) 3 bs.t. wlo] = Z ¢ ps(ablry) = tr[aABO] < b O = Z EYME @ MY
abxy abxy
/
Statement o&cS > trjocO] <
Detection tr|pO| > b > p¢ S p&S
p&S Entangled




Rewriting observables for detecting entangled states

Statement ocS > trjcO] < b O = Z ¢y MT @ M
abxy
Detection tr|pO] > b > pES
Entangled

trjcO] <b < > trfo(bI®I—-0)]>0 YoeS

) W observable  TI/ — T/ 1
W=bl®I-» /M@ M

abzy ii) W factorizable by local measurements

W

/

Formal definition

W=WT" trfoW]>0 VoeS
pEs

tr[pW] < 0

{él
-
s




Entanglement is necessary for Bell nonlocality

Comparison Bell Nonlocallity
Statement plablzy) € L > Bilp| <b
Detecting B[p] > b | > p(ab\a?y) ¢ L

Entanglement

> tr[o0] < b

> p ¢S




Entanglement is necessary for Bell nonlocality

Entangled CHSH Nonlocal

1 —p

———— ———
p=ploT)(¢T |+ —— Il
p=0 p=1/3 p=1/V2 p=1

CHSH as a non-tight EW / EW from the Partial Transpose

W=Q"

p&ES

[




About History
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Separability Criterion for Density Matrices

Asher Peres

Show more v

Phys. Rev. Lett. 77, 1413 - Published 19 August, 1996

DOL: https://doi.org/10.1103/PhysRevLett.77.1413

Separability of mixed states: necessary and
sufficient conditions pTA z 0

Michat Horodecki @, Pawet Horodecki °, Ryszard Horodecki ©

Show more v

Physics Letters A

Volume 271, Issues 5-6, 10 July 2000, Pages 319-326 _f-
Bell inequalities and the separability
criterion
Barbara M. Terhal X
Show more v/
+ Add to Mendeley <& Share 99 Cite
https://doi.org/10.1016/S0375-9601(00)00401-1 7 Get rights and content 7

® Full text access

Abstract

We analyze and compare the mathematical formulations of the criterion for separability
for bipartite density matrices and the Bell inequalities. We show that a violation of a Bell
inequality can formally be expressed as a witness for entanglement. We also show how
the criterion for separability and the existence of a description of the state by a local
hidden variable theory, become equivalent when we restrict the set of local hidden
variable theories to the domain of quantum mechanics. This analysis sheds light on the
essential difference between the two criteria.

<> (Q > 0 such that tr[p’2Q] < 0

tr[p™ 4 Q] = tr[pQ 4] < 0



More about Entanglement & EWs
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Entanglement of Pure States for a Single Copy

Guifré Vidal*
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Phys. Rev. Lett. 83, 1046 - Published 2 August, 1999
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Comparing entangled states

LOCC cannot create entanglement

p=1
—»
1) —— |12)
p <1
%) = %uow 1)) 0]00) + BI11), a #

Def. “More entangled”  F(|v)1)) > E(|1)2))

Def. “Maximally entangled” : entangled more than any other

o7 =

V2

L (100) + |11))
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Optimization of entanglement withesses

M. Lewenstein’, B. Kraus?, J. I. Cirac?, and P. Horodecki?

Show more v

Phys. Rev. A 62, 052310 - Published 16 October, 2000

DOL: https://doi.org/10.1103/PhysRevA.62.052310

Comparing EWs (partially ordered)

Def. Dw ={p : tr[pW] <0}
W7 finer than W5 if l)vv2 C le

Det.
W optimal if there is no other EW which is finer

Det.
W optimal it VP >0, e >0, W —¢€P not an EW



Various entangled states

1
‘¢+>®N <L p®M

Distillation DE

Distillable entanglement

Ep(p) = 17

p bound entangled if p entangled and Ep(p) =0

SEP

Bound entangled states can activate distillable entanglement

Ep(p) =0 & Ep(oc®p) > Ep(o)
DE : distillable entangled

BE : bound entangled




All entangled states can be used to activate some other

p entangled if and only if EFp(oc ® p) > Ep(o) for some o

Activation of entanglement can define EWs

A o0 B

Masanes PRL 96 150501 (2006)
J. Kim et. Al., arXiv:2303.16368



All entangled states can be used to activate some other

p entangled if and only if EFp(oc ® p) > Ep(o) for some o W = trs|loagz(nls — |7 )3(d

Activation of entanglement can define EWs

A : p : B Ep(oc®p) > Ep(o)

Masanes PRL 96 150501 (2006)
J. Kim et. Al., arXiv:2303.16368




Constructing EWs from Minimal Measurements



We want to realize EWs for practical reasons: i) entangled states are useful, and ii) entanglement is a mere property of a state

Tomographically complete measurement
(MUB, SIC Measurements)

Unknown state QN — State verification
P Pest (Quantum state tomography)

Minimal measurement
Theoretical tools:

, , SDP, Positive maps (Transpose)
Tomographically incomplete

EW
tr[pMéf X Mg] e ——— Entangled?

Minimal observable tr|pW|



Realization of EWs
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Experimental Detection of Entanglement with Optimal-
Witness Families

Jibo Dai'+?, Yink Loong Len'%3, Yong Siah Teo?4, Berthold-Georg Englert?3, and Leonid A. Krivitsky’
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Phys. Rev. Lett. 113, 170402 - Published 21 October, 2014
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E State T

EPreparation g 1 1 B

_— W@ = |00) +§°S“<OO\+\11> ;OS“<11|
r-mmmmmmne ﬁ, State ; sin sin
L + ) = (B[ = [P == ()

-------------------------------------



We want to realize EWs for practical reasons: i) entangled states are useful, and ii) entanglement is a mere property of a state

Tomographically complete measurement
(MUB, SIC Measurements)

Unknown state QN — State verification
P Pest (Quantum state tomography)

Practical : Local & individual measurements

Such as two-qubit correlators .
| Theoretical tools:

SDP, Positive maps (Transpose)

Efficient : Applying minimal measurements
Verifying the largest set of entangled states

' .

tr[pMéf X Mg] e ——— Entangled?

Minimal observable tr|pW|



The Efforts

(A little about the background & history---)



Structural physical approximations (SPAs) to physical maps

A gquantum operation is Positive & Completely Positive

1T >0 I T z 0 Choi-Jamilokowski isomorphism W = (I R T)[‘¢+>]

~ ~ P

T=0-p)T+pl/d IRT>0 W=(IeT)[¢")
=(1—p)W +pl ®I/d?
Observations
~ 1

W= 2(167)(eTI + 67N (o7 + [¥T) (7))

= SYM Quantum 2-design (MUBs, SICs)

Entanglement detection by MUBs — tr[z MWMW‘@Z%@]D] > 72



Entanglement detection via mutually
unbiased bases

Christoph Spengler'*, Marcus Huber'2, Stephen Brierley?, Theodor Adaktylos',

and Beatrix C. Hiesmayr'-3

Show more v

Phys. Rev. A 86, 022311 - Published 9 August, 2012
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Linking entanglement detection and state tomography via

quantum 2-designs
Joonwoo Bae, Beatrix C Hiesmayr and Daniel McNulty
—(M M M
La < Ina(0sep) < Uy

Lower Bounds Upper Bounds
d=3 d=14 d=2 |d=3 |d=4
M —(M M M M M
on | L [ oaee | uog | vog | vl
2|1 1/2 | 0.211 0 0 3/2 4/3 5/4
3| 1 1/2 1/4 1/2 2 5/3 6/4
4 1 1/2 1/2 2 7/4
5 1 1 2

m d—1 m m — 1
S [kl PGl In =) Crk < 14
k=1 i=0 k=1 d
m=2 » <
[.,> 1 n:l-l m=3 » : <
m=d+1 » ' <
4|— separable -I entangled |—>
0 1/(d+1) ] o
M d g 2d
1< Ic(z+i,d((7sep) < 2, d+ 1 < Ic(12,)d(‘fsep) < d+1
tm - SEP T
m=41Hu Bl e #k »1
m =3« Pi< ---------------------- > H
M = 24— e o
T omomo0s p-1  g-0 omomo0s  a=1 g

Werner states =P jsotropic states

partial transpose
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Mirrored entanglement withesses (Old) Definining Entanglement Witnesses (EWs): W

Joonwoo Bae ™, Dariusz Chruscinski ™ & Beatrix C. Hiesmayr

npj Quantum Information 6, Article number: 15 (2020) | Cite this article

(New) Definining Entanglement Witnesses (EWs): W

Uw > tr[Wosep] >0 V 0gep

tr[Wpent] < O Pent

tr[Wpent] > UW - Pent




We hope:

Both, optimal

. Two-qubit EWs
In practice:
One optimal,
\ The other, trivial

Compromise:

Both, non-optimal

Mirrored Entanglement Witnesses for Multipartite and High-Dimensional Quantum Systems, Quantum Sci. Technol. 2026)



Article Open access Published: 03 July 2023
On the structure of mirrored operators obtained from optimal
entanglement withesses

One EW is optimal
The other is not EW

Anindita Bera &, Joonwoo Bae, Beatrix C. Hiesmayr & Dariusz Chrusciriski

Scientific Reports 13, Article number: 10733 (2023) | Cite this article

Article Open access Published: 02 August 2025
A mirrored pair of optimal non-decomposable entanglement
withesses for two qudits does exist

Both are optimal EW 3x3

Dariusz Chrusciriski, Anindita Bera, Joonwoo Bae & Beatrix C. Hiesmayr &

Scientific Reports 15, Article number: 28205 (2025) | Cite this article

PAPER - OPEN ACCESS

Mirrored entanglement witnesses for multipartite and high-
dimensional guantum systems

Jiheon Seong, Anindita Bera, Beatrix C Hiesmayr, Dariusz Chruscinski and Joonwoo Bae’
Published 12 January 2026 - © 2026 The Author(s). Published by IOP Publishing Ltd

Quantum Science and Technology, Volume 11, Number 1

Both are optimal EW multi-partite systems

Focus on Quantum Entanglement: State of the Art and Open Questions

Citation Jiheon Seong et al 2026 Quantum Sci. Technol. 11 015037



Back to the original question



We want to realize EWs for practical reasons: i) entangled states are useful, and ii) entanglement is a mere property of a state

Tomographically complete measurement
(MUB, SIC Measurements)

Unknown state QN — State verification
P Pest (Quantum state tomography)

Practical : Local & individual measurements

Such as correlators . .
| Theoretical tools:

SDP, Positive maps (Transpose)

Efficient : Applying minimal measurements
Verifying the largest set of entangled states

' .

tr[pMéf X Mg] e ——— Entangled?

Minimal observable tr|pW|



Realization of EWs
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Experimental Detection of Entanglement with Optimal-
Witness Families

Jibo Dai'+?, Yink Loong Len'%3, Yong Siah Teo?4, Berthold-Georg Englert?3, and Leonid A. Krivitsky’

Show more v

Phys. Rev. Lett. 113, 170402 - Published 21 October, 2014

DOI: https://doi.org/10.1103/PhysRevLett.113.170402

E State T

EPreparation g 1 1 B

_— W@ = |00) +§°S“<OO\+\11> ;OS“<11|
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We want to realize EWs for practical reasons: entangled states are useful

Main Question: Given correlators, how many EWs can we construct?

Aim: Maximize the usefulness of measurement outcomes to determine if a state is entangled

(MUB Measurements)

—. . Tomography
ﬂ (XB) <YB> <ZB>
(Xa4X5) (Xa) (XaXp) (XaYB) (XaZB) -
est yy 5
‘ (ZAXB)est Ya) (YaXp) (YaYB) (YaZp) %
(ZAZB)est (Z4) (ZAX5) (Z4Y5) (ZAZp) =
W _ W/_ W_|_ W—,|—
post — optimization : P?

optimize {¢;;}

Z Cij <A7’ 9 Bj>€5t —_-

¥

Entangled




FEATURED IN PHYSICS OPEN ACCESS

Practical and efficient verification of Main Results: Construction of EWs from a Small Set of Measurements
entanglement with incomplete

measurement settings S = E :Ciin ¢ Bj A, B; € {1, XY, Z}
Jiheon Seong"*, Jin-Woo Kim ®'2*, Seungchan Seo ®', Seung-Hyun Nam @3, ]
Anindita Bera (3%, Dariusz Chrusciriski (5, June-Koo Kevin Rhee', Heonoh kim®!, | Example: only three observables
and Joonwoo Bae (' #
Showinore . <XX>eSt —_ _0.95, <XY>est —_— 0.03, <ZX>eSt —_— _0.96.

APS Open Sci. 1, 000008 - Published 29 April, 2026

—1 S Zcz-jtr[Ai X ngsep] S 1 \V/O-sep

Theorem YJ

Subject to HCHOO — 1]

Detection  Unknown state p is entangled if the maximimum is larger than 1

mﬁax (X X)est + B(XY )est + Y(ZX)est] fxnﬁa?)f ‘_0 95« +0.03p — 0. 96’)" = 1.35
S

x B O
subjectto || [ 0 0 0 | |leo = 1.
v 0 0O



Experiment

State tomography

x1) = (I®Ry(0))|¢™), Ry(0) = exp[—ifY/2].

1 (I+i(cosf0X +sinbZ).

x3) =(I®V)[¢pT), V= NG

Two-photon experiment

0.2
- 0.0
(A) F—0.2
= 3
n B
11> - =
) |01|10> E =
Q > E =3
& 4 |00> o ==
N 4 —>
RN -3
b 0.4
0.2
0.0
(B)
—0.4
11>
[10>
7 01>
Q
& 100>
&
N Y

N




Experiment

XY, XZ, 7Y, 77
XY, ZY, 727
XY, 27

PPKTP

State EW NE, State EW NI,
—071XY +0.71XZ +0.71 ZY + 0.71 ZZ| 1.70 0.73YX +0.69YZ — 0.69ZX +0.73ZZ | 1.70

x(57)) —0.73XY + 046 ZY + 0.73 27 123 || |x3(=57)) 0.74YX + 0.45YZ + 0.74 22 125
XY + 2Z 1.20 YX + 27 124

071 XX + 0.70 XY — 0.70 ZX + 071 ZY | 1.61 070 XY + 071 XZ — 071 ZY + 0.70ZZ | 1.59

) xs(=1 7r)> 0.74 XX + 045 XY + 0.74 ZY 117 ( xs3(—2 n)> 0.73XY — 047 ZY + 0.732Z 1.15
XX + ZY 1.15 XZ - ZY 113

—068YY +074YZ +074ZY + 0.68ZZ | 1.57 0.67 XX — 0.74 XY —0.74YX — 0.67YY | 1.54

) x3(=§m)) 075YZ +0.75 ZY + 043 ZZ 1.16 | x3(570)) 044XX —0.75XY —0.75YX 115
YZ+ ZY 1.15 “XY —YX 1.14

0.78 XX — 0.63XZ + 0.63YX +0.78YZ | 1.60 —064YX —0.77YZ —0.77 ZX + 0.64 ZZ | 1.38

) xs(=7 n)> 0.75 XX + 043YX +0.75YZ 125 | xs(2 n)> —0.63YX —0.60YZ + 0.632Z 1.06
XX +YZ 1.25 —YZ - ZX 1.06

0.77 XX — 0.64 XY — 0.64 ZX — 0.77 ZY | 1.38 064XX —0.76 XZ + 0.76 YX + 0.64YZ | 1.34

() 0.74 XX — 045 XY — 0.74 ZY 1.08 || |x3(~§7)) 0.63 XX + 0.61YX +0.63YZ 1.05
XX — ZY 1.06 —XZ+YX 1.03

—068YX —0.73YZ —0.73ZX + 0.68 ZZ | 1.33 0.76 XX + 0.65 XZ — 0.65YX +0.76 YZ | 1.35

’ xs(2 n)) —0.65YX —057YZ +0.65ZZ 1.04 ( x(-2 n)> 0.72XX + 048 XZ + 0.72YZ 1.07
YZ - ZX 0.97 XX +YZ 1.03

0.73YX +0.68YZ — 0.68ZX +0.73ZZ | 1.33 —071XX — 0.70XY +0.70ZX — 0.71 ZY | 1.27

) xs(—8 7'c)> 0.70YX + 051 YZ + 0.70 ZZ 1.04 | xa(8 n)> 068 XX+ 053ZX — 0.68ZY 0.99
YX +ZZ 0.97 “XX —ZY 0.90

EWSs generated

\.

YX, YZ ZX. ZZ
YX, YZ 77
YX, 77




state EW NE, state EW NE,
—080YX +0.60YZ — 0.60 ZX — 0.80ZZ | 1.33 0.76 XX + 0.64 XY + 0.64YX — 0.76 YY | 1.24

’ x(=57)) —0.75YX — 043 ZX — 07527 1.07 ’ xs(—§7)) 0.62XX +0.62 XY +0.62YX 0.98
—YX - 77 1.06 XX — YY 0.95

0.73XX — 0.68 YX +0.73ZY + 0.68ZZ | 1.95 0.72XX — 0.69 XY + 0.68YZ + 0.73ZZ | 1.88

’ x3(Z 7r)> 1.00XX + 0.73ZY + 0.68 ZZ 1.71 ‘ x3(gn)> 0.72 XX — 0.69 XY + 1.00ZZ 1.63
XX+ ZY 1.43 XX + 27 1.36

—0.74XY — 0.69YX +0.72YZ + 0.67 ZY | 1.76 —071YY +070YZ +0.70ZY + 0.71 ZZ | 1.34

x3(57)) —1T.00XY —0.69YX + 0.72YZ 153 ’ x3(—§70)) 064YZ + 0.64 ZY + 05927 1.11
XY +YZ 1.29 —YY+2Z 0.96

0.58 XX — 0.81 XY + 0.81ZX + 058 ZY | 1.29 0.74 XX — 0.67 XY +0.67ZX + 074 ZY | 1.24

xi(2 7r)> 0.45XX — 0.74 XY + 0.74 ZX 107 || |xs(8 n)> 0.68 XX — 0.54 XY + 0.68 ZY 1.02
—XY + ZX 1.05 XX + ZY 0.92

0.69 XX +0.72YX +0.66ZY + 0.75ZZ | 1.88 0.76 XX — 0.65 YX + 0.67 ZY + 0.74 ZZ | 1.82

) x3(— gn)> 069 XX +0.72YX + 1.00 ZZ 1.66 || |x3(% n)> 1.00 XX +0.67ZY + 074 2Z 1.60
YX + 2Z 1.38 XX + 27 1.36

0.67 XX +0.75YX +0.70ZY + 0.72ZZ | 1.69 —0.63YX +0.77YZ + 077 ZX + 0.63ZZ | 1.28

x3(—3% n)> 1.00YX+0.70ZY +0.72ZZ 1.47 ( x1(3 n)> 0.70YZ +0.70ZX +0.51ZZ 1.06
YX + ZZ 1.24 YZ + ZX 0.99

0.77 XY + 0.65YX + 0.76 YZ + 0.64 ZY | 1.89 0.70XX + 0.71 XY + 0.65YZ + 0.76 ZZ | 1.85

x3(=57)) T00XY +0.65YX +0.76YZ 1.68 |||x3(—§) ) 0.70 XX + 0.71 XY + 1.00ZZ 1.64
XY +YZ 1.44 XY + ZZ 1.35

—0.75XY — 0.78 YX — 0.62YZ — 0.67 ZY | 1.81 0.76 XX + 0.65 XY + 0.65 YX — 0.76 YY | 1.17

} (3 n)> —0.75XY —1.00YX — 0.67ZY 161 || |xs(— %n)> 0.63 XX +0.61 XY + 061 YX 0.97
—XY - YX 1.38 XX — YY 0.88

0.63XX +0.77 XY +0.78YZ + 0.63ZZ | 1.86 0.69 XX +0.73 XY — 0.73ZX + 0.69 ZY | 1.19

} x3(=57)) T00XY +0.78YZ + 0.632Z 165 || |x1(—37) ) 0.63XX — 0.60 ZX + 0.63 ZY 0.99
XY +YZ 1.44 XY — ZX 0.86

0.68 XX +0.73XZ —073YX +0.68 YZ | 1.21 0.76 XY + 0.78YX + 0.62YZ + 0.652Y | 1.82

} x3(8 n)> 0.62XX — 0.61YX +0.62YZ 1.01 || |xs(— gn)> 0.76 XY + 1.00 YX + 0.65 ZY 1.62
“XZ - YX 0.89 XY + YX 1.40

—0.69YY —0.72YZ — 0.72ZY + 0.69ZZ | 1.19 —0.62XY —081YX —059YZ — 0.78 ZY | 1.94

} x3(=37)) —0.66YZ — 0.65ZY + 058 2Z 0.9 ]| |x3(3)) —0.62XY —1.00YX — 0.78 ZY 1.75
YZ - ZY 0.85 “YX - ZY 1.54

—081YX +059YZ + 0.59 ZX + 0.81 ZZ | 1.21 —0.79YX —0.62YY + 0.62ZX —0.79ZY | 1.18

’ () 055YZ + 055 ZX + 0.70ZZ 102 | |x3(370)) —0.67YX —057YY +057ZX 0.99
—YX + 22 0.97 —YX - ZY 0.93

—061XY +079XZ+0.79ZY +0.61ZZ| 1.25 —072XX —0.69XZ — 0.69YX +0.72YZ| 1.13

’ xi(=37)) 070 XZ +0.70 ZY + 051 ZZ 107 ]| |x(§70)) —0.65XX — 058 XZ + 0.65YZ 0.95
XZ + ZY 1.00 “XX+YZ 0.82

0.67XY +058YX — 0.82YZ — 0.74ZY | 1.98 —0.66 XX +0.76 XY — 0.76 ZX — 0.66 ZY | 1.16

’ xs3(—37)) 0.67XY —1.00YZ — 0.74ZY 1.79 ’ xi(=§m)) —0.55 XX + 0.67 XY — 0.67 ZX 0.99
YZ-ZY 1.54 XY — ZX 0.88

0.64XX —0.77 XY —0.77YX — 0.64YY | 1.16 0.62XX — 0.78 XY — 0.65YZ + 0.76 ZZ | 1.66

x3(2 7r)> 054 XX — 0.68 XY — 0.68YX 0.99 ‘ x3(3 n)> —1.00XY —0.65YZ + 0.76 ZZ 1.49
“XY - YX 0.90 —XY + 22 1.28

0.60 XX — 0.80 XY —0.70YZ + 0.72ZZ | 1.65 0.80 XY + 0.58YX — 0.81YZ — 0.60ZY | 1.83

1s(37) ) —1.00XY —0.70YZ + 0.72ZZ 1.49 ’ xs(~3)) 0.80 XY — 1.00YZ — 0.60 ZY 1.66
—XY + ZZ 1.25 XY —YZ 147

0.80 XX — 0.60 XY +0.61YZ +0.79ZZ | 1.72 —050YY — 0.87YZ — 0.87ZY + 0.50 ZZ | 1.35

) xa(3m) ) 1.00XX +0.61YZ + 0.79ZZ 1.56 ) xs(—37)) —074YZ — 0.74ZY + 04527 1.19
XX + 27 1.38 —YZ - ZY 117

084 XY +0.77YX — 0.64YZ — 055 ZY | 1.97 —074YX +067YZ +0.67ZX +0.74ZZ | 1.18

) xs(=3 7'()> 1.00XY +0.77YX — 0.64YZ 1.81 ( xs(8 n)> —065YX +058YZ +0.652Z 1.03
XY + YX 1.58 —“YX + ZZ 0.88

A huge number of EWs can be generated.

More measurements can detect a larger set of entangled states
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Generalization

Bipartite high-dimensional ZQj(G,AG]B)est < \/(dA — 1)(dB — 1) ”C”oo;
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Mirrored Entanglement Witnesses for Multipartite and High-Dimensional Quantum Systems, Quantum Sci. Technol. 2026)



Future applications: multipartite quantum states. quantum network

(XB) (YB) (ZB)
(X4) (XaXB) (XaYB) (X4ZB)
(Ya) (YaXp) (YaYB) (YAZB>—
(Z a) (ZaXB) (ZAYB) (ZaZB)




Generalization

Bipartite high-dimensional ZCZ} GAGB>eSt < \/(dA — 1)(dB — 1) ”C”oo;
gl
1
Multipartite INIE p[O] = mMaxX Z Ciyoeeiyy (01[1] R---R Oz[n]>est .
Cz1 /\max iy iy 1 n
Amax = fpnax><7~/}prod‘ Zczl iy O 1[1] X - [n] wjprod>
prod

Take-home message

EWs are observables detecting all entangled states & all types of entangled states

A few measurements can generate a huge number of EWs and detect a large set of entangled states



Open questions

Existence of Bound entanglement in LHC?
Example

p entangled but Ep(c) =0 p € 3® 3 entangled p*4 > 0

Activation of bound entanglement in LHC?

Ep(oc®p) > Ep(o)

Understanding on the usefulness of bound entangled states



